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Abstract

We develop a new approach to construction of Brègman relative entropies over nonreflexive Ba-
nach spaces, based on nonlinear mappings into reflexive Banach spaces. We apply it to derive
few families of Brègman relative entropies over several radially compact base normed spaces in
spectral duality. In particular, we prove generalised pythagorean theorem and norm-to-norm
continuity of the corresponding entropic projections for a family induced on preduals of any W∗-
algebras and of semifinite JBW-algebras using Mazur maps into corresponding noncommutative
and nonassociative Lp spaces. We also prove generalised pythagorean theorem for a family in-
duced using Kaczmarz maps into Orlicz spaces over semifinite W∗-algebras, and for a family over
generalised spin factors. Additionally, we establish Lipschitz–Hölder continuity of the nonasso-
ciative Mazur map on positive parts of unit balls, characterise several geometric properties of
the Morse–Transue–Nakano–Luxemburg norm on noncommutative Orlicz spaces, and introduce
a new family of Lp spaces over order unit spaces.

1 Introduction

We present some basic elements of the theory of generalised Brègman relative entropies over non-
reflexive Banach spaces. Using nonlinear embeddings of Banach spaces together with the Euler–
Legendre functions, this approach unifies two former approaches to Brègman relative entropy: one
based on reflexive Banach spaces, another based on differential geometry. This construction allows
to extend Brègman relative entropies, and related geometric and operator structures, to arbitrary-
dimensional state spaces of probability, quantum, and postquantum theory. We give several exam-
ples, not considered previously in the literature.

If ∅ 6= K ⊆ Z, x ∈ Z, and arg infy∈K {D(y, x)} (resp., arg infy∈K {D(x, y)}) is a singleton set,

then we will denote the element of this set by
←−
PD
K(x) (resp.,

−→
PD
K(x)), while the map x 7→

←−
PD
K(x)

[124, p. 32] [88, Ch. 3.2] (resp., x 7→
−→
PD
K(x) [33, Eqn. (16)]) will be called a left (resp., right)

D-projection of x onto K.
For a convex closed C ⊆M ⊆ R

n, DΨ given by (2) exhibits [23, Lemm. 1],

DΨ(x,
←−
P
DΨ
C (y)) +DΨ(

←−
P
DΨ
C (y), y) ≥ DΨ(x, y) ∀(x, y) ∈ C ×M (1)

(and analogously for
−→
P
DΨ
C [98, Prop. 4.11]; cf. also [33, Thm. 1]), with ≥ replaced by = for affine

closed C. This property is a nonlinear generalisation of a pythagorean theorem, and is interpreted
as an additive decomposition of an (information about) “data” into “signal” and “noise”. It is a

fundamental feature of DΨ, characterising
←−
P
DΨ
C [16, Cor. 3.35] and

−→
P
DΨ
C [98, Prop. 4.11].

We introduce a generalisation, Dℓ,Ψ, of a family of Brègman informations DΨ on reflexive Ba-
nach spaces (X, ||·||X), applicable to a wide range of nonreflexive Banach spaces (Y, ||·||Y ). (E.g.,
to postquantum state spaces, given by bases V +

1 ⊆ V + of positive cones V + of radially compact
base normed spaces in spectral duality, (V, ||·||V ) = (Y, ||·||Y ).) The main idea is to pull back the
properties exhibited by DΨ with Euler–Legendre Ψ acting on (X, ||·||X) into the properties exhibited
by Dℓ,Ψ(·, ·) := DΨ(ℓ(·), ℓ(·)), where ℓ : Z → X and Z ⊆ Y .

http://arxiv.org/abs/1710.01837v5
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1.1 Brègman vs Brunk–Ewing –Utz

Given a strictly convex, differentiable function Ψ : Rn → R (or Ψ : M → R with convex M ⊆ R
n),

there are two approaches to construction of a functional encoding the first order Taylor expansion
of Ψ (together with its further use in optimisation problems): one going back to Brègman’s [23, p.
1021]

DΨ(x, y) := Ψ(x)−Ψ(y)−
∑n

i=1
(xi − yi)(gradΨ(yi)), (2)

for x, y ∈ R
n (or x, y ∈M), another going back to the Brunk–Ewing–Utz [26, Eqn. (4.4)]

Dµ
Ψ(x, y) :=

∫

X⊆Rm

µ(x )DΨ(x(x ), y(x )), (3)

for x, y : X → R, n = 1, and a measure µ on the Borel subsets of Rm. The former approach has been
generalised and widely developed for Rn replaced by a reflexive Banach space (X, ||·||X) (see Section
2.1). On the other hand, the latter approach was generalised and further developed for (X , µ) given
by any countably finite nonzero measure space (see [41] and references therein).

The passage from probabilistic to quantum theoretic setting corresponds to replacing (L1(X , µ), ||·||1)
by the Banach predual N⋆ of a W∗-algebra N (all of these spaces are nonreflexive). The noncommu-
tative analogue DtrH

Ψ of Dµ
Ψ was introduced in [135, §2.2] for finite dimensional real Hilbert spaces,

and in [115, pp. 127–129]1 for type I W∗-algebras (see also [69, §V] for type In JBW-algebras). How-
ever, due to nonreflexivity of N⋆, this definition shares the same optimisation-theoretic problems as
Dµ

Ψ, is incapable of utilising the vast body of reflexive Banach space theoretic results obtained for
DΨ, and it is also unclear how to extend the definition of DtrH

Ψ to arbitrary W∗-algebras.
In Section 3 we present a new approach to extension of DΨ to nonreflexive Banach spaces

(Y, ||·||Y ), by means of nonlinear embedding ℓ : Z → X, where Z ⊆ Y and (X, ||·||X) is a reflexive
Banach space. The main idea is to pull back the properties exhibited by DΨ on (X, ||·||X) into the
corresponding properties exhibited by

Dℓ,Ψ(·, ·) := DΨ(ℓ(·), ℓ(·)) (4)

on (Y, ||·||Y ). In order to express topological behaviour of Dℓ,Ψ in terms of (Y, ||·||Y ), without relativi-
sation to (X, ||·||X), ℓ has to additionally preserve the corresponding continuity properties. Hence,
the best behaved sector of the theory of generalised Brègman information Dℓ,Ψ consists of a fusion
of nonlinear convex analysis on reflexive Banach spaces with a nonlinear homeomorphy of Banach
spaces. On the other hand, the relativisation of convexity is unavoidable, and as a result we gener-
ically deal with ℓ-convex sets in (Y, ||·||Y ) (i.e. the sets which are mapped by ℓ into convex sets in
(X, ||·||X)).

In Section 4 we apply this approach to derive a new family of Brègman relative entropies over
preduals of any W∗-algebras and of semifinite JBW-algebras, implementing ℓ by the generalisations
of a Mazur map [100, p. 83] into Lp spaces over these algebras. The nonassociative Mazur maps
have not been considered before. We prove their Lipschitz–Hölder continuity on positive parts of
unit balls.

This paper can be seen as a concrete functional analytic implementation (and clarification) of
an idea presented in [83, Eqns. (24), (31)] (inspired by [76, §6–§8]), and as a prequel to upcoming
series of papers on Dℓ,Ψ and related geometric structures. As for integration on W∗-algebras (resp.,
JBW-algebras), we refer to [42, 58, 132] (resp., [73, 1, 13, 74]) as standard references. Cf. [84] for a
review of the W∗-algebraic case.

1More precisely, DtrH
Ψ (x, y) := trH(DΨ(x, y)) for a convex and Gateaux differentiable Ψ : W → B(H), where W

is a convex subset of a Banach space, e.g. W = (B(H))+⋆ . The evaluation of DtrH
Ψ (x, y) is thus defined by spectral

calculus applied to Ψ.
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2 Two approaches to Brègman functionals

Definition 2.1. (cf. [23, p. 1019] [54, p. 794] [40, p. 161]) For any set Z, D : Z × Z → [0,∞] will
be called an information on Z (and −D will be called a relative entropy2 on Z) iff D(x, y) = 0
⇐⇒ x = y ∀x, y ∈ Z.

2.1 Brègman functionals on reflexive Banach spaces

In what follows, (X, ||·||X) will denote a Banach space over K ∈ {R,C} [14, §1], B(X, ||·||X) := {x ∈
X | ||x||X ≤ 1}, S(X, ||·||X) := {x ∈ X | ||x||X = 1}. (X⋆, ||·||X⋆) will denote a Banach space of
continuous linear functions X → K, equipped with a norm ||y||X⋆ := sup{|y(x)| | x ∈ B(X, ||·||X)}
∀y ∈ X⋆ [70, p. 62], and will be called a Banach dual of (X, ||·||X) (with respect to a bilinear
duality [[x, y]]X×X⋆ := y(x) ∈ K ∀x ∈ X ∀y ∈ X⋆). If (Y, ||·||Y ) and (X, ||·||X) are such that
(Y ⋆, ||·||Y ⋆) = (X, ||·||X), then Y =: X⋆ is called a predual of X. (X, ||·||X) is called reflexive [68,
pp. 219–220] iff X ∋ x 7→ [[x, · ]]X×X⋆ ∈ X⋆⋆ is an isometric isomorphism. Given (X, ||·||X), for any

Y ⊆ X, int(Y ) (resp., Y
||·||X ) will denote a topological interior (resp., closure) of Y with respect to

the topology of ||·||X .
A Banach space (X, ||·||X) is said to satisfy the Radon–Riesz property [129, Thm. 5] iff, for any

{xn ∈ X | n ∈ N}, convergence of xn to x ∈ X in a weak topology together with limn→∞ ||xn||X =
||x||X implies limn→∞ ||xn − x||X = 0. A Banach space (X, ||·||X) is called: strictly convex iff [61,
p. 39]

∀x, y ∈ X (||x+ y||X = ||x||X + ||y||X , x 6= 0 6= y) ⇒ ∃λ > 0 y = λx; (5)

uniformly convex iff [39, Def. 1]

∀ǫ1 > 0 ∃ǫ2 > 0 ∀x, y ∈ S(X, ||·||X) ||x− y||X ≥ ǫ1 ⇒
1

2
||x+ y||X ≤ 1− ǫ2; (6)

locally uniformly convex [93, Def. 0.2] iff

∀ǫ1 > 0 ∀x ∈ S(X, ||·||X) ∃ǫ2 > 0 ∀y ∈ S(X, ||·||X) ||x− y||X ≥ ǫ1 ⇒
1

2
||x+ y||X ≤ 1− ǫ2; (7)

uniformly Fréchet differentiable iff [46, p. 375]

∀ǫ1 > 0 ∃ǫ2 > 0 ∀x, y ∈ S(X, ||·||X) ||x− y||X ≤ ǫ1 ⇒ 1−
1

2
||x+ y||X ≤ ǫ2||x− y||X . (8)

Given Banach spaces (X, ||·||X) and (Y, ||·||Y ), Z ⊆ X, W ⊆ Y , t ∈ ]0,∞[, a function f : Z → W is
said to be t-Lipschitz–Hölder continuous on Z iff

∃c > 0 ∀x, y ∈ Z ||f(x)− f(y)||Y ≤ c||x− y||
t
X . (9)

For convenience of notation, assume that K = R (all results and formulas below are applicable for
K = C under replacement of [[·, ·]]X×X⋆ by re [[·, ·]]X×X⋆). We assume inf ∅ :=∞.

