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1 Unbounded self-adjoint operators

1.1 Unbounded operators

Let H be a Hilbert space. We say that H is a bounded operator on H if it is a
linear map H : H — H such that

|H| = sup{||Hu| : uveH} < oo. (1.1)

We say that H is an unbounded operator on H if H : Dom(H) — H is a linear
map, where Dom(H) is a linear subspace of H (usually dense) called the domain
of H, and
sup{||[Hu|| : u € Dom(H)} = occ. (1.2)

Note that if Dom(H) = H and (1.2) holds, then H is pathological (not closed—
this follows from Banach’s Closed Graph Theorem).

Saying “an operator on H” we will usually mean either an “unbounded
operator on H” or a “bounded operator on H”. For bounded operators, as a
rule we assume that the domain is the whole .

1.2 Spectrum
We say that z € C belongs to the resolvent set of H, denoted rs(H), if

(z — H) : Dom(H) — H (1.3)

is bijective and its inverse is bounded. The spectrum of H is sp(H) := C\rs(H).
We say that A belongs to the point spectrum of H, denoted sp,(H), if there
exists u € Dom(H), u # 0, such that Hu = Au. Clearly, sp,(H) C sp(H).
Let Hy, Hy be two operators. We say that Hy C Hy (Hs is an extension of
Hl) if Dom(Hl) C Dom(Hg) and

\ — H,. (1.4)
Dom(H;y)

Proposition 1.1 If Hy C Hs, then rs(Hy) Nrs(Hy) = 0.

Proof. If (z—H;) : Dom(H;) — H is bijective, then (z — Hy) : Dom(Hs) —
‘H is not injective.

If (z — Hy) : Dom(Hsy) — H is bijective, then (z — Hy) : Dom(H;) — H is
not surjective. O

1.3 Hermitian and self-adjoint operators
We say that an operator H is Hermitian (symmetric) if
(u|Hv) = (Hul|v), wu,v € Dom(H). (1.5)

Theorem 1.2 Let H be Hermitian. Then one of the following statements
holds:



We say that H is self-adjoint if it is Hermitian and sp(H) C R.
Proposition 1.3 If H is Hermitian H, and z € R, then (z—H) : Dom(H) — H
18 1njective.

Proof. Let z =z + iy and u € Dom(H). Then

I(z = H)ull? = y?ul] + |z — H)ul|? > y?||ul|*. (1.6)

Let z € R, so that y # 0, and v # 0. Then Hu # 0. O

Proposition 1.4 Let Hy C Hy be both Hermitian. Then H; is not self-adjoint.

Proof. Suppose that H; is self-adjoint. Then for z ¢ R, (z — Hy) :
Dom(H;) — H is bijective. Then (z — Hs) : Dom(Hs2) — # is not injective.
But this contradicts Prop. 1.3 O

Thus to make a self-adjoint operator from a Hermitian operator Hy we need
to extend it, and not restrict it. We have 3 options:
(i) There exists a unique self-adjoint operator H such that Hy C H.
(ii) There exist many self-adjoint operators H such that Hy C H.
(iii) There exists no self-adjoint operator H such that Hy C H.

We say that Hy is essentially self-adjoint if (1) holds. Dom(Hj) is then
called a core (essential domain) of H.

Self-adjoint operators have good functional calculus. If f is any Borel func-
tion on sp(H), we can define f(H).

Of particular importance are

e Resolvent at z € sp(H), (= — H)™%.

o Spectral projection onto a Borel set = C sp(H), 1=(H).
e The exponential function e*#.

R >t ™ c UH)

is the unitary group generated by H. Conversely, by the Stone Theorem, every
strongly continuous unitary group is of this form.



1.4 Examples of operators

We give a few examples of unbounded operators. First we give an expression
defining formally the operator. Then we give a few possible domains.

Example 1.5 Consider the Hilbert space L*(R%). Let R > k + a(k) be a
continuous, possibly unbounded function. We set

Au(k) := a(k)u(k) (1.7)

on the following domains:
(i) CE(R?).
(i) Co(RY).
(iii) {u € L2(R?) : au € L*(R%)}.
(i), (ii), (#i) are Hermitian. (i) and (ii) are essentially self-adjoint but not
self-adjoint. (i) is self-adjoint.

Example 1.6 Consider the Hilbert space L*(RY) and the Laplacian —A with
the following domains:

(i) C&(RY).
(i) C2(R).
(iii) {u € L2(RY) : —Au € L?(R%)}.
(i), (ii), (%i) are Hermitian. (i) and (ii) are essentially self-adjoint but not
self-adjoint. (iii) is self-adjoint. To see this we use the Fourier transformation
F(—Au)(k) = kK2 Fu(k), (1.8)

which essentially reduces this example to a special case of the previous one.

Example 1.7 Consider now the space L?[0,n] and the Laplacian —A = —9?
with the following domains:

(i) ¢=(0, 7).

(i) {ue C>®(0,n]) : u(0) =wu(r)=0}.

(iii) {u € L2[0,7] : " € L?[0,7], u(0) = u(r) = 0}.

) {u e C>=([0,7]) : «/'(0) =u/(7) =0}.

(v) {ue L?0,7] : ' € L?[0,7], u/(0) =/ (7) = 0}.

(vi) €=([0,]).

(i)-(v) are Hermitian. (i) has many self-adoint extensions. (ii) is essentially
self-adjoint and its self-adjoint extension is (iii). (iv) is essentially self-adjoint
and its self-adjoint extension is (v). (vi) is not Hermitian.

We will denote by —Ap the Laplacian —A with domain (i11). We will denote
by —AN the Laplacian —A with domain (v).

(iv



Example 1.8 Consider the space L?[0,00[ and the momentum operator p =
%aw on the following domains:

(i) €&°(]0, o0f).
(i) {u € L?[0,00[ : ' € L?[0,00[, u(0) = 0}.
(iii) {u € L2[0,00[ : u” € L?[0,00[}.
(i), (ii) are Hermitian but not self-adjoint. They do not possess self-adjoint
extensions. (iii) is not.
We have sp(p(i;)) = {Imz < 0}, sp, (ps)) =0,

Ry (z,2,y) = ie*(*Vg(x —y), Imz> 0.
We have sp(piiiy) = spp,(Piis)) = {Imz > 0},
Ry (2, 2,y) = —ie*@=¥g(y — z), Imz < 0.
Lemma 1.9 Let f, f' € L?[a,b]. Then f € C[a,b] and

[F@ < C(IF M2+ 11£12)- (1.9)

Proof. We use the Schwarz inequality, then we average over [a,b], then

again the Schwarz inequality.
<([ @)’ ([ 1rwra) +ise) )

1 b
<o—al[f 2+ 16— al! / F@dz (111)

<[b—al2|[fll2+ b —al "% f]2. (1.12)

@l =] [ 7 way+ 1)

1.5 Operators bounded from below

We say that an operator H is positive if
0 < (u|Hu), u € Dom(H). (1.13)

If H is positive and self-adjoint, then sp(H) C [0, co[. Therefore, we can define

Hz. We can write )
(u|Hu) = || H2ul|*. (1.14)

If H is unbounded, then H z has a bigger domain than H. We define the
quadratic form associated with H as

h(u) := |H?ul]>, wue€ Dom(H?). (1.15)



We will usually abuse the notation and write (u|Hu) for h(u). DomH? is called
the form domain of H and sometimes denoted Q(H). Thus we will write

h(u) = (u|Hu), ue Q(H). (1.16)
We say that H is bounded from below if there exists ¢ such that
—cllul|® < (u|Hu), u € Dom(H). (1.17)

We can repeat essentially everything above for bounded from below operators.
1
In particular, the form domain can be defined as Dom((H + ¢)2), or what is

the same Dom|H|2. For u in the form domain we can write (u|Hu).
Let A, B be two operators bounded from below. We say that A < B if
DomA D DomB and

(u|]Au) < (u|Bu), u € DomB. (1.18)
The form domain of —Ap is
Q(—Ap) = {u € L*[0,7] : v € L*[0,7], wu(0)=u(r) =0}, (1.19)

(u]Apu) = /07r |u'(z)|*dz, u€ Q(—Ap). (1.20)

The form domain of —Ay is
O(—Ay) = {u e L?*[0,7] : u' € L*0,7]}, (1.21)

(u]Anu) = /077 |u'(z)*dz, u€ Q(—Ap). (1.22)

Thus Q(—Ap) C Q(—Ay) and for u € Q(—Ap)
(u|Apu) = (u|Axu). (1.23)
Hence,
—Ay < —Ap. (1.24)
1.6 Discrete and essential spectrum
Let H be selfadjoint. We partition sp(H) into two disjoint subsets:
spa(H) :={A €sp(H) : Jeso dim Ip_c rxyq(H) < 00}, (1.25)
SPess (H) :={X €sp(H) : Veso dim Ijy_c x4 (H) = 00}, (1.26)

Proposition 1.10 Let v, be a sequence of vectors such that w— lim, ., v, =
0, [lon]l =1 and lim, o0 ||(H — N)vp|| = 0. Then A € spog(H).



1.7 The mini-max and max-min principle

Let H be a bounded from below self-adjoint operator on a Hilbert space V. We
define

pin (H) == inf { sup{(v|Hv) : |lv|| =1, ve L} :
L is an n-dim. subspace of V}, n=12 ...
S(H) i= inf sp s, (H),
N(H) :=dim Ij_ s((H)

Theorem 1.11 p,(H) forn < N are the consecutive eigenvalues of H, count-
ing the multiplicity. For n > N we have p,(H) = X.

Proof. For any (n + 1)-dimensional space L there exists an n-dimensional
space L' contained in L. Clearly,

sup{(v|Hv) : |lv||=1, ve L'} <sup{(v|Hv) : |v|]| =1, ve L}

Therefore, pn, < fint1-
Let a,b € sp(H), Ja,b[Nsp(H) = 0 and dim j_ 4 (H) = n. Let L, :=
Ranllj_ o(H). Then

sup{(v|Hv) : ||[v]|=1, v € Ly} =a.

Thus p, < a.
If £ is (n+1)-dimensional, then £NL} # {0}. Thus we can find a normalized
we LNL;. Now w € Ranll, o((H), hence (w|Hw) > b. Thus

sup{(v|Hv) : ||v]| =1, vE€ L} >b.
Hence, b < pip41. O
Theorem 1.12 (The Rayleigh-Ritz method) Let W be a linear subspace.

Set Hyy = PWHPW|W, where Py denotes the projector onto W. Then Hyy is
a bounded self-adjoint operator and

fin (H) < pin (Hyy).

Theorem 1.13 (i) Let H < G. Then p,(H) < pn(G).
(i) [pn(H) = pn(G)] < |H = G

1.8 Weyl Theorem on essential spectrum

An operator on a Hilbert space is compact if it can be approximated in norm
by finite rank operators.

All operators on finite dimension spaces are compact. In infinite dimension,
a self-adjoint operator is compact iff its essential spectrum is {0}.



Theorem 1.14 Suppose Hy, H are self-adjoint and for all z € C\R,
(2= H) ™ = (2 — Hy) !
is compact. Then spqgs(H) = SPess(Ho)-

Proof. We have for zp € C\R and r < Imzy,

1
—H)™ = —2)™"(z — H) 'd=. 1.2
(20— H) ™" = o /B NC R RCES AR
Hence
(z0—H) ™" (0~ Ho) ™" = — / (s0-2) " (= H) ™~ (2~ Ho) ™) dz
0 0 0 2min! 0K (z0,r) 0 0

is compact as well. But every f € C.(R) can be approximated in the supremum
norm by linear combinations of (zo — H)™", (Zo — H)™™, n =1,2,.... Hence
f(H) — f(Hp) is compact.

In particular, let A & spos(H). Then there exists f € C.(R), f(A) # 0 such
that f(H) is compact. But f(H)— f(Hp) is compact. Hence f(Hy) is compact.
Hence A & spo.(Ho). Therefore, spye(Ho) C SPegs(H ). O

2 Schrodinger operators

2.1 Stability of essential spectrum

Theorem 2.1 Suppose now that V is a bounded real function and
Hy=-A, H=-A+V(x).

