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> 1. Introduction

1 Introduction

1.1 Ancient Greek approach

Ancient Greek mathematics was deeply influenced by Pythagorean description of quantity ex-
clusively in terms of geometry, considering quantities as defined by the proportions of lengths,
areas and volumes between certain geometrical constructions. However, it soon became clear
that there are also such geometrical objects which are nonquantitative in this sense — the diag-
onals of several squares appeared to have irrational lengths. The problem of difference between
continuity of qualitative changes and discreteness of quantity has shown up for the first time.
Probably the most important attempt of presocratic philosophy to solve this problem was the
atomistic philosophy of Abderian school of Leucippus and Democritus. In some relation to the
Pythagorean notion of monad, they have developed the theory of atoms, the infinitesimally small
objects which were in neverending motion, forming the geometrical (as well as physical) struc-
tures and their properties. This theory intended to provide some kind of infinitary arithmetical
method (of countable but infinitesimal atoms) in order to describe continuity and movement in
quantitative terms. However, the theory of infinitesimals was shown to be logically inconsistent
by the famous paradoxes of Zeno. These paradoxes have deeply influenced the postsocratic
philosophy of ancient Greece (Zeno and Socrates have lived at approximately the same time),
leading to elimination of the actual change (dynamics) from the Aristotelian physics and to
consideration of only finite proportions between geometrical figures (as well as finite procedures
of construction) in the mathematics of Eudoxos and Euclid. Aristotle denied infinitesimals, and
denied also the possibility that numbers can compose into continuum, because they are divisible
[Aristotle:Metaph|. He has argued that a line cannot consist of points and a time cannot consist
of moments, because a line is continuous, while a point is indivisible, and continuous is this,
what is divisible on parts which are infinitely divisible.! This has lead him to the denial of the
idea of actual velocity (that is, the velocity in a given point): nothing can be in the movement
in the present moment (...) and nothing can be in the rest in the present moment and to regard-
ing the idea of actual infinity as non-empirical and logically inconsistent [Aristotle:Physics|.
Hence, the only possible kind of the change and appearance of the infinity was the potential one
(note that the word potentiality is a latin translation of the Greek word dynamis). In effect, the
physical change and movement is described by Aristotle as a result of transition from potential
dynamis to actual entelechia (that is, from continuous potentiality to the discrete act). The
measurable properties are considered by Aristotle to be always the actual ones, and that is why
the measurable part of his physics refers only to static properties. Nevertheless, from the Aris-
totelian point of view any real object (ousia) consists from both: potential dynamical matter
(hyle) and actual static form (morphe).

The Aristotelian description of dynamics is only qualitative, due to impossibility of quantita-
tive approach to continuum forced by Zeno paradoxes. These paradoxes forced the shape of
all postsocratic mathematics, which had also denied the possibility of using infinitesimals. In
order to describe quantitative aspects of qualitative (geometrical) objects, such as area of the
circle, Eudoxos had developed the finitary method of exhausting (later brillantly applied by
Archimedes), which enabled to obtain values of fields and volumes of the geometrical figures up
to any given precision. From the modern point of view, this method can be thought of as finitary
algorithm of approaching irrational numbers, however one should remember that ancient Greeks
have not considered irrationals as numbers.? The notion of a number (quantity) was reserved

!Note that this reasoning uses implicitly the law of excluded middle (formulated by Aristotle in form it is
impossible to simultaneusly claim and deny [Aristotle:SecAn|) through saying that points cannot be divisible
and indivisible.

2In Plato’s Academia there was known also second finitary method of approaching the irrationals, developed
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exclusively to proportions (rational numbers). As a result of this identification, and due to the
logical inconsistency of infinitesimal methods shown in Zeno paradoxes, the ancient logically
consistent solution of the problems of change in time and description of quality (geometry) in
quantitative (arithmetical) terms had to be provided by elimination of the measurable dynamics
form physics and elimination of the infinitary arithmetical methods from mathematics.

1.2 Modern European approach

The reconciliation of the problem of relation between quantity and qualitative change in modern
Europe has lead to formulation of analytic geometry by Descartes and of differential and integral
calculus by Newton and Leibniz. In these times (XVIIth century) the ancient interpretation of
quantity as geometrical proportion was still widespread, and it was replaced by Cartesian inter-
pretation of quantity as function only in XVIIIth century. It is worth to note, that both Newton
and Leibniz denied to interpret the calculus in purely arithmetical or geometrical terms. New-
ton’s viewpoint on the foundations of calculus has drifted, starting from consideration of the
infinitesimally small objects which are neither finite, nor equal to zero [Newton:1669|, through
the finite limits of “last proportions” between these objects [Newton:1676|, ending on consid-
eration of constant velocity encoded in the notion of fluxions [Newton:1671]. As notes Boyer
[Boyer|, Newton preferred the idea of continuity of change, so, in order to preserve the direct
physical meaning of the mathematical methods, he was avoiding the arithmetical notion of a
limit (contrary to his teacher, Wallis) and tended to formulation based on differential rather than
on infinitesimals. On the other hand, Leibniz was clearly stating that the fundamental object
of calculus are infinitesimals, understood as mathematical representatives of the philosophical
idea of monad. He treated infinitesimals as objects which existed mathematically, however were
not expressible arithmetically, despite the fact that their proportions were quantitative. In his
opinion, infinitesimals are not equal to zero but such small, that incomparable and such that
the appearing error is smaller than any freely given value and deprived of existence as actual
quantity: I do not believe that there exist infinite or really infinitely small quantities [Boyer].
So, while Newton has considered the “moment” of continuous change as physically real, Leibniz
denied the physical reality of infinitesimals. These opinions of Newton and Leibniz had lead to
logical confusion in the next century. Berkeley has shown that the Newtonian idea of actual
velocity has no consistent physical sense [Berkeley|, while D’Alembert has denied Leibnizian in-
finitesimals as logically inconsistent: any quantity is something or not; if it is something, it does
not dissapear; if it is nothing, it disappears literally. (...) A presumption that there exists any
state between those two is a daydream. |Boyer|. Hence, one more time in history, infinitesimals
were regarded as unacceptable due to the tertium non datur principle. The serious research
in the foundations of analysis has developed only after the works of Euler, who had extended
and popularized Cartesian understanding of quantity in terms of function and had also provided
the serious arithmetization of analysis. The crucial step was done by Cauchy, who denied in-
finitesimals and, following Lhuilier, regarded the differential defined through infinitesimal limit
as fundamental notion of analysis. His definition of differentiation has denied the geometrical
description in favor to arithmetical one, based on functions and variables. This was similar to
the approach of Bolzano, who had moreover regarded the continuum as consisting of discrete
points. However, the description performed by Cauchy still had a dynamical sense of variables
and functions “approaching” the limit. The final foundational step was performed in the second
part of the XIXth century by Weierstrass, who had eliminated from analysis any elements of
dynamics, geometry and continuous movement, by reducing it totally to arithmetical and order-

