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These lecture notes are companions to “Bounded operators” and “Unbounded operators”. We study a
number of concrete and useful examples of bounded and unbounded operators.

1 Convolutions

1.1 Introduction to convolutions

In these notes X will denote the space R¢ equipped with the Lebesgue measure.
Let us recall two estimates, which we will often use, whose validity is not restricted to R%:
The Holder inequality Let 1 < p,q < o0, % + % =1:

/ F@)g@)ldz < [l 19l

The generalized Minkowski inequality

(/dy‘/f(w)d x) < [a (/|f|p(x,y>dy)‘l’

If g, h are functions on R?, then their convolution is formally defined by

g% h(z) == / o — y)h(y)dy,

provided this makes sense. In what follows we will give a number of conditions when the convolution is
well defined.

1.2 Modulus of continuity
Lemma 1.1 For 1 <p<oo, f € LP(X), set

ons) = ([ 1140 = fopas)

and for p =00, f € Co(R™)
Woo () = sup| f(z +y) — f(x)].

Then wp (y) is bounded and

;{% wp,r(y) = 0.



Proof. The boundedness follows from the Minkowski inequality. In fact, wy ¢(y) < 2|/ f|l,-

The convergence to zero is obvious for f € C.(R™). But C. is dense in L for 1 < p < oo and in Cw.
O

1.3 The special case of the Young inequality with % + é =1
Theorem 1.2 Let1 < p,q < oo, %Jr % =1, felLPl ge Li. Then

fxgeCx.
If f € L', g € L™, then f * g is uniformly continuous.

Proof. By the Holder inequality, f * g(z) is defined for all  and depends continuously on f € LP(X)
and g € L9(X). Moreover,

[xg(x1) — f*g(x2)
= [(f(z1—y) — f(z2—v)g(y)dy
< ([ 1f(a1 - y) — (@2 —u)[Pdy)* [lgll,

= wp f(r1 —22) | 9llg-

Hence f * ¢ is uniformly continuous.
For f € C.(X) obviously fxg € C.(X). If p,q < oo, then C.(X) is dense in LP(X), LI(X). Hence
for such p, g, f * g belongs to the closure of C.(X) in L (X)), which is Coo(X). O

1.4 Convolution by an L! function

Theorem 1.3 Let g € LP(X) and h € L*(X). Then g * h is well defined almost everywhewre and

g+ hllp < l[Rll1lgllp-

Proof. In the generalized Minkowski inequality set X =Y = R" and f(z,y) = h(y)g(x —y). O

Theorem 1.4 Let ¢ € L'(R™) and [ ¢(z)dz = 1. Set

be(x) := e "P(e ), € > 0.

Then

lim [/ 6~ fll, =0, f€LP(RY), 1<p< oo,

lg}% Hf * ¢e - fHoo - O» f S Coo<Rn>

Proof.

[ bele) — fa) = / (F(x— ) — F(2)6e(v)dy.

If % 6e(2) — £l

< [dy ([1fx —v) — F@)Pdz)® [6c(y)]

= [wp,r(Y)de(y)dy = [wp, f(ey)d(y)dy —c—o 0.
O



1.5 The Young inequality

Theorem 1.5 Let1 <p,q,7r < oo, % + % + % =2, f,9,h € M (X) (positive, measurable functions on
X ). Then

/ / fa Jh(y)dady < CoranllfllnllglallAl-

1 1 _ 1,1 1,1
Proof. Let;+?f1,q+q,f1andr+r,fl.8et

alz,y) = ()" g(z — )",
Bla,y) = gz — y)V* h(y)"'"",
y(z,y) = f(l‘)p/q,h(y)r/q,.

Then 1 1 1 1 1 1
J [ F@)g(@ —y)hy)dady = [ [ f2)P@ a7 g(a —y) 15D h(y) o)
1 11 NERE
= [ [ f(=) p( o) (:cfy)q(l”h")h(y) (ort+27)
= [ [ elz,y)B(x,y)v(z, y)dxdy < I\allwllﬁllpfllvl\qu
where in the last step we used the Holder mequahty noting that .7 + + = 1. Finally,
laller = (f [ f(@)g(x —y)*dady)/" = £ Ialli
|

Corollary 1.6 If% +1=1+1 helL"(X), ge LX), then for almost all x

y = g9(z —y)h(y)
belongs to L*(X) and
g*h(x) = /g(w —y)h(y)dy

belongs to L*(X) and
lg = lls < llgllqlRll:- (1.1)

Proof. We know that for f € LP(X), % + 1 =1 we have

[15@lds [lgtz = hids < 17 lulglllal, < oc.

Hence for a.a =
£@1 [ lote ~ phip)ldy < o
Hence for a.a. x

/|gm— y)|dy < oo.

From

| [ f(@)g = h(z)dz| <[ fllpllgllqllnl,-
we obtain (1.1). O



2 Fourier transformation and tempered distributions on R?

2.1 Fourier transformation on L' U L*(R%)

For
feLYRY

we define its Fourier transform as

Theorem 2;1 @) [1flloe < I£ll15
(2) f(&) = f(&) = [ f(z)da.

3) f=1;

4) fay(x) =a"f(a " a);
(5) 7, f(€) = e f(£);
(6) (fe) (€) = f(€ — )

2

, fO=(nie 7.
(2) fl@) = e~ "a"0(), f(§) = e, Ree>0.
(3) f(z) = X[—1,1]($)7 f(f) = %

(1) fl@) =, f= e

]
w‘m

Example 2.2 (1) f(z)=e"

Theorem 2.3 (The Riemann-Lebesgue Lemma) If f € L', then fely.

Proof. We know that the Fourier transformation is continuous from L' to L™. C4 is a closed subspace
of L.