Obviously, H is self-adjoint on Dom(Hy) and bounded from below.
Assume in addition that lim, ., V(x) = 0. Then

SPess(H) = [0, 00[-

Proof.
(z—H)™' = (2= Ho) ' = (2= H)"'V(z)(z = Ho)™"

is compact, because V (z)(z — Hg) ™! is compact. Besides, sp.s(Ho) = sp(Hp) =
[0,00[. O



2.2 Confining potentials

Theorem 2.2 Let lim V(z) =00 and H = —-A+V(x)

|z|—o00

. Then spe(H) = 0.
Proof. Let A € R. Set V) := min(V, \). We have
H>Hy:=-A+V,
and by Thm 2.1, sp..Hx = [, 00[. Therefore, sp . H C [\, 00[. O
Here is an alternative proof:
Proof. We can assume that V(x) > 0.
1+H>1-A, (2.28)
14+ H>1+V(x). (2.29)
Hence
1>(1+H) " 2(1-A)1+H) 2, 2.30)
1>(1+H) 21+ V(2)(1+H) 2. (2.31)
Therefore,
> ||(1—A)(1+H) 3], 2.32)
1> 1+ V(@)1 +H) %\ (2.33)
Now
(1+H)™! (2.34)
=1+H) 21+ V(@)T(1+V(2) 21— A) "2 (1 - A)F(1+ H)*
and (14 V(x))"2(1 — A)~2 is compact. Hence (14 H)™! is compact. O
2.3 Weyl asymptotics
For a bounded from below self-adjoint operator H set
N, (H) := #{eigenvalues of H counted with multiplicity < p} (2.35)
= Trly oo,y (H).

(2.36)
We will show that if V' is continuous potential with V' — p > 0 outside a
compact set then

N, (—h*A +V(z)) =~ (%h)*dcd/

V(z)<p

= (27rh)7d/ dadp + o(h™?).
h(z,p)<p

V(z) - plide+o(h~?)  (2.37)

(2.38)

10



Asymptotics of this form is called the Weyl asymptotics.
Here are the tools that we will use:

A<B = N,(A) > N,(B),
Nu(A® B) = Nu(A) + N,(B).
To simplify we will assume that d = 1.

Lemma 2.3 Let Ao 1) p, resp- Ajo,r),n denote the Dirichlet, resp. Neumann
Laplacian on [0,L]. For a € R let [o] denote the largest integer < a, 0(«) the
Heavyside function and |p|+ := pf(p). Then

Nu(= W 8p ) = [k~ ul?),
Nu(= W Aprn) = [Lh) ]+ 6(n).

Proof. The eigenfunctions and the spectrum of Ao ) p, resp. A, )N are

. Tnx h2m2n?
sin 7 77 n=12...;
™ h2m2n?
cos 7 77 n=20,1,2,....

Thus the last eigenvalue has the number n = [L(hw)’lm\im]. O

Divide R into intervals
Lo =[G = 1/2m ™ (G +1/2)m ™.
Put at the borders of the intervals the Neumann/Dirichlet boundary condi-

tions. The Neumann conditions lower the expectation value and the Dirichlet
conditions increase them. Set

Vi = sup{V(x) : 2 €Ly}
Vi, = inf{V(z) : x€In;}
We have
— 2 .
< BA+V@E) £ @ (AL, V).
JEL
Hence,
SN (= BAL N+ V)
JEL
> NM( — WA+ V(x)) > ZNH( —hWAp, D -I-Vm,j)-

JEL

11



Therefore,

STm T )TN, - nl Y 0 -V, )

JEZ JEZL

zzvu( H2A + V(2 ) S () N Vi — 2.
JEZL

Using the fact that |V — p|_ has a compact support, we can estimate

ZG(,u — Km,j) < mC.

JEL

By properties of Riemann sums we can find m, such that for m > m,

S Wyl = [ V@ -l ] < s 2a9)
JEZL
‘Zm Vs — Y% - /|V ,u|1_/2dx’ < /3. (2.40)
JEZ
Therefore,
2 L 1/2 ‘ 2e C”/TLE
’NH( H2A 1 V(2 /|V —aPde| < o+ (241

Hence the right hand side of (2.41) is o(h~1). This proves (2.37)
If we assume that V is differentiable, then m. can be assumed to be Coe™!

Then we can optimize and set € = v/A. This allows us to replace o(h=1) by
O(h=1/?).

3 Many body Schrodinger operators

3.1 Two particle Schrodinger operators

Let X; = R? be the configuration space of the ith particle. Consider the Hilbert
space H := L?(X; ® X2) and the Hamiltonian

1
H=gpt+ oph + Vion — 2a),

2 2m
Introduce
Mi1T1 + Moo
Tig 1= —MM——, mig :=my + ma, (3.42)
mi + mo
1
:C12 =T — T2, m12 = 4 1 - (343)
m1 T ma

12



Then H = L2(X12 ©® X12) = L2(X12) ® Lz(Xlz),

H— 1242 12 44
12pl2 + 12 (p ) + V(LU ) (3 )

1 2 12
= —0pi,+ H”". 3.45
121?12 ( )

This can be interpreted as follows: in X1 @ X5 we introduce the scalar product,
such that
(1, 2|w1, w2) = My a] + maa3.

The corresponding Laplacian is

1
—pi +

2
p27
mi ma

which is twice the kinetic energy.
In X; @& X5 we have the collision plane

X12 = {(l‘l,fﬂg) € X1 @XQ LT = IQ}.

Define X2 to be the orthogonal complement of X5 wrt this product. X is
spanned by (z,2) and X'2 by (mox, —myxz). We check that

{12 =0} = X2, (3.46)
{z'? =0} = X12. (3.47)
Moreover,
misa2y +mi2(z12)?
1 2,2 2 2 mims 2 2
= 2 —9
M1+ ma (miz] + 2mymox122 + mix3) + e —— (z7 1T + T3)
zmlzf + mgxg.
Therefore,
L L oo 1o L 5
m12p12 + iz (p7) = mlpl + m2p2.

3.2 3-body Schrodinger Hamiltonian
Consider H := L*(X; ® X5 @ X3) and the Hamiltonian

3
H:Z%;iprr o Vila — ).
=1

1<i<j<3

13



Introduce the Jacobi coordinates:

1
z'? = T — T2, m'? .= -1
s
3 mixy + Mmoo 3 1
xZ ::W_m?” m ::ﬁ?
mi+ma ms3

mi1T1 + Mok + M3T3
T123 = ) mi23 = M1 + M2 + mg.
mi + mo + M3

We have
2% = mlx% + mgxg + mg.’E% = m123x%23 + m?’(x?’)2 + m12(x12)2, (3.48)
1 1 1 1 1 1
2 2 2 2 2 3\2 122
— 2= — R ) 3.49
PSP e s = Dy T #*)"+ 5 () (3.49)

We have the 3-body collision plane
X123 := {(21,22,73) : 71 = T2 = T3},
and 3 2-body collision planes
Xij = {(:L’l,IEQ,(Eg) Xy = l‘j}.

Let us write X123 := X5, X% := ij- Clearly, X123 C X;;, hence X3 L X¥.
Set X3 := X123 N X15. Clearly, X = X193 ® X> ® X'2. We claim that this
notation is consistent with previous coordinates. Indeed,

X3 = {(z1,22,73) | 2° = 2'* = 0}

1 1
is spanned by 2193 := ——(1,1,1), | z123)* = —,
mi23 mi23
X? = {(21,72,23) | 7123 = 2'? = 0}
) 1 1 1 1
is spanned by 2% := ( , ,f—), H,23||2 =—,
mi +mg m1+me M3 m
X2 = {(z1,29,73) | T123 = 2° = 0}
1 1 1
is spanned by z'? := (—, ——,0), 2427 = —.
mi’ ms ml2
Now (3.48) is simply
12,12 30,12 2
s (z72) (z°|z) (z123]7)
To = + + . 3.50
FE T T el (350
We can separate the center of mass motion:
H = L*(X123) ® L*(X° & X'?) (3.51)
L, L 309 1 1212
H = 2m123p123 T5.3 (p°)” + 2771712(1) )°+ Z Vij(z; —x;)  (3.52)
1<i<j5<3
1
= I Plog + H'. (3.53)

14



We can also introduce the Hamiltonian of the pair (ij) and separate its
center of mass motion:

H=L*(X123® X?) ® L*(X'?) (3.54)
3
1
H12 :Z 2m}pf+V12(x1 71‘2)7 (355)
i=1 ¢
=y s () B (3.56)
27n123 123 2ﬂ13 ' '

3.3 N-body Schrodinger Hamiltonians
Consider H := L?*(X; @ --- @ X,,) = L*(X) and the Hamiltonian

G|
H=> —p;+ >  Vijl;i—x;). (3.57)
=1

2m;
v 1<i<j<n

The configuration space X1 @ - -- @ X,, is equipped with the scalar product
n
T T o O e Zmzxf
=1

The kinetic energy is half the Laplacian wrt this product:

1
—A = — 2
D P
i=1
We will say cluster for a subset of {1,...,n}. An example of a cluster is a
pair (ij). We define the collision plane corresponding to a cluster c:
Xe={(z1,...,2p) : z; =2xj, i,j € c}.

We set X¢:= X1. For every cluster ¢ C {1,...,n} we have the factorization of
the Hilbert space into internal and external degrees of freedom and we define
the full cluster Hamiltonian H,. and the internal cluster Hamiltonian H¢:

H = L*(X.) ® L*(X°), (3.58)
1
H. .= —§A + Z V”(xl — JJJ‘) (359)
i,JEC
1 1 1
= _§AC — §AC + VC(.'L'C) = _§AC + HC. (360)

For instance 1
H - H{l""7n} - 7§A{1,...7n} + H{l,,n}

is the separation of the full center-of-mass motion.
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A cluster decomposition is a partition of {1,...,n} into clusters. Let a,b be
cluster decompositions. We say that b C a if b is finer than a. In particular,
{1},...{n} is minimal and {1,...,n} is maximal.

For any cluster decomposition a = {cy, ..., cx} we define the corresponding
collision plane

k
Xo =) Xe, = {(z1,- .., 20) : 2 =25, (i,§) Ca}.

We set X := X1
We have the corresponding full Hamiltonian H, and internal Hamiltonian
H*:

H=L%(X,)® L*(X*), (3.61)
1
H, = _§A + Z Vij(xi — ;) (3.62)
(i,7)Ca
1 1 1

Clearly,
X {(z1,.--,2n) |2 =0, i¢&ch

Therefore, if ¢; Ny = (0, then X | X°. Therefore, if a = {c1,...,ck}, then
X=X P X (3.64)
LX(X*) =LA (X))@ @ L*(X).
We have i
H=Y "H".
i=1

Note that H® may have point spectrum.
Let b C a. Clearly, X, D X,, X* C X We can introduce Xy =Xy NXY
so that
Xy =X, 0X, X*=X!o®XP

We have the corresponding Laplacian Af, so that
Ay =0, DAL, A=Al AL
We can also decompose the internal Hamiltonian:
LX) = LA(X{) @ LA(XY), (3.65)
Hf = —%A“Jrv;,(xb) = —%A;;JFHI’. (3.66)
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It is also useful to introduce the “interaction”

r=v,-V,= Z Vij(a: — x5),
(4,9)Ca, (i3)Zb

so that
Hy = Hy+ I, (3.67)

1
H® = —§A2+Hb+l,‘j. (3.68)

3.4 The HVZ Theorem
Theorem 3.1 Let E, :=infspH®. Then

spessH{l’“""} = [ inf Ea,oo[.
a#£{1,...,n}

More generally
S [ inf Eb,oo{. (3.69)

Proof. We will use the notation of (3.69), thinking of a = {1,...,n}.