by Theatetus and called anthyphareis. And while Eudoxos’ exhausting can be considered as ancient analogue of
Dedekind cuts, Theatetus’ anthyphareis can be considered as ancient analogue of modern method of continued
fractions, which was later absorbed in Cauchy definition of real numbers.
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ing considerations. The Weierstrassian definition of a limit of sequence, based on identification
of the sequence with its limit, denies the intuition of “approaching”. Hence, although the no-
tation f'(t) = Z—J; is widely used, from the Weierstrassian perspective the differential cannot be
thought of as a small amount of curve f divided by a small amount of time ¢. By these means,
the geometrical continuum has been regarded as purely arithmetical construction. However, in
order to obtain full logical consistency, the definition of limit had to be stated independently
from the definition of irrational numbers. This could be performed only in the framework of
Cantor’s set theory, which provided tools for handling the “trancendent” area of infinite sets.
Cantor’s set theory was based on arbitrary abstraction of actual infinity, which is grounded in
the axiom of excluded middle. This abstraction enables to identify in(de)finitely prolongable
constructions with their nonconstructible ‘results’, treating the latter as full fledged mathemati-
cal objects. This way Cantor’s abstraction served as foundation for Weierstrassian interpretation
of analysis. However, it soon has been shown that this theory is plagued by several paradoxes
(like Russell paradox). Two main solutions of this problem were provided by Zermelo-Fraenkel
|ZermeloFraenkel| set theory and Russell-Whitehead [RW:PM| type theory. Both these theories
provided a consistent framework for Weierstrassian arithmetical foundations for analysis, free
from any geometrical and dynamical notions in favor to static, infinitary and order-theoretic
ones. Both ZF and RW systems contain two axioms which are crucial for the formulation of
analysis in terms of Weierstrass: the axiom of choice and the axiom of infinity (in [RW:PM| the
analogues of these axioms are called MultAx and AxInf, respectively). The first axiom is equiv-
alent to continuum hypothesis which states that Cantorian Xy is equivalent with the continuum
of analysis and geometry, while the second one is an assumption about possibility to have count-
able but infinite sets (producing the set {0, {0},{0,{0}},...}). These axioms are independent
from the rest of the system,® hence they represent the arbitrary assumptions about the nature
of continuum. The axiom of choice depends on the law of excluded middle, so it reflects also
certain logical assumption. Together they represent Cantor’s abstraction of actual infinity.

An important byproduct of the Cauchy—Weierstrass line of interpretation was denial of the defi-
nition of integration as a process which is dual to differentiation. It was caused by the discovery
(by Bolzano and Weierstrass) of the examples of non-continuous but integrable functions. In
effect, the theory of integration, developed by Riemann, Lebesgue, Stiltjes, Radon and Nikodym
became independent from the theory of differentiation.

One can conclude that the interpretation of the Newton—Leibniz geometric and dynamic analysis
provided in purely static and order-theoretic arithmetical terms on grounds of set or type theory
is possible due to assumption of existence of infinitely many individual elements in set, validity
of the law of excluded middle, and an abstraction of actual infinity. This is the modern logically
consistent mathematical solution of the Zeno paradoxes an the problem of relation between
continuity and quantity.

1.3 Beyond modern approach

The arbitrary and idealistic character of the axiom of choice and abstraction of actual infinity was
criticized by Kronecker and Poincare as weak elements of Weierstrassian formulation of analysis.
However, it was Brouwer who had explicitly presented a concrete opposition and alternative to
it. He had denied the possibility of application of axiom of choice with respect to infinite sets,
especially in the form of abstraction of actual infinity. In his opinion, the proof of existence
of a certain mathematical object (proposition) must be given by the explicit construction, and

3In particular, the continuum hypothesis (C) was shown by Cohen to be independent from the other consituents
of the Zermelo—Fraenkel set theory.
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not by indirect reasoning based on idealistic assumptions. Brouwer called such mathematics
intuitionistic or constructive. By definition, it was free of paradoxes. Heyting developed an
algebra which has modelled the intuitionistic logic of Brouwer, denying the need of the law
of excluded middle, and directly generalizing Boolean algebra (which is an algebraic model of
an axiomatic system of classical logic). This was possible due to independence of the axiom of
excluded middle from the rest of Boolean logic, what is in precise analogy with the independence
of continuum hypothesis (C) from the rest of ZF system. The intuitionistic Brouwer-Heyting
logic disregards the axiom of excluded middle in the same way as non-Euclidean geometry
disregards fifth postulate of Euclid. In both cases the denial of the additional independent
axiom leads to great development of more general mathematical structures, however, it requires
stronger proofs. [Tarski—Stone representation]