Given a Banach space (X, ||·||X), Ψ : X → ] −∞,∞] will be called: proper iff efd(Ψ) := {x ∈
X | Ψ(x) 6=∞} 6= ∅; convex (resp., strictly convex ) iff

x 6= y ⇒ Ψ(λx+ (1− λ)y) ≤ (resp., < ) λΨ(x) + (1− λ)Ψ(y) ∀x, y ∈ efd(Ψ) ∀λ ∈ ]0, 1[ (10)

(this is equivalent to the definition based on the same inequality, with quantifiers changed to ∀x, y ∈
X ∀λ ∈ [0, 1], with the conventions ∞+∞ ≡ ∞, 0 · ∞ ≡ ∞, 0 · (−∞) = 0, and without assuming
x 6= y). The set of all proper, convex, lower semicontinuous functions Ψ : X → ] −∞,∞] will be

2Cf. «information is the negative of the quantity (...) defined as entropy» [139, p. 76].
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denoted by Γ(X, ||·||X). If Ψ : X → ]−∞,∞] is proper, then the right Gateaux derivative of Ψ
at x ∈ efd(Ψ) in the direction h ∈ X reads [10, p. 53]

efd(Ψ)×X ∋ (x, h) 7→ DG
+Ψ(x, h) := lim

t→+0
(Ψ(x+ th)−Ψ(x))/t ∈ ]−∞,∞], (11)

and it exists ∀h ∈ X. Ψ ∈ Γ(X, ||·||X) is called Gateaux differentiable at x ∈ int(efd(Ψ)) [62,
p. 311] iff DG

+Ψ(x, y) = −DG
+Ψ(x,−y) ∀y ∈ X. In such case DG

+Ψ(x, · ) is linear, so it defines a
bounded linear operator DG

+Ψ(x, y) =:
[[
y,DGΨ(x)

]]
X×X⋆ ∀y ∈ X. A set of all Ψ ∈ Γ(X, ||·||X)

which are Gateaux differentiable on int(efd(Ψ)) 6= ∅ will be denoted ΓG(X, ||·||X). A Banach space
(X, ||·||X) is called: Gateaux differentiable [101, p. 78] iff ||·||X is Gateaux differentiable at every
x ∈ X \ {0}; Fréchet differentiable [102, p. 129] iff for any fixed x ∈ X \ {0} DG||h||X(x) exist in
uniform convergence ∀h ∈ S(X, ||·||X). In the latter case DG||·||X will be denoted by DF||·||X .

For a proper Ψ : X → ]−∞,∞],

X⋆ ∋ y 7→ ΨF(y) := sup
x∈X
{[[x, y]]X×X⋆ −Ψ(x)} ∈ ]−∞,∞], (12)

called a Fenchel dual of Ψ [59, p. 75] [104, p. 8], satisfies ΨF ∈ Γ(X⋆, ||·||X⋆) [24, Thm. 3.6].
If (X, ||·||X) is reflexive and Ψ ∈ ΓG(X, ||·||X), then Ψ will be called Euler–Legendre3 [15, Def.
5.2.(iii), Thm. 5.4, Thm. 5.6] [119, §2.1] iff ΨF ∈ ΓG(X⋆, ||·||X⋆) and

{
efd(DGΨ) := {x ∈ efd(Ψ) | ∃ DGΨ(x)} = int(efd(Ψ)),
efd(DGΨF) = int(efd(ΨF)).

(13)

For X = R
n, the above definition of Euler–Legendre functions goes back to Rockafellar, who

showed [122, Thm. C-K] [123, Thm. 1] that if ∅ 6= U ⊆ R
n is open and convex, while Ψ : U →

]−∞,∞] is strictly convex, differentiable on U , and

lim
t→+0

d
dtΨ(tx+ (1− t)y) = −∞ ∀(x, y) ∈ U × (U

||·||
Rn \ U), (14)

then gradΨ is a bijection on U , grad(ΨF) = (gradΨ)−1 on (gradΨ)(U), and ΨF on (gradΨ)(U)
satisfies the same conditions as Ψ on U .

Ψ ∈ Γ(X, ||·||X) is called: totally convex at x ∈ efd(Ψ) iff [28, 2.2] [29, p. 62]

νΨ(x, t) := inf{D+
Ψ(y, x) | y ∈ efd(Ψ), ||y − x||X = t} > 0 ∀t ∈ ]0,∞[ , (15)

where [29, Eqn. (2)]

D+
Ψ : X ×X ∋ (x, y) 7→

{
Ψ(x)−Ψ(y)−DG

+Ψ(y;x− y) : y ∈ efd(Ψ)
∞ : otherwise

∈ [0,∞]. (16)

Definition 2.2. [3, Eqn. (1)] For any Ψ ∈ ΓG(X, ||·||X) and any x, y ∈ X, the Brègman function

on (X, ||·||X) is defined as

DΨ : X ×X ∋ (x, y) 7→

{
Ψ(x)−Ψ(y)−

[[
x− y,DGΨ(y)

]]
X×X⋆ : y ∈ int(efd(Ψ))

∞ : otherwise
∈ [0,∞].

(17)

Proposition 2.3. [30, Prop. 1.1.9] If Ψ ∈ ΓG(X, ||·||X), then DΨ is an information on X iff Ψ is
strictly convex on int(efd(Ψ)).

3These functions are usually called “Legendre” (although they were introduced namelessly for X = R
n in [122,

Thm. C-K]). Yet, the transformation d(z(x, y) − px − qy) = −xdp − ydq, with p = ∂z(x,y)
∂x

and q = ∂z(x,y)
∂y

, was
introduced first by Euler [56, Part I, Probl. 11], and only 17 years later by Legendre [92, p. 347].
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Definition 2.4. Let Ψ ∈ ΓG(X, ||·||X), y ∈ int(efd(Ψ)), and K ⊆ X with ∅ 6= K ∩ int(efd(Ψ)). If
the set arg infx∈K {DΨ(x, y)} (resp., arg infx∈K⊆int(efd(Ψ)) {DΨ(y, x)}) is a singleton, then its element

will be denoted
←−
P
DΨ
K (y) (resp.,

−→
P
DΨ
K (y)), and called a left (resp., right) DΨ-projection of y onto

K [23, p. 1019]4 (resp., [18, Def. 3.1, Lemm. 3.5]5), while K will be called a left (resp., right)
DΨ-Chebyshëv set [16, Def. 3.28] (resp., [17, Def. 1.7]).

Proposition 2.5. [16, Cor. 3.35] If (X, ||·||X) is reflexive, Ψ is Euler–Legendre, ∅ 6= K ⊆ X is
convex and closed, and K ∩ int(efd(Ψ)) 6= ∅, then K is left DΨ-Chebyshëv, and, for any w ∈ K and
any x ∈ int(efd(Ψ)), w is the unique solution of

DΨ(y, z) +DΨ(z, x) ≤ DΨ(y, x) ∀y ∈ K (18)

(with respect to z) iff w =
←−
P
DΨ
K (x). Furthermore, in ‘then’ case of (18), if K is affine, then ≤ in

(18) turns into =.

Proposition 2.6. [98, Prop. 4.11] If (X, ||·||X) is reflexive, Ψ ∈ ΓG(X, ||·||X) and efd(Ψ) = X,
ΨF ∈ ΓG(X⋆, ||·||X⋆) is totally convex, ∅ 6= K ⊆ int(efd(Ψ)), and DGΨ(K) is convex and closed,
then K is right DΨ-Chebyshëv, and, for any w ∈ K and x ∈ int(efd(Ψ)), w is the unique solution of

DΨ(x, z) +DΨ(z, y) ≤ DΨ(x, y) ∀y ∈ K (19)

(with respect to z) iff w =
−→
P
DΨ
K (x). Furthermore, in ‘then’ case of (19), if K is affine, then ≤ in

(19) turns into =.

Proposition 2.7. [15, Lemm. 6.2] Let Ψ = Ψ1,β := β||·||
1/β
X , β ∈ ]0, 1[, for a reflexive (X, ||·||X).

Then Ψ1,β is Euler–Legendre iff (X, ||·||X) is Gateaux differentiable and strictly convex. Furthermore,
in such case Ψ1,β is also strictly convex on int(efd(Ψ1,β)) = X.

Proposition 2.8. [2, §7](+[38, I.4.7.(f)]) If (X, ||·||X) is Gateaux differentiable, and Ψ = Ψ1,β :=

β||·||
1/β
X , then DGΨ1,β(x) = ||x||

1/β−2
X j(x), and

DΨ1,β
(x, y) = β||x||

1/β
X + (1− β)||y||

1/β
X − ||y||

1/β−2
X [[x, j(y)]]X×X⋆ ∈ R

+ ∀x, y ∈ X, (20)

where j(x) is defined as [80, p. 35] z ∈ X⋆ such that [[x, z]]X×X⋆ = ||x||X ||z||X⋆ and ||z||X⋆ = ||x||X .