O. Let b C a and A € [Ey, 00[. Clearly, sp(—2A¢ + HY) = [E,, oo[. Hence,
there exist approximate eigenfunctions of ,%Ag + H? for the eigenvalue .
—%Ag + H? is invariant in the direction of X i. Therefore, these eigenfunctions
can be moved far away from the X;; with (ij) ¢ b. But there Ij is small. By
(3.68), they are approximate eigenfunctions of H®.

C. First we claim that we can find a partition of unity {x; € C*°(X?)

b C a} such that x; outside a ball are homogeneous and are zero on X;; with
(ij) ¢ b.

There are many such partitions of unity. Indeed, consider a unit sphere S¢
in X*. For any (z1,...,2,) € S%, there exists a pair (7,7) such that z; # z,.
If b is a 2-cluster decomposition b such that ¢ and j belong to different clusters,
then (z1,...,2,) € Xp. Therefore,

{8\ X} | b is a 2-cluster decomposition }

is a covering of S® with open sets. We can choose a smooth partition of unity
subordinated to this covering, then extend it by homogeneity in the outside of
the ball, and by smoothness in the inside. Note that 2-cluster decompositions b
satisfy b C a ={1,...,n}

Now
(z—H")"'=>(z—H")"x
bCa
=Y G- H) T+ Y (- H) T = (= H) T e
bCa bCa

17



Moreover,

(=B = = B ) == HY = B o
=(2 = H*) ' Iixp(z — Hy) ™
+(z = H) (= = Hy) ™ol
=(z — H*) "I xp (2 — HY) ™
“1ra av—11, 4 a ay—
+ (2= H) I (= = HY) ™ S (0" Ve + Voop) (2 — Hy) 7
But I¢x, and Vy,, decay at infinity and p®(z — HZ) ™! is bounded. Hence both

terms on the rhs are compact.
Hence,

(z— H) ' = Z(z — H#)"'xy + compact.
bCa

Repeating the argument from the proof of Thm 1.14, for f € C.(R) we obtain

f(HY) = Z f(H)xp + compact. (3.70)

bCa

Now let suppf N Li)rclf Eb,oo[ = (. Then f(H{) = 0. Hence f(H®) is

compact. Therefore, sp..(H*) C [gréf Ey, 00 [ |
Ca

4 Scattering theory

4.1 Abstract scattering theory

Assume that Hy and H are self-adjoint operators on a Hilbert space H.
The Mpoller or wave operators (if they exist) are defined as

OF = s— lim etHe itHo,
t—+oo

The scattering operator is defined as
5:=QtQ. (4.71)

Theorem 4.1 (i) If the Mpller operators exist, they are isometric and inter-
twine the free and the full Hamiltonian: Q*Hy = HQF.

(ii) The scattering operator exists and commutes with the free Hamiltonian:

HyS = SH.
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Proof. QF are isometric as strong limits of unitary operators.
We have

elsf (s— lim ei“qe*i“qo)e*i‘“q0 =s— lim e/(t+s)H=i(t+s)Ho (4.72)
t—o0 t—too
=s— tiiinoo eltH g~itHo, (4.73)
Hence,

eisHQ:I: _ QieiSHO .

O

Theorem 4.2 If the Mgller operator exists and HyV = EV, then HV = EWV.

Proof. Let Hy¥ = EV. If lim e*He #Hoy exists, then it coincides with

t—o00
the limit of its exponential average:

o0
lim e e "Hoy = lim € e~ teltH gitHo gy
t—o00 eNO o

= lime / ! T HH=E s = lim V= Tmy (H)V.
0

o (e+1(E — H))

This is the reason why in practice the standard formalism of scattering theory
is usually applied in situations where the unperturbed Hamiltonian Hy has only
continuous spectrum, which we will assume below.

Note that RanQ* is an invariant subspace of H. H can have eigenvectors,
but they are orthogonal to RanQ*. The property

Ranll,(H) ® RanQ* =

or
RanQ* = Ranl.(H)

is called asymptotic completeness. It guarantees that S is unitary.

4.2 1-body Schrodinger operators

Consider a single quantum particle in an external potential, described by the
Hilbert space L?(RY) and the Schrodinger Hamiltonian.

H = Hy + V(x),

where ]
Hy=p* p= ~0s.

Theorem 4.3 Assume that V(z) is short range, that is,

[V(z)] <clz)™#, p>1.
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Then there exist Mgller operators
QF :=s— lim eHe it
t—too ’

They are of course isometric, intertwine Hy and H. Besides, they are complete:
RanQ* = Ranl.(H).

Sketch of proof of the existence. First we study the free dynamics. We
show that for ® from a dense subset in L2(R?), their free evolution e o is
for large ¢ concentrated in |z| > ct, where ¢ > 0. We will prove that

lim e*H e #Hop, (4.74)

t—o0
exists for such ®. We compute
d . . . .
&eltHe—ltHoq) _ ieltHV(.’E)e_ltHoq).
But for |x| > ¢t we have |V (z)| < C(1 + ¢)~#, which is integrable. Therefore,

/ HieitHefitH‘”I)Hdt < 00.
But

d . .
7eltHe71tH0 @Hdt
dt

¢
eitQHefitQHo(I) _ eitlHe*itlHOQH < / 2
=/
Therefore,
t = eitHe—itH0¢
is Cauchy. Hence, the limit (4.74) exists. O

Note that the existence part of the above theorem is quite easy. The asymp-
totic completeness is much more difficult.

Theorem 4.4 Assume that V(z) is long range, that is,
V(z) = Vi(z) + Vi(x),
where Vi(x) is short range and
02Vi(z)] < cala)™117m 1 >0, o e N
Then there exists a function (t,€) — S¢(§) and modified Mgller operators
itHe—iSt (p),

OF :=s— lim e
t—+oo

OF are isometric, they satisfy HQT = QT Hy and they are complete:
RanQ* = Ranl.(H).

The integral kernel of S defines scattering amplitudes. Setting k = |k|/2;, it
can be written as

S(kg, ki) = 0(ky — ko) + 0 (k2 — k2)t(k; ko, k1), (4.75)

where |t(k2; ky, k1)|? describes the scattering cross-section for the process at
energy k? = k3 from the angle k; to the angle k.
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4.3 Scattering theory for N-body Schrodinger Hamiltoni-
ans

Consider an N-body Schréodinger Hamiltonian (3.57). Introduce various objects
defined in Subsection 3.3. In addition, define

H¢ = Ranl,(H*) ~ Ranl,(H") ® - - - @ Ranll, (H%*).

Let
E® .= H?® = H%
H(l

+ ...+ HC
Hel HCk

be the operator describing the bound state energies of clusters. Let
J: L3(X,) @ H® — L*(X)
be the embedding of bound states of clusters into the full Hilbert space.

Theorem 4.5 Assume that the potentials Vij are short range. Then for any
cluster decompostion a there exists the corresponding partial wave operator

QOF :=s— lim eitHJae_it(_%A“"rEa).
@ t—+oo

QOF are isometric, they intertwine the cluster and the full Hamiltonian:

1
Qai(—§Aa + B = HQF

and are complete:
®RanQF = L2(X).

Theorem 4.6 Assume that the potentials Vi; are long range with

,u1>\/§—1.

Then for any cluster decompostion a there exists a function (t,&q) — Sat(&a),
the corresponding partial modified wave operator

QF :=s— lim e J,e7i(Sar(Pa)+tE")
t—too

which satisfy the same properties as those stated in the short range case.

Note that Q;fl = 1, (H {1}y,

AC means that all states in L?(X) can be decomposed into states with a

clear physical/chemical interpretation such as atoms, ions and molecules. The
partial wave operators 2 can be organized into

SLA(X,) @ H" 3 () = Y Q1 € LX),
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which is unitary.
We can introduce partial scattering operators

Sap = Qj*Qb_

describing various processes, such as elastic and inelastic scattering, ionization,
capture of an electron, chemical reactions. The partial scattering operators Sy
arranged in the matrix [S,;] form a unitary operator on @ L?(X,) ® H%.

a

2-body scattering theory, including AC in both short- and long-range case,
was understood already in the 60’s.

Existence of N-body wave operators and the orthogonality of their ranges
was established about the same time. What was missing for a long time was
Asymptotic Completeness — the fact that the ranges of wave operators span the
whole Hilbert space.

5 Scattering amplitudes and cross-sections

We will describe general rules how to compute transition probabilities and scat-
tering cross-sections from scattering amplitudes, that is, matrix elements of the
scattering operator. These rules are essentially independent of details of a quan-
tum system and can be derived from basic quantum mechanics.

5.1 Scattering amplitude and transition probability

Suppose that S is a unitary operator on a Hilbert space H having the inter-
pretation of a scattering operator. Suppose that the initial state is given by a
normalized vector ®~ and the final measurement by a positive operator Q*.
Then the transition probability is given by

(d7]S*QTS07) :Tr(@5|¢—)(¢—\s*@). (5.76)
In particular, let QT = |®T)(®*|. The matrix element
A= (37]507)
is called a scattering amplitude. The corresponding transition probability equals
A2 = |(@*]507) .

Basic formalism of the scattering theory does not distinguish between the
future and the past. (This is independent of whether there exists a time reversal
symmetry or not). However, in practical applications of scattering theory, the
difference between the past and the future is important.

(i) The initial state can be assumed to be very simple. In particular, in practice
it involves one or two particles. One can suppose that it is prepared quite
precisely, so that it is possible to describe it by a pure state.
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(ii) On the other hand, the final state can be complicated and involve many
particles. It is less natural to assume that it is given by a 1-dimensional
projection. Typically, one considers a measurement of a spectral projection
of a certain natural observable.

The observables that one would like to use to prepare and measure states,
such as the Hamiltonian and the momentum, often have continuous spectrum,
therefore they do not have normalizable eigenvectors. In order to obtain physi-
cally meaningful quantities, one needs to deal with their non-normalizable eigen-
vectors. We present typical heuristic arguments which are employed in this
context in standard textbooks.

5.2 The square of the delta function

It is well known that the square of Dirac’s delta is ill defined. However, when
computing transition probabilities such an object appears naturally.

Suppose we assume that the process takes place within the time interval
[-T/2,T/2]. Let E have the meaning of the energy, which is the dual variable
to the time. In such a situation physics textbooks use the heuristic substitution

(276(E))? — T2n0(E). (5.77)

Similarly, suppose that the measurement takes place in a box of volume V',
say, the cube [~ L/2, L/2]¢ with V = L%. Then we use the heuristic substitution

(2m)%5(7)* = V(2m)%8(p). (5.78)

One of heuristic justifications of (5.77) goes as follows. In the continuous
case we have at our disposal integration

[ renae (5.79)

and the Dirac delta 6(E — Eq) which satisfies

/ 5(E - B f(E\)AE, = f(E). (5.80)

Suppose that the system is time-periodic with the period T'. Then the al-
lowed values of the energy are 2XZ. Therefore, the integral (5.79) should be
approximated by the Riemann sum

2w
> B (5.81)

Ee3 7

The Dirac de}ta 0(E) should bevreplaced by the appropriately normalized Kro-
necker delta dr(E; — Eg) := %(515,]31. Indeed, with this convention we have

271'_

Z or(E — Ey)f(Ey) T

27
Ele?Z

f(E), (5.82)
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which corresponds to the usual identity in the case of continuous energy (5.80).
Now,

. T .
or(Ey — Eo)? = > or(By — E»).
iy

Another justification of (5.77) uses

I sin ET/2
or(E) == — dte!?t = ———=. :
r(B) =g [ it =S (5.83)
Note that ~
/ Sr(E)dE =1 (5.84)

hence ér is an approximate delta function. Moreover,

sin ET/2 T
62(E)dE = — ' dE = —.
/ z( / m2E2 21

Hence 2%(5% is also an approximate delta function.