The development of model theory by Tarski and others has lead to possibility of consideration
of different models of analysis based on ZF(C) set theory. In particular, Robinson has developed
non-standard analysis, which gave consistent meaning to invertible infinitesimals, as well as
infinitely large numbers. [NSA]

[Forcing, Cohen, Kripke semantics]
[ Type theory, intuitionistic type theory]

At the same time the geometers Weil, Eilenberg and Grothendieck have laid the foundations for
completely algebraic theory of nilpotent infinitesimals. Their intention was to formalize, at least
partially, the completely geometric (as opposed to arithmetic) intuition of infinitesimals, present
in the works of Riemann and Lie. This new algebraic approach became possible due to Kéhler’s
definition of a tangent bundle of space M as a ring C°°(M) of smooth functions on M divided
by an ideal m? of functions which square is equal to zero, and definition of a cotangent bundle as
a ring m/m?, where m is an ideal of functions equal to zero. First order nilpotent infinitesimals
are just the elements of ideal m?, and k-th order nilpotent infinitesimals are the elements of
mF*+1. Such definition enabled to use nilpotents and differentials in algebraic geometry, which
is not equipped with smooth background, but deals very well with rings and ideals.

1.4 From infinitesimals to microlinear spaces

The infinitesimal analysis (and differential geometry) can be developed as an algebraic system
based on an assumption that the structure of the real line may be modeled by such commutative
unital ring R, that there exists the object of nilpotent infinitesimals

D :={z € R|lz* =0} C R, (1)

and D # {0}. This implies that R cannot be considered to be equal to the set-theoretic field R.
Condition D # {0} forces the existence of some infinitesimal © € R that is not equal to zero,
but is ‘such small’ that 22 = 0. The Kock-Lawvere axiom

Vg:D— R 3:D—-RVdeD g(d)=g(0)+d-b (2)

imposed on the structure of this ring says that every function on R is differentiable. On the
plane R x R this axiom means that the graph of g coincides on D with a straight line with the
slope ¢'(0) := b going through (0, g(0)),
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where the line tangent to g at 0 is tangent on an infinitesimal part of domain D C R (and not
in the sense of a limit in a point!). This implies that every function is infinitesimally linear.
However, the Kock—Lawvere axiom is not compatible with the law of excluded middle. Let’s
define a function g : D — R such that

g(d)=1 iff d+#0, )
g(d)=0 iff d=0.

The Kock-Lawvere axiom implies that D # {0}, because otherwise b would be not unique. So
(using the law of excluded middle) we may assume that there exists such dy € D that dy # 0.
From the Kock-Lawvere axiom we have immediately 1 = g(dg) = 0+ dg - b. After squaring both
sides we receive 1 = 0.

This result means that we cannot make anything meaningful based on Kock—Lawvere axiom using
the classical logic in which the law of excluded middle holds. However, we are not restricted to
such logic, and we can use the weaker logic which does not use this law. After the substraction
of this law from the set of axioms of classical logic, we obtain the set of axioms of intuitionistic
logic. The usage of the latter is very similar to the usage of classical logic. The only difference
is the need of performing all proofs in the constructive way, without assuming the existence of
objects which cannot be explicitly constructed, hence without the axiom of choice. Of course, the
post-Weierstrassian set-theoretic line R is not a good model of R. However, we will show later
that there are good models of R which reexpress all constructive contents of post-Weierstrasian
analysis.

We call a property P of an object A decidable if - (P(x) V =P (x)) for every x € A (the F sign
reads as ‘is satisfied’). The Kock-Lawvere axiom implies that equality in R is not decidable:

drye R V(z=y)V(z#y) (4)

(we will see later that R is not decidable not only for the property of equality of elements,
but also for other properties, such as the ordering). Clearly, this non-decidability is introduced
by the subobject D of the infinitesimal elements. The non-decidability of infinitesimal objects
can be interpreted as their ‘non-observability’ (in the Boolean frames)*. Infinitesimals appear
then with a perfect agreement with Leibniz’ idea of “auxiliary variables” [Fearns:2002|. But this
leads to an important conclusion: we cannot think about the real line R as consisting of equally
‘observable’ points laying infinitesimally close to each other (also because so far we have not
defined any ordering structure). Only some elements of space are measurable and decidable,

“We will show below that the non-observability of infinitesimals is strenghtened by the generalized Kock—
Lawvere axiom and the way of construction of the microlinear (differentiable) spaces.
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and only these elements can be “pointed” while one considers some kind of movement (this is
very important issue for dissolving Zeno paradoxes). This means also that the differentiability
and smoothness of functions and curves on R actually relies on ‘unobservable’ elements of R.

To enhance differentiability to any order of Taylor series, we have to consider also an object
D, :={z € Rlz"™ =0} CR. (5)

I would be good if sums and multiplications of infinitesimals would be infinitesimal too. However,
D is not an ideal of R (e.g. (di + d2)? = 2d1d2 # 0). Hence, in order to hold infinitesimality,
we have to consider more wide class of infinitesimal objects, such that appropriate polynomials
of infinitesimal elements are forced to cease. These are so-called spaces of formal infinitesimals
(called also nilpotent objects, infinitesimal affine schemes, or just infinitesimal spaces), defined
as spectra of Weil algebras,

D(W) := Specr(W) = {(dy,...,dn) € R"|p1(d1,...,dn) = ... =pm(di,...,dn) =0}, (6)

where W is a Weil R-algebra with a finite presentation in terms of an R-algebra with n generators
divided by the ideal generated by the polynomials p1, ..., pm:

R[Xl, cee ,Xn]/(pl(Xl, ce ,Xn), ce ,pm(Xl, PN ,Xn))

For example, one can consider
D := Specr(R[X]/(X?)) = {d € R|d* = 0},

Specr(R[X,Y]/(X2+Y?%-1)) = {(2,y) € R?|2®> +y* — 1 = 0}.

