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. Ce dernier theoreme peut encore etre , , d 1 . , s1 la transformation {1) est une tra f 
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ce e a_ mamere suivante: 

!'espace, le systeme (1) peut etre 
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rapport a x, Y, z pour toutes les valeurs �� u, v��-
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MATHEMATICS

ON SOME CRITERIA FOR THE REGULARITY OF SPACES 
OF THE TYPE (B) 

By D. MILMAN 

(Communicated by S. N. Bern$tei'n, Member of the Academy, 31. V. 1938) 

I. In the present note we accept 'the terminology and the denotations
uscd by Banach in his well-known book (1). 

We sha:11 moreover introduce the following defini"tions: 
The space E of the type (B) is called a negular space, if for every

x EE there exists an XE E such that 
f (x) =X(/) for all /EE. 

A set of elements Wł is called transf'initely closed, if for every
transfinite bounded sequence x1 , x2, • • •  , x

71
, ••• ('t) < łt) there exists at least 

one element x0 (called the transfinite limit of the given sequence) such 
that 

lim f (x
71
) < f (x0) < lim f (x

71
) for all f EE. 

71<,'J, 71<,'J, 

A. Plessner has given the following criterion for the regularity of 
the space (�): 

A) In order that a space * should be regular, it is necessary and 
sufficient that its unite sp�ere llxll ,s;;; 1 shoultl be 'transfinitely closed. 

On the other hand, V. Smulian has kindly informed me thalt the 
following proposition is true: 

B) In order that a convex, closed set K shoultl be transfinitely closed,
it is necessary and sufficient tJhat for every sequence of convex, closed
and non-ernp:t,y sets 

Kl
=> K2 => ... =>K

r,
=> .. , ('I) < ł>) 

of which each but the ffrst is contained in the preceding. one, there
should exist an element x0 belonging to all K71 ('t) < 8). 

We give briefly the proof of this proposition. 
Let x1, x2, • • •  x

71
, ••• ('t) < łt) be a transfinite bounded sequence of ele­

ments and let K71 denote the smalles\t convex, closed set containing 
Xr, , x

71
+i, ... xe, ... (Ę < łt). It is easily seen 'that 

lim f (x
71
) = sup inf f (x); lim f (x

71
) . inf sup f (x). 

71<3 . 71<,'J, xeK
71

. 71<,'J, 71<,'J, XfK
71 

* We consider here and in what follows only spaces of the type (�).