5.3 Measuring the energy

Suppose I C R is an interval of the energy that we want to measure. We also
want to measure another independent observable, say, given by IIT = |s1)(s™T]
Thus the operator describing our measured observable is

/dE—cST (E — Hy)TI*, (5.85)

Thus if we prepare a state @, then the expectation value of the measurement
of (5.85) is

(SO~ |1 (Ho)ITTSd™) :/IdE\(E,sﬂSqr)F (5.86)
~ /dEQ%(S@jsﬂaT(E — Hp)*(sT|S®7)  (5.87)
I
= /dEQIH(sT(E — Hy)(sT|SD |2 (5.88)
; T

The measurement of the energy E and of IIT over time T can be represented
by the application of the operator ér(Hy — E)|s™)(sT|. We have

T
7.1 (&, st1S®7)[* = [|6r(E — Ho)(sT|S®™ | (5.89)
which is interpreted as the probability of measurement of energy F over time

T.
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Suppose that the theory is invariant wrt time translations. Then the scat-
tering operator S commutes with the free Hamiltonian Hy. We can represent
the Hilbert space as a direct integral

€3]

H— / H(E)dE,
so that Hy and S decompose:

D 53}

Hy = / EdE, S-= / S(E)dE.
Suppose that we consider the initial state
b /f(E‘)|E‘,s‘)dE‘.

Then (5.89) is

(B, s |S(B)E, s )PIF (B (590)

In the literature it is sometimes described heuristically as follows. We con-
sider an initial state |[E~,s~) € H(E~) and a final state |[E*,st) € H(E™).
The corresponding scattering amplitude is given by

AET, s B, s7) = (BT, sT[S(EY)|E~,s7)6(ET — E7).

The transition probability is the square of the scattering amplitude, where we
take into account the heuristic formula for the square of the delta:

2 8(ET — E)T

JA(EY, st E-,s7)? = |(ET,sT|S(ET)|E™,e7)| o

3 )

The quantity of physical interest is the transition probability per unit time

|A(ET, st E=,s7)]2
T

2 6(ET —E7)
21 '

=[(E",sT|S(ET)|E,s7)|

5.4 Measuring the momentum

This subsection is parallel to the previous one. Suppose that P is the momentum
operator (generator of space translations). We want to measure the momentum
inside Q C R? together with an observable II,+. We also want to measure
another independent observable, say s given by I+ = |s7)(s™"| It corresponds
to the observable

. m)d
1o (P)II,: ~ /Q (2V)

Sy (k) = 6p(k1) -+ dr(ka),

53 (k — P+, (5.91)

where
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Thus if we prepare a state @, then the expectation value of the measurement
of (5.91) is

(S0 | 1g(P)IL,, S&~) /dE| /%'s+|5<1>—)|2 (5.92)

—k)So]?, (5.93)

Thus if we measure the momentum P = k and I, in the volume V = L
which can be represented by the application of the operator (P — k)II,+ on
our state, we obtain the probability

(27T)d|(1;’, sTSP7))2. (5.94)

Suppose that the theory is invariant wrt space translations. Then the scat-
tering operator S commutes with the momentum P. We can represent the
Hilbert space as a direct integral with respect to k:

& -, -
H :/ H(k)dk,
so that P and S decompose:

— @ - - ® -, —

P :/ kdk, S :/ S(k)dk.
Suppose that we consider an initial and a final state |k*,s*) € H(kT). The
scattering amplitudes are given by

AR, stk s7) = (E+,s+|5(/2+)|12*,s*) SR — k).

The transition probability is the square of the scattering amplitude:

. — . o N2 (kT — k)
+ ot 2 _|(7+ o+ +
AR, s s0)P = | (B sHISEDIE 7)) G

The quantity of physical interest is the transition probability per unit volume

A(E+7S+;E_7S_)|2 7 P 9T 2 6(E+ - E_)
| : :‘(k+73+|5(k5+>|kz .8 )’ ST

5.5 Flux

We assume that Ho(k,s| = E(k,s)(k,s| and P(k,s| = k(k,s|. Note that we
have the normalization

(E, S|k, s') = 5(k — k)40
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Define the velocity by .
U= VEE<ka 8)

In the relativistic case, when E(k) = V/m? + k2, we have
k
B(k).

/l_}’:

As an initial state we can take the plane wave restricted to the box [~ L /2, L/2]%.
We set

Iy (Z) == U_r2,0/2/(x1) - - - N1 /2, 1./2)(xa),

(27T)d/2
V1/2

)d/2 o
- (2‘/1)/2 /~-~/6V(k:)dk|k:,s). (5.96)

k,8)y = Iy (2)|k, 5) (5.95)

The amplitude is
(q>+ |5|k1)
v

and the transition probability is

‘(<I>+|S\k1)v‘2.

The flur is defined as ||V ~!. In applications one considers the transition
probability per unit flux
. 2
(#4117, |
N /vt

V=]

For V' — oo this converges to

(a5 ) [ 22,

|~

Supose that the initial state describes a pair of particles described by the
product of plane waves |k;,ky ). Again, we use their finite volume version
|k1 , k5 )v, obtaining the finite volume scattering amplitude

ot|S|kT, /5) :
Gty

As usual, the transition probability is

‘((I)*\S|kz‘,k;‘)v‘2.
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First assume that v; and v, are collinear. Then the flux for a pair of particles is

defined as |v] — v, [V =2, The transition probability per unit flux for a collinear
pair of particles equals

(o1t 55), [

oy — vy [V2

For V' — oo this converges to

(@1l 5 )| (2my2e

lor — vy
In the relativistic case, for collinear v; and v, (and hence also for collinear
k7 and k5 ), we have the identity

Vi E5)2 = (my 2 (m; )2
Ey Ey
Therefore, in the physics literature one defines transition probability per unit
flux for a pair of particles by a Lorentz covariant expression
(2m)* By Ey
VT k)2 = (m7)2(m3)?

independently of whether the particle velocities are collinear or not.

= lof — vy .

)

‘(q>+|5|1{*, k}) ‘2

6 Second quantization

In this chapter we describe the terminology and notation of multilinear algebra.
We will concentrate on the infinite dimensional case, where it is often natural to
use the structure of Hilbert spaces. We will introduce Fock spaces and various
classes of operators acting on them. In quantum physics the passage from a
dynamics on one-particle spaces to a dynamics on Fock spaces is often called
second quantization — hence the name of the chapter.

6.1 Direct sum

Let (V;)ier be a family of vector spaces. The algebraic direct sum of }; will be
denoted 1
& Vi, (6.97)
il
If (Vi)ier is a family of Hilbert spaces, then % J; has a natural scalar
iel

product. The direct sum of V; in the sense of Hilbert spaces is defined as

: cpl
@Y= (%9 yi) .
el el
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If 1 is finite, then 69 Vi = EB Vi
Let (Vi), Ws), i E I be famlhes of vector spaces. If a; € L(Y;, W), i € I,

i€l
Let Vi, W;, i € I be families of Hilbert spaces, and a; € B(Y;,W;) with

then their direct sum is denoted @ a; and belongs to L (EB Vi, & Wl>
iel el

sup;e; |la;|| < oo. Then the operator EB a; is bounded. Its extension in B (@ Vi, ® W)
i€l i€l

will be denoted by the same symbol.

6.2 Tensor product

Let Y, W ble vector spaces. The algebraic tensor product of Y and VW will be
denoted Y & W. 1

If ), W are Hilbert spaces, then ))& W has a unique scalar product such
that

(1 @ wily2 @ wa) := (y1ly2)(wi|w2), y1,92 €Y, w1, w2 €W.

We set .
VoW = (YoWw)r,

and call it the tensor product of Y and W in the sense of Hilbert spaces.

If one of the spaces ) or W is finite dimensional, then y&é W=y W.

Let Vi, Vo, W1, Ws be vector spaces. If a € L(Qh,)2) and b € LWy, Wh),
then a ® b denotes the tensor product of a and b, which is an operator in
LOLEWL, Y2 & W)

If Y1, Vo, Wi, W5 are Hilbert spaces and a € B(Y1, V), b € B(W;, Ws), then
a ® b is bounded. It extends uniquely to an operator in B(Y; @ Wi, Vo @ Wh),
denoted by the same symbol.

To prove the boundedness of a ® b, it is sufficient to consider the operator
a®1 from Y1 & W to Vo & W. Let e1,e2,... and f1, fo... be orthonormal bases
in Y1, W resp. Consider a vector ) ¢;je; ® f;.

ST eijacil?

7 [

S llal®d el

7 i

a1 cijei ® £

la@ 1) cijer @ £l

IN

6.3 Fock spaces

Let Y be a vector space. Let S, denote the permutation group of n elements
al
and o € S,,. ©(0) is defined as the unique operator in L(% ) such that

OO)1 @ QYn = Yo1(1) @+ @ Yo1(n)-
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We define the symmetrization/antisymmetrization projections

n 1 n 1
o = = Z O(0), o) = = Z sgno© (o).

T oeS, T o€ES,

If Y is a Hilbert space, then ©(o) is unitary and ©7, are orthogonal pro-
jections.

Let Y be a vector space. The algebraic n-particle bosonic/fermionic space is
defined as

al M

Bl 1= O, V.

The algebraic bosonic/fermionic Fock space or the symmetric/antisymmetric

tensor algebra is
al n

Fs/a(y) = Cég %s/ay'

n=0
The vacuum vectoris Q:=1 € ®g/ay =C.
If YV is a Hilbert space, then the n-particle bosonic/fermionic space is defined
as

The bosonic/fermionic Fock space is
o0 n
Fs/a(y) = n@o ®s/ay'
For z € Y we define the creation operator
it (2)¥ =0+ 10V, e,y

and the annihilation operator a(z) := (a*(z2))".

Above we used the compact notation for creation/annihilation operators pop-
ular among mathematicians. Physicists commonly prefer the traditional nota-
tion, which is longer and less canonical. In order to introduce it, we need to fix
an identification of Y with L?(Z) for some measure space (Z,d¢). If 2 equals a
function = 3 £ — z(&), then

() = [z o) = [=Oaede

6.4 Second quantization of operators

For a contraction ¢ on Z we define the operator I'(q) on I'y/,(Z) by

I'(q) =q® --®q :
®:7a2 ®§/a2

I'(q) is called the second quantization of q.
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Similarly, for an operator h we define the operator dT'(h) by

dr'(h) =h@1 D8 4. 41D g p

R

s/a 7

s/a

dI'(h) is called the (infinitesimal) second quantization of h.

Traditional notation: If & is the multiplication operator by h(§), then dT'(h) =
J h(§)agagdg. This will be justified in (6.104).

Note the identity T'(ei?) = el*dl'(h),

6.5 Wick quantization

Let
(§17'.'€m7€2}7.'. ’51) = b(gla"'gmyf;ﬁ' te agi) (698)

be a complex function, symmetric/antisymmetric separately wrt the first m and
the last k arguments. It can be treated as the kernel of a symmetric/antisymmetric
multilinear function on Z & Z:

/ /51,~ 1))

In the symmetric case this can be interpreted as a polynomial on Z. It is
common to use the name a polynomial also in the antisymmetric case.

Note that (6.98) can be also interpreted as the integral kernel of an operator
from ®§/aZ to ®;’/LaZ.

The Wick quantization of the polynomial b will have two notations: the
compact and the traditional:

b(a*,a /b E1 ey &y 5 61) (6.99)
a* (&) ---a*(Em)algy,) - --a(€)déy, - - - dpdgy - - - dE,.