The structure R[X]/(X?) appears very naturally if one defines the multiplication in R x R by the
rule (a1,b1)(ag,b2) := (a1a2,a1ba+agb;). In such case the Kock-Lawvere axiom (2) can be stated
as requirement that the map o : R[X]/(X?) — R such that a : (a,b) + [d — a+db] should be
an isomorphism. Noticing that D = Specr(R[X]/(X?)), one can use the formal infinitesimals
for the generalization of the Kock—Lawvere axiom into form: For any Weil algebra W the R-
algebra homomorphism o : W — RPW) s an isomorphism. This generalization allows to solve
the problem that the result of addition or multiplication of infinitesimals is not an infinitesimal,
equivalent with the fact that (formal) infinitesimals do not form an ideal of R. Consider the
addition d; 4+ ds and the multiplication d; - d2. They can be formulated in categorical terms as
commutative diagrams

id
DxD—=DxD-+~D, (7)
T
and
g |
DxD—=DxD-—=D, (8)
T

where 7(dy1,d2) = (d2,d;). We can say, that functions ‘perceive’ the multiplication and addition
of infinitesimal as surjective, if the diagrams

RT'
RDXD <; RDXD — RD2 (9)
de R
and
RT‘
RDXD <RTRD><D - RD (10)

are commuting equalizer diagrams. However, this is true thanks to the generalized Kock-Lawvere
axiom and the fact that the diagrams of Weil algebras which generate (7) and (8) are commut-
ing equalizer limit diagrams. So, despite (7) and (8) are not coequalizer diagrams, they are
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‘perceived’ to be such by all functions on R. This is a basic example of an operation on in-
finitesimals which is ‘thought to be surjective’ by functions on R. Another operations are given
by another limit diagrams of Weil algebras. In general, the generalized Kock-Lawevere axiom
forces that functions which work on infinitesimals ‘perceive’ their multiplication, addition and
other operations as surjective, because it establishes that for the limit diagrams of Weil algebras

Lim W (11)
X
W; 7 W
the diagram
D(Lim W) (12)
PiV w
RD(Wz )
RD(H)
is also a limit, despite that the diagram
D(Lim W) (13)

D
(f) W)).
is not a colimit. Here we symbolically write f : W; — W; to denote any diagram which can
be a base for some limit cone of Weil algebras {W;};cr, with Lim W given by projective limit
; Wi. This way all algebra of infinitesimal elements works ‘invisible’ (and ‘unobservable’!)
rom the point of view of ordinary functions, which are differentiable thanks to these infinites-
imals. In such case R is called to ‘perceive (64) as colimit’, and (64) is called a quasi-colimit.
The procedure of proving that concrete quasi-colimit diagrams of formal infinitesimal objects
are perceived as colimits is a basic type of proof in infinitesimal geometry, and it plays here the
same role as the procedure of proving that the higher-order terms in standard differential geom-
etry are becoming negligible. However, in the case of infinitesimal geometry all operations are
performed purely geometrically and categorically, without any consideration of the infinitesimal
limit (in an analytic sense) or a system of local coordinates.

We can consider now the formal infinitesimals D(W/) as an image of the covariant functor
D = Specy from the category W of Weil finitely generated R-algebras to the cartesian closed
category £ of intuitionistic sets, which contains models of such objects like R, D(W), etc.
Moreover, we have the functor R(™) : & — £. The generalized Kock Lawvere axiom says that
the covariant composition of functors

Specr

wep P e RO e

sends limit diagrams in W to limit diagrams in £. This axiom allows to define the notion of
infinitesimally differentiable (microlinear) manifold, without use of topology or coordinates. Let
D be a finite inverse diagram (cocone) of infinitesimal spaces which is an image of a functor
D = Specp, applied to some finite diagram in the category of Weil algebras, and is send by R(-)
to a limit diagram in a cartesian closed category £. An object M of £ is called the microlinear
space if the functor M(~) sends every D in & into a limit diagram. In such case M is said to
perceive D as a colimit diagram, and D is called a quasi-colimit. Hence, if M is a microlinear
space and X is any object, then M¥ is microlinear. Any finite limit of microlinear objects
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is microlinear. R and its finite limits as well as its exponentials are microlinear. And any
infinitesimal space is microlinear too.

The notion of microlinear space encodes the full differential content of the post-Weierstrassian
notion of ‘differential manifold’. It clearly needs no topology, neither the local covering and
coordinates, in order to construct and handle the differential geometric objects. Later we will see
how one can add topological structure to microlinear spaces (what will result in the definition of
a formal manifold). This separation of topological and arithmetical constructions from algebraic,
geometric and differential ones is the key and striking achievement of infinitesimal analysis.