Proposition 2.9. [120, Cor. 4.4.(ii)] If (X, ||·||X) is reflexive, strictly convex, Fréchet differentiable,

and has a Radon–Riesz property, ∅ 6= K ⊆ X is convex and closed, and Ψ = Ψβ,β := ||·||
1/β
X ,

β ∈ ]0, 1[, then
←−
P
DΨβ,β

K is norm-to-norm continuous on int(efd(Ψβ,β)) = X.

Proposition 2.10. [31, Prop. 2.4] If (X, ||·||X) is locally uniformly convex and β ∈ ]0, 1[, then

Ψ = Ψβ,β := ||·||
1/β
X is totally convex.

Remark 2.11. If (X, ||·||X) is a Banach space over C, then Propositions 2.3, 2.5, 2.6, 2.7, 2.8, 2.9,
2.10 hold under replacing [[·, ·]]X×X⋆ in Definition 2.2 by re [[·, ·]]X×X⋆ . In Section 3 we will keep
working with (X, ||·||X) over R, while in Section 4 we will make use also of the case of (X, ||·||X) over
C.

4First special case of left DΨ-projection for nonsymmetric DΨ, with DΨ given by the Kullback–Leibler information,
was introduced in [124, p. 32] [88, Ch. 3.2].

5First special case of right DΨ-projection for nonsymmetric DΨ, with DΨ given by the Kullback–Leibler informa-
tion, was introduced in [33, Eqn. (16)] [34, Def. 22.2]. See also [5, §3.6].
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2.2 Brègman functionals on dually flat manifolds

Let M be a C3-manifold with a tangent bundle TM , a C3 riemannian metric tensor g on TM ,
and a pair (∇, ∇̃) of C3 affine connections on TM (with an arbitrary torsion). Let t∇c denote a
∇-parallel transport in TM along a curve c in M . Then the Norden–Sen geometry is defined as
a quadruple (M,g,∇, ∇̃) satisfying any of the equivalent conditions [110, pp. 205–206, §2, §4] [126,
p. 46]:6

g(t∇c (·), t
∇̃
c (·)) = g, (21)

g(∇uv,w) + g(v, ∇̃uw) = u(g(v,w)) ∀u, v, w ∈ TM. (22)

If Z is a finite dimensional C3-manifold and an information D ∈ C3(Z × Z;R+) has a positive
definite hessian matrix, then a third order Taylor expansion of D on Z induces [54, pp. 795–796]
[55, p. 357] a riemannian metric gD on TZ and a pair (∇D, ∇̃D) of torsion-free affine connections
on TZ, satisfying the characteristic property (22) of the Norden–Sen geometry. This way the global
geometric properties of D can be analysed in local terms of its torsion-free Norden–Sen differential
geometry.7

The dually flat (a.k.a. hessian) geometry [127, Prop. (p. 213)] is characterised among all
torsion-free Norden–Sen geometries by the flatness of ∇ and ∇̃. This is equivalent with existence of
two coordinate systems, {θi | i ∈ {1, . . . , n}} : M → R

n and {ηi | i ∈ {1, . . . , n}} : M → R
n, such

that, ∀ρ ∈M , 



ηi(ρ) =
∂Ψ(θ(ρ))

∂θi
, θi(ρ) =

∂ΨF(η(ρ))

∂ηi

ΨF(y) = sup
x∈Rn

{
n∑

i=1

xiyi −Ψ(x)

}
∀x ∈ R

n,

(23)

(24)

and, for Dθ,Ψ(ρ, σ) := DΨ(θ(ρ), θ(σ)) with DΨ defined by (2),




Γ
∇Dθ,Ψ

ijk (θ(ρ)) = 0, Γ
∇̃Dη,Ψ

ijk (η(ρ)) = 0

g
Dθ,Ψ

ij (θ(ρ)) =
∂2Ψ(θ(ρ))

∂θi∂θj
,

(25)

(26)

where Γ
∇(u, v, w) := g(∇uv,w) ∀u, v, w ∈ TM , while the subscript i denotes evaluation at the i-th

component of a basis in TM given by coordinate system differentials (i.e., setting u = ∂
∂θi

, etc.,

in (25)). (By (24), this implies g
Dη,Ψ

ij (η(ρ)) = ∂2ΨF(η(ρ))
∂ηi∂ηj

.) When reconsidered in this setting, the

left (resp., right) generalised pythagorean theorem (i.e., (18) (resp., (19)) for affine K) is equivalent
with: a projection of y ∈ M onto ∇Dθ,Ψ-(resp., ∇Dθ,Ψ-)autoparallel submanifold C along ∇̃Dη,Ψ-
(resp., ∇Dθ,Ψ-)geodesics is gDθ,Ψ -orthogonal (= gDη,Ψ-orthogonal) to C [6, Cor. 3.5].

Equation (24) is a special case of (12). Furthermore, (23) require only C1-differentiability. The
approach presented in Section 3 is rooted in an observation that the correct generalisation of (23)
requires two components: Euler–Legendre Ψ on a reflexive Banach space (X, ||·||X), and nonlinear
embeddings into (X, ||·||X) and (X⋆, ||·||X⋆), replacing, respectively, θ and η.

3 Extension to nonreflexive Banach spaces

Definition 3.1. Let (Y, ||·||Y ) be a Banach space, let (X, ||·||X) be a reflexive Banach space, let
Ψ ∈ ΓG(X, ||·||X) be strictly convex on int(efd(Ψ)), let ∅ 6= Z ⊆ Y , and let ℓ : Z → ℓ(Z) ⊆ X be a

6In comparison, given (M,g), the Levi-Civita affine connection ∇
g is characterised among all torsion-free affine

connections on TM by g(t∇
g

c (·), t∇
g

c (·)) = g. Each torsion-free Norden–Sen geometry determines ∇
g by ∇

g =
1
2
(∇+ ∇̃) [110, p. 211].

7Following [91, §4], the torsion-free Norden–Sen geometries are sometimes called “statistical manifolds”. Apart
from not crediting the original authors of this structure, such terminology is misleading, since these geometries are
independent of any notion of statistics.
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bijection such that ℓ(Z) ∩ int(efd(Ψ)) 6= ∅. Then:

(i) an (ℓ,Ψ)-information (or a generalised Brègman information) on Z is defined by

Dℓ,Ψ(φ,ψ) := DΨ(ℓ(φ), ℓ(ψ)) ∀(φ,ψ) ∈ Z × ℓ
−1(ℓ(Z) ∩ int(efd(Ψ))); (27)

(ii) a triple (Z, ℓ,Ψ) will be called a generalised pythagorean geometry;

(iii) if ∅ 6= C ⊆ Y and ℓ(C) is convex (resp., closed; affine), then C will be called ℓ-convex (resp.,
ℓ-closed; ℓ-affine).

Proposition 3.2. Let (Y, ||·||Y ) be a Banach space, let (X, ||·||X) be a reflexive Banach space, ∅ 6=
Z ⊆ Y , ℓ : Z → X, Ψ ∈ ΓG(X, ||·||X), let (Z, ℓ,Ψ) be a generalised pythagorean geometry, and
ψ ∈ ℓ−1(ℓ(Z) ∩ int(efd(Ψ))). Then

(i) Dℓ,Ψ is an information on Z.

If Ψ is Euler–Legendre and ∅ 6= C ⊆ Z is ℓ-convex and ℓ-closed, then:

(ii) there exists the unique solution of arg infφ∈C {Dℓ,Ψ(φ,ψ)} (denoted by
←−
P
Dℓ,Ψ

C (ψ)), i.e. C is
left Dℓ,Ψ-Chebyshëv;

(iii) ω =
←−
P
Dℓ,Ψ

C (ψ) iff ω is the unique solution of

Dℓ,Ψ(φ, ζ) +Dℓ,Ψ(ζ, ψ) ≤ Dℓ,Ψ(φ,ψ) ∀φ ∈ C; (28)

(iv) if C is ℓ-affine, then ≤ in ‘then’ case of (iii) turns to =;

(v) if ℓ is norm-to-norm continuous and
←−
P
DΨ
K is norm-to-norm continuous for any convex closed

∅ 6= K ⊆ int(efd(Ψ)), then
←−
P
Dℓ,Ψ

C is norm-to-norm continuous for any ℓ-convex ℓ-closed
∅ 6= C ⊆ ℓ−1(ℓ(Z) ∩ int(efd(Ψ))).

If ΨF ∈ ΓG(X⋆, ||·||X⋆) is totally convex, efd(Ψ) = X, ∅ 6= C ⊆ Z ∩ ℓ−1(int(efd(Ψ))), and DGΨ(C)
is ℓ-convex and ℓ-closed, then:

(vi) there exists the unique solution of arg infφ∈C {Dℓ,Ψ(ψ, φ)} (denoted by
−→
P
Dℓ,Ψ

C (ψ)), i.e. C is
right Dℓ,Ψ-Chebyshëv;

(vii) ω =
−→
P
Dℓ,Ψ

C (ψ) iff ω is the unique solution of

Dℓ,Ψ(φ, ζ) +Dℓ,Ψ(ζ, ψ) ≤ Dℓ,Ψ(φ,ψ) ∀ψ ∈ C; (29)

(viii) if DGΨ(C) is ℓ-affine, then ≤ in ‘then’ case of (viii) turns to =.

Proof. (i) and (ii)–(iv) (resp., (vi)–(viii)) follow from Propositions 2.3 and 2.5 (resp., 2.6), combined
with bijectivity of ℓ, while (v) follows from bijectivity of ℓ and compositionality of norm-to-norm
continuous maps.

Remark 3.3. For X = R
n, Dℓ,Ψ recovers the setting of Brègman information Dθ,Ψ on an n-

dimensional C1-manifold (hence, in particular, C∞-manifold) M , with the map ℓ : M → R
n (resp.,

DGΨ ◦ ℓ : M → R
n) given by the coordinate system {θi} (resp., {ηi}). More specifically, a domain

M of a dually flat geometry is assumed to be a (suitably differentiable) manifold, covered by two
global maps {θi} and {ηi}, without assuming M ⊆ R

n, cf. [6, 128]. This is not addressed by (2),
and is addressed (up to a weaker assumption on the order of differentiability) by (27).