Combinations of characteristic functions of intervals are dense in L'. Their Fourier transforms, which
we computed explicitly, belong to Co,. O

Theorem 2.4 Let f,g € L'. Then
(1) [ F(€)g(&)dé = [ f(x)g(z)d.
(2) (faf = f*g.

(3) (f*9) = fa.



Besides,

Therefore, it suffices to apply (1). O
Theorem 2.5 (Parseval) Let g,g € L'. Then

g = (2m)%.

Proof. Let

612

() =€~

We have
0< ¢ <1, lil%¢e =1

Using that § € L', by the Lebesgue Theorem we obtain
Pe§ — g

in the sense of L'. Therefore,

(Pegf(z) — (),
((beg)x(x) - g(m),

»e Q>

in the supremum norm.
Moreover,

JECEEDS

¢6(£) = <27T) ’ eig'

€

Using that g € L' we obtain A
e * g(a) — (2m)%g(x)

in the sense of L.
Finally, we use

ée*g:(ge*g:((ﬁegﬁ

O
Theorem 2.6 Let f € L', fz 0 and let f be continuous at 0. Then f € L' and we have

/ﬂ@%:@ﬂ%m>



Proof. If ¢, is as in the proof of the Parseval Theorem, then

[oa©f = [ b s

The left hand side is increasing and converges to [ f (¢€)d¢. The right hand side goes to (27)9f(0). By
the Fatou Lemma, f is integrable. O

Theorem 2.7 Let f € L' NL%. Then

1£ll2 = 2m) ]| £l

Proof. The function h := f % f belongs to L' as the convolution of functions from L' and continuous
as the convolution of functions from L2. Besides,

Hence, by Theorem 2.6, h e L' and
(2r)h(0) = [ h(€)ae.

Finally,

(2m) / (@) |z = (20)h(0) = / (€)de = / ().

Let f € L?. Then for any sequence f,, € L' N L? such that
lim f, = f
n—oo
in L2, there exists lim,_.c fn = f. The operator

d
2

frm)tf
is unitary.
Theorem 2.8 If f € L' and xf € L', then f € C! and

e f(€) = (x£)(€).

Proof. We use the theorem about differentiation of an integral depending on a parameter. O

2.2 Tempered distributions on R?
Typical spaces of functions (measures) on R are
Coo(X), LP(X), Ch(X).
where Ch(X) denotes Borel complex charges of finite variation. We have
C#(X) = Ch(X), LP(X)# = LY(X), p'4+q¢'+1, 1<p<ooc.

We have a bilinear and sesquilinear forms

(a,b) = / a(z)b(z)dz, (a,b) = / a(2)b(x)dz.



Lemma 2.9
[flle < CII(L+ [2))7Pflls + C|0s, - - Oy fll1s p>d

1 k1
<O+ z)Fflp, = <=+ -
1 £llq L+ [z) " fllp  “dt o

Theorem 2.10 The following set does not depend on 1 < p < oco:
0L I a2 < o) 22)
The space S(R?) is defined as (2.2). It is a Frechet space.
For the dual of S(R?) we will use the traditional notation S’(R%).
Example 2.11 FElements of S'(X) satisfying
(v, 9) < Cllz™ 8]l
have the form
(v,9) = [ ola)dn
for a certain Borel charge p for which there exists m such that u(1 4+ |z|)~™ € Ch(X).
The operator 9 is continuous on S(X). For v € §)(X) we define dv € §'(X) by
(v,0¢) = —(0v, 9).
Theorem 2.12 Any v € §'(X) has the form
> 0% ha
a<N

for some Borel charge p such that for some m we have pu(1 + |z|)~™ € Ch(X).

Proof. For some «, 3,

{v,0)<C Y a"0¢llc

lal,|BI<N

xX= J] x

lal,|1BI<N

Introduce the locally compact space

and the map
o

S(X)3¢—j@)= >, a1°9’¢eC(X)

lal,|B|I<N

Any distribution v determines a bounded functional on j(S(X)). By the Hahn-Banach Theorem, this

functional can be extended to a bounded functional & on C(X). By the Riesz-Markov Theorem, there
exists a finite Borel charge on X Such that

0us) = > [ o@)nasto)

leel,|BISN

Clearly, S(X) C L'(X). Hence the Fourier transform is defined on S(X).



Theorem 2.13 If ¢ € S(X), then ¢ € S(X).

Recall that for ¢ € S(X), ¢ € S(X) we have

(¥, 6) = (¥, ).
For v € §8'(X) we define

(0,9) := (v,9), ¢ € S(X).

Clearly, L'(X) U L? C S8'(X) and the Fourier transformation previously defined coincides with the
presently defined on L'(X) U L?.

Theorem 2.14 .
o= (2m)%, veS(X), (2.3)

2.3 Spaces of sequences
Below we list a couple of typical spaces of sequences indexed by Z<:
LY(Z%) c LP(2%) € LY(Z") C Coo(Z) € L®(27), p<¢q

We have
Coo(2M# =LY (2%), LP(2* =L9Z%), p'+q¢ '=1, 1<p<oo.

We have natural bilinear and sesquilinear forms:

(alb) = anbn, (alb) = Gnb.

Lemma 2.15
lallp < llallg, p = g,

1 k1
< (1 “Fall,, =< =4 -.
lally < [[(1+n)""all, <di o
Theorem 2.16 The following set does not depend on 1 < p < oco:

N {a @ +[nf)"2all, < 0o},

The above space is a Frechet space, which will be denoted S(Z%).
Theorem 2.17 The space dual to S(Z?), denoted S'(Z4), equals

U {a o [I(L+ o) 7" 2al|, < oo}

Theorem 2.18 S(Z%) is dense in S'(Z%).