1.5 The zoology of infinitesimals

Consider now a problem of definition of a tangent bundle of a differential manifold. The com-
mon definition of a tangent space (fiber of tangent bundle) at some point p € M is based on
consideration of equivalence class of functions on this manifold which have equal their Taylor
expansion term up to order 1:

ofi , . 0g;

f~g <<= [flp)=490p)

This definition can be shown to be independent on topology of the manifold. Such equivalence
class of smooth (inifinitely differentiable) functions is called a 1-jet at p. For example, the 1-jet
of a function f(z,y) at p is spacified by the set

U0, o). Swy

One can define naturally k-jets by condition of equality on higher terms of Taylor expansion, up
to k. In order to algebraically handle the notion of element of k-jet of n-dimensional manifold
M, one can consider an infinitesimal object Dy(n) defined as

Dy(n) == {(z1,...,2n) € R"|xy, - ... - 24, , = 0 for any k-tuple (i1, ..., i541)}

Clearly, Dy, = Dy (1) and D = D;(1). Dg(n) is a representing object of the notion of k-jet in n
variables j*, i.e. j* is equivalent to map Dy (n) — R. The space J* of all k-jets j* of R, defined
by
ofi 9y o™ f; "™

- AN )=
85[,‘]‘ (p) 8.75j (p) 8.73j1 ce al‘jn P a:L‘jl T 8.73jn p),

f.g€Jf <= f(p)=gp) A

is equal to the space RP+(™ . Dy (n) are contained in duals D(W) of all Weil algebras. The
latter represent the generalized jet bundles. This means that the generalized Kock—Lawvere
axiom states that every jet is representable.

D" ={z € R"3k € N zF =0} = m;Dy(n)
D(W) is a subobject of two bigger infinitesimal objects:
A:={z € R|~(x €Inv R)} = {z € R~z =0}

and

= {z € R[=(z#0)},

S~
SRS

A = @n>0(—
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where the apartness relation # and the object of invertible elements Inv R are defined as:
1 1
sHy:=IneN ——<z—y<—
n n

Inv R:={x € R|IFy € R zy=1}.

All these type of infinitesimals form a following sequence of subobjects:
D(n) C D" C Dg(n) C Dy C D(W) C A" C A",

A is an ideal of R, what implies that one can distinguish physical (measurable) elements of R
from nonphysical ones in terms of the apartness relation, which “cuts off” all arithmetic of in-
finitesimals. In all models which contain (are capable to model) only the nilpotent infinitesimals,
the equation A = A is satisfied. However, there are also some models in which one can consider
also the object I of invertible infinitesimals:
11
I'={zeRlze ANz clnv R} = ﬁﬂn>0(—g, ﬁ> —{0}.

From this definition it follows that I € A > A and IN A = (). Using physical terminology,
we would describe non-invertible infinitesimals A as ‘ultraviolet’ and invertible infinitesimals I
as ‘infrared’. Note that while the object A needs an order relation to be defined, this relation
is not necessary neither for A nor for I. If we would like to ‘objectivize’ now the real line R,
removing all non-observable elements, we have to divide it through the ideal A, introducing
the ‘totally objective’ real line R/A. Note that doing so we have to introduce ordering on this
real line. This space consists only of elements which are measurable. But the price we have to
pay is losing of all infinitesimal elements. Hence, in order to build some differential calculus,
we have to introduce now the concept of an ‘infinitesimal limit’ in the Cauchy—Weierstrass
sense, and consider all elements of this procedure — the limit and all intermediate stages — as
objective, measurable ones. As a result, we get ordinary calculus with its both infrared and
ultraviolet divergences which we have to regard as objective (because we work in R/A), but we
cannot regard as objective (due to infinities). This paradox can be resolved only by relaxing our
objectivist attitude and considering also such elements of real line which are not objective. It is
one of the great advantages of the infinitesimal geometry.

A strikink difference between objects D(W) and A is that the former is purely geometrical and
algebraic, while the latter is involved in the topology and order. While D(W) represents jets
and their prolongation, A represents germs, that is, the equivalence classes of functions on a
topological space, equal on the given topological neighbourhood of a fixed point. (It is important
to note, that the notions of germ dependends on topology, but it does not depend on continuity
or smoothness. Hence, in a certain sense, it is more connected with integration rather than
differentiation.) One can say that the ‘level of jets’ (and of their prolongations) is the maximal
nilpotent infinitesimal arena.

The crucial property of infinitesimal geometry, which is responsible for many of its advantages,
is the cartesian closedness of the category in which we formulate such objects as R, R™, D(W),
RPW) "and so on. Cartesian closed category is such category that for each pair of its objects
(‘sets’, ‘spaces’) A and B there exists an object B4 of all morphisms from A to B, called the
exponential, satisfying the exponential law

AxB—C

B oA 49

or, equivalently,
Hom(A x B,C) = Hom(B,C%). (15)
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In the cartesian closed categories we have a natural way of speaking about exponential objects
of all maps from one object (space) to another. It implies that the space R of all smooth
differentiable functions from R to R is also a ring with infinitesimals, and the space MQM1 of
all functions between two differentiable (microlinear) spaces M; and M, is also a differentiable
space! Such construction cannot be performed in the classical set-theoretic differential geometry
— the set of all maps between two fixed manifolds is not a manifold. This difference is very
important for the mathematical foundation of the path—integral formulation of quantum theory
and we will discuss it later.

Cartesian closedness leads also to strict equivalence between vector fields, infinitesimal flows
and infinitesimal deformations of the identity maps of manifolds. Such equivalence in Newton—
Weiestrass differential geometry is only a metaphor. Recall that any curve on space M may be
regarded as subset k of M parametrized by the piece I of line, k: I — M, or k € M.

k
M

L

By an analogy, in order to generate space which is tangent to the space M in some point x, we
should take an element t of M parametrized by an infinitesimal piece of line D.

t
M

It means that the tangent vector attached at = is a map t : D — M or t € MP such that
t(0) = x. The tangent bundle is an object TM := MP together with a map m : M — M
sending each tangent vector t € MP to its base point 7 (t) = t(0) = x. The set T,M = MP
of tangent vectors with base point x is the tangent space to M at x. The cartesian closedness
implies that there is a unique isomorphism between tangent vectors

X:M— MP,
infinitesimal flows on M
X':DxM— M,
and infinitesimal deformations of identity map of M
X":D— MM,