This way the framework of generalised Brègman information Dℓ,Ψ unifies reflexive Banach space
theoretic and finite dimensional smooth information geometric approaches to Brègman information.
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If ℓ is a norm-to-norm continuous homeomorphism, then the ℓ-closed sets in Z are closed in terms
of topology of ||·||Y . This fragment of a theory provides a fusion of nonlinear convex analysis with
nonlinear homeomorphic theory of Banach spaces. In particular, if ℓ is Lipschitz–Hölder continuous,

then it allows to pull back the conditions on Lipschitz–Hölder continuity of
←−
P
DΨ
K and

−→
P
DΨ
K into

results on Lipschitz–Hölder continuity of
←−
P
Dℓ,Ψ

C and
−→
P
Dℓ,Ψ

C . Generalised pythagorean geometry
(Z, ℓ,Ψ) is a more general object than Dℓ,Ψ, and (as we will show in another paper) allows to
suitably generalise also the affine connections (25).

In this context, our approach arises partially from an observation that the ℓγ (resp., ℓΥ) embed-
dings, cf. Definition 4.1 (resp., 4.5) below, used in [107, Eqn. (2.7)] (resp., [63, §7.2]), are finite
dimensional Mazur (resp., Kaczmarz) maps [100, p. 83] (resp., [78, p. 148]) on (L1(X , µ))

+. Draw-
ing from rethinking of an important example in [76, §6–§8] (see Remark 4.4), an abstract framework
aiming at this unification was proposed in [83, Eqns. (24), (31)]. Definition 3.1 and Proposition
3.2 provide concrete functional analytic implementation of this framework, based on the use of
Euler–Legendre Ψ and totally convex ΨF.

Remark 3.4. The proofs of Propositions 2.7, 2.9, and 2.10 hold, without any additional alteration,

under replacing Ψ in each of these Propositions by Ψα,β := β
α ||·||

1/β
X , with β ∈ ]0, 1[ and α ∈ ]0,∞[.

(Ψα,β has appeared earlier in [75, p. 616].) In such case DGΨα,β(x) =
1
α ||x||

1/β−2
X j(x), and

DΨα,β
(x, y) =

1

α

(
β||x||

1/β
X + (1− β)||y||

1/β
X − ||y||

1/β−2
X [[x, j(y)]]X×X⋆

)
∈ R

+ ∀x, y ∈ X. (30)

Proposition 3.5. If (X, ||·||X) is a strictly convex, Gateaux differentiable, reflexive Banach space,

(Y, ||·||Y ) is a Banach space, ∅ 6= Z ⊆ Y , Ψ = Ψα,β := β
α ||·||

1/β
X , β ∈ ]0, 1[, α ∈ ]0,∞[, ℓ : Z → ℓ(Z) ⊆

X is a bijection, ∅ 6= C ⊆ Z is ℓ-convex and ℓ-closed, then:

(i) int(efd(Ψα,β)) = X;

(ii) Dℓ,Ψα,β
is an information on Z;

(iii) ∀ψ ∈ Z ∃!
←−
P
Dℓ,Ψα,β

C (ψ);

(iv) ∀(φ,ψ) ∈ C × Z

Dℓ,Ψα,β
(φ,
←−
P
Dℓ,Ψα,β

C (ψ)) +Dℓ,Ψα,β
(
←−
P
Dℓ,Ψα,β

C (ψ), ψ) ≤ Dℓ,Ψα,β
(φ,ψ); (31)

(v) if C is ℓ-affine, then ≤ in ‘then’ case of (31) turns into =;

(vi) if (X, ||·||X) is Fréchet differentiable, and has a Radon–Riesz property, and ℓ is norm-to-norm

continuous, then
←−
P
Dℓ,Ψα,β

C is norm-to-norm continuous on Z.

If, furthermore, (X⋆, ||·||X⋆) is locally uniformly convex, ∅ 6= C̃ ⊆ Z, and DGΨα,β(C̃) is ℓ-convex
and ℓ-closed, then:

(vii) ∀ψ ∈ Z ∃!
−→
P
Dℓ,Ψα,β

C̃
(ψ);

(viii) ∀(φ,ψ) ∈ Z × C̃

Dℓ,Ψα,β
(φ,
←−
P
Dℓ,Ψα,β

C̃
(ψ)) +Dℓ,Ψα,β

(
←−
P
Dℓ,Ψα,β

C̃
(ψ), ψ) ≤ Dℓ,Ψα,β

(φ,ψ); (32)

(ix) if DGΨα,β(C̃) is ℓ-affine, then ≤ in ‘then’ case of (32) turns into =.

Proof. (i) follows from the finiteness of the values of Ψα,β; (ii)–(ix) follows from Propositions 2.7,
2.9, and 2.10, combined with Remark 3.4 and Proposition 3.2.
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Remark 3.6. The results in Propositions 4.2, 4.7, 4.15, and 4.18 do not depend explicitly on the
particular form of Ψ = Ψα,β, but only on the fact that its further properties (including the properties

of
←−
PDΨ and

−→
PDΨ) are determined, via Propositions 2.7–2.10, by the norm geometric properties of an

underlying reflexive Banach space. Hence, it is natural to ask about more general class of functions
on reflexive Banach spaces (X, ||·||X), which would allow for a suitable control by means of the
differentiability and convexity properties of norm geometry of (X, ||·||X). This can be achieved by
consideration of a class of functions [11, p. 200]

Ψϕ(x) :=

∫ ||x||X

0
dt ϕ(t), (33)

where ϕ : R+ → R
+ is positive, strictly increasing, continuous, ϕ(0) = 0, and limt→∞ ϕ(t) = ∞

[25, p. 348]. (In particular, Ψα,β = Ψϕα,β
with ϕα,β(t) =

1
αt

1/β−1.) However, since this requires us
to develop suitable generalisations of the convex analytic results contained in Propositions 2.7–2.10,
these resuls will be provided in another paper.

4 Application to nonreflexive base normed spaces

If (Y, ||·||Y ) is partially ordered by ≥, then Y + := {x ∈ Y | x ≥ 0}. All examples below feature
(Y, ||·||Y ) given by some kind of a radially compact base normed space (V, ||·||V ). Such spaces provide
the setting for the (linear) convex operational generalisation of quantum theory (a.k.a. “generalised
probability theory” or “postquantum theory”), with state space given by V +

1 := {φ ∈ V + | ||x||V = 1}.
For the sake of generality, we deal with Z ⊆ V whenever possible. However, the restriction of these
results to Z ⊆ V + or Z ⊆ V +

1 is straightforward.

4.1 Lp spaces and Mazur maps

Definition 4.1. [118, p. 58] For any W∗-algebra N , and γ1, γ2 ∈ ]0,∞[, a noncommutative

Mazur map is defined as

ℓγ1,γ2 : L1/γ1(N ) ∋ x = ux|x| 7→ ux|x|
γ2/γ1 ∈ L1/γ2(N ), (34)

where x = ux|x| is the unique polar decomposition of x, while the functional analytic meaning of the

symbol ‘|x|γ2/γ1 ’ is given in [58, p. 196]. Also, ℓγ2 := ℓ1,γ2.

Proposition 4.2. Let N be a W∗-algebra, γ, β ∈ ]0, 1[, λ, α ∈ ]0,∞[, ∅ 6= C ⊆ N⋆, and let Ψ ∈
ΓG(L1/γ(N ), ||·||1/γ) be strictly convex on efd(Ψ) = L1/γ(N ). Then:

(i) Dλℓγ ,Ψ is an information on N⋆;

(ii) if Ψ is Euler–Legendre and C is λℓγ-convex and closed, then C is left Dλℓγ ,Ψ-Chebyshëv, while
←−
P
Dλℓγ,Ψ

C satisfies

Dλℓγ ,Ψ(φ,
←−
P
Dλℓγ,Ψ

C (ψ)) +Dλℓγ ,Ψ(
←−
P
Dλℓγ,Ψ

C (ψ), ψ) ≤ Dλℓγ ,Ψ(φ,ψ) ∀(φ,ψ) ∈ C ×N⋆, (35)

with ≤ replaced by = if C is λℓγ-affine;

(iii) if ΨF ∈ ΓG(L1/(1−γ)(N ), ||·||1/(1−γ)) is totally convex, DGΨ(C) is λℓγ-convex and closed, then

C is right Dλℓγ ,Ψ-Chebyshëv, while
−→
P
Dλℓγ,Ψ

C satisfies

Dλℓγ ,Ψ(φ,
←−
P
Dλℓγ,Ψ

C (ψ)) +Dλℓγ ,Ψ(
←−
P
Dλℓγ,Ψ

C (ψ), ψ) ≤ Dλℓγ ,Ψ(φ,ψ) ∀(φ,ψ) ∈ N⋆ × C, (36)

with ≤ replaced by = if DGΨ(C) is λℓγ-affine;
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(iv) if Ψ = Ψα,β = β
α ||·||

1/β
1/γ , then:

a) (i)–(iii) hold for Dλℓγ ,Ψ = Dλℓγ ,Ψα,β
;

b)
←−
P
Dλℓγ,Ψα,β

C is norm-to-norm continuous on N⋆;

c) ∀(φ,ψ) ∈ N⋆ ×N⋆

Dλℓγ ,Ψα,β
(φ,ψ) =

λ1/β

α

(
β||φ||

γ/β
1 + (1− β)||ψ||

γ/β
1 − ||ψ||

γ( 1
β
− 1

γ
)

1 re

∫
uφ|φ|

γuψ|ψ|
1−γ

)
∈ R

+.

(37)
where the symbol

∫
is understood in the sense of [58, Eqn. (3.12’)];

Proof.(i)–(iii) ℓγ is a norm-to-norm homeomorphism from (N⋆, ||·||1)
∼= (L1(N ), ||·||1) to (L1/γ(N ), ||·||1/γ)

for any γ ∈ ]0, 1[ [118, Lemm. 3.2]. The rest follows from Proposition 3.2.

