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Second Quantization Formalism

In position representation N-body Hamiltonian reads

Ĥ =
N∑

i=1

[
p̂2

i

2m
+ U(~ri )

]
+

1

2

N∑
i 6=j=1

V (~ri −~rj).

Exchange of any two particles does not change the Hamiltonian. Hence
eigenstates of H, |ψ〉, can be chosen so that

P12|ψ〉 = λ|ψ〉,

where λ = +1 (bosons) or λ = −1 (fermions).
Let us consider bosons.
For V = 0 the eigenstates are easy to guess

|i1〉 |i2〉 . . . |iN〉 ,

where i1 = (ix , iy , iz)1 are quantum numbers for the first particle.



In the particle representation the symmetrization is a formidable task.
Let us try differently. Fock states:

|n〉 = |n0, n1, n2, . . .〉,

where we do not label particles – we define only how many particles
occupy a given single particle state. Let us define

[âi , â
†
j ] = δi,j ,

which imply

âi | . . . , ni , . . .〉 =
√

ni | . . . , ni − 1, . . .〉
â†i | . . . , ni , . . .〉 =

√
ni + 1| . . . , ni + 1, . . .〉.

Then

Ĥ =
∞∑
i=0

Ei â†i âi +
1

2

∑
i,j,i ′,j′

Vi,j ;i ′,j′ â†i â†j âi ′ âj′ ,



where

Vi,j ;i ′,j′ =

∫
d3r

∫
d3r ′ φ∗i (~r) φ∗j (~r ′) V (~r −~r ′) φi ′(~r) φj′(~r

′).

Next step

ψ̂(~r) =
∞∑
i=0

φi (~r) âi ,

that fulfil [
ψ̂(~r), ψ̂(~r ′)

]
= 0,

[
ψ̂(~r), ψ̂†(~r ′)

]
= δ(~r −~r ′).

With the help of ψ̂(~r) the Hamiltonian reads

Ĥ =

∫
d3r ψ̂†(~r)

[
− ~2

2m
∇2 + U(~r)

]
ψ̂(~r)

+
1

2

∫
d3r

∫
d3r ′ ψ̂†(~r)ψ̂†(~r ′) V (~r −~r ′) ψ̂(~r)ψ̂(~r ′),



and for V (~r −~r ′) = g0 δ(~r −~r ′) we obtain finally

Ĥ =

∫
d3r ψ̂†(~r)

[
− ~2

2m
∇2 + U(~r) +

g0

2
ψ̂†(~r)ψ̂(~r)

]
ψ̂(~r).



Bogoliubov theory

Hamiltonian of N interacting particles supplemented with a constant term

−µ
∫

d3r ψ̂†(~r)ψ̂(~r) = −µN̂,

reads

Ĥ =

∫
d3r

[
ψ̂†(~r)H0ψ̂(~r) +

g0

2
ψ̂†(~r)ψ̂†(~r)ψ̂(~r)ψ̂(~r)− µψ̂†(~r)ψ̂(~r)

]
,

where H0 = − ~2

2m∇
2 + U(~r).

Suppose the ground state is, at the first approximation, a perfect BEC

|N〉 =

(
â†0

)N

√
N!
|0〉,

where â†0 creates atom in a certain (unknown) mode φ0.



Let us decide
ψ̂(~r) = φ0(~r) â0 + δψ̂(~r),

where
δψ̂(~r) = Q̂ψ̂(~r) = [1− |φ0〉〈φ0|]ψ̂(~r).

Assume 〈
â†0 â0

〉
= N0 ' N.

that implies

dN =

∫
d3r

〈
δψ̂†(~r) δψ̂(~r)

〉
� N,

and we can define a small parameter, i.e. dN/N.
Hence, we get estimates

â0 ∼
√

N, δψ̂ ∼
√

dN.



I Zero order

In zero order

Ĥ(0) =

∫
d3r

[
φ∗0(~r)H0φ0(~r) â†0â0 +

g0

2
|φ0(~r)|4 â†0â†0â0â0 − µ|φ0(~r)|2â†0â0

]
,

and we deal with a perfect BEC. One obtains an extremal value of energy

〈N|Ĥ(0)|N〉 =

∫
d3r

[
φ∗0(~r)H0φ0(~r)N +

g0

2
|φ0(~r)|4N(N − 1)− µ|φ0(~r)|2N

]
,

if the Gross-Pitaevskii equation is fulfilled

H0φ0 + g0(N − 1)|φ0|2φ0 = µφ0.



I Second order

Operators

Λ̂(~r) =
â†0√
N
δψ(~r),

do not change particle number and they fulfil[
Λ̂(~r1), Λ̂†(~r2)

]
= δ(~r1 −~r2)− φ0(~r1)φ∗0(~r2) +O

(
dN

N

)
.