The tangent bundle for any space is now generated by the functor (—)? : M + MP. Through
the cartesian closedness one can concern the tangent bundle of any function space, by the
isomorphism (MP)M = (MM)P_ By definition, the tangent bundle M of M is also a bundle
of 1-jets of M. The k-jets bundle of M is given by the object MP#™) together with the map
MPr() 5 M. The generalized k-jet bundle (called a prolongation) of M is defined as MP W),

This way the space TM = MP of all tangent vectors of M is literally the space of all infinitesimal
movements D — M in infinitesimal time distance D.
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1.6 Algebraic geometry and schemes

The main idea of algebraic geometry is to study geometrical figures defined by solutions of
polynomial algebraic equations over some spaces. For example, a two-dimensional sphere with
unital radius S? placed in three-dimensional real space R? is defined by the polynomial equation

4y +22-1=0, (2,9,2) €R3. (16)

This description contains two parts: 22 +y2 4 22 —1 = 0 describes the essence of the concept S2,
while (z,7, z) € R? defines only a particular implementation (instance) of this geometric figure.
Generally, the solutions of systems of polynomial equations

fl(xl, Ce ,$n) =0
: (17)
fm(ib'l, .. .,I’n) =0

can be considered for different spaces. An affine algebraic geometry studies (17) over fields k
which are algebraically closed, that is every (positive-degree) polynomial f; € k[z1,...,x,] is
the product of linear polynomials. The space k[z1,...,x,]| has the structure of ring, making
possible the consideration of the geometrical objects (like S?) from the algebraic viewpoint and
with its tools.? The system (17), called a locus, curves out a geometric shape A C k™ of solutions
(called an algebraic set), but it also ‘curves out’ an ideal I C k[x1,...,z,], generated by the
set {f1,..., fm}. This ideal may be extended with all polynomials g which vanish on A, such
that any natural power of g also vanishes on A (such ideals are called radical). The famous
Hilbert Nullstellensdtz states then that there is bijective correspondence between radical ideals
of the ring k[z1, ..., x,] and the algebraic sets A in k.5 However, in order to study more subtle
structure of geometric objects with algebraic tools, one has to move far then this duality, into
the consideration of algebraic analogs of manifolds. The properties of algebraic sets

AU L) = N AL, K = A(0),
A(LL) = A UA(L), 0= A1),

enable to use them as closed sets which define the Zariski topology.” With the help of this
topology, one can define an ‘affine algebraic manifolds’, called affine varietes, as such algebraic
sets, which are closed (in Zariski topology) and irreducible. The last term means, that an
algebraic set under consideration cannot be presented as a union of two other algebraic subsets
of k™. It can be shown, that the algebraic set A is irreducible iff its ideal I(A) is prime, so
the equivalent definition of an affine variety states, that it is an algebraic set A equipped with
Zariski topology and with ideal I(A) C k[z1,...,x,] which is prime (one can treat this as
a generalisation of Nullstellensdtz, because every maximal ideal is prime, but not converse).
The Zariski topology can be also formulated directly on the set Spec(k[z1,...,xy,]) of prime
ideals, by defining closed subsets V(I) C Spec(k[x1,...,z,]) as such that consist of all ideals in
Spec(k[z1,...,x,]) which contain I as a subset. Taking the dual view, we may say that V(I)
consist of ideals of all affine subvarietes (with respect to the Zariski topology on k™) which are
contained in A(I). Hence, these two definitions are compatible, however the definition of Zariski
topology on the spectrum of ring is more general. In effect, we can notice that the duality

5The basic model of this inteplay is the fundamental theorem of algebra, which states that every polynomial
over C (an algebraic object) bijectively corresponds to the set of its roots (a geometric object).

5More precisely, algebraic sets are not subobjects of cartesian product k™, but of affine space A}, that is, k"
without origin, what removes the possibility of addition of points.

"In other words, closed sets in Zariski topology on k™ are given by A(U) = {z € k"|f(z) =0 Vf €U C
k[z1,...,zn]}. This definition implies that Zariski topology is generally neither Hausdorff, nor Tychonoft.
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between polynomials over C and set of its roots, extended to Nullstellensidtz duality between
algebraic sets and radical ideals, has been ‘substitued’ on a higher level by the duality between
affine varietes and spectrum of prime ideals with Zariski topology.

By taking an ideal I(X) corresponding to some algebraic set X, and dividing k[x1,...,z,] by
it, one obtains the affine coordinate ring of X. The duality between algebraic and geometric
description can be observed in the fact that two affine algebraic varietes are isomorphic iff their
affine rings are isomorphic.

The affine varietes are geometrical objects which generalize the space of solutions of (17). For
a given affine variety A some of its points (given by maximal ideals) correspond to particular
points in k™, but there are also other points, given by non-maximal prime ideals, corresponding
to subvarietes of A. Hence, affine varietes are more general than affine sets, but this way they
enable to encode more information about the geometrical structure. Further generalizations
which we will consider, namely schemes, topoi and stacks, follow the same path: they enhance
the expressible power of duality between geometry and algebra through generalization of the
structure.

The idea of Grothendieck, which has radically extended the range of the applicability of algebraic
geometry, was to consider a space as a spectra of a commutative ring (with no additional
assumptions). He called such space an affine scheme. But even more striking was his idea of a
scheme, that is, a space which is locally reconstructed from an algebra (locally isomorphic to an
affine scheme). Such scheme can be thought of as an entity ‘glued’ from affine schemes, but from
more fundamental perspective, it is a space which arises from localisation of a given algebraic
structure.

