Cwiczenia do Teorii Operatoréw.
Jan Dereziniski

0.1 Przestrzenie Banacha

Zadanie 1 Jeslit <r, z € C", to
1_1
[zlle < ne™r |z,

Zadanie 2 Jesli 1 < ¢ <r <oo,z €l to|z|q> ||, Zatem 9 CI".

Rozwigzanie. Najpierw pokazemy, ze 1 < p, to
]l < [l (0.1)
Niech y; = [0,...,%;,...0]. Wtedy x = y1 + - - - + yn. Stosujemy nieré6wnos¢ Minkowskiego

[zllp < llyillp + -+ lynllp = lza] + - - fza] = ll2[l1-

Nastepnie stosujemy (0.1) do y = [z{,- -+, zi]:

q
jzil ") =yl <yl = ) fal.
q

Zadanie 3 Jesli 1 < g <r <oo, f € L"[0,1], to

1£llg < 1 £1ls-
Zatem L7[0,1] D L"[0,1].
Zadanie 4 A linear operator from C™ to C" can be defined by a matrix [a;;].

(1) Jesli C™ jest wyposazone w norme ||| a C"* w norme ||+ ||oo, wtedy || A|| = max{|a;;|}.
(2) Jesli C™ jest wyposazone w norme || - [[oo a C" w norme || - [|1, wtedy [[A[ <3, ; [as;]-
(3) Jesli C™ jest wyposazone w norme ||-||1 a C™ w norme ||-||1, wtedy || A|| = max;{}_, |ai;]|}.
(4) Jesli C™ jest wyposazone w norme [|-||c aC" w norme ||-[|o, wtedy [|A|| = max;{>_; |ai;|}.

0.2 Przestrzenie Hilberta

Niech H bedzie przestrzenia Hilberta. Bedziemy stosowaé notacje dla iloczynu skalarnego
podobna do notacji Diraca:
(vlw), v,w e H.

Jedna z jej zalet jest mozliwos¢ “oderwania” (v|, |w), traktujac je jako operatory

Coz |w)z:=wzeH, (0.2)
H > h— (v|h:= (v]h) € C. (0.3)



Na przyktad
) (vl = w(olh).

Jesli (vlw) = 1, jest to rzut na w wzdtuz Ker(v|. Jesli ||v|| = 1, to |v)(v] jest rzutem
ortogonalnym na v. Jesli eq,..., e, jest baza ortonormalna, to

A= Agjle)(el-

ij=1
Zadanie 5 W [? definiujemy przestrzenie
Vi={(z,) € L? : 29, =0, k €N}, (0.4)
Z = {(xy) € 1> : w1+ Vkro, =0, k € N}. (0.5)

Oczywiscie, W i Z sa domkniete. Pozkazaé, ze W + Z nie jest domknieta.

Rozwigzanie. Rozwazmy = € [?, z; = % Wtedy Zalézmy, ze c =v+2,v €V, z € Z.

Jedyna mozliwo$¢ to
1

22k—1 = —\/EZ% = —m-

22k = ﬂa
Ale z & I2.

Zadanie 6 Niech A bedzie operatorem samosprzezonym na C™. Pokazaé, ze

|A| = max{|A] : A €sp(4)}.

Rozwiazanie.
A= Z AP
A€sp(A)
1Av]? =D A Paoll < max{[A] : A€ sp(A)} ) [Pl (0.6)
= max{|\| : X € sp(A)}|v]* (0.7)

Zadanie 7 ||B|]*> = ||B*B]|.

Zadanie 8 Znalezé norme B = [BH BIQ].

By B
Rozwigzanie. Mamy

BB — [311311 + B21Ba1 B11Bio +Bz1322] _ [011 012]

Bi2B11 + ByaBa1  B12Bia + BaaBoy Ca1 O
det(C — )\Il) = (CH — )\)(022 — )\) — (C12C9 = 0.

Ci1 + Caz + 1/(C11 — Ca2)? + 4C12Co
5 .

I1B]* =




Zadanie 9 Let [ CCL

L?(R) given by

d } be a matrix with determinant 1. Prove that the transformation on

1 ar +b
U = R
/(@) |cx+d|f<ca:—|—d> » TE

is unitary.

Zadanie 10 Let A be an invertible operator. Then there exists a unique positive operatori B
and unitary U such that
A=UB.

Solution. We have A* = BU*, A*A = B?. Hence B = v/ A*A. B? is invertible. Hence so
is B. Therefore, U = AB~!. Then we check that U is unitary.

Zadanie 11 Let S! be the unit circle parametrized with angle ¢ € [0,27[. Let S' > ¢
¥(¢) € S* be the bijection of class C! such that % is bounded. Define the operator W on
functions on S* by

(i) Find W*.
(ii) Find the unitary operator U and the positive operator A such that W = BU.
(iii) Show that ze W is bounded on L?(S') and find ||W|.

Solution. "
W) = |3 |o(6(0)).
Hence,

d¢

WW W) = | 35|17 @): (0.8)
W £ () = jfi ?F(), (0.9)
Uf(9) = j;f 7 F((6). (0.10)



0.3 Fourier series

Zadanie 12 Consider C" with the canonical basis (6; : 7 =0,1,...

n—2

U= 16;-1)(8] + [6n-1)(dol, R = 130)(d0| + > [61—5)(8

=0

(i) Show that U and R are unitary.
(ii) Show that UR = RU* and (U +U*)R = R(U + U").
(iii) Find an orthonormal basis that diagonalizes U.

j=1

(iv) Find an orthonormal basis that diagonalizes U + U* and R.

,n—1). Define the operators

Solution. (i) is obvious, because both U and R permute an orthonormal basis. The basis

-1
1 n 1]k27r5
e, = —— n
i==) e
Vn =
diagonalizes U:
j2 n-l1 j2
ij2m ij2mw
Uej=enej, U= e n lej)(ejl,
=0

We have Re; = e_;. The basis

ear =ep, eh =e} if niseven
2 2
1 ) n
e;r = E(ej +e_;), 0<j< [5],
_ 0 . n
e; = 1\[( —e_j), <j< [5}
diagonalizes simultaneously U + U* and R:
2
(U+U*)ej:2(:os%ej, Rej:e}F
e Jj2m -
(U+U")e; =2cos 76] Re; = —¢;
Stk Kk Rk kKSR SRR K kK
Set Fej; = ¢;, or
1]1@271'
F = Z|5 )(e5] = Z \f w65)(0k |-

7,k=0
Then

FUF* = Z e 16;)(

(0.11)

(0.12)

(0.13)

(0.14)

(0.15)



Zadanie 13 Consider L?[—, 7], where [—, 7] is treated as the circle. Define the operators

Ut)f(9) = flo—1), Rf(¢):=f(=¢)

(i) Show that U(t) and R are unitary.
(ii) Show that U(t)U(s) = U(t+ s) and U(t)R = RU(—t).
(iii) Find an orthonormal basis that diagonalizes U(t).
(iv) Find an orthonormal basis that diagonalizes U(t) + U(—t) and R.