Its only nonzero matrix elements are between ® € ®” 7:"2 , ¥ e? /';kZ and
equal

(®[b(a*,a)¥) = (m“;).(k+p) (@b ® 127D). (6.100)

Actually, we can also consider b which is not symmetric/antisymmetric.
The operator (6.99) defined by such b will depend only on its symmetriza-
tion/antisymmetrization. In particular, if b is interpreted as an operator from
®FZ to @™ Z, then

b(a*,a) = bs/a(a*,a), b/ = @S/ab@s/l
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6.6 Particle number preserving operators

If m = k, then the operator b(a*,a) preserves the number of particles and
(6.100). For ® € ®7),Z, ¥ € ®[,, Z it can be rewritten as

n! ®(n—m)
(@|b(a*,a)T) = m(@w ® 120y, (6.101)

But (n#'),m, is the number of m-element subsets of {1,2,...,n}. Therefore,
we can rewrite, in the obvious notation, (6.101) as

Eb(”‘, )= > b (6.102)
1<ip <<t <n
In particular, for m = 2 we can write
1 ...
b(@*,a) = Z bij. (6.103)
1<i<j<n

Finally, for m = 1, we have

> b =dr(b). (6.104)
1<i<n
6.7 Examples

Consider L?(R%). We have the position representation, with the generic vari-
ables z,y and the momentum representation with the generic variables k, &'
We can pass from one representation to the other by

da

a* (k) = (27)~ % / ot (z)e 7 dz,  a*(z) = (27)~ % / a* (ke dk,  (6.105)
a(k) = (2m) 4 / (@)t de,  a(z) = (2m) % / a(k)e *odk.  (6.106)

9

o9
9

Here we give a few quadratic operators in the two representations:

/ / (y)dady = (2m)~ / / —k, kK a(k)dkdE,

where h k k') // x,y)e —ikz =ik’ Ydady;
dl(V(z)) = /a*(m)V(x)a(x)dx = (277)_d/a*(k)V(—k+k’)a(k’)dkdk’

where V (k) := /V(:E)e_i’“”dx;

dI'(-A) = /a*(m)(—Ax)a(x)dx: /a*(kz)sza(k:)dk:.
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Consider L2([0, L]?) ~ L? (%Zd) Again we use z,y in the position rep-
resentation an k,k’ in the momentum representation. We can pass from one
representation to the other by

a*(k)y=L"% / a(z)e Az, o (x)=L"%Y a(k)e, (6.107)
k

a(k) = L% /a(m)eikzdm, a(z) = L% Za(k)e*ikm. (6.108)
k

Here we give a few quadratic operators in the two representations:

dr(h (2m)~ // y)dady = L dZZa Ka(k'),
where h kK" // x,y)e k= i’ Ydady;

Ar(V(z)) = /a*(x)V() D)z = LS a* (B)V (= + K )a(k')

k,k’

where V (k) := /V(a:)e*ik””da:;

dr(-A) = /a*(:z:)(fAm)a(z)dx = a*(k)ka(k
k

Now consider the 2-body potential V(2 — y). Denote this operator by b. Its
kernel in the position and momentum representation is

b(z,y;y',2") = V(z —y)dé(z —2')o(y —y), (6.109)
b(k,p, 0, K') = 2m) "V (=p+p)o(p+k—p — K). (6.110)
Indeed,
@'V (z = y)lp)la)
=(2m) "% //e_ip/‘"”e_iq,yeimeiqy‘/(x —y)dazdy
= (277)*251//ei(p*p')(m*y)e*iy(mqu’fq’)V(x — y)dady
= 2m) WV (—p+p)p+q—p —q).

Therefore,

//dxdyV(x—y)a;aZayax = (27?)7d///dpdqdkv(k)a;+ka27kaqap'

Similarly, in the box we have

//dxdyV(x —Y)a,a,aya, = L Z Z Z V(k)a;+ka;7kaqap.
P a4 k
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For example, consider the Schrédinger Hamiltonian of n identical particles

ZA+ > Viwi—x)), (6.111)

1<i<j<n

Zn: %a (6.112)

H, = Z/pzlp)i(plidp
Y /5 ' +4d —a=p)VE —p)p)ild);(gl; (Pl

1<i<j<N
n
Po= =Y / plp):(pl:dp.
=1

In the 2nd quantized notation we can rewrite all this as

H = (E}S = / *Agagdr

//dxdyV a, yayafc
= /p a,apdp
(2m)~ ///dpdqdkv )4 kg Qg
P .= EB P, —/a —0gazdx

n=0
= /pa;apdp.

7 Coherent states and van Hove Hamiltonians

7.1 Translation in phase space

The Baker-Campbell-Hausdor(f formula says that if [4, [A, B]] = [B, [A, B]] =
then

A+B

1
e = eAeBe*E[A’B].

In particular, consider a Hilbert space L?(Z, d¢) and the corresponding Fock
space T's(L?(Z,d¢)). Let g € L*(Z).

e (9)—alg) _ o—3(9l9)ga"(9)g—aly)
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We have

e~ (9)Fa(9) 4 () (9)=0(9) = 4(£) + ¢(¢), (7.113)
o=a" (9)+a(0) g* (£)eo (9 =09) — g*(£) + g(E). (7.114)

7.2 Coherent vectors
Q, = e 99 = e~ 3l ga"(9) Q.
is called a coherent vector associated to g.
Suppose H = h(a*,a) is a Hamiltonian. Then we can easily compute the
expectation value of H in Qg:
(Q,|HQ,) = (Qle™ @+ p(g*, a)e? (D =al9)()

= (Qh(a" + g,a+79)Q) = h(g,9).

Therefore,
inf H < inf h.

Another point of view: We introduce
b(€) := a(€) = g(&), " (€) = a*(€) — g(§).
Then b*, b satisfy the same commutation relations as a*, a. €2, is a new “vacuum:
b(&)Q, = 0.

We use b*, b instead of a*, a, in particular H = h(b* + g,b+ 7).

This is just an equivalent approach if g is square integrable, since the two
points of view are unitarily equivalent. However, this is often used when g
is not square integrable-then we use a different representation of CCR. The
“classical Hamiltonian” is the same, however the “quantum representation” has
been changed.

7.3 Van Hove Hamiltonians

Let € — w(§) > 0. Consider the self-adjoint operator Hy = [ w(£)a*(§)a(€)dE

and the perturbation V = [v(€)a*(&)dé + [v(€)a(€)dE.

The operator given by H := Hy + V will be called a van Hove Hamiltonian.
Van Hove Hamiltonians are exactly solvable. Nevertheless, their theory is

surprisingly rich. To avoid the ultraviolet problem we will always assume

| 1w <o,
w>1

We will discuss various possible infra-red behaviors of van Hove Hamiltonians.
Formally, we can write

H— / w(©(a*© + 25 (ale) + ”(é)))dg— / 'jffg)'?dg. (7.115)

w
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Infrared case A.

o(©)?
/ RGEA

Introduce the dressing operator

U = exp ( / ff(ga*(@du / Zj%a(&)dé)
el [l 3

)
w(©)
2
YN
and the ground state energy
_ [v(©)I?
pim- [ e

The operator H is well defined and, up to a constant, is unitarily equivalent
to Hol

i

72 ‘
—~
o
~—
(ol
Ay
SN—

H—-E=UHyU*

Clearly, the Fock vacuum @ = (2 is the unique ground state of Hy with the
eigenvalue Ey = 0. Therefore H has a unique ground state

() f02)

and its eigenvalue is F.
Infrared case B
Let

0(6)]? |
/ o) © <

2
[ ok
w<1 w(ﬁ)
Then H is well defined, has the spectrum [E, oo, but has no bound states.

Infrared case C.
Let

/ W(E)Pde < ool
w<1

pOF,,
/ EGR

Then H is well defined, but spH =] — 00, oco].
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7.4 Dynamics of time-independent van Hove Hamiltoni-
ans

H

It is easy to compute e in the case A:

e = exp (= a* (w0) + aw ') )U() exp (a* (W) — a(w )
X exp ( - it(v|w*1v))
= exp (—a* (@) +aw ) ) exp (o (w0 10) — a(e™w "))
x T(e™) exp ( - it(v|w‘1v))
= exp (" (€™ = D M0) + a((1 - ) M0))
X D) exp (5 (vl — e — 2t} 20) ).

We easily see that the above expression is well defined in the case A, B and C
for all ¢ and strongly continuously depends on t. Therefore, H is well defined
as a self-adjoint operator.

7.5 Reminder about notation for evolution

It is convenient to use the following notation for a dynamics generated by time
dependent Hamiltonian H (t):

ty

U(ty,t—) = Texp (—i H(s)ds> .

t_

The evolution in the interaction picture is defined as
Ui (ty,t_) = ey, t )e it-Ho,
The interaction Hamiltonian is defined as
Hip(t) := etHoy ()eitHo,

Note that

t_

ty
Ut (t4,t—) = Texp (—i HInt(t)dt>.

SE = Upe (0, £00)

are called Mgller operators and
S := Ulnt (00, —00)

is called the scattering operator.
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7.6 Time-dependent BCH formula
Let R 5t +— A(t), B(t) be operator valued functions such that

[A(t), A(t")] = [B(t), B(t')] = 0,

[[A(t), BX')], A(t")] = [[A(t), B(t")], B(t")] = 0.
Then

Toxp ([ ata) + 50 ) (7.116)
([ a)en( o)
<o ([~ an [ ot - wipe).aen).
The exponent of (7.118) by a simple substitution can be rewritten as
| an [ dnot - i), At (7.119)
=5 [t [ dra(oter - )lB(t), Al + 6002 — 1) [Ble2). A1)

7.7 Time dependent Van Hove Hamiltonians

The BCH formula has the following time-dependent version:
Consider a (time-dependent) Van Hove Hamiltonian H(t) :== Hy+V (t) with

V() = / ot,€)a" (€)dE + / olE, E)a(€)de.

Clearly, the van Hove Hamiltonian in the interaction picture equals

Hine(t) = / Oy (t, £)a*(€)dE + / e 1 ®y(t, €)a(£)de.

Theorem 7.1 The corresponding scattering operator is then given by

s = e (- [ o)

= exp (i / v(w(@,s)a*(@ds) exp (i / v(uf(f),fi)a(ﬁ)dé)

 exp (i e dﬂM) |

2 w(&)?—712-10

where v(1,€) = [wv(t,&)eldt.
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Proof. We apply the time-dependent BCH formula with
A(t) == —i / Oy (t, £)a* (€)de, (7.120)
B(t) := —i / ety (t, £)a(€)dE. (7.121)

‘We obtain

S =exp (—i/dg/dteit“’(f)v(t@)a*(f)) exp (—i/df/dteitw(f)v(t,f)a({))
X exp <;/dﬁ/dtl/dthi“’(@'“t2v(t1,§)v(t2,f)>.

Let us note the identity

O

— %//dtldtQ<Q|T(H1nt(t1)H1nt(t2))Q) (7.122)
= — %/df/dtl/dtge_iW(f)ltl_t2lmv(t27f) (7.123>

_ 1 [u(m§o(r, Hw(§)
Tor ) w(@)?—712—1i0 drdg, (7.124)

which shows that a kind of a Feynman propagator appears naturally in this
context.

7.8 Adiabatic scattering theory for van Hove Hamiltoni-
ans

Assume for the moment that Hy, V be self-adjoint operators and € > 0. We
define V,(t) := e~ IV, We will write

H(t) := Hy+ V.

for the corresponding time-dependent Hamiltonian. We also introduce U, (t4,t_),
Udnt(ty,t_), ST, S., etc.
We can compute the adiabatic Mgller operator for van Hove Hamiltonians.

To this end, consider v} (t, &) := (t)e~ It (€). Then v (r, &) = ITUJ% We have

st = oo ( [ i) e (— / w(g_)ie“@dﬁ)

bOPulginde )
g2 —-10))

(7.125)

X
[©]
k]
ko)
N
l\’)‘,_“
)
=
[ V]
_|_
[}
[V}
N—
€
—
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(7.125) does not have a limit as e \, 0. Indeed, an elementary calculation shows

/ (T2 + @)(wé; —r-i0) /w(£)21+ € (72 Jlr e " ulep —172 - 10> 4
(7.126)

Now the real part of %(7.126) equals — 5oy Therefore we can renor-
malize S, by removing the divergent phase:

[(QISED)| o _ v . u(
Qs TP (/w(5)+ie“ (g)d§> P (/ ()

o (1 )

Therefore, if | ‘Z%glj d¢ < oo, that is in Case A, then the Gell-Mann and

Low wave operator for H equals

L @ISE)l
%o = T s

v(E) . v(©)
= exp —/ afdf)exp / a(&)dé
(-] sgeo "
1 [ @)
e ( ./ w7
and coincides with the dressing operator U*.
If [ |Z(é))‘z d¢ = oo, that is in Case B and C, then S¢;; does not exist because

of the infrared problem.