2.4 The oscillator representation of S(X) and S'(X)
For simplicity, we discuss X = R.

Lemma 2.19

Proof.

8

—_z_
2

g)j a2 gn—&-lxn-&-l 22
€
|

j =Tty ¢

n .
oS _ Z (i
§=0
Hence the norm of the difference is estimated by

/62 n+1)m (n+1)

o7 d
n+1)! T

smiry [ s"TResds 0T (n 4 1)
‘ /o (n+DH2 — ((n+1)N?

d

Theorem 2.20 Linear combinations of

are dense in L?(R).

Proof. Let f be orthogonal to the space spanned by (2.4). Then for any ¢
/f(m)e”ge*%da: =0.

z2 .
Hence, the Fourier transform of fe™= is zero. Therefore, f = 0 almost everywhere. O

bn = m h(a) AN E = (@) H (1)t e T Oe
N := A*A+ AA* = 2% + D?.

Let

Theorem 2.21 ¢, is an orthonormal basis obtained by the Gramm-Schmidt orthonormalization of

x"e_é. They are eigenvectors of N and F:
1 N d
N¢n: n+§ ¢na ]:(bn:l (277) -

Theorem 2.22 Suppose that for v € S'(R)

Un = <Ua ¢n>

Then there exists m such that
|vn] < C(14n)™

10



or, in other words, (v,) € 8'(N). The map
S'(R) 2 v — (vy) € S'(N)
is an isomorphism. v € S(R), iff
lon| <C(14+n)"™, m=0,1,...

The ma
g SMR) v — (vy) € S(N)

is an isomorphism and

S(R) =Ny yDom(N™).

Proof. Clearly, the seminorms || N™¢|| can be estimated by linear combinations of seminorms ||¢||q,3,2-

Hence,
S(R) D NyLyDom(N™).

To show the inverse estimate note first that ||¢|/a,5,2 can be bounded by

(6, 4]... A}9),
where AE =Aor AE = A*. After commuting we can estimate them by linear combinations
(pAF, AT )
< 5llATFGI? + 5[l ATl
< oyrthmd | N2,

Hence
S(R) € NeyDom(N™).

d

Corollary 2.23 (The Schwartz Kernel Theorem) FEvery continuous bilinear functional
S(X1) x 8(X2) 3 (¢, ¢) = T (¢, )

has the form
(T, @1)
for some T € §'(X1 x X3)

Proof. We have
<T7 ¢ & ¢> = Z tk,mQSk & '()/}’mv

where
[tkm| < (14 [K)" (1 + |m])".
Hence,
[thm| < (1+ [k| + [m])*".
O

11



2.5 Convolution of distributions

Theorem 2.24 The following space does not depend on 1 < p < oo:

AULF e C=®RY : (1 + [z~ Dfl, < oo} (2.5)

a Mme

The space (2.5), which is an inductive limit of Frechet space, is denoted O(R9). Its dual space, for
which we will use the traditional notation O'(R?), is called the space of rapidly decreasing distributions.
We have the inclusions

Scocs, Scocs

Example 2.25 If yu is a Borel charge and for any m

/ (1+ |2))™|dul(z) < oo,
then p € O'.

Clearly, if f € O, then
So2¢— foes (2.6)

is continuous. For v € &’ we define fv € &’ as the adjoint of (2.6), that is
(v, f9) = (fv,9).

The operator 0 is continuous also on O and O'.
For ¢ € S we define

P(x) == ¢(—x)
Clearly, § }

(,0) = (¥, 9)
For v € &’ we introduce

(v,0) = (v,9)

Note that for ¢,, x € S we have

(X d) = (x %, ¢).

For v € &', ¢ € S we define }
(v* 1, @) := (v, % @).

Theorem 2.26 Forv e S', ¢ € S we define

Then

and

12



Proof. Let us show (2.7): )
070 % ¢(x)] = [(v|0F d—2)]
< Clly" 0y d—zlloo
SO+ J2z)"ly" 05" ¢lloo-

Hence we can extend the definition of the convolution as follows. Let w € §’, v € O@’. Then
(vxw,P) = (v,w*¢), ¢ES.
Using the convolution we can easily show that S is dense in S'.
Theorem 2.27 Ifve O, then v € O.

Proof. Note first that 4
0L0(€) = (v,2Pe7i¢).

We know that 5
[, @) < > II(1+2%) 7 920 oc-

la|<N

Hence,

2oe) < Y fele

la] <N
O

Theorem 2.28 h
(vxw) =0w, veS, wed

Proof. First prove (2.8) for w € S. Let ¢ € S. Then

Then we assume that v € §’, w € @ and we repeat the same reasoning. O

13



3 Sobolev inequalities and their consequences

3.1 The Hardy-Littlewood-Sobolev inequality

Let 6 denote the Heaviside function, that is

0 t<o0,
e(t):{ 1 >0

Let 0 < A <n. Then
|| 720(|jx| — 1) € LP(X), oo >p >
2] 0(1 — Jal) € L(X), 1<p<

Theorem 3.1 1<p,r<oo, 0<A<n, %—l—%-i—%:?, fih e My (X). Then

/ / @)z — gl h(y)dady < Conr | £l I121lr-

Corollary 3.2 If% +1=1+1 heL(X), then for almost all x

y = |z =yl h(y)
belongs to L*(X) and
o [l =yl htw)ay
belongs to L*(X) and for g(x) = ||,
g * hlls < Caxrllhllr-

Proof of Theorem 3.1 We will write g(x) := |z|~*. Set

v(a) = /1{f>a}(x)dx, w(b) ::/1{h>b}(x)dx, u(c) :z/l{g>c}(x)dx.
Note that R
u(c) = Cre™™, ul(t) = Cpt ™™,
We can assume that
(o) o
L=l =p [ o oda 1=l =r [ 6w
0 0