Solution. The on. basis )
€(6) = =

diagonalizes U (t):

U(t)ej =eVle;, U(t) = i 7lej)(ejl,
We have Re; = e_;. The basis s
e =eg. eg(d)= \/127; (0.16)
ef = %(ej tej), ef(o)= \/1% cos(jo), j=1,..., (0.17)
e; = 112(6]‘ —e—j), € (¢)= \/17?sin(j¢), j=0,1,2,.... (0.18)

Kook sk ok Kook sk okok ok sk ok okosk sk kokok skokokoskoskokok

Let {0; : j € Z} denote the canonical basis in [?(Z). Define the unitary Fourier transfor-
mation F : L?[—, 7| — [*(Z) as

F= > 16)(el

j=—o00
or

(Ff); = jﬂ [es@)as.

The Fourier transformation diagonalizes translations:

o0

FUBF = > 95;)(5].

j=—o0

KKK KKK KK koK kR sk skosk sk skoskoskoskoskoskoskosk sk



Zadanie 14 Define Li[—7, 7] := {f € L*[-m,7] | f(¢) = £f(—#). Then L?[—7,7]
Li[—ﬂ',ﬂ'] @ L2 [—7, 7. Besides, f;f, n =0,1,2,... is an orthonormal basis of Li[—w,w
and f,,n=1,2,... of L2 [—7,7].

Zadanie 15 Prove that \/7008 npn=12,..., \f’ is an orthogonal basis of L?([0,7]).

Prove that \/;sin n¢, n =1,2,..., is an orthogonal basis of L?([0, 7).
Solution Note that

LQ[FW]BfHUif—\ff’ € L*0, 7]
is a unitary operator and

+ _
U+€0 =

= 5=

Usel = ;cos(n ),

U_e, = \/Zsin(n@.

Niech I bedzie zbiorem. Definiujemy

BI) = {(fi)ier = Y 1filP = IfI? < oo}

Jesli H jest przestrzenia Hilberta z baza ortonormalna {e; : ¢ € I}, to

(Ffli=(eilf), feH

definiuje operator unitarny F : % — [?(I). Na przyklad, transformata Fouriera

L*-m,7] 2> f \/127_]3 € 1*(z)

fo i / "9 () dg

—T

jest takim operatorem, gdzie

We will write ¢, = cos(ng), s, = sin(ng).

Zadanie 16 Jedne funkcje lepiej jest rozwija¢ w szereg kosinusdéw a inne w szereg sinusow:

1 = Co
1 — 2
- Ezzmﬂsmﬂ’
m=0
sing = s

B 12( 1 1 )
T o Zom o1 2m



Mozna wykorzystaé
. 1/, .
sin ¢ cos(ng) = §<sm(n +1)¢ —sin(n — 1)gb)

Zadanie 17 h(¢) := (a — %)™ a > 1. Wtedy

2ra™ ", n=0,1,...;
0, n=-1,-2,....

Zadanie 18 h(¢) := (¢'* —a)™!, a < 1. Wtedy

; 0, n=01,2,...;
hn:{ 1

2ra™"", n=-1,-2,....

Zadanie 19 h(¢) := ¢. Wtedy

A i27(—1)"
D R #0
0. n = 0.

Aby to otrzymaé¢ mozna zauwazy¢, ze mozemy napisac
Tigy tig O\ . o
log(1 4 e™'?) =log (™29 cos 5) = +i¢ + log ( cos 5): (0.21)

(Uzywamy galezi glowniej logarytmu). Dlatego,

h(¢) = —ilog(1 + ae'®) + ilog(1 + ae%).

tidy _ 1 Fig\ _ — (-1
log(1+e )—il{"%log(l—kae )_nzz:l”

Z tego wynika (0.21).
Jedli rozwazymy czeSciowa sume Fouriera
}Al oind
h(n) (¢) = Z ! >

2T
l71<n

to zaobserwujemy w otoczeniu ¢ = +7 tzw. zjawisko Gibbsa: funkcja h,) “przestrzeliwuje”
warto$é funkcji h. Mamy bowiem

h(n)(—ﬂ b =2 Z sm‘ej‘
=1 7

W otoczeniu niecigglosci funkcji i obserwujemy “zafalowanie” funkeji h(,), ktore w miarg
wzrostu n zweza sie, ale nie zmniejsza swej wysokosci zachowujac swoja wysokoéé. To



zafalowanie ma w granicy $cisle okreslony ksztalt (z doktadnoscia do zwezania), mamy
bowiem

v
lim by (-~ + %) = 2/ 4w = —2F(y).
0

n—oo X

Funkcja F' jest nieparzysta i ma maksimum dla y = 7 réwne

.
G::/ ST 4 ~ 1,81,
0

X

zwane statag Wilbrahama-Gibbsa.

Ta wtasnosé sumy czesciowej szeregu Fouriera wystepuje zawsze, kiedy mamy do czynienia
z nieciagla funkcja. Prowadzi ono do tego, ze dla funkcji nieciaglej o skoku a27m w sumie
czesciowej szeregu Fouriera bedzie skok 4aG > a2w. Mamy (4G — 27) =~ 0.18.

Zadanie 20 Rozwazmy [?(Z) z baza kanoniczna (§; : j € Z). Zdefiniujmy operatory

o)

U= Y (6400, R= D 6,

j=—o0 j=—o0

(i) Pokazaé¢, ze U i R sa unitarne.
(ii) Cuzy istnieje baza ortonormalna w ktorej U jest diagonalny?
(iii) Odwrotna transformata Fouriera F* : [2(Z) — L*(S!) diagonalizuje U:

SFUF=B, (Bf)9)=cf(9), [eIXs")

(iv) Poda¢ operator unitarny V : [?(Z) — L?(0,7) @ L%(0, 7) taki, ze

T 0

0 -1

VRV:[ 0 o

], V(U+U*)V*:[C 0 ]

gdzie
(Cg)(¢) = 2cosdg(¢), g€ L*0,m).

Wskazoéwka. Najpierw rozwiazaé zadanie 13.

Zadanie 21 Pokazaé, ze jesli f(™ istnieje, to

il < K[ / £ (2)da .