An analogous computation yields Sg; = SgL. Therefore, the Gell-Mann
and Low scattering operator for H equals

Sar = SgiSéL =1

One can also compute Sgy, directly, setting v(t,&) = e “!ly(¢). Then
v(T,§) = %ﬁezv(ﬁ). Therefore,

mfim - (‘i/ % a*@)df) exp (-i / %a(&)dg) .

This converges weakly to 1.
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8 Slater determinants and the Hartree-Fock method

8.1 Slater determinants

Let W be a Hilbert space. We consider the fermionic Fock space I'(W).

Let e1,..., e, be an orthonormal subset of a Hilbert space WW. Then

1
a*(er)---a"(epn)d = — SENTEL(1) D+ @ €oim 8.127
( 1) ( ) \/777 JGZS g (1) (m) ( )

1

— | . = -

vmler ®a - Ra em mel A ANem (8.128)
is a normalized vector. Such vectors are called Slater determinants. If f1,..., fm
is another basis of the subspace spanned by ey,..., e, so that e; = Zj cii fi,

then
a*(e1) - a”(em)Q = detfc;;la™(f1) - - a™ (fm)S2

Let 7 denote the orthogonal projection on the space spanned by eq,...,én.
We will denote the vector (8.128) by ®,. (This is not quite correct, because it
is fixed by 7 only up to a phase factor). However the the state

wr(A) == (a*(e1) - a*(em)QAa*(e1) - - a*(e)Q)

depends only on 7.

8.2 CAR

Suppose that ej, es,... is a basis of W. We use two conventions:
a; == ale;), af :=a"(e;),

Then

[ai, aj]+ = O, [CLZ‘, a;]+ = (Siﬂ‘, aiQ =0. (8.129)
Alternatively, if w = > w;e; € W we write

a(w) = Zmai, a*(w) = Zwiaf,

We can write
[a(w),a(w’)]+ =0, [a(w),a}(w")]+ = (ww'), a(w)=0. (8.130)
The vectors aj, ---aj , 13 <--- <4, form an orthonormal basis of r.(Ww).

8.3 Changing the vacuum

Suppose we want to treat the Slater determinant

—— * *
®:=al- a0
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as a new vacuum for the space I'y;(W). One can do it as follows: we rename

bi:=a;, b :=a; i=1,...,m.
Then we set
_ {bz’ i<n, . {b: i<n,
a; = . a; = N . .
a; j>n; a; j>n.
Then a;,a;,i = 1,... satisfy the usual anticommutation relations with the

vacuum P.
Let us introduce the complex conjugation on the space C™ (which is embed-
ded in W, spanned by eq,...,ey:

cr Bw:anen HE::Z@@ eW.

Then we can set

a(w) =Y b+ Y wjay, (8.131)
i=1

j=n+1
n oo
at(w) =Y biw;+ Y wjal. (8.132)
i=1 j=n+1
Then a(w), a*(w) satisfy the usual commutation relations with vacuum @

a(w), @)y =0, [a(w),a; )]s = (wle’), aw)®=0.  (8.133)

Thus in the new representation the 1-particle space is 7W @ (1 — 7)) and
not W. Therefore, we obtain a representation of the space I'y (W) as the space
Lo(mW & (1 - mW).

We can implement this change (up to some signes) by a unitary transforma-
tion: Set U :=[[;~,(a; + a}). U satisfies

UaiU* = (=)™ b, i=1,...,m; (8.134)
UaiU* =(-1)"af, i=m+1,... (8.135)
UQ = . (8.136)

In fact
(a+a")ala+a*) =a*aa™ = a*(aa* + a*a) = a”, (8.137)
(a+a*)a*(a+a*) =aa"a = alaa” +a*a) = a. (8.138)

8.4 Free fermionic Hamiltonians

For simplicity, assume that W is finite dimensional. Consider H = dI'(h), where
h is a self-adjoint operator on WW. We can diagonalize h, so that

h= Z)\i|ei)(ei|.
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It is easy to see that dI'(h) possesses a unique ground state iff 0 ¢ sph. Indeed,

let Ay < A2 <+ < A <0< Appy1 < ... Then the ground state of dT'(h) is
given by

D= aT e arngv
so that

H>=FE®, E=X+-4+\n.

The Hamiltonian H can be rewritten as

H=> Naja; =Y |Nlbibi+ > Niafai+ Y Ai.

i<m i>m i<m

Note that strictly speaking this construction makes sense only for a finite di-
mensional Ij_ oj(h). However, it is often used also if this dimension is infinite.
The constant F is usually dropped—it is often in fact infinite, and we use the
renormalized Hamiltonian

Hyen = Y |Nilbibi + > Niaja;.

i<m i>m
Example 8.1 Consider the free Fermi gas with the chemical potential p in

volume L.
H= Z (k* — p)ajag.

2
ke2rzd

The ground state is called the “Fermi sea”: Hk2<u a;Q). It has the energy

E=> (K -p).

k2<p

The renormalized Hamiltonian is

Hyen = Y K — plbpbr + Y |k — plajax.
k2<p k2>p

In infinite volume the Hamiltonian is

H= /(k:2 — pajapdk.

E is infinite and the Slater determinant is ill defined. However, we can change
the representation of CAR replacing H with

Hyen = / |k? — p|bibpdk +/ |k* — plajapdk.
k2<p k2>p

Example 8.2 Consider the Dirac Hamiltonian

h = ap+ Bm+ V().
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It is a self-adjoint operator on L?(R3 @ C*) The naive quantization of h, that is
dI'(h), acts on the space T'y (L*(R3@C*)). It is however physically meaningless—
it yields an operator unbounded from below. Formally, the ground state of dT'(h)
is the Slater determinant with all negative energy states present. This state is
called the Dirac sea.

In practice, we change the representation of CAR. Set

Ai = ]1[0700[(:|:h)
The physical one particle space is
CATL*(RP®@CYH o ATL*(R® ® CY),

where C' is an antilinear map, usually the charge conjugation.

8.5 CAR (C*-algebra

2 is a C*-algebra if it is a Banach xalgebra satisfying || A*|| = || A|| and ||A*A|| =
|A||?. w is a state on 2 if it is a functional on 2A such that w(A*A) > 0 and
w(l) = 1. 7*(A) — B(H) is a *-representation if it is a *-homomorphism.

Every closed #-algebra in B(H) is a C*-algebra. Every functional of the
form A — TrAp, where Trp =1, p > 0 is a state.

The operators a(w), a*(w) with w € W satisfying the CAR can be treated
as abstract elements generating a x-algebra. After an appropriate completion
it becomes a C*-algebra, called the CAR algebra. It can be denoted CAR(W).
The representation in the Fock space I', (W) is one of possible representations.
I

Let m be an orthogonal projection on W Fix an antilinear conjugation on
7W, denoted by C, that is an antiunitary operator satisfying C? = 1. Consider
the one particle Hilbert space C7W @ (1 —7)W and the Fock space I', (C’WW@
(1 — )W) Creation/annihilation operators for Cw € CRanm will be denoted
b*(Cw) and b(Cw). Then the operators

p(a*(w)) == b(Crw) + a* ((1 — m)w)

extends to a x-representation of CAR(W).
If Ran7 is infinite dimensional, there is no unitary map U that intertwines
the two kinds of representations of CAR. In particular, there is no vector killed

by p(a(w)).

8.6 Expectation values of Slater determinants

Theorem 8.3 Let b be an operator on @™W. Let w be a projection onto a
subspace of W. Then

wr(b(a*,a)) = Z Trbr®™ O(c)sgn(o).

o€Sm
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Proof. It is enough to check this assuming that

b=lei)--lei, ) (el - (el
corresponding to

* — * * . e .
b(a*,a) = aj, ---aj aj, ---aj,.

in
Now

(a]---apQlaj, ---a;i aj, ---a; aj---a;,Q) (8.139)

is nonzero only if iq,...,14,, are distinct,

{il,...,im}:{jl,...,jnL} C {1,,71}

Then it is +1, where its sign is determined by the unique permutation that
maps {i1,...,4m} onto {j1,...,Jm}. Now

1=Tra®"|es,) e, )(ej,, | (e, 10(0).

In particular, we have the casesn = 1,2:
wr (AL (h)) = Trrh, (8.140)
wr(b(a*,a)) = Trbm@n(l—7), (8.141)
where 7 : W@ W — W ® W is the transposition of the factors in the tensor
product.
8.7 The Hartree-Fock method

Let h be a self-adjoint operator on W and b on W®W. We assume that 7br = b.
Consider the particle number preserving operator

1
H=dr'(h) + ib(a*,a).

We would like to find the ground state energy of H in the n-body sector.
The Hartree-Fock functional is the expectation value of H in a Slater deter-
minant:

1
Eur () := wy(H) = Trhr + §Trb7r®7r (1—1).

The ground state energy of H is clearly estimated from above by its Hartree-
Fock energy

Eyp := inf{€ur(m) : 7 is an n-dimensional orthogonal projection}.

If a minimizer of Exp exists, we denote it by myr. We define the Hartree-Fock
Hamiltonian (called also the Fock Hamiltonian) by its expectation value in a
trace class matrix ~:

Trhgpy := Trhy + Trbmprey (1 — 7).

Notice the absence of 1.
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Theorem 8.4 7myp is a projection onto n lowest lying levels of hyp

Proof. Every orthogonal projection has the kernel

m(w,y) = Z@(ar)aﬁi(y),

where ¢1, ..., ¢, is an orthonormal basis of Ranm. The Hartree-Fock functional
can be written as

Eur () = E(b1,-- 0n) = >_(6ilhe)

K2

+ % D (0 @ ¢l ® 65) — % > (61 @ ¢lbd; @ ¢y).
ij

ij

Using the method of Lagrange multipliers, Fyr is given as the infimum of

Eur(d1,- .., 0n) — Zeij((¢i|¢j) —ij),
iJ

where we may assume that the matrix ¢;; is Hermitian. Writing ¢;+d¢;, €;;+0d¢€;;
for the variations, we find

0w =) (¢ilhurdes) + (5¢ilhurd:) (8.142)
- Z €ij(Pildp;) — Z €ij (00i|P5) (8.143)

j ij
+ > deij ((0ld)) — bij)- (8.144)

ij

Comparing the coefficients at d¢; on the right of the scalar product and on the
left of the scalar product independently, we obtain

hur¢; = Z €ijPj-
J

We can diagonalize the matrix [e;;] with a unitary transformation, so that €;; =
dij€;, and we obtain

hup @i = €;0;.

Thus the minimizing sequence ¢1, ..., ¢, can consist of normalized eigenvectors
of hHF

Now assume that there is an eigenvector of hgp, say 1 orthogonal to ¢1, ... ¢y,
and with an eigenvalue 8 lower than one of the eigenvalues €1, ..., ¢€,. For in-
stance,

hury = By, B <e.
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Then we can consider a variation ¢ + d¢1 := /1 — t2¢1 + t1p. This variation is
tangent to the constraints. Besides,

55HF(¢1 +0¢1,02,...,0n)
52

52
5HF5¢15¢1 + —5Enrdd16¢; + ———Enrdp,661.

5¢2 6¢>1 361061

The first two terms are zero because of the operator 1 — 7. The second equals

—t*(p1|hurdr) + (V| hupp) = t*(—e1 + B),

hence is negative. O

Note that the Hartree-Fock energy is in general not equal to the sum of the
lowest n eigenvalues of Hyp.

8.8 Hartree-Fock method for atomic systems

Suppose now that V(z) = V(—z) and
H=- /a;Amazdx—i—/a;W(x)amdx (8.145)
//a*a*V y)aga,dzdy. (8.146)

Let 7 be an n-dimensional projection. We set

p(x) :=n(z,x), par(z) = mur(z,x).

Then
Enr (T dx—i—/W (8.147)
// x—y dxdy—f// x —y)|r(z, y)*dady,
Hyp = —A+W(z) + /pHF(y)V(a: —y)dy — Tey, (8.148)

where Tey is a nonlocal operator with the kernel

Tex(z,y) = V(z — y)mar(z,y).