(iv) Since int(efd(Ψα,β)) = L1/γ(N ), we have (λℓγ)
−1(int(efd(Ψα,β))) = N⋆. Equation (37) follows

by a direct calculation from the formula (30), using [82, Lemm. 3.1],

L1/γ(N ) ∋ x 7→ j(x) = ||x||
2−1/γ
1/γ ux|x|

1/γ−1 ∈ L1/(1−γ)(N ) (38)

(the latter following from [133, Prop. 24] [71, p. 162]; cf. also [76, Eqn. (11)]), with x = ux|x|.
For any γ ∈ ]0, 1[, (L1/γ(N ), ||·||1/γ) is uniformly convex [99, Lemm. 8.1, 8.2] [57, Thm. 5.3].
Together with the Banach duality [81, Thm. 3.4.3] [71, Thm. 10.(2)] [133, Thm. 32.(2)]

(L1/γ(N ), ||·||1/γ)
⋆ ∼= (L1/(1−γ)(N ), ||·||1/(1−γ)) ∀γ ∈ ]0, 1[, (39)

this implies uniform Fréchet differentiability of (L1/γ(N ), ||·||1/γ) for γ ∈ ]0, 1[. Uniform con-
vexity of a Banach space entails its Radon–Riesz property, local uniform convexity, reflexivity,
and strict convexity, while uniform Fréchet differentiability entails (Fréchet differentiability
and thus) Gateaux differentiability. Hence, Ψα,β is Euler–Legendre on any (L1/γ(N ), ||·||1/γ),

and ΨF

α,β is totally convex on any (L1/γ(N ), ||·||1/γ), by means of Propositions 2.7, 2.10, and
Remark 3.4. The rest follows from Proposition 3.5.(ii)–(ix) and Remark 2.11.

Corollary 4.3. (i) Dλℓγ ,Ψα,β
= Dℓγ ,Ψαλ−1/β,β

.

(ii) For λ = 1, β = γ, α = γ(1 − γ), we obtain Ψγ(1−γ),γ(x) = 1
1−γ ||x||

1/γ
1/γ ∀x ∈ L1/γ(N ), and

∀φ,ψ ∈ N⋆

Dℓγ ,Ψγ(1−γ),γ
(φ,ψ) = D 1

γ
ℓγ ,Ψγ1−1/γ (1−γ),γ

(φ,ψ) (40)

=
||φ||1
1− γ

+
||ψ||1
γ

+
re

∫
uφ|φ|

γuψ|ψ|
1−γ

γ(1− γ)
=: Dγ(φ,ψ). (41)

Proof. Follows from (37) by a direct calculation.

Remark 4.4. Identification of Dγ as Dℓγ ,Ψγ(1−γ),γ
, provided in Corollary 4.3.(ii), is new. Up to re-

formulation in weight-independent terms, provided in [83, Eqn. (41)], the formula (41) was obtained
in [76, §8] (cf. also [111, Eqn. (42)]) as DΨ(

1
γ ℓγ(φ),

1
γ ℓγ(ψ)) with Ψ equal to Ψγ1−1/γ(1−γ),γ (but not

identified there as an example of Ψα,β, although the corresponding DΨ was explicitly identified as a
Brègman functional). Hence, Proposition 4.2.(iii) provides a generalisation of [76, Prop. 8.1.(i)–(ii),
Prop. 8.2.(ii)] to all pairs (ℓγ ,Ψα,β) with any (α, β, γ), not necessarily (γ(1− γ), γ, γ).
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Definition 4.5. Let A be a semifinite JBW-algebra with a Jordan product • and a unit I, let τ be
a faithful normal semifinite trace on A, γ1, γ2 ∈ ]0,∞[. Then we define a nonassociative Mazur

map as
ℓγ1,γ2 : L1/γ1(A, τ) ∋ x = sx • |x| 7→ sx • |x|

γ2/γ1 ∈ L1/γ2(A, τ), (42)

where x = sx • |x| is a polar decomposition with sx ∈ A such that s2x = I. Also, ℓγ2 := ℓ1,γ2 .

Proposition 4.6. Let A be a semifinite JBW-algebra with a unit I, τ a faithful normal semifinite
trace on A, γ1, γ2 ∈ ]0, 1]. Then ℓγ1,γ2 is min{γ2γ1 , 1}-Lipschitz–Hölder continuous on (B(L1/γ1(A, τ), ||·||1/γ1))

+ :=
{x ≥ 0 | x ∈ B(L1/γ1(A, τ), ||·||1/γ1)}. In particular, ℓγ is γ-Lipschitz–Hölder continuous on

(B(A⋆, ||·||1))
+.

Proof. Any faithful normal semifinite trace τ̄ on a semifinite JBW-algebra J can be extended to a
faithful normal semifinite trace τ̃ on an enveloping von Neumann algebra J̃ of J [12, Thm. 2]. The
type of J̃ is the same as the type of J [12, Thm. 8]. Let now J be a JBW-subalgebra of A, generated
by I and x, y ∈ A. Given any formula of inequality involving τ and {x, y, I}, this formula holds if
it is true under replacing J and τ̄ = τ by J̃ and τ̃ , respectively [13, Rem. (p. 94)]. The inequality
formula (9) of t-Lipschitz–Hölder continuity of ℓγ1,γ2 on (B(L1/γ1(A, τ), ||·||1/γ1))

+ is

∃c > 0 ∀x, y ∈ L1/γ1(A, τ)

(
τ

(∣∣∣xγ2/γ1 − yγ2/γ1
∣∣∣
1/γ2

))γ2
≤ c(τ(|x− y|1/γ1))tγ1 . (43)

Since x, y ∈ A, the result follows from the fact that ℓγ1,γ2 is min{γ2γ1 , 1}-Lipschitz–Hölder continuous
on B(L1/γ1(N ), ||·||1/γ1) for any W∗-algebra N [121, Thm. (p. 37)].

Proposition 4.7. Let A be a semifinite JBW-algebra with a Jordan product • and a faithful normal
semifinite trace τ , ∅ 6= C ⊆ A⋆, γ, β ∈ ]0, 1[, λ, α ∈ ]0,∞[. Let Ψ ∈ ΓG(L1/γ(A, τ), ||·||1/γ) be strictly
convex on efd(Ψ) = L1/γ(A, τ). Then:

(i) Dλℓγ ,Ψ is an information on A⋆;

(ii) if Ψ is Euler–Legendre and C is λℓγ-convex and λℓγ-closed, then C is left Dλℓγ ,Ψ-Chebyshëv,

and
←−
P
Dλℓγ,Ψ

C satisfies (35) under replacement of N⋆ by A⋆, and with ≤ replaced by = if C is
λℓγ-affine;

(iii) if ΨF ∈ ΓG(L1/(1−γ)(N ), ||·||1/(1−γ)) is totally convex, and DGΨ(C) is λℓγ-convex and λℓγ-

closed, then C is right Dλℓγ ,Ψ-Chebyshëv, and
−→
P
Dλℓγ,Ψ

C satisfies (36) under replacement of N⋆
by A⋆, and with ≤ replaced by = if DGΨ(C) is λℓγ-affine;

(iv) in particular, if Ψ = Ψα,β = β
α ||·||

1/β
1/γ , then (i)–(iii) hold for Dλℓγ ,Ψ = Dλℓγ ,Ψα,β

= Dℓγ ,Ψαλ−1/β,β
,

where ∀ω, φ ∈ A⋆ Dλℓγ ,Ψα,β
(ω, φ) =

λ1/β

α

(
β(τ(ω))γ/β + (1− β)(τ(φ))γ/β − (τ(φ))γ/β−1τ((sω • |ω|

γ) • (sφ • |φ|
1−γ))

)
∈ R

+; (44)

(v) if ∅ 6= K ⊆ L1/γ(A, τ) is convex and closed, then
←−
P
DΨα,β

K is norm-to-norm continuous on
L1/γ(A, τ);

(vi) if C ⊆ (B(A⋆, ||·||1))
+ is λℓγ-convex and closed, then

←−
P
Dλℓγ,Ψα,β

C is norm-to-norm continuous
on (B(A⋆, ||·||1))

+.

Proof. The Banach space duality [1, Thm. 2.1.10] [73, Thm. V.3.2]

(L1/γ(A, τ), ||·||1/γ)
⋆ ∼= (L1/(1−γ)(A, τ), ||·||1/(1−γ)) ∀γ ∈ ]0, 1[, (45)
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together with the uniform convexity of (L1/γ(A, τ), ||·||1/γ) ∀γ ∈ ]0, 1[ [13, Thm. 2.5] [74, Cor.12,
Cor. 13], imply uniform Fréchet differentiability of (L1/γ(A, τ), ||·||1/γ) ∀γ ∈ ]0, 1[. Given a polar

decomposition x = sx • |x| with sx ∈ A such that s2x = I, the formula ||x||
1−1/γ
1/γ sx • |x|

1/γ−1 [1, p.

51] [73, Lemm. V.3.3.2o] (cf. [13, p. 101] and [74, p. 420]) equals to DF||x||1/γ by [74, Lemm.

14]. Hence, using j(x) = 1
2D

F(||x||2X) = ||x||XD
F||x||X , which is valid for any Fréchet differentiable

(X, ||·||X), we obtain

j(x) = ||x||
2−1/γ
1/γ sx • |x|

1/γ−1. (46)

Furthermore, γ-Lipschitz–Hölder continuity of ℓγ , proved in Proposition 4.6, implies (uniform con-
tinuity, hence also) norm-to-norm continuity of ℓγ on (B(A⋆, ||·||1))

+. The rest of the proof follows
from Propositions 3.2 and 3.5.(ii)–(ix) in the same way as in the Proposition 4.2 and Corollary
4.3.(i).