—T

Rozwigzanie.

k" fr = / ’ f(@)i"orelteda (0.22)

—T

= / i (=)™ (02 f (x)) e .dx (0.23)

3



Zadanie 22 Pokazaé, ze jesli dla € > 0,

p C
< -
|[fxl < (|k| + 1)nti+e’

to f jest m-krotnie rézniczkowalne.

Rozwigzanie.
n 1 § : n ¢ ikz

Zatem

1 N
0 ()] < o= DK fil.

0.4 Falki Haara.
Zdefiniujmy

ok/2 - 97kp < g < 2 kp 4ok
Vn(T) = —2k/2 97k 4 27kl < g < 27F(n 4 1),
0, x & [27Fn, 27 (n+1)[;

ok/2 9 kp < < 27F(n +1),
0, v & [27Fn,27F(n + 1)].

P ()
Czasami nazywa sie ¥gg “falka matka’ a ¢gg “falka ojcem”.
Zadanie 23 WprowadZmy operatory unitarne translacji i skalowania
Uef)(x) = flz—1),
(Wef)(@) = s 2f(s"0).
Zauwazmy, ze mozemy napisac

Yk = WorUnthoo, Urn(z) = 28290028z — n).

Pokaza¢, ze {¢r, | Kk =0,1,2,..., n=0,1,... ,2F — 11 oraz funkcja ¢ stanowia baze
ortonormalna L?[0, 1].

Rozwiazanie. Sprawdzamy najpierw ortonormalno$é. Oczywiste jest, ze Span{¢x, | k >
0} jest geste i zawiera {¢g, | K =0,1,2,..., n=0,1,... ,2F — 1} oraz ¢gg. Przeciwna
inkluzja tez jest tatwa.

Zadanie 24 (1) Niech m € Z. Wtedy

Vi := (Span{tp,, : k<m, n=})" = (Span{¢p, : k>m+1, ne€Z}) (0.24)



(2) {Yrn | k,n € Z} stanowia baze ortonormalna L*(R).

(3) Ymn, n € Z stanowia baze ortonormalng w V,, © V41 (w dopelnieniu ortogonalnym
do V1 wewnatrz V).

Rozwiagzanie. (1): C jest oczywiste. Mamy
0 .
_ 21
D 272y jo = V2.
§=0

To pokazuje D. (2) Najpierw sprawdzamy ortonormalnosé ¢,,. Oczywiste jest, ze Span{ g, |
k,n € Z} jest geste w L?(R).

0.5 Operatory

Zadanie 25 Pokazac, ze ||A|| = ||A*|| Rozwigzanie.
[All = sup [[Av]| = sup [(w]Av)|= sup [(A"w|v)|= sup [|A"w] = [A7].
lvI<1 [[o]],lw]|<1 [[oll,[lwll<1 [[wll<1

Zadanie 26 Rozwazmy L?(S!) z baza ortonormalna e, (¢) = ﬁeimﬁ, n € Z. Niech (¢, : n €

Z) bedzie ciagiem ograniczonym. Zdefinujmy operator

o

C= Y calen)(enl.

n=—oo

(i) Pokaza¢, ze C' jest ograniczony i ma norme sup{|c,| : n € Z}.

oo
(ii) Pokaza¢, ze jesli > |cn| < o0, to C posiada jadro catkowe rowne
n=—00
o(—p+9
C(¢,¢) = (2)>
™

gdzie ¢(v) = Y e ¥¢,..

n=—00
Zadanie 27 Na L?(S') rozwazy¢ operator P. z jadrem calkowym

sinh e

Flo¥) = e —coso— o)

Pokazaé, ze s— li{% P.=11i|P| =1
€
Wskazéwka. Pokazaé, uzywajac bazy ortonormalnej z poprzedniego zadanie, ze

[e. 9]

P = Z e_e‘n‘|en)(en|'

n=—oo

10



Zadanie 28 Niech f : [0,00[— [0,1] bedzie funkcja ciagta i malejaca, taka, ze f(0) = 1 i
tlim f(t) = 0. Rozwazmy przestrzen Hilberta [ z baza kanoniczna (6; : j € N}. Zdefi-
— 00
niujmy roddzine operatoréw

Ce =Y f(€)]6;)(55]-

J=1

(i) Pokaza¢, ze funkcja [0,00[> € — C. jest normowo ciagla na ]0,00[ lecz normowo
nieciagta w € = 0.
(ii) Pokaza¢, ze funkcja [0, 00[3 € — C¢ jest silnie ciagta.

Zadanie 29 Mowimy, ze P jest rzutem, gdy P? = P.

(i) Pokazaé, ze jesli P jest rzutem niezerowym, to || P|| > 1.
(ii) Pokaza¢, ze dla kazdego ¢ > 1 istnieje rzut na przestrzeni Hilberta taki, ze || P|| = c.
Wskazowka. Wystarczy rozwazaé 2-wymiarowe przestrzenie Hilberta.
(iii) Pokazac, ze jesli P jest rzutem na przestrzeni Hilberta takim, ze ||P|| = 1, to jest to
rzut ortogonalny.
Zadanie 30 Niech (U, : n=1,2,...) bedzie ciagiem operatoréw unitarnych.
(i) Pokaza¢, ze jesli lim U, = U, to U jest unitarny.
n—oo
(ii) Pokazaé, ze jesli s— lim U, =U is— lim U} =U*, to U jest unitarny.
n—oo n—oo
(iii) Pokaza¢, ze jesli s— lim U, = U, to U jest izometria. Poda¢ przyklad ciagu operato-
n
row unitarnych, ktérego silna granica nie jest unitarna.
(iv) Pokazaé¢, ze jesli w— lim U, = U, to ||U|| < 1. Poda¢ przyklad ciagu operatorow
n— o0

unitarnych, ktérego staba granica jest zerem.

Zadanie 31 Niech (P, : n=1,2,...) bedzie ciagiem rzutéw. Niech s— lim P, = P. Pokazac,
n—oo
ze P jest rzutem.
Wskazowka. Mozna zalozy¢, ze sup || P,|| < oo. (Wynika to z Tw. Banacha-Steinhausa i

silnej zbieznosci ciagu (Fy,)).
Zadanie 32 Niech A, bedzie ciggiem samosprzezonych operatoréw ograniczonych na przestrzeni
Hilberta takich, ze w— lim A, = A. Pokazaé, ze A jest samosprzezony.
n—oo
Zadanie 33 Niech (P, : n=1,2,...) bedzie ciagiem rzutéw ortogonalnych.
(i) Niech s— lim P, = P. Pokaza¢, ze P jest rzutem ortogonalnym.
n—oo

(ii) Poda¢ przyktad ciagu (P, : n =1,2,) rzutow ortogonalnych takich, ze w— lim P, =

1 n—o0
1.