A semiclassical argument implies that the first term in (8.147), that is the
kinetic energy, can be approximated by

d 72/d dt2
2 d .14
en e / PP (2)de, (8.149)

47



where ¢4 is the volume of a unit ball in d dimensions. We also expect that
the last term, that is the exchange energy is relatively small. This leads to the
so-called Thomas-Fermi functional, which depends only on the density:

d _ 2
Err(p) i:(QW)fdmCd 2/d/Pd%(f)dm

+ [Wptade+ 5 [ [ Vo= pp@ply)do

9 Squeezed states
9.1 1-mode squeezed vector
Consider I's(C).

Theorem 9.1 Let |c| < 1. Then

s a mormalized vector satisfying

(a —ca®)Q2, = 0. (9.150)

"2 | cqr? 2 Jef>™(2n)!
(efa Qlez Q):ZW

n=0

Using

we obtain (9.158). O

Theorem 9.2 Set
U, := e (-a™+a%),

Then
UiaU; ' = acosht 4 a* sinht, (9.151)
Upa*U; ' = a* cosht + asinht, (9.152)
1 tanht %2 1 tanht 2
U, = gt F( ) taghta? 9.153
¢ v/cosht ¢ cosht ¢ ( )
Qtanht = UtQ (9154)
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Proof. (9.151) and (9.152) are immediate. We next compute

d 1.
EUt = 5(—04 2 + QQ)Ut
1 %2 o sinht sinh¢
=————a"“Uj+ ——Ua® — a*Uia — ————Us.
2cosh? ¢ " ocosh?t cosh?t 2cosht
Then we use the identity concerning the derivative of I'(e”) = e"*"® contained
in (9.155). O
Lemma 9.3 d
&eh(t)a*a = h(t)e" M grehMaag, (9.155)
Proof.
geh“*a = heh" 2q%a (9.156)
dt '
= hehaagrehaagha’ay — pehgrehaag, (9.157)
O

9.2 Many-mode squeezed vector

Suppose ¢ is a symmetric complex matrix on C". One can show that then
there exists an orthonormal basis such that c is diagonal where all terms on the
diagonal are nonnegative. Therefore, we have the many-mode generalizations
of the results of the previous subsection to I'y(C™):

Theorem 9.4 Let ¢ be a symmetric n X n matriz such that ||c|| < 1. Then
Qe = det(1 — |¢[?)Fe2¢% %5 ()
s a normalized vector satisfying
(a; — cija;)Qc =0. (9.158)
where we write |c| := /c*c.
Theorem 9.5 Let 6 be a symmetric n X n matriz. Set

Up := e%(—‘gijafa;-‘r@jajai).
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Then

— inh |6
Upa;U; " = (cosh [8])ija; + (osm|9|| ‘) a, (9.159)
ij
_sinh [6]
Upa Uy " = (cosh [8])s;a7 + (asmg| ') aj, (9.160)
ij
1 _(etanh|9\) a*a* 1 (gtarllm) a;a;
Up— ——= o055 ) yeiaip e\ Tzl /it
’ \/det cosh |0] (cosh\0|)
(9.161)
UpQ) = er‘,h\e\e. (9.162)
g

9.3 Single-mode gauge-invariant squeezed vector

Consider I'y(C?). The creation/annihilation of first mode are denoted a*,a, of
the second b*, b.
We assume that in our space there is a “charge operator”

Q:=a"a—0b"b,
and we are interested mostly in gauge invariant states, that is satisfying Q = 0.
Theorem 9.6 Let |c| < 1. Then
Q¢ = (1 |c?)ze ™" Q

s a normalized vector satisfying

(a—cb")Q° =0, (9.163)
(b—ca™)Q =0. (9.164)
Proof.
ca*b* ca*b* _ - |C‘2n(n!)2
(e Qe ) = > S
= (11> 7"
Using

e e —q — ¢[a*b*, a] = a + cb,
we obtain (9.164). O
Remark 9.7 Clearly,
e = exp (g(a* +b%)2 — g(a* — b*)Q).

Hence a single mode gauge-invariant squeezed vector can be also understood as
a 2-mode squeezed state. However, it is often simple to deal with it directly.
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Theorem 9.8 Set
Ut = et(—a*b*—&-ab)-

Then
UlaU™" = acosht + b*sinht, (9.165)
Ula*U™" = a* cosht + bsinht, (9.166)
U'bU~" = bcosht + a* sinht, (9.167)
U'D*U~" = b* cosht + asinht, (9.168)
1 wpw 1
t —tanhta™b tanh tba
- r(—) , 9.169
cosht ¢ cosht ¢ ( )
Q- tanht — ytQ, (9.170)
Proof. We compute
gUt = (—a*b* + ba)U"
dt
1 1 sinh ¢ sinh ¢
=— a*b*U" + Utba — a*Ulta +b*U') — £,
cosh? ¢ cosh? ¢ cosh? ¢ ( ) cosht
10 Bose gas and superfluidity
n identical bosonic particles are described by the Hilbert space
Ho = L2((RY)") = @I LA (RY),
the Schrodinger Hamiltonian
i=1 1<i<j<n
and the momentum P, := — ) i0,,. We have P, H,, = H,, P,, which expresses

the translational invariance ozf olur system.
The potential V is a real function on R? that decays at infinity and satisfies
V(z) = V(—x).

We enclose these particles in a box of size L with fixed density p := ;% and
n large. Instead of the more physical Dirichlet boundary conditions, to keep
translational invariance we impose the periodic boundary conditions, replacing
the original V' by the periodized potential

Vi(z) = ZV(:U—!—Ln):% S (),

nezd pEe(2n/L)Z4

well defined on the torus [~L/2, L/2[¢. (Note that above we used the Poisson
summation formula).
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The original Hilbert space is replaced by
= L2((=L/2, L/21)") = @ (A= L/2, L/2[%).
We have a new Hamiltonian

Hﬁ:-i}$+A > Vi@ —ay)
i=1

1<i<j<n
L N oL
and a new momentum P} := — Zl 0, .
i=
Because of the periodic boundary conditions we still have
LyL _ gL pL
P H,=H_P,.

In the sequel we drop the superscript L.
We use the second quantized formalism

H = Eo H, =T (L2[o, L]d)
_ 2

~T,(12(F2%)).
The Hamiltonian and the momentum in second quantized notation are

H:= & H,

n=0

—/a;Amazdx—F%//dxdya;aZV(x—y)ayax

* A ) * *
- Zp%pap + 3574 Z V(k)ay, ray_aqap,
P

p,q;k

oo 1
P= 9 P,= /azfaggawdx
i

_ *
= E Payap.
P

10.1 Bogoliubov’s approximation in the canonical formal-

1S1Im

We assume that the potential is repulsive, more precisely,

V>0 V>0

The Hamiltonian H commutes with V. We are interested in its low energy part

for large eigenvalues n of the number of particle operator N.

We expect that for low energies most particles will be spread evenly over
the whole box staying in the zeroth mode, so that N ~ Ny := ajag. (The Bose
statistics does not prohibit to occupy the same state). Following the arguments
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of N. N. Bogoliubov from 1947, we drop all terms in the Hamiltonian involving
more than two creation/annihilation operators of a nonzero mode. We obtain

AV(0) | ., 2w Ao 7 ;
H = W@ana@ao + kz;éo (k + aoaoﬁ (V(k) + V(O)))akak
Ao * ok * ok
+3 57V () (agasara s + aja’ yaoao)
k#0
AV (0
= ; )p(N—1)+HBog+Ra
where we set
N
p = d
Hpog = Z (K> + oV (k) ajan
k£0
1 > * ok
—|—§ Z )\/)V(k) (aka—k + aka—k)7
k0
AV (0
R = - (d)(N—NO)(NfNO* 1)
2L
A -~ % % * %
+ 30 200 (a5 — Naxai + aa” ylanay — V).
k#0
We used

agagagag = No(Nog — 1)
= N(N —1) = 2No(N — Ng) — (N — Ng)(N — Ny — 1).

We argue that R is small because
agag ~ apag ~ No ~ N.

A Bogoliubov transformation, is a linear transformation of creation/annihilation
operators preserving the commutation relations. If we demand in addition that
it should commute with translations, it should have the form

ap = cpap + spa’ (10.171)
a, = cpa, + spa_p, p#0, (10.172)

where
cf, — 512) =1, p#0.
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We are looking for a Bogoliubov transformation that diagonalizes the quadratic
Hamiltonian Hpog:

Hpoy = Epog+ Y w(p)iyay,
p#0
Poog = Y pasip,
p#0

This is realized by

VPP 22V () £ ipl
" 2/w(p) ’

L VPP 22V () — pl
T 2/w(p) ’

w(p) : = [pl\/[p[2 + 22V (p),

1 . N
s = 5 3 (0P + 2070) = oy o2 + 20070 ).
p#0

w(p) is called the Bogoliubov dispersion relation and Epog the Bogoliubov energy.
Let us show some computations:

A(ajar + a’ pa_y) + B(aja® . + a_gag)
=(Ca} + Sa_i)(Cay + Sa* ;) + (Ca} + Sa_i)(Cay + Sa* ;) — 252,

1
where C := 5(\/A+B+ VA - B),

S = %(\//H—B—\/A—B).

To obtain ¢, s we divide C, S by the square root of

C? — 5% = /A2 - B2,

Note that ¢, = cosh 3,, s, = sinh f3,, where

pI? + AoV (p) — [pl\/[pI2 + 2XpV (p)
tanh(S,) := )\pV(p) ,

Set
U =exp (Z % (—aya*, +apa_p) )

p#0
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Then U is unitary and

a, = Ua,U",

P
it = UaU*,
Hpog = EBOg—&-UZw(p)a;apU*,
p#0
P = UZpa;apU*.
p#0

The ground state of the Bogoliubov Hamiltonian is a squeezed state in the
non-zero mode sector: .
ay”

Vn!

The Bogoliubov dispersion relation depends on A and p only through A\p =
An

UuQ.

s,
N The Bogoliubov Hamiltonian depends on L only through the choice of the
lattice spacing 27”

We expect that the low energy part of the excitation spectra of H,, and Hpog
are close to one another for large n, hoping that then n—ng is small. We expect
some kind of uniformity wrt L.

Note that formally we can even take the limit L — oo obtaining

HBog — EBog = (27T)_d/[,«.}(p)d;dpdp,

P (2m)~¢ / pasa,dp.

10.2 Bogoliubov’s approximation in the grand-canonical
approach

For a chemical potential ;v > 0, we define the grand-canonical Hamiltonian

H,=H—-uN = Z(p2 — p)ayay

p

A 9 * *
+ﬁ Z V(k)ay,ay_1aqap.
P,q;k

We will mostly set A = 1.
If £, is the ground state energy of H,, then it is realized in the sector n
satisfying

ok, = -—n.

In what follows we drop the subscript u.
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For a € C, we define the displacement or Weyl operator of the zeroth mode:
Wy = e~ a0 t0a0 et Qq = W, be the corresponding coherent vector. Note
that PQ, = 0. The expectation of the Hamiltonian in 2, is

V(0)
5T |a|®.

(Qa|HQ0) = _N|O“2 +

v/ Lip

It is minimized for o = el” where 7 is an arbitrary phase.
V)’

We apply the Bogoliubov translation to the zero mode of H by W («). This
means making the substitution

ag =ap+ o, a

O*
I
j=1
O *
+
2l

ar = ag, aj = ay, k #0.
Note that
dk = W;aka (le = WSGZWQ,

and thus the operators with and without tildes satisfy the same commutation
relations. We drop the tildes.
Here is the translated Hamiltonian:

dﬂQ

2V(0)
Lz v NVata
+;(2k +V(k)v(0)) fan

+ZV(1€) z (e ™ apa_y, + e aja’ )

H = -—-L

—" 90 (0)

k H * iT k%
Z ( )\F Ty akar + e apak agp)
K,k V(O)Ld

V(k2 - k3> * %
+ Z Taklakzak3ak4.

k1+ko=kz+ky

If we (temporarily) replace the potential V(x) with AV (x), where X is a
(small) positive constant, the translated Hamiltonian can be rewritten as

H=X"'H_,+ Hy + ﬁH% + \H;.