An affine scheme was defined by Grothendieck as the space SpecR of prime ideals a commutative
ring R, equipped with the Zariski topology and a sheaf of commutative rings of polynomial
functions defined over the Zariski open sets of the spectrum. The ring of global sections of this
sheaf is equal to R. A scheme is a space equipped in a topology and a sheaf of commutative
rings, such that the restriction of a sheaf to every open set is a ring which spectra is an affine
scheme. This way affine schemes provide an algebraic analogue of coordinate systems on schemes.
The latter are often viewed just as topological spaces, which are equipped with (sheaves of)
commutative rings assigned to all its open sets, and arising from ‘gluing’ of the spectra of these
rings. This ‘gluing’ perspective, representing covariant point of view (that is, considering space
as arising from certain imbeddings of smaller constituents) may be more easy to grasp, but is
less general. As observed by Grothendieck, and advocated by Lawvere, generally in all algebraic
geometry the contravariant structures are more well behaved (eg. cohomology as opposed to
homology). In the case of schemes, the contravariant pespective leads to consideration of local
spaces (affine schemes) as a result of localisation of certain global structure. In this sense, the
local space (affine) is ‘taken out’ from the global object (scheme).

A particular example of a scheme is an algebraic variety, which is a scheme which sheaf consists
of finitely generated k-alebras (quotients of polynomial k-algebras by prime ideals), for any field
k. Again, variety could be considered as a ‘glueing’ of affine varietes along common open sets,
but it is better to consider it as a localisation of a certain algebraic object.

A Grothendieck topos provides a further generalisation of this idea: it is a generalized topological
space, equipped with the set-valued functors assigned to this space. Due to Yoneda embedding,
every object of the base topological space can be represented fully and faithfully in terms of the
set-valued functor. While schemes are categories of sheaves of commutative algebras over the
space equipped locally with Zariski topology, toposes are sheaves of sets over categories equipped
with Grothendieck topology.
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1.7 Algebraic differential geometry and toposes

So far we have discussed the system of infinitesimal analysis and geometry build axiomatically
“from scratch”. However, at the end of the day we have to pose the question which categories
are properly modeling this system, as well as what is the general relation between this system
and the classical differential calculus and geometry. The general solution of this problem was
proposed by Lawvere [| in analogy with some methods of algebraic geometry, and was developed
by Dubuc |[,,], Kock [,], Reyes [,,], Moerdijk [,] and others. It appears that good models of
infinitesimal analysis and geometry can be provided inside special type of categories, known as
topoi. In order to understand this construction, we have to reconsider to issues related with
algebraic geometry and classical differential geometry.

Every ordinary smooth differential manifold M may be equivalently described by the algebra
C>° (M) of smooth functions over it. The set of points of this manifold appears as the spectrum
of the given algebra C°°(M) and all structures on this set may be restored from the given corre-
sponding structures of C°°(M) (see eg. [JetNestruev| for details).® The approach of interpreting
manifolds in terms of (sheaves of) rings is the standard tool in algebraic geometry. In particu-
lar, every affine scheme is equivalent to a certain commutative ring (and the category of affine
schemes is just dual to the category commutative rings with unit), while every scheme, consist-
ing of affine schemes, is described by sheaf of rings. Such algebraic perspective on geometrical
objects became very fruitful in the area of algebraic geometry, but it was not used in the classical
differential geometry due to concrete obstacles which characterize the category Man of classical
smooth differential manifolds. The category Man lacks finite inverse limits, what means that
the projective limit yﬂlie s U; of manifolds U; as well as fiber products U; xy; Uy generally are
not manifolds. Hence, one cannot consider differential curves and manifolds with singularities
as differential manifolds, thus many tools of algebraic geometry become unavailable for studying
Man. The second disadvantage on Man is lack of cartesian closedness, what means that the
function space AP of all smooth maps between the manifolds A and B is not a manifold, and
there is no equivalence between A x B — C and B — C#. Physically it means that if one
considers, following [Lawvere:1980|, A as object of (all possible states of) time, B as object of
some physical body, and C' as some space, then the motion A x B — (' is not equivalent to
the assignment B — C4 of the body to its path in the space. This implies also foundational
problems in calculus of variations and in functional integration (because function spaces do not
belong to Man).

These problems can be solved by considering the category L of formal smooth varietes instead
of Man. Like in the case of affine algebraic varietes, LL is defined as the category dual to the
category of certain commutative unital rings. These rings are called C*°-rings (or C*°-algebras),
and are defined as such finitely generated rings A in which one can functorially interpret any
smooth function f : R™ — R" as the map f: A™ — A™, such that all projection, composition
and identity maps on R™ are preserved by corresponding maps on A™. A concrete example of
C°-ring is naturally the ring C°°(M) of smooth functions over some manifold M € Man. It can
be shown [MoerdijkReyes| that there exists unique full and faithful contravariant functor from
Man to the category of C'*°-rings which assigns finitely presented C°°(M) to each M. This also
implies that the dual category IL of formal smooth varietes embeds Man fully and faithfully
(the embedding functor Man — L is denoted s). Objects of the category L generalize the
notion of the differential manifold, because LL contains (finite) projective limits, including spaces
with singularities as a kind of generalized (“formal”) smooth manifold (variety). Moreover, it
contains also infinitesimal spaces, such as D(fA) = {z € (A € L|z®> = 0}. However, it is

8In other words, the smooth differential manifold is a topological space X equipped with a sheaf C*°(X) of
smooth functions over X such that the pair (X, C°° (X)) is locally isomorphic to (R™, C*°(R"™)).
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not cartesian closed, so it cannot be used to model the system of infinitesimal analysis. In
order to achieve cartesian closeness, one has to embed L in the category Set™ of presheaves
over L. The latter category consists of the set-valued functors L’ — Set. The embedding
L < Set"” is provided by the standard technique of full and faithful Yoneda embedding
functor Y : L 5 A — Hom(—,A) € Set™™. The category Set" is cartesian closed and has
finite projective limits as well as contains infinitesimal spaces, so it can be used as a category
for modeling axioms of infinitesimal geometry. The category of ordinary differential manifolds
is fully and faithfully embedded in Set™ by the sequence of functors

Set U Man é L - Y, Setl
r

It is worth to note that nilpotent infinitesimals appear also in Grothendieck’s theory of schemes,
in form of nilpotent affine schemes. However, due to lack of appropriate language (and seman-
tics), they cannot be directly handled and exploited. This is possible only after embedding of
nilpotent schemes, together with other schemes, into suitable topos.