Remark 4.8. Any JBW-algebra (hence, also a self-adjoint part of any W∗-algebra) is a special case
of an archimedean order unit space (A, ||·||A) with a distinguished order unit e, which is Banach
dual to the radially compact base normed space (V, ||·||V )

∼= (A⋆, ||·||A⋆
). Hence, it is natural to

ask whether the above results can be extended to radially compact base normed spaces. If these
spaces satisfy an additional spectral duality condition [4, Def. (p. 55)], then they admit spectral
theory and functional calculus [4, §7–§8]. The notion of a finite trace τAS on such (A, ||·||A) has been
introduced in [4, Def. (p. 107)], and was extended beyond finite case in [134, Def. 2.2]. Construction

of a corresponding norm ||·||1/γ := (τAS(|·|
1/γ))γ on A1/γ,τAS

:= {x ∈ A | x ≥ 0, (τAS(x))
γ < ∞},

implying the construction of Banach spaces (L1/γ(A, τAS) := A1/γ,τAS

||·||1/γ , ||·||1/γ) with γ ∈ ]0, 1[,
was provided in [134, Cor. 3.12]. However, (L1(A, τAS), ||·||1)

∼= (A⋆, ||·||A⋆
) iff A is a JBW-algebra

with e = I [20, Thm. 6]. An alternative notion of a trace on A, τB, has been proposed in [19,
Def. 1], together with a corresponding norm ||·||1 on (A, e) [19, Thm. 1], and with a proof that
(L1(A, τB), ||·||1)

∼= (A⋆, ||·||A⋆
) for any order unit A in spectral duality [19, Thm. 2]. Hence, in

order to use the Mazur map ℓγ : V + ∋ x 7→ xγ ∈ (L1/γ(A, τB), ||·||1/γ)
+, γ ∈ ]0, 1[, to establish a

generalisation of our results for (V, ||·||V ) in spectral duality, the following statements have to be
proved: (i) ||·||1/γ determined by a faithful τB is a norm on A1/γ,τB ; (ii) (L1/γ(A, τB), ||·||1/γ) are
reflexive, Gateaux differentiable, and strictly convex (cf. Proposition 2.7); (iii) they are also Fréchet
differentiable and have the Radon–Riesz property (cf. Proposition 2.9); (iv) they are also locally
uniformly convex (cf. Proposition 2.10); (v) ℓγ is norm-to-norm continuous (cf. Proposition 3.2.(v)).
Below we make a first step in this direction, proving (i), which allows us to establish the suitable
definitions of (L1/γ(A, τB), ||·||1/γ) and of the corresponding Mazur map.

Proposition 4.9. Let (A, ||·||A) be an archimedean order unit space, which is in spectral duality with
a radially compact base normed space (V, ||·||V )

∼= (A⋆, ||·||A⋆
). Let τ : A+ → R

+ be a finite (resp.,
finite and faithful) Berdikulov trace, as defined by [19, Def. 1]. If γ ∈ ]0,∞], then the function

x 7→ ||x||1/γ := (τ(|x|1/γ))γ is a seminorm (resp., norm) on A1/γ := {x ∈ A | ||x||1/γ <∞}.

Proof. Follows from [134, Cor. 3.12], combined with the fact that a finite Berdikulov trace is a finite
Alfsen–Shultz trace [19, Lemm. 1].

Definition 4.10. Let (A, ||·||A) be an archimedean order unit space, which is in spectral duality with
a radially compact base normed space (V, ||·||V )

∼= (A⋆, ||·||A⋆
). Let τ be a finite faithful Berdikulov

trace. Let γ, γ1, γ2 ∈ ]0, 1]. Then:

(i) the L1/γ(A, τ) space is defined as a completion of A1/γ in the norm ||·||1/γ . Furthermore,
(L∞(A, τ), ||·||∞) := (A, ||·||A);

(ii) (a positive part of) the postquantum Mazur map is defined as

(L1/γ1(A, τ))
+ ∋ φ 7→ φγ2/γ1 ∈ (L1/γ2(A, τ))

+. (47)
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4.2 Orlicz spaces and Kaczmarz maps

Remark 4.11. In what follows, we will say that a W∗-algebra is of type I s.f.
∞ iff it is a separable

factor of type I∞.

Definition 4.12. Let N be a semifinite W∗-algebra, let τ be a faithful normal semifinite trace on
N . Let M (N , τ) denote the space of all τ -measurable operators affiliated with N [108, §2] [140, p.
91]. Then:

(i) if Υ : R → R
+ is even, convex, and Υ(u) = 0 ⇐⇒ u = 0, then it will be called an Orlicz

function (cf. [112, p. 208]);

(ii) a Young–Birnbaum–Orlicz dual of an Orlicz function Υ is defined as [141, p. 226] [22,
Eqn. (5)] (cf. [97, Eqn. (1)])

R ∋ y 7→ ΥY(y) := sup{x|y| −Υ(x) | x ≥ 0} ∈ [0,∞]; (48)

we will also denote, for any Orlicz function Υ:

Υ′
+ := a right derivative of Υ, (49)

̟Υ(λ) := sup{t > 0 | ΥY(Υ′
+(t)) ≤ λ}, (50)

Υ ∈ N : ⇐⇒ lim
u→+0

Υ(u)

u
= 0 and lim

u→∞

Υ(u)

u
=∞ [22, Def. I.§1.5], (51)

Υ ∈ △0
2 : ⇐⇒ lim

u→+0

Υ(2u)

Υ(u)
<∞ [22, Eqn. (△2)], (52)

Υ ∈ △∞
2 : ⇐⇒ lim sup

u→∞

Υ(2u)

Υ(u)
<∞ [22, p. 36], (53)

Υ ∈ △2 : ⇐⇒ sup
u>0

Υ(2u)

Υ(u)
<∞ [27, p. 494] ⇐⇒ Υ ∈ △0

2 ∩△
∞
2 , (54)

Υ ∈ SC(I) : ⇐⇒ Υ is strictly convex on an interval I ⊆ R, (55)

Υ ∈ C1(I) : ⇐⇒ Υ is continuously differentiable on an interval I ⊆ R. (56)

(iii) [117, §2] [106, p. 6] (=[105, Def. 2.3.19, p. 111]) [131, p. 91] [89, p. 126] (cf. also [90, Prop.
2.2]) a noncommutative Orlicz space is defined as

LΥ(N , τ) := {x ∈M (N , τ) | ∃λ > 0 τ(Υ(λx)) <∞}; (57)

a noncommutative Morse–Transue–Nakano–Luxemburg norm on LΥ(N , τ) is defined
as

||x||Υ := inf{λ ≥ 0 | τ(Υ(x/λ)) ≤ 1}; (58)

a noncommutative Orlicz norm on LΥ(N , τ) is defined as

||x||OΥ := sup{τ(|xy|) | y ∈M (N , τ), τ(ΥY(|y|) ≤ 1}; (59)

(iv) if Υ1 and Υ2 are Orlicz functions, then we define a noncommutative Kaczmarz map as

ℓΥ1,Υ2 : LΥ1(N , τ) ∋ x = ux|x| 7→ ux(Υ
−1
2 ◦Υ1)(|x|) ∈ LΥ2(N , τ), (60)

where x = ux|x| is the unique polar decomposition of x;

(v) if N is either of type I s.f.
∞ , or type II1, or type II∞, then

t̃ype(N ) :=





I s.f.
∞ : N is noncommutative of type I s.f.

∞ , or N = L∞(X , µ) with purely atomic and infinite (X , µ)
II1 : N is noncommutative of type II1, or N = L∞(X , µ) with nonatomic and finite (X , µ)
II∞ : N is noncommutative of type II∞, or N = L∞(X , µ) with nonatomic and infinite (X , µ).
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Proposition 4.13. Let N be a W∗-algebra either of type I s.f.
∞ , or type II1, or type II∞, let τ be

a faithful normal semifinite trace on N . Let Υ be an Orlicz function such that ΥY is an Orlicz
function, and Υ ∈ △0

2 (resp., △∞
2 ; △2) if N is of type I s.f.

∞ (resp., II1; II∞). Then

(LΥ(N , τ), ||·||Υ)
⋆ ∼= (LΥY(N , τ), ||·||OΥY). (61)

Proof. The proof is based on mutual relationship of commutative [125, p. 1292] [86, II.§4.1] and
noncommutative [114, 3o] [103, p. 10] rearrangement invariant spaces, denoted (E(X , µ), ||·||E(X ,µ))

and (E(N , τ), ||·||E(N ,τ)), respectively, with t̃ype(N ) = t̃ype(L∞(X , µ)), E(N , τ) := {x ∈M (N , τ) |
xτ ∈ E(X , µ)}, and ||·||E(N ,τ) := ||(·)

τ ||E(X ,µ), where xτ denotes a rearrangement of x ∈ E(N , τ) [65,
§4] [113, p. 79] [140, Def. 2.2]. If (E(X , µ), ||·||E(X ,µ)) is order continuous, then it is strongly sym-
metric [86, Cor. (p. 142)]. If (E(X , µ), ||·||E(X ,µ)) is strongly symmetric, then (E(N , τ), ||·||E(N ,τ))
is strongly symmetric [49, Thm. 51] (=[50, Thm. 6.1.2, Prop. 6.8.13.(i)]). If (E(N , τ), ||·||E(N ,τ))

is strongly symmetric and N is of type I s.f.
∞ , II1, or II∞, then its noncommutative Köthe dual

((E(N , τ))×, ||·||×E(N ,τ)) [49, p. 227] satisfies ((E(N , τ))×, ||·||×E(N ,τ)) = ((E(N , τ))⋆, ||·||⋆E(N ,τ)) [49,

Thm. 27]. For any Orlicz Υ, if Υ ∈ △0
2 (resp., △∞

2 ; △2) for t̃ype(L∞(X , µ)) = I s.f.
∞ (resp.,

II1; II∞), then (LΥ(X , µ), ||·||Υ) is order continuous [96, Thm. 2.3.6] and (LΥ(X , µ), ||·||Υ)
⋆ ∼=

(LΥY(X , µ), ||·||OΥY ) [53, Cor. 2.2.10, Thm. 2.2.11, Thm. 2.1.17]. Hence, (LΥ(N , τ), ||·||Υ)
⋆ ∼=

(LΥY(N , τ), ||·||×Υ = ||(·)τ ||OΥY). From ||x||Υ ≤ 1 ⇐⇒ τ(Υ(|x|)) ≤ 1 ∀x ∈ LΥ(N , τ) [64, Lemm. 5.40]

and a definition of ||·||×E(N ,τ) [49, p. 227] it follows that ||·||OΥY = ||·||×Υ.

Proposition 4.14. Let N be a W∗-algebra either of type I s.f.
∞ , or type II1, or type II∞, let τ be

a faithful normal semifinite trace on N , let (X , µ) be a countably finite measure space such that
t̃ype(L∞(X , µ)) = t̃ype(N ). Let Υ : R→ R

+ be an Orlicz function. Then:

(i) equivalent are:

1) (LΥ(N , τ), ||·||Υ) is strictly convex;

2) (LΥ(X , µ), ||·||Υ) is strictly convex;

3)





Υ ∈ △0
2 ∩ SC([0,Υ−1(12 )]) : t̃ype(N ) = I s.f.