Thus the 3rd and 4th terms are in some sense small, which suggests dropping
them. Thus
2
d_H

217 (0)

~ —

+,Uz(el7—a8 +e—i7a0)2 +HBOg7
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where

Hpoy = Z( k2 +V (k) o )aZak

pys V(0)
- H 127 k%
+ Z V (k) (e ™ ara_y +€?aja’,)
pors 2V(0)

Then we proceed as before obtaining the Bogoliubov dispersion relation

w(p) = Iply/ |p* + 2p

and the Bogoliubov energy

_ 1 V(p) V(p)
EBog = —5 > (pl2 + M) ply [ Ipl? + 2“?(0))

p#0

Thus, as compared with the canonical approach, we have p in place of Ap.
Note that the grand-canonical Hamiltonian H,, is invariant wrt the U(1)
symmetry e™V. The parameter o has an arbitrary phase. Thus we broke the
symmetry when translating the Hamiltonian.
The zero mode is not a harmonic oscillator — it has continuous spectrum and
it can be interpreted as a kind of a Goldstone mode.

10.3 Landau’s argument for superfluidity

A translation invariant system such as homogeneous Bose gas is described by
a family of commuting self-adjoint operators (H, P), where P = (Py,...,Py)
is the momentum. If the translation invariance is on R?, then the momentum
spectrum is R%. If it is in a box with periodic boundary conditions then e/ =
1, therefore the momentum spectrum is %Zd.

We can define its energy-momentum spectrum sp(H, P).

RxR: L =oo,
sp(H, P) C o rd
Rx 2574 [ < oo,

By general arguments the momentum of the ground state of a Bose gas is
zero. Let E denote the ground state energy of H. We define the critical velocity
by

Cer :=sup{c : H> E + ¢|P|}.

Suppose that our n-body system is described with (H, P) with critical ve-

locity c.;. We add to H a perturbation u travelling at a speed w:

:; (H+AZ -—wt)
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We go to the moving frame:
UV (21, xn) = U(xy — Wi, ..., Ty — WE).
We obtain a Schrédinger equation with a time-independent Hamiltonian

d n
i— U = (H—wP+ ) (25) ) U
ldt t ( w Zzzlul‘) ¢

Let Uy, be the ground state of H. Is it stable against a travelling perturba-
tion? We need to consider the tilted Hamiltonian H — wP.

If |w| < ¢er, then H — wP > E and Uy, is still a ground state of H — wP.
So W, is stable.

If |w| > cer, then H — wP is unbounded from below. So W, is not stable
any more.

11 Fermionic Gaussian states

11.1 1-mode particle-antiparticle vector

Consider I',(C?). The creation/annihilation of first mode are denoted a*, a, of
the second b*, b.
We assume that in our space there is a “charge operator”

Q:=a"a—0b"b,
and we are interested mostly in states with @ = 0.
Theorem 11.1 Let c € C. Then
O° o= (14 [¢[}) 72 Q= (1 4+ ]¢[2) 72 (Q + ca’b*Q)
s a normalized vector satisfying
(a — b2 =0,
(b + ca™)Q2° = 0.

Theorem 11.2 Set
Ut — et(—a*b*-‘rba)'
Then

UltaU™" = acost + b*sint, (
Ula*U™" = a* cost + bsint, (
U'hU™" = bcost — a*sint, (11.175
U'D*U™" = b* cost — asint, (
1
(
(

U' = coste™ tanta F(—

)etan tba’
cost

O tant — UtQ
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Proof. First we derive (11.173)-(11.176). Then we compute

d
aUt = (—G;*b* —l—ba)Ut
1 sint sint
S Ut Ut —( Ut b*Utb) _ e
cos? ta + cos? t @t cos? t aUiat cost

11.2 Fermionic oscillator

Let
H = (a"+a)(* +0).

Theorem 11.3 We have H?> = -1, H* = —H

et = costll 4 sintH,

In particular,

eT3H — +H,
Ha*H ' = —q, HaH ' = —a*,
Hy'H™ ' = —b, HbH ! = —p*.

12 Fermi gas and superconductivity

12.1 Fermi gas
We consider fermions with spin % described by the Hilbert space
Hn = @) (L*(RY,C?)).

We use the chemical potential from the beginning and we do not to assume the
locality of interaction, so that the Hamiltonian is

Hn:—i(Ai—u)—i-)\ > wy

i=1 1<i<j<n

The interaction will be given by a 2-body operator on ®?2 (L2 (R, (C2)) given by

(V®)iy iy (w1, 22) = //U(xl,ﬂ?m$3,$4)‘I’i1,i2($3,334)(133301354.
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We will assume that v is invariant wrt the exchange of particles, Hermitian, real
and translation invariant:
v(z1, T2, 3, 24) = v(T2,21,Tq,T3)
= v(x1, T2, T3, Tq)
= v(xq, T3, T2, 1)
=v(r1 +y, v2 +y, 73 + Y, 24 +Y).

By the invariance wrt the exchange of particles v preserves ®2 (L2 (R, (Cz)). By
translation invariance, v can be written as

'U(.I'l, T2, X3, x4) — (27T)74d/eiklxl+ik2w27ik3I37ik4(E4q(kl’ k27 kg, k4)
X 5(k1 + k’g - k’g - k4)dk1dk2dk3dk4,

where ¢ is a function defined on the subspace k1 + ko = k3 + k4. An example
of such interaction is a local 2-body potential V' (z) such that V(z) = V(—z),
which corresponds to

v(xy, T2, 23,24) = V(1 —x2)d(x1 — 24)0(22 — x3),

albasheko k) = [ dpV)O( ks = p)S(he — b+ ).
Similarly, as before, we periodize the interaction

UL($1,$273337334)

g v(z1 +n1L,x0 + 0oL, 23 + n3L, x4)
ny,nz,n3€Z4

1 : . : :
by @1 +ikows —ikgws —ik
= I3d Y. etvmtimaikr kit (b ko kg, k),
ki+ko=kz+ky

where k; € %Zd. The Hamiltonian
TR SNCIEVE
1<i<n 1<i<j<n

acts on H™F := @ (L*([-L/2,L/2)?,C?)). We drop the superscript L.
We will denote the spins by ¢ =1, /. It is convenient to put all the n-particle
spaces into a single Fock space

3050 H" = Ta(L*([L/2,L/2)%,C?))

n=

and rewrite the Hamiltonian and momentum in the language of 2nd quantiza-
tion:
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o0
H:= nG:BO H" = Z/a;i(Ax — [1)ay i, dx

1
* *
+ 3 g Ay iy O iy V(15 T2, T3, 04) sy iy Ay iy AT1dT2dT3d Ty,

11,12
o0 n : *
P=¢ P"'=— E i ay;Veagde.
n=0 - ’
K3
In the momentum representation,

H = S50 - paj
7 k

1 * *
to7a E E q(k1, ko, k3, ka)ag, i Gk, Qs inQhy iy »
i1,92 k1+ka=k3+kq

P = ZZka};)iak,i.
ik

We also have the generators of the spin su(2).

1

Sp=13 > (aiyary + agyarr), (12.179)
k
i * *
Sy=15 > (apyary — ajyart), (12.180)
k
1 * *
=3 > (aryart — ajyaxy). (12.181)
k

The Hamiltonian is invariant with respect to the spin su(2).

13 Hartree-Fock-Bogoliubov approximation with
BCS ansatz

We try to compute the excitation spectrum of the Fermi gas by approximate
methods. We look for a minimum of the energy among Gaussian states. We
assume that a minimizer is invariant wrt translations and the spin su(2). We use
the Hartree-Fock-Bogoliubov approximation with the Bardeen-Cooper-Schrieffer
ansatz.

For a sequence %Zd S k — 0 such that 6, = 0_j, set

1
Uy := H e§9k(—CLZTaiki-i-afmam—aima;ﬁyi-auafm)_
k

(Note the double counting for & # 0). We are looking for a minimizer of the
form Upy{d.
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Note that Uy commutes with P and the spin su(2). Therefore, UpQ is
translation and su(2) invariant.
We want to compute

(UgQHUHQ) = (QUG HUp Q).
To do this we can use the fact that Uy implements Bogoliubov rotations:
Uga’ZTU9 = COSs Qka}';T + sin Qka_ki,
UgaxrUp = cos Oragy +sinfra” |,
Ugay, Up = cos Oay, — sinfra_py,

Ugak¢U9 = COSs Qkau — sin Hka*_m,

Afteer inserting this into Uy HUy be can Wick order the obtained expression.
In practice, this is usually presented differently. One makes the substitution

agt = COS Gksz + sin Gkb_m,
agt = COS kam + sin Hkb*—kla
aj, = cosOpby — sinOxb 1,
ap| = COs ka]w — sin Gkb*_m,
in the Hamiltonian. Note that
UGGZTUg = sz,
Upai Uy = by,
UGGZ¢U§ = bZJ,a
Ugak¢U§‘ = bk¢~

Then one Wick orders wrt the operators B*,b. Our Hamiltonian becomes

H =B+ D(k)(bgsbrr + bj.,bry)

|~

k
1 * * * * aY
+ B Z O(k) (kab,k\L + b*kaki) + Z O(k) (b*kl,ka + bkib*kT)
k k

+ terms higher order in b’s.

Note that
(Qo|HQy) = B.

By the Beliaev Theorem, minimizing B is equivalent to O(k) = 0.
If we choose the Bogoliubov transformation according to the minimization
procedure, the Hamiltonian equals

H=B+ Z D(k)(bygybrt + bj bry) + terms higher order in b’s
k

62



with

B = Z(k2 — p)(1 — cos26y)
k

1
+—— Y a(k, k") sin 20y sin 26,

4Ld
kK’
1
TiLd > Bk, K)(1 — cos 26, ) (1 — cos 20 ).
kK’
Here,

1
Oé(k,k/ = i(q(k,—k,_k/’k/) +Q(_k,k,—k/,k/))7
Bk, K = 2q(k,K K k) —qk kK k).

In particular, in the case of local potentials we have

alk, k) = %(V(k — k) + V(k+k)),
Bk, k) = 2V(0)—V(k—kK).

The condition 9y, B = 0, or equivalently O(k) = 0, has many solutions. We
can have

sin 260, = 0, cos 20, = +1,

They correspond to Slater determinants and have a fixed number of particles.
The solution of this kind minimizing B, is called the normal or Hartree-Fock

solution.
Under some conditions the global minimum of B is reached by a non-normal

configuration satisfying

sin 29k = — 6(k) , cos 2919 — L]{;)’
6% (k) 4+ &( 6%(k) + &2(k)
where
6(k) = ﬁ ; a(k, k') sin 20,
k) = K —p+ ﬁ Zﬂ(k‘,k/)(l — 08 20x/),
k/

and at least some of sin 20, are different from 0. It is sometimes called a super-

conducting solution.
For a superconducting solution we get

D(k) = /& (k) + 62(k).
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Thus we obtain a positive dispersion relation. One can expect that it is strictly
positive, since otherwise the two functions § and £ would have a coinciding zero,
which seems unlikely. Thus we expect that the dispersion relation D(k) has a
positive energy gap.

Conditions guaranteeing that a superconducting solution minimizes the en-
ergy should involve some kind of negative definiteness of the quadratic form «
— this is what we vaguely indicated by saying that the interaction is attractive.
Indeed, multiply the definition of §(k) with sin 26, and sum it up over k. We
then obtain

> sin® 260,1/6% (k) + €2 (k)
k

1
= —ﬁ Z sin 29ka(k, k‘/) sin 20}@“
k,k’

The left hand side is positive. This means that the quadratic form given by the
kernel a(k, k') has to be negative at least at the vector given by sin 20.
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