Now
I = [[f@)glx—yhy)dedy = [ [ [ [ [1irsay(@)1nsey (y)1{gsey (2 — y)dzdydadbde
= [ [ ) dadbdylgnsiy(y) [ [dedzlpsay(@)lgse(z —y)

w(b)<v(a)

+ [ ]S dadbdxl{f>a}(:v)ffdcdyl{h>b}(y)1{g>c}(x—y).
w(b)>0(a)

14



Now

J [dedalipsay(@)lgsey(@—y) < [ [ dedalypsay(@)+ [ [ dedalygsey(z—y)
v(a)>u(c) v(a)<u(c)
a) Ou H(v(a)) de + f "1 ula) (c)dc

=v(a)u~!(v(a)) + Cn,,\(u_l(v(a)))l—"//\

Therefore,

I <cpn [) dadbw®)v(a)'M"+c,n [ [ dadbv(a)w(b)=>m
w(b)<v(a) w(b)>v(a)
= ¢p,\ [ [dadbmin (w(b)v(a)lf)‘/”, v(a)w(b)lf)‘/”>

0o 0o /P
<cna fy dav(a fo " dbw (b))l + cnx fy dbw(b) fob dav(a) ="

Now setting m := (r — 1)(1 — A/n), we get

aP/ aP/"

o ' w(b)'ndb = o

<( O“M'rw(b)b’“—ldb)H/n( o b an)

1-A\/n
<O [ wb)b—tdb a1,
0

w(b)! = ymb="db
A/n

Hence Y
I < cn,A,va(a)ap_lda<fooo w(b)b"_ldb>

o 1-\/n
+enar o w(b)br_ldb<fv(a)ap_1da> =2Cp 2 r

3.2 The Thomas-Fermi functional

For p € M4 (R3) we set

=8 - e | £

Ex ::inf{é’(p) D pE My, /pdx:N}.

Theorem 3.3 (1) Exy > —o0
(2) & is finite for p € L' N L5/3.

(3) The function L' N L%3p— E(p) is convex and continuous.

Proof. (1) For any ¢ we can split ﬁ = 9(|T1|_C) 4 2l = f1 + f2. The first term belongs to ﬂ Lp

|z
and the second to N LP. Now
p<

5/3
E(p) > ellpll2s — 2l fillso ol folls 2l ol 5

15



By choosing ¢ we can make || f2[|5/2 as small as we wish. The function ¢12%/3 — cot is bounded from below.
To prove (2) we use

X
// dedy < cllelless < ellplls + ellpllss-

3.3 Sobolev inequalities I

Consider the operator

where I,,(§) = |£]7%..

Lemma 3.4 Let 0 < a < n. Then the Fourier transform of I, equals

fu(e) = n3on—a LT

I ()

Proof. We use the representation:

€| = / o558 S (3.10)
(%) Jo s
It is well known that the Fourier transform of e~5¢” equals
(77)% _g
—) e s,
S
Hence N )
Ia(l’) = FTE;) OOO 67%50‘;" i:
5 co _tz? n—a g
F?%) Joem T E
— 7.[.%271—(1 FE‘@) ‘x|a—n
O

Theorem 3.5 Let0<a<n,1<p,r<oo, and%—&—%zl—k%. Then

(F1=2)"%R) < Ul

Theorem 3.6 Let0<a<n,1<q,r < oo, and%: + . Then

1
q
1(=A)" % hlly < cllh]l,-
Corollary 3.7 Forn=3,4,..., 1 = é + %,
913 < ea(g1(~2)g)-

Proof. Set g:=(—A)"*/2h,a=1andr=2. O

16



3.4 Sobolev inequalities 11

Consider the operator

where Gq(€) = (14 [¢[*) /2.

Lemma 3.8 Let o > 0. The Fourier transform of G, satisfies

(1)

Go(z) >0
(2) Forl|z|—0
C(|z|~"*e), O<a<n
Go(z) <{ C(=loglz|+1), a=n
C, o> n.
(3)
1—%<%§1, O<a<n
Ga(z) e L'R™){ 0< 4 <1, a=n
0< % <1, a>n.
Proof. We use the representation
o 1 o 2y o ds
14+¢) 5= L / os(i+e?) ;3 45 (3.11)
L' (3) Jo 5

It implies

Hence Gy, is positive.
If 0 < @ < m, then

This gives the first inequality in (2).
For a =n

=2 (e*”f| log |z| + f|:|3 e *log 5ds> .
Finally, for o > n the integrand in the formula for G, is integrable uniformly in z. This ends the proof

of (2).

By the inversion formula for the Fourier transformation,

/ Gal)dz = (2m)"(1+€2)73

€=0"

Hence G, € L'. Together with (2), this implies (3). O

17



Theorem 3.9 Let 1 <p,r <oco. We have the inequality
(£10 = 2)7FR) < el fllinlls

in the following cases:
(1) Letn < a. For1< %—l—%,
(2) Let a =n. For1< 1% + %, except for the case p=1 =1,
3) 0<a<n. For1§%+%§1+% except forp=1,r=2"andp=2,r=1.
Theorem 3.10 Let 1 < q,r < oco. We have the inequality
I(1 = A)" %]l < cllhll,

in the following cases:

(1) Ifn<a,f0r0§%§%§1.
(2) Ifa:n,for()gég%glexceptforthecase%zl,%:0,
(3) If0<a<n,for0§%§%§$+%, ewceptfor%zo,%:% and%zl—%,%:l.