Zadanie 34 Dla f € L%([0, oco[) definiujemy

(Tf)(z) =2~ fa™).
Czy T jest operatorem

11



(i) ograniczonym,
(ii) unitarnym,
(iii) samosprzezonym.

Zadanie 35 Niech a € C, Rea < 0. Niech (§, : n € N) oznacza baze kanoniczng w [?(N).
Zdefiniujmy nastepujacy operator na I?(N):

T = e"|0n11)(0nl-
n=1

(i
(i

Pokazaé, ze T jest operatorem ograniczonym i znalezé jego norme.
Dla jakich « operator T jest izometrig?

)
)
(iii) Policzy¢ T*T.
(iv) Policzy¢ T2.
)
)

—

(v

(vi

Dla jakich « istnieje s — lim,, oo 77
Dla jakich « istnieje lim,, oo T™7

Zadanie 36 Rozwazmy [?(Z) z baza kanoniczna (6, : n € Z). Niech § € R. Zdefiniujmy
wektory

by, := cos(6n)dy, + sin(0n)d_,.
Pokazac, ze (b, : n € Z) jest baza ortnormalna.

Zadanie 37 Policzy¢ tranformate Fouriera funkcji
f(z) = e 17 cos 22,

Zadanie 38 Niech 0 < a < 7. Dla f € L?(S') zdefiniujmy

N = [ f6-w)av.

(i) Policzyé¢ Te,, gdzie e,(¢) := e"?.

(ii) Pokazaé, ze T jest operatorem ograniczonym i znalezé jego norme.

Zadanie 39 Niech 1 < p < coi f € LP(R3). Niech |z| oznacza norme euklidesowa wektora
r € R3. Dla jakiego m funkcja (1 + |x|2)~™ f nalezy do L'(R9)?

Zadanie 40 Niech d bedzie liczbg naturalng. Dla jakiego m nastepujaca funkcja nalezy do
L?(R%):

(i) [,
(i) (1+ |=))~™,
(iif) [Ty (1 + i)™

12



Zadanie 41 Dla ¢ > 0 kladziemy g;(z) := (2rt)~Y/2e=7"/2t_ Znalez¢ g; * gs.
Wskazéwka. §(¢) = e %/2,

Zadanie 42 Dla t # 0 kladziemy g;(z) = (ix + )™, Znalezé g; * gs.
Wskazowka. §;(¢) = 2n(sgnt)f(Esgnt)e ™.

Zadanie 43 Pokazaé, ze Span{(z + a)~! : Ima > 0} nie jest podprzestrzenia gesta w L2(R).

Zadanie 44 Niech g € L'(R). Pokazaé, ze operator T'f := f * g jest dobrze zdefiniowany dla
f € L%(R), jest ograniczony i ||T|| < |lg|l1. Czy zawsze | T|| = ||gl/1?
Wskazoéwka. Zastosowaé transformacje Fouriera.

Zadanie 45 Niech 1 < p <r < g < co. Pokazaé, ze
LP(R)NLY(R) c L"(R) C LP(R) + LY(R).
Zadanie 46 Dlam € R, 1 < p < oo definiujemy

Lo (R) :=A{f = [+ |2])™ fllp < oo}

Pokazaé, ze jeslir < g, m > 1 — % + k, to LL.(R) D L, (R).
Wskazoéwka. Wykorzystaé uogolniong nier6wnosé Holdera

19l < 1 flpllgllq, 1<p<r

IN

q < o0,

0.6 Dystrybucje

Odwzorowania z D(R?) — C, zwane dystrybucjami, bywaja zapisywne w rézny sposob,
np.:
DRY) 3 61+ T(6) = (T16) = [ T(@)o(a)d.

Spelniaja one nastepujacy warunek: dla kazdego zwartego K C R? istnieje N i C takie, ze
dla ¢ € D(RY) spetniajacych suppp C K,

(716} < C macsup|276(x)].

Przyklad: jesli T € L (R%), to dystrybucja regularna zwiazana z F, nazywamy
(Tel6) = [ T(@) (o),

A oto delta Diraca w a € R%:

(5al)) = / 5(z — a)d(x)dz = 6(a).

13



Zadanie 47 Pokazaé, ze
P/lgzﬁ(x)dac = lim (/6+/0°
x o e\O0 NN 6

Rozwigzanie. Niech supp¢p C K.

P/lqﬁ(a:)dx
:/ / d:U—i-hm /6 / x = I+11

11| < 2sup|¢'|, |I| < |K]|sup|gl|.

jest dystrybucja.

Zadanie 48 Pokazaé, ze

P/OOOiqﬁ(x)da? = 1{1{1)(/600 s )dx—i—qﬁ( )loge)

jest dystrybucja.

Rozwiazanie.
77/ —¢(z)dx
0 X
00 1 _
[ gy [ 800,
1 r 0 €
Nastepnie korzystamy z tego, ze funkcja
¢>(93);¢(0)’ T G]O, 1],
’_)
¢'(0), z=0
jest ciagla.
Zadanie 49 Zrozniczkowaé n-krotnie 360(x)z?

Zadanie 50 Niech ¢, bedzie delta Diraca w punkcie a € R. Pokazaé¢, ze operator S(R) 3 f —
T.f := 60 * f € S(R) rozszerza si¢ do operatora unitarnego na L?(R). Czy T, dla a — oo
jest zbiezny normowo, silnie lub stabo? Ewentualnie policzy¢ granice.

0.7 Zbiezno$é¢ dystrybucji

Mowimy, ze ciag dystrybucji T), jest zbiezny (w sensie dystrybucyjnym) do dystrybucji T,
gdy .
(Tulg) = (T1¢), ¢ € DR?).
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Zadanie 51 Niech f € L'(R), [ f =1, fo(z) = e 1 f(ze ). Wtedy

lim = 4.

e\0

Rozwigzanie. Niech § > 0.

[ @@t = 60 = [ fa)(9(a) - 6(0)ds

/| ‘<5f()(</>($) 6(0))dz + / f(@) (6(z) — 6(0))dx

lz|>d
I d 1) d
115 s fot) - |/|f o < dsup o'z |/|f )|da
1] < 25up |(x) f(2)|dz.
|z|>d/¢€

Ale ll\I‘I(l) f‘m|>6/€ |f(x)|dz = 0. Wiec

‘ / (@) b(z)de — $(0)] < A6.

Ale § > 0 byto dowolne.

Zadanie 52 Pokazaé¢ wzor Sochockiego.