∞

Υ ∈ △∞
2 ∩ SC(R) : t̃ype(N ) = II1

Υ ∈ △2 ∩ SC(R) : t̃ype(N ) = II∞;

(ii) if ΥY ∈ △∞
2 (resp., △2) for t̃ype(N ) = II1 (resp., II∞), then equivalent are:

1) (LΥ(N , τ), ||·||Υ) is Gateaux differentiable;

2) (LΥ(X , µ), ||·||Υ) is Gateaux differentiable;

3)





Υ ∈ △0
2 ∩C1([0,Υ−1(1)[) : t̃ype(N ) = I s.f.

∞

Υ ∈ △∞
2 ∩ C1(R) : t̃ype(N ) = II1

Υ ∈ △2 ∩C1(R) : t̃ype(N ) = II∞;

(iii) equivalent are:

1) (LΥ(N , τ), ||·||Υ) has Radon–Riesz property;

2) (LΥ(X , µ), ||·||Υ) has Radon–Riesz property;

3)





Υ ∈ △0
2 : t̃ype(N ) = I s.f.

∞

Υ ∈ △∞
2 ∩ SC(R) : t̃ype(N ) = II1

Υ ∈ △2 ∩ SC(R) : t̃ype(N ) = II∞;

(iv) if Υ ∈ N for t̃ype(N ) = II, then equivalent are:

1) (LΥ(N , τ), ||·||
O
Υ) is locally uniformly convex;
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2) (LΥ(X , µ), ||·||
O
Υ) is locally uniformly convex;

3)





Υ ∈ △0
2 ∩ SC([0,̟(1)]), ΥY ∈ △0

2, ∃u > 0 ΥY(Υ′
+(u)) ≥

1
2 : t̃ype(N ) = I s.f.

∞

Υ ∈ △∞
2 ∩ SC(R), ΥY ∈ △∞

2 : t̃ype(N ) = II1
Υ ∈ △2 ∩ SC(R), ΥY ∈ △2 : t̃ype(N ) = II∞;

(v) if t̃ype(N ) = II then equivalent are:

1) (LΥ(N , τ), ||·||Υ) is reflexive;

2) (LΥ(X , µ), ||·||Υ) is reflexive;

3)

{
Υ,ΥY ∈ △∞

2 : t̃ype(N ) = II1
Υ,ΥY ∈ △2 : t̃ype(N ) = II∞;

(vi) if t̃ype(N ) = I s.f.
∞ then: Υ,ΥY ∈ △0

2 ⇐⇒ (v).2) ⇒ (v).1).

Proof. In what follows, we restrict the mutual characterisations of norm geometric properties of
corresponding commutative and noncommutative rearrangement invariant Banach spaces (denoted,
respectively, (E(X , µ), ||·||E(X ,µ)) and (E(N , τ), ||·||E(N ,τ))) to the case of noncommutative Orlicz
spaces, and combine them with the corresponding characterisations of norm geometric properties of
commutative Orlicz spaces by means of the properties of Orlicz function.

(i) 3) ⇐⇒ 2) is proved in: [79, Rem. 2] for t̃ype(N ) = I s.f.
∞ ; [136, Cor. 5] for t̃ype(N ) = II1;

[60, Thm. 1.7] for t̃ype(N ) = II∞. 1) ⇐⇒ 2) follows as a special case of: [9, Cor. 2.5.(i)] for
(E(N , τ), ||·||E(N ,τ)) with t̃ype(N ) = I s.f.

∞ ; [36, Thm. 1.1] [44, Cor. 5.6] for (E(N , τ), ||·||E(N ,τ))

with t̃ype(N ) ∈ {II1, II∞}.

(ii) 3) ⇐⇒ 2) is proved in: [67, Thm. 13] for t̃ype(N ) = I s.f.
∞ ; [67, Thm. 11] for t̃ype(N ) ∈

{II1, II∞}. 1) ⇐⇒ 2) follows as a special case of: [9, Cor. 2.5.(ii)] for (E(N , τ), ||·||E(N ,τ))

with t̃ype(N ) = I s.f.
∞ ; [45, Cor. 2.13] for (E(N , τ), ||·||E(N ,τ)) with t̃ype(N ) ∈ {II1, II∞}. Both

[9, Cor. 2.5.(ii)] and [45, Cor. 2.13] require order continuity of (E(X , µ), ||·||E(X ,µ)). For

(LΥ(X , µ), ||·||Υ) this is imposed by Υ ∈ △0
2 (resp., △∞

2 ; △2) for t̃ype(N ) = I s.f.
∞ (resp., II1;

II∞). [45, Cor. 2.13] requires also limt→∞ xµ(t) = 0 ∀x ∈ (E(X , µ))×, which is satisfied if
((E(X , µ))×, ||·||(E(X ,µ))×) is order continuous (cf., e.g., [52, p. 730]).

(iii) 3) ⇐⇒ 2) is proved in: [72, Thm. 2.8] for t̃ype(N ) = I s.f.
∞ ; [138, Thm. (p. 341)] for t̃ype(N ) ∈

{II1, II∞}. 1) ⇐⇒ 2) follows as a special case of: [8, Thm. I] for (E(N , τ), ||·||E(N ,τ))

with t̃ype(N ) = I s.f.
∞ ; [35, Thm. 2.7] (cf. [44, Thm. 16.4]) for (E(N , τ), ||·||E(N ,τ)) with

t̃ype(N ) ∈ {II1, II∞}.

(iv) 3) ⇐⇒ 2) is proved in: [43, Cor. 2.18] for t̃ype(N ) = I s.f.
∞ ; [32, Thm. 1] for t̃ype(N ) = II1;

[109, Thm. 3.5] for t̃ype(N ) = II∞. 1) ⇐⇒ 2) follows as a special case of: [37, Thm. 2.2]
(cf. [87, Rem. 3]) for (E(N , τ), ||·||E(N ,τ)) with t̃ype(N ) = I s.f.

∞ ; [37, Cor. 2.1]+[87, Thm. 2]

(cf. [37, Thm. 2.1]) with t̃ype(N ) ∈ {II1, II∞}.

(v)–(vi) Equivalence of (v).2) with the corresponding conditions on Υ and ΥY is proved in [96, Thm.
5] for t̃ype(N ) ∈ {I s.f.

∞ , II1, II∞}. If t̃ype(N ) = II1 (resp., II∞), then (v).1) ⇐⇒ (v).2) follows
as a special case of [130, Thm. 1.3.6] (resp., [51, Thm. 4.8]). Otherwise, (v).1) ⇒ (v).2)
follows as a special case of: [9, p. 153] (cf. also [50, Prop. 6.8.15]) for (E(N , τ), ||·||E(N ,τ))

with t̃ype(N ) = I s.f.
∞ ; [49, Thm. 54.(v)] (cf. [52, Cor. 5.16]) for (E(N , τ), ||·||E(N ,τ)) with

t̃ype(N ) = II∞. [51, Thm. 4.8] requires (E(X , µ), ||·||E(X ,µ)) to be strongly symmetric. This
is implied by the order continuity of (E(X , µ), ||·||E(X ,µ)) [86, Cor. (p. 142)]. The latter is

implied for (LΥ(X , µ), ||·||Υ) for t̃ype(N ) = II∞ by Υ ∈ △2 due to [96, Thm. 2.3.6].
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Proposition 4.15. Let Υ be an Orlicz function, let N be a W∗-algebra, either of type I s.f.
∞ , or of type

II1, or of type II∞, and let Υ,ΥY ∈ △0
2 (resp., △∞

2 ; △2) if N is of type I s.f.
∞ (resp., II1; II∞). Let

τ be a faithful normal semifinite trace on N . Let β ∈ ]0, 1[, α ∈ ]0,∞[. Let Ψ ∈ ΓG(LΥ(N , τ), ||·||Υ)
be strictly convex on efd(Ψ) = LΥ(N , τ). Then:

(i) DℓΥ,Ψ is an information on N⋆;

(ii) if Ψ is Euler–Legendre, and ∅ 6= C ⊆ N⋆ is ℓΥ-convex and ℓΥ-closed, then C is left DℓΥ,Ψ-

Chebyshëv, while
←−
P
DℓΥ,Ψ

C satisfies

DℓΥ,Ψ(φ,
←−
P
DℓΥ,Ψ

C (ψ)) +DℓΥ,Ψ(
←−
P
DℓΥ,Ψ

C (ψ), ψ) ≤ DℓΥ,Ψ(φ,ψ) ∀(φ,ψ) ∈ C ×N⋆, (62)

with ≤ replaced by = if C is ℓΥ-affine;

(iii) if ΥY is an Orlicz function, ΨF ∈ ΓG(LΥY (N , τ), ||·||OΥY) is totally convex, ∅ 6= C ⊆ N⋆, and

DGΨ(C) is ℓΥ-convex and ℓΥ-closed, then C is right DℓΥ,Ψ-Chebyshëv, while
−→
P
DℓΥ

,Ψ

C satisfies

DℓΥ,Ψ(φ,
−→
P
DℓΥ,Ψ

C (φ)) +DℓΥ,Ψ(
−→
P
DℓΥ,Ψ

C (φ), ψ) ≤ DℓΥ,Ψ(φ,ψ) ∀(φ,ψ) ∈ N⋆ × C, (63)

with ≤ replaced by = if DGΨ(C) is ℓΥ-affine;

(iv) if Ψ = Ψα,β = β
α ||·||

1/β
Υ , then:

a) the conditions of (i) are satisfied;

b) if 



Υ ∈ SC([0,Υ−1(12 )]) ∩ C1([0,Υ−1(1)]) : t̃ype(N ) = I s.f.
∞

Υ ∈ SC(R) ∩C1(R) : t̃ype(N ) = II1
Υ ∈ SC(R) ∩C1(R) : t̃ype(N ) = II∞,

(64)

then the conditions of (ii) are satisfied;

c) if (64) holds, and, additionally, ΥY is an Orlicz function such that

{
ΥY ∈ SC([0,̟ΥY (1)]), ∃u > 0 Υ((ΥY)′+) ≥

1
2 : t̃ype(N ) = I s.f.