Theorem 3.11 The inequality
lgll7 < egl(1 — A)g)

is valid in the following cases:

(1) If n=1, for2 <q<oo.

(2) If n=2, for2< ¢ <

(3) If n>3, for2<q<2n/(n—2).

3.5 Schrodinger operators

Theorem 3.12 We have
(91(=a+V(@)g) = —clgl*,

in the following cases:

(1) If n=1, for V_ € L' + L.

(2) Ifn=2, for V. e L} + L>*, 1 < t.
(3) If n >3, for Ve L2 + L.

Proof. Consider eg. (1). It is enough to assume that V < 0. Let Voo = max(R, V), V1 =V — V. We
have

1
(9l(=A+V)g) = ~llgll% = Clglls = [Vill1llgllZ-

By choosing R big enough we can make ||Vi||; small enough. O

Theorem 3.13 c
—A+—2>0
|22

iff ¢ > —%. Otherwise it is unbounded from below.
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Proof. First consider n = 1. Then
(FIHF) = (fI(=02 = z=)f) = (0= — 55) FII* = 0.

This proves <. ’
To prove = we first note that if fy(x) := A% f(\z), then

(FAlH fr) = N (f|H f).

Thus to prove that H is not bounded from below, it is enough to find f with (f|H f) < 0, which is easy.
To get the case of the general n, we use the spherical coordinates:

n—lar_Aw

—A:—@f—

=l
where A, is the Laplace-Beltrami operator on the sphere, which is negative. Now, setting ¢(r,w) =
r=D/24 (), -

fw(rvw)rn_l(_a?- - n;la”.)qp(,r?w)dew

= [o(r,w)( = (0 = %2 = 2210, - %54) ) ol w)drdw

= [¢(r,w) ( -2+ % - ﬁ)) ¢(r,w)drdw.

4 Momentum in one dimension

4.1 Momentum on the line

The equation
Ut)f(z):= f(z—1t), feL’R), teR,

defines a unitary strongly continuous group on L?(R). Let the momentum operator D be defined by
U(t) = e 1P,
Theorem 4.1 (1) D is a self-adjoint operator.
(2) The integral kernel of (z — D)™! equals

| —if(x — y)e* =Y Tmz > 0,
Bz z,y) = { +i0(y — 2)e*@=¥) | Tmz < 0.
where 0 is the Heavyside function
(3) DomD C C(R) and DomD > f — f(z) € C is a continuous functional.
(4) {f e LAR)NCY(R) : f' € L?*(R)} C DomD and for f in this space

Df(x) = %awf@). (4.12)
(5) If f € DomD and Df € C(R), then f € C*(R) and (4.12) Is true.
(6) C°(R) is an essential domain of D.
(7) spD R.
(8) sp,D = 0.
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(9) If f € DomD and f =0 on]a,b[, then Df =0 on ]a,b].

Proof. (2) For Imz > 0
(z—D) ' = —i/ e U (t)dt.
0

Hence
oo

z—D) ' f(z) = —i ooeiZt T — =—i TV (z — .
=Dy @)= =i [ e pa—pa =i 0z — 1) F(y)dy

— 00

For Imz < 0 we can use
(z— D)™ =(Zz-D)""

(3) DomD = Ran(i — D)~!. Now (i — D)~! is the convolution with —if(z)e~|*!, which belongs to
L?(R). The convolution of two L?(R) functions belongs to Cu (R).
(4) First let f € C}(R). Then

T+t
NS 1) — ) = / F(y)dy.

£’ is uniformy continuous. Hence we will find ¢y > 0 such that for |y —y2| < to, we have | f'(y1)— f'(y2)| <
e. Therefore, for |t| < to

[t (f(@+ 1) = f(z2) - f'(2)] <e

Using the compactness of the support of f we obtain that t=1(f(z +t) — f(z)) — f'(z) — 0 in L3(R).
Thus C!(R) C DomD and (4.12) is true on this subspace.

If fe L?(R)NCHR) and f’ € L*(R), then choose j € C°(R) such that j = 1 on a neighborhood of
zero. Set j.(x) := j(z/r). Then j.f € C}, hence Dj,f = —id,j,f. We easily check that j,.f — f and
Dj,.f — —id,f in L?(R). Hence, by the closedness of D we get Df = —id, f.

(5) Let f € DomD, g € C(R) and Df = g. Let x € R, 7 > 0. Set h := 1[5 y4,). Then

YU~ ) =t T fy)dy — [T fy)dy

=t~ [T F)dy L [T Fy)dy — —fa 4 7) + f().

Therefore
x+r
ithlg) =i [ gty = ~fla+ 1) + f(a),

Hence, using the continuity of g,

rhi% M = —ig(z).

(7) Let k € R. Consider fe = Jmee—<’+ike  Thep |ferll =1, fer € DomD and (k— D) fer — 0 as
€ — 0. Hence k € spD.

(8) Suppose that f € DomD and Df = kf. Clearly, f € DomD?. Hence, by Theorem 4.2, f € C*(R)
and Df = —id,f = kf. It is well known that the only solution is f = ce!**, which does not belong to
L?(R).

(9) is obvious for f € C}(R). It extends by density.O
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4.2 Sobolev spaces in one dimension

Let L2(R) be the scale of spaces associated with D. This means in particular, that L2 (R) = DomD".

Theorem 4.2 L2, (R) C C*(R) and L? (R) 5> f +— fU(x) for j = 0,...,n — 1 are continuous
functionals depending continuously on x € R.

Proof. We use induction. The step n = 0 was proven in Theorem 4.1 (3).