1 1
lim — =P— —ind(x).
e\O0 T + 1€ €
Rozwigzanie. Mamy
1 x i€

x4ie 224+€ a2+ €2’

1 €
N I "
/7?/3:24-6237

Wiec, z poprzedniego zadania mamy

Mamy

ie

ll\r‘r(l) P = ind(z).
Podobnie pokazujemy
1
lim ——— N P—.
N0 22 + €2 x

15
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0.8 Roéwnania dystrybucyjne

Zadanie 53 Znalez¢ wszystkie dystrybucje speliajace

EmT = 0.
Rozwigzanie. T' musi mie¢ nosnik {0}. Zatem musi mie¢ postac
n .
> ;69 (k).
§=0
Wtedy
(7 T16) = 3 (1P (7 0(8) 7y = 3 es(-1P3G = 1)+ G = m o+ 10
j=m - j=m
Czyli rozwigzaniem sa
m—1
T =Y c;09(k)
j=0
Zadanie 54 Zmnalezé wszystkie dystrybucje speliajace
kT = 1.
Rozwigzanie.
1
T = PE + co(k).
Zadanie 55 Zmnalezé wszystkie dystrybucje speliajace
(k? = 1)T = 1.
Rozwiazanie.
1
Zadanie 56 Znalez¢ wszystkie dystrybucje spelniajace
KT =

Rozwiagzanie. Zdefiniujmy dystrybucje PkQ wzorem

¢(k) — ¢(0) — k¢'(0) o(k)
79/ o) g _/k<1 o dk+/|k|>1 L dk.

Rozwiazaniem jest
T=P +c05(k)+c15<1>(k).
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0.9 Transformata Fouriera

Zadanie 57 Niiech m > 0. Pokazaé, ze

/ (Se:fsm)d s = —2mif(E)e e, (0.29)
/ é?md s = 2mif(—&)e el (0.30)
/%d s = misgn(&)e ™Il (0.31)
/ m ds = el (0.32)

Zadanie 58 Przechodzac do granicy z m do zera w poprzednim zadaniu, pokazaé, ze

—izk _ Fi
/G(im)e dz = =t (0.33)
efikx )
/:U:l:iodx = F2mif(xzx), (0.34)
; 1
—izk _ o -
/ sgn(z)e "y = le(k), (0.35)
e—ik‘z
/77 . dz = misgn(k), (0.36)

Zadanie 59 Pokazaé, ze dla e > 0, A > —1, transformata Fouriera funkcji 6(x)z e~ jest rowna
eI\ + 1) (€ —ie) 1A,

Zadanie 60 Pokaza¢, ze dla f € D(R)
Tf(x) ::P/f(_y)ydy

nalezy do L?(R) i ze T rozszerza si¢ do operatora ograniczonego na L?(R). Policzy¢ T2.
Wskazowka. Warto zastosowaé transformate Fouriera.

Zadanie 61 Pokazaé, ze

Dy * Uy = (2 — [z Dy ) (0.37)
Wiedzac, ze transformata Fouriera 1j_; ) jest rowna %11(5)7 policzy¢ transformate Fouriera
(0.37).
Rozwigzanie. 4Sh§ ©)
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0.10 Funkcje Greena

Zadanie 62 Znalez¢ dystrybucje G spelniajace

(0x + 1)G(z) = 0(x). (0.38)
Pokazaé, ze
f==Gxh
spetnia
(0z + 1) f(z) = h(z). (0.39)

Rozwigzanie. Metoda 1. Rozwigzaniem réwnania jednorodnego
(0z + 1)Go(x) = 0. (0.40)
jest Go(z) := ce™™. Uzmienniajac stala ¢ dostajemy roéwnanie

Orc(x) = 6(x).

Stad
G(z) =ce ™ +6(x)e "
W szczegolnosci, mamy funkcje Greena retardowana G4 (x) := 0(x)e™ i adwansowana
G_ := —0(—x)e”®. Retardowana jest jedyna dystrybucja temperowana sposrod funkcji
Greena.
Metoda 2. 1
G(k) =
(k) ik+1
Wiec

e—ik:x
G(z) = / ik+1dk: = fe 2.

Zadanie 63 Znalez¢ dystrybucje G speliajace
(0 + 2)G(z,y) = 6(x —y). (0.41)

Pokazaé, ze
f() = / Gz, y)h(y)de

spetnia

(0x + ) f(z) = h(x). (0.42)
Rozwiagzanie. Rozwigzaniem réwnania jednorodnego

(0 + 2)Go(z,y) = 0. (0.43)
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[

x

jest Go(z) := ¢(y)e” = . Uzmienniajac stala c¢(y) dostajemy rownanie

2

2
Onc(w,y) = €= 8z —y) =e=d(z —y).

Stad

2 y2 2

Gla,y) =e 77 70(x —y) +gly)e” 7e "
W szczegolnosci, mamy funkcje Greena retardowana G i adwansowana G_:

22 2

Gi(z):=e 2 7 0(x —y),
2

2
G_(x) = —e*%*y?@(y —x).

e—mlzl
4r|z|

Zadanie 64 Rozwazmy R3. Pokazaé, ze G(z) := jest rozwiazaniem rownania

(A +m?)G(z) = 6(x).

Rozwigzanie. Metoda 1. Niech

Wtedy

A 1
(k) = ma

1 elkx
66 = oyt | Gyt

= 1/Oo|k]2d\k|/ﬂsin9d9eiklm|cwg
- (2m)2 Jo 0 (k2 +m?2)

! /oo P
- (2m)? o [kl li(k? + m?)

1 o) Seis|x| efm\m|
= — S = .
(2m)? /_oo |z|i(s2 + m?) 47|z
Metoda 2. Zastosujemy wzor Greena:

/ (Afg— fAg) = / (Vfg— [Vg)ds.
Q o0

o—mle|

Kladziemy f = ¢, g = &, Q = R3\ K(r). Mamy na 0K (r) = r2S? z miara r?dw, gdzie

4m|z| 2

we S2.
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Sprawdzamy, ze poza zerem

—m|z| —mr —mr
B 9 e B e B e 9
/]1{3\K(r)( A+ m*)p(z)——dx = /52 <8T¢(r,w) i o(r,w)0y T )7“ dw
Wreszcie, korzystamy z

e e me” ™"
Oy =— — , dw = 4.
r 92

Zadanie 65 Niech P bedzie wielomianem takim, ze P(£) # 0, £ € R. Niech g € S(R). Pokazac,
ze istnieje f € S(R) taka, ze
P(la:c)f =g

Pokazad, ze istnieje G zalezne tylko od P takie, ze to rozwiazanie moze by¢ zapisane jako

f=Gxg.

Znalez¢ G dla P(€) = €2 + m?

0.11 Finite dimensional matrices

Let A be a linear operator on a finite dimensional space V. Let A € C. TFAE:
(1) det(A—X)=0
(2) There exists v # 0 s.t. Av = \v
(3) (A —A) is not invertible.