∞

ΥY ∈ N : t̃ype(N ) = II,
(65)

then the conditions of (iii) are satisfied;

(v) if Ψ and Υ are as in (iv).c), and ∅ 6= K ⊆ LΥ(N , τ) is convex and closed, then
←−
P
DΨ
K is

norm-to-norm continuous on LΥ(N , τ).

Proof. (i)–(iii) follow from Propositions 3.2 and 4.14. (vi) and (v) follow from Propositions 3.5
and 2.9, combined with Proposition 4.14, and the fact [7, Thm. 3.9] that, if (X, ||·||X) is reflexive,
then (X, ||·||X) is Fréchet differentiable iff ((X⋆, ||·||X⋆) is strictly convex and has the Radon–Riesz
property), and with the fact that local uniform convexity implies both the Radon–Riesz property
[137, Prop. (p. 352)] and strict convexity. In order to identify the conditions (64) as sufficient for
the (iii) case, we use Proposition 4.13.

Proposition 4.16. Let Υ be an Orlicz function such that Υ(1) = 1, limu→+0
Υ(u)
u = 0, limu→∞

Υ(u)
u =

∞, and there exist t, s ∈ R
+ such that t < s, u 7→ Υ−1(u)

ut is nondecreasing, and u 7→ Υ−1(u)
us is non-

increasing. Let (X , µ) be a measure space, such that one of the following conditions holds:

a) (X , µ) is purely atomic, µ(X ) =∞, Υ ∈ △0
2∩SC([0,Υ

−1(12 )])∩C
1([0,Υ−1(1)]), lim infu→0

Υ(2u)
Υ(u) >

2;
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b) (X , µ) is atomless, µ(X ) <∞, Υ ∈ △∞
2 ∩ SC(R) ∩ C1(R), lim infu→∞

Υ(2u)
Υ(u) > 2;

c) (X , µ) is atomless, µ(X ) =∞, Υ ∈ △2∩SC(R)∩C
1(R), lim infu→0

Υ(2u)
Υ(u) > 2, lim infu→∞

Υ(2u)
Υ(u) >

2.

Let Ψ = Ψβ,β = ||·||
1/β
Υ : LΥ(X , µ) → R

+, β ∈ ]0, 1[. Let ∅ 6= C ⊆ B(L1(X , µ), ||·||1) be ℓΥ-convex
and closed. Then:

(i)
←−
P
DℓΥ,Ψβ,β

C satisfies (62), and is norm-to-norm continuous on B(L1(X , µ), ||·||1) and on S(L1(X , µ), ||·||1);

(ii) DℓΥ,Ψϕβ,β
: (L1(X , µ))

+ × (L1(X , µ))
+ → R

+ reads ∀ω, φ ∈ (L1(X , µ))
+

DℓΥ,Ψϕβ,β
(ω, φ) =

∣∣∣∣Υ−1(ω)
∣∣∣∣1/β
Υ

+
1− β

β

∣∣∣∣Υ−1(φ)
∣∣∣∣1/β
Υ
−
1

β

∣∣∣∣Υ−1(φ)
∣∣∣∣1/β−1

Υ

∫
µΥ−1(ω)Υ′

(
Υ−1(φ)

||Υ−1(φ)||Υ

)

∫
µΥ−1(φ)Υ′

(
Υ−1(φ)

||Υ−1(φ)||Υ

) ,

(66)

where Υ′(t) := dΥ(t)
dt > 0 ∀t > 0;

(iii) in particular, for Ῡ(ω, φ) :=
∫
µΥ−1(ω)Υ′(Υ−1(φ)),

DℓΥ,Ψϕβ,β
(ω, φ) =

1

β

(
1−

Ῡ(ω, φ)

Ῡ(φ, φ)

)
∀ω, φ ∈ (S(L1(X , µ)), ||·||1)

+. (67)

Proof. (i) Let Υ : R → R
+ be even, strictly convex, continuously differentiable, with Υ(u) = 0

iff u = 0, limu→+0
Υ(u)
u = 0, limu→∞

Υ(u)
u = ∞. Then ΥY ∈ △∞

2 (resp., ΥY ∈ △0
2) iff

lim infu→∞
Υ(2u)
Υ(u) > 2 (resp., lim infu→0

Υ(2u)
Υ(u) > 2) [94, Eqn. (5)] [85, Thm. 4.2]. Under

additional conditions of Υ(1) = 1, and existence of t, s ∈ R
+, such that t < s, u 7→ Υ−1(u)

ut

is nondecreasing, and u 7→ Υ−1(u)
us is nonincreasing, the uniform homeomorphy of Kaczmarz

map between unit balls (resp., unit spheres) of (L1(X , µ), ||·||1) and (LΥ(X , µ), ||·||Υ) has been
proved in [48, Thm. 2.4] (resp., [48, Cor. 2.5]) (= [47, Thm 4.5] (resp., [47, Cor. 4.6])). The
rest follows by a conjunction of Propositions 3.5.(vi), 4.14, and 4.15.

(ii) By [67, Lemm. 2] (cf. also [85, Eqn. (18.29)], [95, §3], [116, Eqn. (10)]), if ||·||Υ is Gateaux
differentiable, then

DG||x||Υ =
Υ′

(
x

||x||Υ

)

∫
µ x
||x||Υ

Υ′
(

x
||x||Υ

) ∀x ∈ LΥ(X , µ) \ {0}. (68)

(iii) Follows from (66) by a direct calculation.

Remark 4.17. Propositions 4.14 and 4.15 avoid consideration of the noncommutative Orlicz spaces
over type In W∗-algebras with finite n. This is due to a priori different behaviour of Orlicz spaces
over finite atomic measure spaces, as compared with Orlicz spaces over infinite atomic measure
spaces, combined with the deficit of results characterising the linear norm-geometric properties of
the finite atomic case (with a notable exception of [72, Thm. 2.2, Thm. 2.3]). Cf. also [66, Thm.
3].
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4.3 Generalised spin factors

Proposition 4.18. Let (V, ||·||V ) be a generalised spin factor [21, Def. 4], i.e. V = X ⊕ R, where
(X, ||·||X) is a reflexive Banach space, and

∀φ = (x, λ) ∈ V

{
φ ≥ 0 :⇐⇒ λ ≥ ||x||X
||φ||V := max{|λ|, ||x||X}.

(69)

Let β ∈ ]0, 1[, α ∈ ]0,∞[, V +
1 := {x ∈ V + | ||·||V = 1}, and define

ℓ/R : V +
1 ∋ φ =: (x, 1) 7→ x ∈ B(X, ||·||X). (70)

Then:

(i) (V, ||·||V ) satisfies spectral duality condition of [4, Def. (p. 55)] iff Ψα,β : X → R
+ is Euler–

Legendre with respect to ||·||X ;

(ii) Dℓ/R,Ψα,β
: V +

1 × V
+
1 → R

+ is an information on V +
1 ;

(iii) if ∅ 6= C ⊆ V +
1 is ℓ/R-convex ℓ/R-closed, then C is left Dℓ/R,Ψα,β

-Chebyshëv, and Dℓ/R,Ψα,β

satisfies

Dℓ/R,Ψα,β
(φ,
←−
P
Dℓ/R,Ψα,β

C (ψ))+Dℓ/R,Ψα,β
(
←−
P
Dℓ/R,Ψα,β

C (ψ), ψ) ≤ Dℓ/R,Ψα,β
(φ,ψ) ∀(φ,ψ) ∈ C×V +

1 , (71)

with ≤ replaced by = if C is ℓ/R-affine.

Proof. According to [21, Thm. 1] (recently independently rediscovered in [77, Thm. 6.6]), a gen-
eralised spin factor (V = X ⊕ R, ||·||V ) satisfies spectral duality condition iff (X, ||·||X) is Gateaux
differentiable and strictly convex. Combining this with Proposition 2.7 and Remark 3.4 gives (i).
The rest then follows from Proposition 3.5.
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(Engl. rev. transl.: 1982, Interpolation of linear operators, Transl. Math. Monogr. 54, American
Mathematical Society, Providence). ↑ 14, 15.

[87] Krygin A.V., Sukochev F.A., Chilin V.I., 1991, Ravnomernaya vypuklost’ i lokal’naya ravnomernaya
vypuklost’ simmetrichnykh prostranstv izmerimykh operatorov, Dokl. Akad. nauk SSSR 318, 555–558.
mathnet.ru:dan6127 (Engl. transl.: 1991, Uniform convexity and local uniform convexity of symmetric
spaces of measurable operators, Soviet Math. Dokl. 43, 445–448). ↑ 15.

[88] Kullback S., 1959, Information theory and statistics, Wiley, New York (2nd rev. ed.: 1968, Dover,
New York). ↑ 1, 5.

[89] Kunze W., 1990, Noncommutative Orlicz spaces and generalized Arens algebras, Math. Nachr. 147,
123–138. ↑ 13.

[90] Labuschagne L.E., Majewski W.A., 2011, Maps on noncommutative Orlicz spaces, Illinois J. Math.
55, 1053–1081. arXiv:0902.3078. ↑ 13.

[91] Lauritzen S.L., 1987, Statistical manifolds, in: Amari S. (甘利俊一), Barndorff-Nielsen O.E., Kass
R.E., Lauritzen S.L., Rao C.R., Differential geometry in statistical inference, Institute of
Mathematical Statistics, Hayward, pp. 163–216. ↑ 6.

[92] Legendre A.-M., 1787, Mémoire sur l’intégration de quelques équations aux différences partielles,
Mém. Académ. Royale Sci. 1787, 309–351. thibaut.horel.org/convex/legendre-1787.pdf. ↑ 4.

[93] Lovaglia A.R., 1955, Locally uniformly convex Banach spaces, Trans. Amer. Math. Soc. 78, 225–238.
↑ 3.
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www.fuw.edu.pl/∼kostecki/scans/ning2010.pdf. ↑ 15.

[110] Norden A.P., 1937, Über Paare konjugierter Parallerübertragungen, Trudy semin. vekt. tenzorn. anal.
4, 205–255. www.fuw.edu.pl/∼kostecki/scans/norden1937.pdf. ↑ 6.

[111] Ojima I. (小嶋泉), 2004, Temperature as order parameter of broken scale invariance, Publ. Res. Inst.
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