Suppose that we know that L2 (R) C C™(R). Let f € L2 4(R). Then (i— D)f =g € L% (R).
Clearly, L2 ,(R) C L2 | (R) hence f € C™(R). Likewise, g € C"(R), by the induction assumption. Now
Df = —g+if € C*(R). Hence, by Theorem 4.1 (5) f € C"T}(R). O

Define
Ly min([0,00]) = {f € Ly(R) : f(z) =0, = <0},
Define L? i, (] — 00,0]) in a similar way.

Theorem 4.3 (1) L?

n,min

(2) The codimension of

([0, 00]) is orthogonal to L2 . (] — 00,0]).

n,min

Li,min (] — 00, 0]) D LfL,min([O7 OOD (413)
equals n.
(3) (4.13) equals
{feLZ®R) : f9(0)=0, j=0,...,n—1}.
(4) D maps Li,min([()? OO[) into L?L—l,min([o? OO[)

(5) Ln+1,min([0,00[) C Ly, min ([0, o0])
(6) L(Q),min([o7 OOD - LZ([O’ OOD

We define
L?L,max([ov OOD = Li(R) o L2 (] — 00, 0])

n,min

2

n,max

Theorem 4.4 (1) L7 .,
2) L,

n,min([

([0,00]) is a subspace of L ([0,0]) of codimension n.

0,00[) equals
{f € L?L,max([(loo[) : f(])(o) = Ov .7 = 07 cee,— 1}

(3) D maps L? ([0, 00[) into L%_Lmax([(],oo[).

n,max

(4) Ln+1,maX([07 OOD - Ln,maX([O, OO[)
(5) L§ max ([0, 00[) = L*([0, o0[).

4.3 Momentum on the half-line

Define Dinax as an operator on L?([0, 00[) equal to the restriction of D to L7 .. ([0,00[). Likewise, define

Diin as an operator on L*([0, oo) equal to the restriction of D to LT ([0, 00[).

Theorem 4.5 (1) Duin € Dmax, DXy = Dmaxs Doy = Dmin

min max

(2) The operators Dyin and —Duyax are m-dissipative (in particular, they are closed); the operator Dy
is hermitian.
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(3) sPpDmax = {Imz > 0}, sp, Dinin = 0;
Daxe™ = 2e¥** e** ¢ DomDyax, Imz > 0, (4.14)

(4) spDpmax = {Imz > 0}, spDpin = {Imz < 0};
(5) The integral kernels of (2 — Duax) ™+ and (z — Dpin) ™1 are equal

Ruax (2,2, y) = i0(y — 2)e* %) Imz < 0.

Ruin(z,2,y) = —if(z — 3)e*@™¥) | Tmz > 0.
(6) The semigroups generated by these operators:

P f(z) = f+1), >0,
. flx—1t), x>t>0.
e—ltD[ninf(x) _ { ( )

0, t>zx,

4.4 Momentum on an interval I

We define L2 .. ([-,7]) and L?

n,max n,min
4.2.
Define Dyyax as an operator on L?([—,7]) equal to the restriction of D to L3 .. ([—,7]). Likewise,
define D,;, as an operator on L?([—,7]) equal to the restriction of D to L? . ([—m,7]).

1,min
Theorem 4.6 (1) Dmin C DmaX7 D = DInax; D} = Dmin

min max

([-7, m]) modifying in the obvious way the definitions of Subsection

(2) The operators Dmin and Dmax are closed; the operator Dy, is hermitian.
(3) Sppoax = (C; Sppoin = @,’
Daxe™® = ze¥** e** ¢ DomDpyay, 2z € C, (4.15)

(4) Spoax = (C; Spoin = C;’

4.5 Momentum on an interval II
Let k € C. Let the operator D,, on L?([—m,n]) be defined as the restriction of Dpax to
DomD,; = {f € Lf jpax([=m,7]) = 2™ f(—m) = f(m)}.

Theorem 4.7 (1) Df =Dz, Dy;=Dy1.

(2) Dmin C Dy, C Diax-

(3) Operators Dy, are closed and for k € R self-adjoint.

(4) spDy =sp, D = Z + K,

D,elntr)r — (n+ m)ei(”Jm)x, n € Z.
(5) The integral kernel of (2 — D,,)™! equals

1

RN ? ) = a7 N
(z,2,9) 2sin7(z — K)

(e—i(z—m)'rreiz(x—y)e(m _ y) + ei(z—fc)‘n'eiz(ac—y)e(y _ .’I})) .

(6) The group generated by iD,; equals
Prgp(z) =™ Pp(x +1), (2n—Dr<z+t<(2n+1)7.
(7) The operators D,; are similar to one another up to an additive constant:

DomD,, = ¢**DomD,y, D, = e"*Dye "* 4 k. (4.16)
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4.6 Momentum on an interval II1
Let the operator D, on L?([—m,7]) be defined as the restriction of Dy to
DomDyis, ={f € Limax([—w, 7]) ¢ f(xmw) =0}

Theorem 4.8 (1) DY, = Drico.
(2) Dpin C Diico C Diax-

(3) The operators D4 are closed.
(4) spDico = 0.
(5) The integral kernel of (z — D1iso) ™' equals

Riio(z,2,y) = iieiz(m*yi“)ﬂ(iy Fz), zeC.

(6) £iD4ino generate the semigroups of contractions for t > 0:

+itDioo | flzxy), |z £t <m,
¢ ﬂx)‘{O o+t > .

5 Laplacian
5.1 Laplacian on the line
The operator D? on L?(R) will be denoted —A. Thus Dom(—A) = L3(R).

Theorem 5.1 (1) —A is a positive self-adjoint operator.
(2) sp(=A) = [0, 00].
(3) The integral kernel of (k* — A)~Y, for Rek > 0, equals

1
R(k,z,y) = ﬁe_klw_y‘.

(4) The integral kernel of €™ equals

_(z—y)?