The set of such A is called the spectrum of A and denoted spA.

Problem. Let {\1,...,\,} = spA Show that if v; € Ker(A\; — A), and v1 + -+ + v, = 0,
then vy =---=wv, = 0.

Solution. Suppose that this is not true. We can assume that p is the smallest possible
number of nonzero v; € Ker(\; — A) such that v; 4+ --- + v, = 0. Then

0=Ap(v1+--vp) = Avr + - vp) = (Ap = Ao + -+ (Ap = Ap—1)vp—1 =0,

which is a contradiction. O

We say that A is diagonalizable if Z Ker(\;j —A) = V. In other words, V = GB (Ker()\ —A).
We can then define the projection P; onto Vi;along Vi@ - B Vic1 B Vir1 b - 69 V,.. We have

then .
A= Z NP
=1
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Problem. Let A be an arbitrary matrix. Let \; € sp(A4). Show that
Ker(A\; — A) C --- C Ker(\; — A)™
Show that this sequence stablizes. Suppose this happens for m;, m; +1,.... Set
Vi = Ker(\; — A)™.

Show that V); is an invariant subspace of A.
Sk ok ko ok kK Rk kK ok ok ok kK sk kK ok kK ok kK kK ok kK o

We have N
V=3V, A= @1(& + N;),

where NN; is nilpotent on V;. Set

D:i=& XN, N:i=& N,
=1 =1
We have
A=D+ N, (0.44)

where D is diagonalisable, N is nilpotent and DN = ND. (0.44) is called Jordan-Chevalley
decomposition.

n
Problem. Let f(z) = 3 f12* be a polynomial Show that
k=0

=> AP =" ?f(J)(D). (0.45)
k=0
Solution. It is enough to assume that A = A + N where NV is nilpotent.

kaZNJA’” Z Zk — 1) (k=) AT (0.46)

Note that in order to compute f(A) it is enough to know

FOG), - FmD (),

Spectral Theorem. Let AA* = A*A (A is normal). Then A is diagonalizable and the
spaces Ker(\; — A) are orthogonal. Therefore, P; are orthogonal projections.

If A is Hermitian, then spA C R.

If A is unitary, then spA C {|z| = 1}.

Problem. Let A be normal. Then

[All = sup{|A| : A €spA}.

In particular
—1
Iz — A)Y| = (mm{yz —A e spA})
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Solution.
JAul® = " I\l P2
< sup [\ 1 Poul® = (sup [As])?]|ul®.

Problem. Let A be any operator with spectrum {A1,...,\,}, and degrees of nilpotency
mi,...,My. Then

Iz =)~ < e lz—nf™.
i=1

Solution.

Iz = )Ml <Nz = X = Ni) ™ P .
1=1

m;—1

(Z -\ — Nz‘)fl = Z (Z — )\Z‘)flijj.
=0

Problem. Let A, B € B(H). Prove that spAB U {0} =spBA U {0}.
Solution. Let z € rsAB\{0}.Then
Y1+ B(z—AB)'A)(z = BA) =2 Y(2 = BA) + 2 'B(: — AB)"'(1 - AB)A = 1.
Hence 27 1(1+ B(z — AB)"!A) = (x — BA)~! and z € rs(BA).

0.12 Spectrum

We say that A is involution if A% = 1.

Problem. Show that the following are equivalent:
(1) A is self-adjoint and A is an involution.
(2) A is an involution and A is unitary
(3) A is unitary and A is self-adjoint.

Problem. Let A be an involution. Find its spectrum and its spectral projections.

Solution. We guess: set Py := %(]l F A). Then APy = +Py and A = Py — P_. Therefore,
Sp(A) = {—1, 1} and ]l{jzl}(A) = Pj:.

Problem. Let U™ = 1. Find spectral projections of U. Solution. Similarly, as in the previous
problem, we guess:

n—1
1 . —ijk2m
Py=— Z Uda™ 52" — n{e%}(m, (0.47)
7=0
n=1
ik2m 2wk
U= e n P sp(U):{en :k:(),...,n—l}. (0.48)
k=0

Problem. Find the spectrum of the Fourier transformation F. Solution. F* = 1. Hence

22
spF C {1,i,—1,—i}. Let Q(z) = e 2z, a* = x — J;. Then FQ = Q and Fa* = ia*F. Hence
Fra*Q) = i"a*™€). But o™ is a complete set of eigenvectors of the harmonic oscillator.

22



0.13 Operator inequalities
We say that A € B(H) satisfies A > 0 if

(v|[Av) >0, veH.

Equivalent condition: A is self-adjoint and spA C [0, ool.
Let A be self-adjoint. Set infspA = a_, supspA = ay. Then

a- < A<ag.

For any A, A*A > 0.
Problem. Show that
AA* <1 & AA<1.

Solution. We have
| Av||* = (v]A*Av)

< (vlv) = [ol* & 4] < 1,
1A*0]|* = (v]AA™) < (v]

(v

But [[A[l = [[A*]].
%%0%%%% % %0 %0 %0 %0 0 o o %0 %0 %0%0 %0 %0 %o Yo Yo %o o o o 0 %0 %0 %0 %6 %0 %o Yo
Let A, B € B(H). We write A < B if

(v|Av) < (v|Bv), v € H.

Ay < By, A; < By implies A1 + As < By + Bo.

A < B implies CAC* < CBC".
Problem. Let 0 < A < B. Show that for ¢t > 0,
t+B) < (t+A4)7!
Solution. Using (0.49), we obtain the following implications:

t+A<t+ B,

(t+B) 2 (t+ A)(t+ B) 2

(t+ A)z(t+B)~ (t+A)%

t+B)"! (t+A)

Problem. Let A > 0 and KerA = {0}. Let 0 < o, 8 < 1. Then
e sin mov /°° t~edt

0 A+t)

/B sin 7T/8 )tﬁdt
+1)

<1
<
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Solution. We start from identity

oo 7C¥d
T / 565 (0.59)
sin oy o (1+s)

We substitute s = L to get (0.57). Next we multiply (0.57) by A, use

A
(t+A) (%_ (Ait))t

and set § = 1 — «, to obtain (0.58).
Problem. Let 0 < A < B and KerA = {0}. Let 0 < a < 1. Then

B < A, (0.60)
A* < B, (0.61)

Solution. We have (t + B)~! < (t + A)~1. Therefore (0.60) follows from (0.57).

We have 1 — ﬁ <1- ﬁ. Therefore, (0.61) follows from (0.58).