Employing Λ̂ one obtains

Ĥ(2) =
1

2

∫
d3r (Λ̂†,−Λ̂) L

(
Λ̂

Λ̂†

)
,



where

L =

(
HGP + g0NQ̂|φ0|2Q̂ g0NQ̂φ2

0Q̂∗

−g0NQ̂∗φ∗20 Q̂ −H∗GP − g0NQ̂∗|φ0|2Q̂∗

)
. (1)

Properties of L

σx L σx = −L∗,
σz L σz = L†,

where σx and σz are the Pauli matrices. These properties imply that if

|ψR
k 〉 =

(
uk

vk

)
, L |ψR

k 〉 = Ek |ψR
k 〉,

and En is real-valued, then the left eigenvector is the following

|ψL
k 〉 ∝ σz |ψR

k 〉 =

(
uk

−vk

)
,



and

σx |ψR
k 〉∗ =

(
v∗k
u∗k

)
,

is the right eigenvector corresponding to eigenvalue −En.
The eigenvectors of L can be divided into a family ” + ” and ”− ”
according to 〈ψR

k |σz |ψR
k 〉 = 〈uk |uk〉 − 〈vk |vk〉 = ±1.

We can now expand the operators(
Λ̂(~r)

Λ̂†(~r)

)
=

∑
k∈ ”+”

b̂k

(
uk(~r)
vk(~r)

)
+ b̂†k

(
v∗k (~r)
u∗k (~r)

)
,

where the operators

b̂k =

∫
d3r [u∗k (~r),−v∗k (~r)]

[
Λ̂(~r)

Λ̂†(~r)

]
=

1√
N

[
〈uk |δψ̂〉 â†0 − 〈vk |δψ̂†〉 â0

]
,

fulfil bosonic commutation relations [b̂k , b̂
†
k′ ] = δk,k′ .



Finally we obtain

Ĥ ' E0(N) +
∑

k∈ ”+”

Ek b̂†k b̂k .

Eigenstates of Ĥ:
The ground state (Bogoliubov vacuum)

b̂k |0b〉 = 0.

Excited states:

|m1,m2, . . .〉b =
∞∏

k=1

(
b̂†k

)mk

√
mk !

|0b〉.

Condensate depletion

dN =

∫
d3r b〈m1, . . . |Λ̂† Λ̂|m1, . . .〉b =

∞∑
k=1

[mk〈uk |uk〉+ (mk + 1)〈vk |vk〉] .



The Bogoliubov vacuum in the particle representation:

Suppose |0b〉 ∼
(

d̂†
)M

|0〉 where [b̂k , d̂
†] = 0 for all k . Then

b̂k

(
d̂†
)M

|0〉 =
(

d̂†
)M

b̂k |0〉 = 0.

It easy to show that

d̂† = â†0â†0 +
∞∑

k,l=1

Zkl â†k â†l ,

where Z = U−1 V with Vkl = 〈vk |φl〉 and Ukl = 〈uk |φl〉. Thus the
Bogoliubov vacuum in the particle representation reads

|0b〉 ∼
(

d̂†
)N/2

|0〉 =

(
â†0â†0 +

∞∑
k=1

λk â†k â†k

)N/2

|0〉.



Time evolution:

i~
d
dt

(
Λ̂

Λ̂†

)
= L

(
Λ̂

Λ̂†

)
.

With (
Λ̂(~r , t)

Λ̂†(~r , t)

)
=

∑
k∈ ”+”

b̂k

(
uk(~r , t)
vk(~r , t)

)
+ b̂†k

(
v∗k (~r , t)
u∗k (~r , t)

)
,

we get

i~
d
dt

(
uk(~r , t)
vk(~r , t)

)
= L(t)

(
uk(~r , t)
vk(~r , t)

)
,

and
d
dt

b̂k = 0.



Example:
Gross-Pitaevskii equation

−1

2

d2φ0

dx2
+

1

2
x2φ0 + g0N|φ0|2φ0 = µφ0,

possesses dark soliton solution

φ0 '

√
µ0 − x2/2

g0N
tanh

(
x

ξ

)
.

Anomalous mode: E1 ' −1/
√

2,

f+ ≡ u1 + v1 '
√

3g0N

2
√

2 cosh2(x/ξ)
,

f− ≡ u1 − v1 '
√

2

3

√
µ0 − x2/2

g0N
.



For N ' 1.5 · 105 rubidium atoms and g0N = 7500 we get

dN =

∫
dx 〈0b|Λ̂†(x)Λ̂(x)|0b〉 =

∫
dx |v1(x)|2 ' 60,

ρ(x) = 〈0b|ψ̂†(x)ψ̂(x)|0b〉 = N|φ0(x)|2 + |v1(x)|2,

and

|0b〉 ∼
(

â†0â†0 + λâ†1â†1

)N/2

|0〉,

where

φ1(x) ' f+(x)√
〈f+|f+〉

, λ ' 〈f+|f+〉 − 〈f−|f−〉
〈f+|f+〉+ 〈f−|f−〉

.



Figure: Dashed line: atomic density averaged over many experimental
realizations. Histogram: example of a single measurement. Solid line:
curve fitted to the histogram.