K(t,z,y) = (4nt) " 7e
(5) sp,(—=A) =0.
(6) {f € C]R)NL2(R) : f',f" € L2(R)} is contained in Dom(—A) and on this set
~Af(x) = —03 f(2).
(7) C=(R) is an essential domain of —A.
Proof. (3) Let Rek > 0. Then
(ik — D) Yz, y) = —i0(z — y)e *=¥  (—ik — D)"Yz, y) = i0(y — x)e Fl=7vl,
How (k* = A)~! = (ik — D)} (—ik — D)~}

= (—2ik)~! ((1k — D)~ — (—ik— D)*l) ' (5.17)
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The integral kernel of (5.17) equals (2k)~'e=Fle—vl,
(4) We have

et® = (27i) ! /(z — A)"tet*dy,
2t
where 7 is a contour of the form e~%]0, co[Ue!®[0, oo[ bypassing 0, where 7/2 < o < 7. Hence

et (z,y) = (27ri)_1/e_k|’”_y‘+tk2dk

Y

where 7 is a contour of the form e™*/2[0, co[Ue'®/2[0, co[. We put k = iu and obtain

o0
et (x,y) = (27Ti)_1/ e~ lulz—yl—tu?q,,

—00

5.2 Laplacian on the halfline 1

Define —Apax as an operator on L?([0,00[) equal to the restriction of —A to L3 .. ([0, 00[). Likewise,

define —Api, as an operator on L*([0,00() equal to the restriction of —A to L3 .. ([0, o]).

Theorem 5.2 (1) —Af,.

= _Amaxy _Amin C _Amax-
(2) The operators —Ampin and —Apax are closed and — Ay is hermitian.

(3) Spp(fAmax) = C\[(), OO[, Spp(fAmin) = @

—Apaxe™ = k2% Imk > 0, elhr ¢ Dom(—Aax)-

(4) Sp(_Amax) = C; Sp(_Amin) =C.
(5) _Amin = D? _Amax = D?

min’ max*

5.3 Laplacian on the halfline II

Let € Cn{oo},
Dom(—~A,) = {f € L3 max([0,00]) : uf(0) = f'(0)}. (5.18)

(If 4 = oo, these are the Dirichlet boundary conditions, that means f(0) = 0, if u = 0, these are the
Neumann boundary conditions, that means f/(0) = 0). Let —A,, be the restriction of —Anax to (5.18).
Define also the form 6, as follows. If 1 € R, then Domd, = L7 ([0, 00[) and

5.(f.9) = uF(0)g(0) + / Py (2)de.

For p = 0o, we set Domdy, := L? . ([0, 00[) and

1,min

6oo(f’g) = /mg’(x)dx

Theorem 5.3 (1) —Apin C —A, C —Apax-
(2) —A; = —-Ap.
(3) The operator —A,, are generators of groups. For p € RU {oo} it is self-adjoint.
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— {_M2}7 Re:u <0
(4) spp(=Au) = { 0, otherwise;

—A el = —p?et” Rep <0, e € Dom(—A,).
{=p?}uUl0,00], Reu<0,
sp(—Ay) = :
[0, oo, otherwise.
(6) _AO = D:;]&XDmaX’ _AOO = D:nianiﬂ'
(7) The forms 6, are closed and associated with the operator —A,,.
(8) Let Rek > 0. The integral kernel of (k* — A,)~! is equal

1 1 (k—p) _
k — — e kla—yl = \" FJ —k(z+y)
R#( axay) le +2k’ (k?-i—/,é)e )

in particular, for the Dirichlet boundary conditions,

L kay _ L —katy)

Roo(zaxay): Qk 2k )

and for the Neumann boundary conditions

L kel L ket
Ro(k,z,y) = 57¢ + 57 ¢ )

(9) The semigroups e!“r have the integral kernel

o0

1 (@—w? _ iuw—p 2
Kt,:4t§ ED 2 1/7”4(w+y)tud7
w(ty) = (mt)“hem S om) 7 [ u
In particular, in the Dirichlet case
z—y)2 x 2
Koolt,z,y) = (4nt)2e™ “a — (4mt) 2™ 0,

and in the Neumann case

y)?2 1 _ (zty)?
4t

Ko(t,z,y) = (4nt)"2e~ T 4 (dnt)"%e

The semigroup e*®#» for u € R can be used to describe the diffusion with a sink or source at the end
of the halfline.
Note that for positive y, e®# preserves the pointwise positivity. If p, = e®#pg, 0 < a < b, then

b
) / pe(@)dz = p'(b) — ¢/ (a).

O /Oa pi(x)dz = p'(a) — pp(0).

Thus at 0 there is a sink of p with the rate p.
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5.4 Contact perturbations of the Laplacian as examples of an Aronszajn-
Donoghue Hamiltonian

5.4.1 Neumann Laplacian on a halfline

On L%([0, 0o[) we define the cosine transform
Unf(k) = 7r_1/2/cos kxf(xz)dx, k>0.

Note that Uy is unitary and UZ = 1.
Let Ay be the Laplacian on L?([0, oo[) with the Neumann boundary condition. Clearly,
—UNANUF = K2
Let [6)(8| be the quadratic form given by
(f110)(d]f2) = f1(0)£2(0),

Note that in the literature it is also denoted by § (and thus is interpreted as a “potential”).
Let (1| denote the functional on L?([0, co[) given by

(1lg) = [ g(k)ar.
Using 6(x) = 7! [ cos kadz we deduce that
Un|9)(0|Ux = 7~ 1)(1].

Then
Ux (=B + A8)(8]) Ut = k2 + Ar = [1)(1]

is an example of an Aronszajn-Donoghue Hamiltonian of type II.