Problem. Find an example of A < B such that A% < B? is not true.
Solution. We use the following criterion for positivity:

[Z Z]zo & a>0andad— [b]> > 0.
Set )
10 |1 +e€ €
I )
Clearly, A < B. Now

1 0 1432 4+¢* 2463
2 _ 2 __
A _[0 0}’ BE_[ 2 + €3 1+ €2

Then

32 + ¢ 2+ €8

2 A2 _
B A [26+63 1+ €2

] , det(B? — A%) = 3¢% — 4¢* + O(e%).
Hence det(B? — A2) < 0 for small e.

0.14 Polar decomposition

Let A be an operator such that KerA = {0} and KerA* = {0}. Then there exists a unique
positive operator, denoted |A| and a unitary operator U such that

A= |AU. (0.62)

Besides,

|A| = VAA*, U =|A|"'A.
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(0.62) is called the polar decomposition of A.

The above definition has a generalization to an arbitrary operator. More precisely, if A is
arbitrary, then there exists a unique positive operator |A| and a unique partial isometry U such

that KerU = Ker|A| and
A=U|A|.

Then (0.63) is called polar decomposition of A and |A| = vV A*A.
Let B be the inverse of |A] restricted to Ran@, extended by 0 on KerA. Then

AT = BU*,
|A|+:Ba
Ut =u*

(0.63)

(0.64)
(0.65)
(0.66)

Uwaga 0.1 Let us denote the orthogonal projection onto the closure of RanA by P and onto
(Keer)L by Q. The Moore-Penrose pseudoinverse is defined as the unique operator AT such that

AAT =P, ATA=Q.
Problem. Find the polar decomposition of A on 12(Z) given by

Aey, = Gn+1€n+1,

where a, # 0, n € Z.

Solution. a

1
|Ale,, = |anlen, Ue, = Lenﬂ.
lant1]

Problem. Find the polar decomposition of A, on L?(R) given by the integral kernel

(z—y)?

Ay (x,y)=e7* 2 | Rez>0.

Solution. First we compute
Zw2m

A A, =

2+ w z4w-

Therefore,

2
1 e—Imz (z—Qy) .

vV 2rImz

(z=v)?
|AL|(x,y) = onImze Rez " , Uy(z,y) =

(0.67)

Problem. Let R 5 z — y(z) € R be an increasing bijection. Find the polar decomposition of

A on L?(R)

Solution. First we compute
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Therefore,

dz 1
|Alf(y) = @(y) f(y),
_ |y, |2
Uf(x) = dx(fﬂ) fy(z)).
%% % % % % % % % % % % % %0 %0 %0 %0 %0 %6 %0 %0 %6 % % % % % % % % % % % % %

Problem.

(1) Let U be a unitary operator and P an orthogonal projection. Then W := UP is a partial
isometry.

(2) Let W be a partial isometry on a finite dimensional Hilbert space. Then there exists a
unitary operator U and an orthogonal projection P such that W = UP.

%%%%%% % % %0 % % %0 o0 % % %% % % %0 %o Yo %o %o Yo Yo Yo Y0 %% % % % %0 Yo
Problem. Find the polar decomposition of |v)(w|, where v,w are arbitrary vectors.
Solution.

o] = 1 )il

Allllwll ol

0.15 Rank one perturbations

Let us start with a physical example. Consider [?(Z) with the canonical basis e,,, n € Z. Consider
the Hamiltonian
Hoep, = ep—1 + €n+1, Or (HOf)n = fn+l + fnfla
perturbed by AV, where
Ven = doneo, or (Vf)u = donfo-
We would like to find the spectrum of H = Hy + AV.

Introduce the Fourier transformation F : 1%(Z) — L%[—, 7]

(Fea)(k) = \/12?(31"’“.

Then
FHyF ' f(k) = 2coskf(k), FVF ' =o)(v]

v(k) = \/% Thus o(Hp) = [-2,2].
In the sequel we will consider an abstract version of this problem. We assume that Hj is an

operator of multiplication

on L%[a,b] and v € L?[a,b]. Let
Hf=pFf.
Then
of(@) + o2 [ 0(0) f0)dy = Bf @)
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Hence

ﬂ@—””/)()

1—)\/ dIL‘
B—x

Assume that v is continuous and nonzero on Ja,b[. Then [ |v - ‘ dz = oo for 8 €]a,b]. We have

d [ @) . |v(x)]? .
5 [ e /(B_x)Qd <0, (0.68)
2
1M o0 |g(f)g‘6 dz = 0. (0.69)

Set )
do [y [
a— x b—=z
Hence on ] —o0, a| we have exactly one eigenvalue for A €]—oc, A~![ and on ]b, oo[ for A €]B~!, oc.

We have \
i B
A—doo A

v\x 2 - v\x
o= ) 5%

Let us compute the resolvent:

=1.

The eigenvector is

(z = H) ™ = (2 = Ho) ™+ (A = (vl(z = Ho)™v)) (= = Ho) ™ |o) (0l (= — Ho) ™

Hence, by computing the residue of the resolvent at 3, we get

1
(v[(8 — Ho)~2v)

gy (H) = (8 — Ho) ™" |v)(v|(8 — Ho) ™"

0.16 Resonances

Let H be a self-adjoint operator. Clearly,
C\sp(H) >z (2 — H)™!

is an analytic function that has poles at points of the discrete spectrum and the residues are the
corresponding spectral projections. We cannot extend this function to a larger domain. However,
sometimes we can extend

2z (®|(z— H)™LD) (0.70)

for some vectors W. The additional domain arising from this extension is sometimes called the
“non-physical sheet of the complex plane”.
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Suppose that and D a distinguished subspace of H. Suppose that for all ¥ € D (0.70) can be
extended to some common region = We say that E € Z is a resonance if (0.70) has a singularity
at E.

Note that
/OO it(z—H—i0) gy _ i
, © T (- H+i0)
Therefore,
—itH L[~ c =1 itz
e =5 (z— H+10) e "dz.
7 J_ oo

By deforming the contour, pushing it down and picking up the residue at E, we obtain for

o, veD
1

P _itH\IJ
(@l ) = L

/(q>|(z — H)7'W)e ™ 1 (®|RV)e P,

0.17 The Friedrichs Hamiltonian
On the Hilbert space L2[0, oo[®C consider

_ [Ho |v)
o= o "]
Hof(k) = kf(k).
If N
e < (v[Hy ') :/ ’”(k” dk, (0.71)
0

then there exists a unique negative solution of

00 2
zza+/ PB4,
0 Z—k

Let us call this solution E. Then we have an eigenvector with the eigenprojection

© |y 2 -1 v(k) _
(1+/0 mdk> [El—k] [};‘3 1]. (0.72)

(0.72) can be also obtained from the resolvent:

0 1 0 (z— f = k)2) ey |

] (e R e
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Suppose now that (0.71) is not satisfied and v(k) # 0 for all k

is formally an eigenvector of G, but it is nonnormalizable, because
Therefore, there is no eigenvalue. However, there may be a resonance
where v is small, then

> (k)2
(B — k)

E\,~ce+ )\277/ dk — it A2 |v(E)|?.
0

This is the Fermi Golden Rule 1.
This (at least on the heuristic level) implies
((I)o‘e_itH(I)o) ~ e—iEt7
Hence
i‘(
dt
which is called the Fermi Golden Rule II.
Here is an alternative, differential derivation of this rule. Set

Wyl _ i | 0
Dy )
Then
d . .
E\I/t(k) = —lk\I’t(k) — IAU(k)@t,
d ®© —
—d, = —i)\/ v(k)U(k)dk — ieD,.
dt 0
Set . . . .
\I/t = eltk\lft, (I>t = elt5<1>t.
Then
d - . .
3 elk) = —idv(k)et =2,
i~ — X i(e—k)t\g
dtq)t = —iA v(k)e U, (k)dk.

. 2 . 2
Dole™ @) | = 2r[v(E)| (Pole™ " @)

v(k)
E—k
1
v(E)
E—k)
v,

> 0. The vector [

of the singularity
. If we replace v wit

(0.73)

)

(0.74)

(0.75)

(0.76)

(0.77)

Using the first approximation ¥;(k) = Wo(k) = 0, ®; = ®o = 1 we obtain after one iteration

~ eit(k_s) — 1 ~
U, (k) = - (k) ———Pq.
(k) = =Mo(k) S ———
Thus att =0
d 9) (1 _ eit(a—k)) _
— @, = i)? k)|? dk®
e
00 1 -
= i/\2/ lv(e t_ly)]2( )dy@)t
0
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where we used

iy_l
/e dy = im.
Y

0.18 Feshbach-Schur formula

Suppose that the space is V = Vg @ Vr. (S stands for a ,small system” and R for a ,reservoir”).
An operator on V can be written as

H_HSS Hsr| |a b
_HRsHRR_Cd'

We also introduce the imbeddings Jgr and Jg of VR, resp. Vs into V.

Problem. Write H as
- 1 yl|la O (1 O
|0 1|0 B||x 1|’

1 bd 'l Ja—bd™'c O] 1 O
i = [0 1 } [ 0 d] [dlc 1]' (081)

Solution

Problem. Compute J{H 1Js.

-1 - -1 - -1

. Lyl [T —y] [a 0] Jat 0 1o [1 0
Solution Note that [0 1] = [0 1] [0 ﬁ} = [ 0 5_1} and } = [—:c 1].
Therefore, application of (0.81) yields the inverse of H:

gi_| 1 0 [(a—bd~tc)™t 0 ][1 —bd™']
T l=d7le 1 0 da-' |0 1

Now Jg = [1 0] and Jg = [1} Hence

0
JSH Vs = (a—bd )™
Applied to z — H instead of H it is sometimes called the Feshbach-Schur formula
J&(z — H)™"Js = (2 — Hss — Hsp(z — Hrr) "Hgs) - (0.82)

0.19 Perturbation theory

Assume now that Hy and V are self-adjoint operators on V and Hy := Hy + AV. Set Ry(z) =
(z—Hy)~"

Let Vg be the spectral subspace of Hy onto the eigenvalue Fy and Vg its orthogonal comple-
ment. We can write the Feshbach-Schur formula as

-1
JERA(E)Js = (E — o — A\Vis — \2Ver(z — Horg — )\VRR)_1VRS> . (0.83)
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Therefore,
{E€R : E—Ej— \Vss — AVsr(z — Horr — AVRr) Vks  is non-invertible}  (0.84)

is contained in the spectrum of H.
Problem. Assume that dim Vg is finite and FEj is a discrete eigenvalue of Hg. Find an equation
for eigenvalues of H)y, which for small X is close to Ey

Solution We can expect that these eigenvalues coincide with (0.84). A finite matrix is non-
invertible iff its determinant is zero. Therefore, the condition for these eigenvalues is

det (E — FEy — A\Vgg — )\QVSR(E — Horr — )\VRR)_IVR5> = 0. (0.85)

Let us remark that we obtain a polynomial in F of degree dim Vg. In general it has dim Vg
solutions A — Ej(\)

%%% %% % %% % %% % %% % % % %% % %% %

Let dimVs = 1, so that Jg = |®y). Then we expect that close to Ey there is only one
eigenvalue of Hy. We introduce

F\(E) := Eo + ($o|V®q) + N2(Po|V(E — Horr — AVer) 1V ®).

The eigenvalue F) is the solution of

E) = F\(E)). (0.86)
We can try to solve it by iterations:
EY) = Fi(Ey). (0.87)
The first iteration is
E{ = F\(Ey) = Eo + (Bo|V®0) + \2(®0|V (Ey — Horr — AVar) Vo) (0.88)
~ By + (9o|V®o) + N (Po|V (Eo — Ho)grV o) + O(N?). (0.89)

This method of finding eigenvalues is called the Brillouin- Wigner perturbation theory.

There is an alternative method, called the Rayleigh-Schridinger perturbation theory. Recall
that we have H = Hy + AV, HyVy = Ey¥¢ and Ej is a nondegenerate eigenvalue.

We make an ansatz

Uy =) A0,  Ey=> \NE, (0.90)
n=0 n=0
We assume in addition that
(Uo|¥y,) =0, n=12,.... (0.91)
We insert (0.90) into
(H() + /\V)\I’)\ = FE)\W,. (092)
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We obtain a formal series in the powers of A. At A" we have

n
HyV, +VV¥,_1 = Z Ej\I’n_j. (093)
§=0
We take the scalar product with ¥:

(\I’()’H()\I/n) + (‘Do’V\I/n_l) = Z Ej(\I/0|\Iln_j). (0.94)
=0

With help of (0.91) we simplify (0.94) obtaining

(\IIO|V\PH71) = Ep. (0'95)
(0.92) can be rewritten
n—1
(Eo— Ho)Wp =VUy 1 — > Ej¥, ;. (0.96)
§=0

We multiply (0.96) by Pr := 1 — |¥)(Ppl|, which does not affect the lhs. Setting

R} := (Ey — Ho) ' PR,

we obtain .
U, = Rg(vwn_l -y quzn_j). (0.97)

=0

Here are the first iterations:

Ey = (V|V ), (0.98)
Uy = RgV\I’g, (0.99)
Ey = (\IIO|VR6V\IJQ), (0.100)
Uy = RE)VR{)V\IIO — (\I'O\V\IIO)RE)V\IJO. (0.101)
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