5.4.2 Dirichlet Laplacian on a halfline

On L%([0, 0o[) we define the sine transform
Upf(k) :=n"1/? /sin kxf(z)dx, k>0.

Note that Up is unitary and U3 = 1
Let Ap be the Laplacian on L?([0, c0[) with the Dirichlet boundary condition. Clearly,
~UpApUjy = k2.
Using —6'(z) = n~! [* sin kadz we deduce that
Up|8)(8'|US = ' [k) (K].
Here [07)(0] is the quadratic form given by
(A18)(#12) = T1(0) £5(0),
and (k| is the functional on L?([0, co[) given by

(Klg) = / kg(k)dk.

Thus
Up (=Ap + M) U* = k> + An k) (K|

is an example of an Aronszajn-Donoghue Hamiltonian of type III.

26



5.4.3 Laplacian on L?(RY) with a delta potential

On L?(R%) we consider the unitary operator U = (27)%/2F, where F is the Fourier transformation. Note
that U is unitary.
Let A be the usual Laplacian. Clearly,

~UAU* = k.
Let |6)(0] be the quadratic form given by
(f116)(8]f2) = f1(0)f2(0).

Note that again it can be also denoted by § (and thus is interpreted as a “potential”). Let (1] denote the
functional on L?(R?) given by

(tlg) = [ alrya.
Using 6(z) = (2m)~ [* e**dx we deduce that
Uo)(8|U™ = (2m)~1)(1].
Now
U (=A+X8)(8]) U = k> + A2m) 1)1

is an example of an Aronszajn-Donoghue Hamiltonian of type II, for d = 1 (as we have already seen).
For d = 2,3, on the other hand, it is an Aronszajn-Donoghue Hamiltonian of type III (so we need to
renormalize ). In dimension d > 4 we cannot use the renormalization procedure. This is reflected in the
following theorem:

Theorem 5.4 Consider —A on C(R4\{0})
(1) It has the defficiency index (2,2) for d =1.
(2) It has the defficiency index (1,1) for d = 2,3.
(3) It is essentially self-adjoint for d > 4.

(1)
(5)

Its Friedrichs extension equals Ap for d = 1.

Its Friedrichs extension equals A for d > 2.

The Laplacian in d dimensions written in spherical coordinates equals

d—

1. A
A=0}+——0r+ LD

r2’

where Arp is the Laplace-Beltrami operator on the sphere. For d > 2, the eigenvalues of App are
—l(l+d—-2),forl =0,1,.... For D =1 instead of the Laplace-Beltrami operator we consider the parity
operator with the eigenvalues £1. We will write [ = 0 for parity +1 and [ = 1 for parity —1. Hence the

radial part of the operator is
d—1 (l+d—2
o2y 171y M¥dz2)
r r

The indicial equation of this operator reads
AA+d—2)-1(1+d—-2)=0.

It has the solutions A\=7land A =2 -1 —d.
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For I > 2 only the solutions behaving as r! around zero are locally square integrable, the solutions

behaving as 7271~ have to be discarded. For [ = 0,1 we have the following possible square integrable
behaviors around zero:

| | =0 |I=
d=1 0t r0,r
d=21]7°7%Inr r
r
r

d=3| r0r71t
d>4 70

In particular, in dimension d = 2, apart fro the usual Laplacian we have a family of self-adjoint
extensions of the operator considered in (5.4) with the behavior of elements in the domain in zero given
by cln(r/a). In dimension d = 3, apart from the usual Laplacian we have an analogous family with
¢(1 — %). The parameter a is called the scattering length.

6 Operators on a lattice

6.1 Schrodinger operator on a lattice

Fix a real function Z > n — V,, and define the operator H on [?(Z)

(Hf)n = fn—l +fn+1 +ann

H is called a discrete Schrédinger operator.
Assume in addition that V44, = V;,,. Then we can partly diagonalize H by applying the Fourier
transformation. More precisely, define

F:1%(Z) — L (Zg x [0, (27) /q()

by setting

ETNCII D S A

t=—o00

Clearly, the inverse transformation equals

(2m)/a _
(F*ktqt = \/W/o Fr(0)e?(@+R) qg.

For 6§ € [0, 27|, introduce the operator Hy on L*(Z) by

(Hof)i =€ fr_1 + € frpr + Vi fr

Theorem 6.1 We have (FHF*f)(0) = Hgf(0) for almost all 0. and hence

spH = U spHy.
0€[0,2x |

This implies in particular, that the spectrum will typically consist of k disjoint bands.
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6.2 Harper’s equation
Let a € [0,27[. Consider the operator H, on [%(Z?)
(Haf)n,m = fn—l,m + fn+1,7n

e_. n,m—1 e' n,m+1-
+ mozf 4 maf

Note that this operator describes a particle on a 2-dimensional lattice in a magnetic field with flux «
through a unit cell.
Introduce the unitary operator JF : [?(Z?) — L?(Z x [0, 2x[) given by

1 —im
(ff)n(¢) = \/72771_ ; fn,’me ¢

with the inverse given by

* _ 1 o imeo
(F f)n,m—ﬁ . In(#)e™?de.

For a, ¢ € [0, 27| introduce the operator H, 4 (called sometimes Harper’s operator)
(Ha@f)n = fno1+ fn+1 +2 cos(om + ¢)fn

Theorem 6.2 We have, for almost all ¢, (FH,F*f) (¢) = Ho 4 f(¢). Hence

spH, = U spH -
¢€[0,27]

The spectrum of H, plotted as the function of « yields the famous Hofstadter butterfly. One can
show that for irrational ¢ the spectrum of H, 4 does not depend on ¢ and is singular continuous.
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