An axiomatic system of infinitesimal geometry and analysis cannot be non-trivially modelled in
the category Set, because Kock-Lawvere axiom is inconsistent with Boolean logic, and sets are,
according to Stone representations theorem, models of Boolean logic. The well-adapted model
of this system should be a category which enables usage of intuitionistic logic (representations
of non-Boolean Heyting algebras), is cartesian closed, and has finite limits. Moreover, it should
make the spectra D(W) = SpecgW of Weil algebras representable, and ensure the validity of
Kock-Lawvere axiom (as well as some other axioms, according to purposes).

In topos models of infinitesimal geometry which do not contain invertible infinitesimals, the
object D(W) is equal to the object of all infinitesimals A, which is the ideal of R. On the
other hand, in models with invertible infinitesimals (like Z and B), not only underlying logic
is weakened to intuitionistic, but also the underlying arithmetic is weakened. This means that
the space N =Y ((C*>°(N)) does not coincide with the generic natural number objects (constant
set-valued sheaf of natural numbers) of toposes Z and B. The former expresses the weakened,
nonstandard arithmethic. The object T is modelled by a Yoneda embedding of the C*°-ring

C*(R - {0})/(mf{’0}|R,{o}). The weaking of arithmetic means restriction of the validity of the

induction.?

1.8 Well-adapted topos models of infinitesimal analysis and geometry

Sh(L) arises from Set™ after equipping the base category L of sheaves over L with some kind of
Grothendieck topology J. Sh(L) is a subcategory of Set" containing as objects all contravariant
functors from LL to Set which form sheaves with respect to the Grothendieck topology J on L.

The functorial assigment Set®” — Sh;(C) is called a sheafification functor and is valid for any
given category C and Grothendieck topology J on C. The pair (C,J) is called a site.

We would like to use object of Sh(L) as spaces which satisfy the Kock-Lawvere axiom. This
axiom is inconsistent with the classical logic, so due to Stone representation theorem (duality)
[Stone:1934|, according to which every Boolean algebra is isomorphic to the lattice of closed—
and—open subsets of set-theoretical space, it cannot be non-trivially modelled within the category
Set of sets. Leaving aside the axiom of excluded middle, we implicitly perform a generalisation

9As noticed by Gonzalo Reyes, such formulation gives a potential possibility to overcome the restrictions of
Godel theorem in the way suggested by Lawvere: namely by considering natural numbers of geometric, rather
then of arithmetic (in Peano sense) origin.
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from Boolean to Heyting algebras, so we have to find some universe adequate for representation
of such algebras. Heyting algebras share with the Boolean ones all logical connectives and
properties except the law of excluded middle (which is equivalent to the statement that double
negation means affirmation). The well-known example of the representation of Heyting algebra
are the open subsets O(X) of the given topological space X. If we define logical connectives as

AANB:=ANBKB,
AV B:=AUB,
1:=X,
0:=10, (18)

—-A:=Int(X — A),
A= B:=Int((X — A)UB),

where A and B are open subsets of X, and Int(C) means the maximal open subset of C, we
can check that these open subsets satisfy all axioms of Boolean logic except the one of the
excluded middle. For example, if X = R, and A := {z € R|z < 7}, then =A = {z € R|z > T},
hence AV —A # 1, so open subsets of R form a non-Boolean Heyting algebra representation. It
appears that the more general structure, the category Set®X)”™ of hom-functors (presheaves)
Hom(—, A) over the category of topological spaces O(X), defined as

O(X) > B+~ Hom(B, A) € Set, (19)

for any A € O(X), aldso contains a representation of Heyting algebra. It is given by the lattice
Sub(Hom(—, A)) of the subfunctors of functor Hom(—, A). One can check it evaluating this
functor for any B € O(X) as a lattice of subsets of the set Hom(B, A).

Set®X) is an example of Grothendieck topos. Lawvere and Tierney have found that in every
topos we can find the functor, denoted as 2 and called a subobject classifier, that is explicitly
responsible for the characteristic functions of subsets. It appears that the subobject classifier in
topos has always the structure of Heyting algebra, hence the statement

xa(B)=1 if ACB, (20)
xA(B) =0 otherwise

is not universally satisfied. In the more general class of toposes of presheaves Set®” | where CP
is categorical dual to any category C,  is a hom-functor (from the point of view of C°P) and
an object (from the point of view of SetCOP), that classifies subobjects of Set®”. Using the
logical properties of €2 we can ‘speak inside the topos’ through its internal language based on
the Heyting algebra of the intuitionistic logic. If we want to concern some category with good
topological properties, we have to equip the base category C with some kind of Grothendieck
topology J, and form the Grothendieck topos of sheaves Sh j(CP) over the site (C,J). Sh;(CP)
is a subcategory of Set®”, and is called also a sheafification of Set®””, because is constructed
by all functors in Set®” which form sheaves with respect to the Grothendieck topology J on
Ccep.

Hence, in general, we may try to interpret SDG/SIA in some topos, particularly in some topos
of sheaves over a given site, thanks to the inner Heyting algebra structure of the subobject
classifier of an elementary topos. This means that instead of the system of classical differential
calculus and geometry based on the concept of limits and interpretation of this system in set
theory, we can use a system of synthetic differential calculus and geometry based on the concept
of infinitesimals and interpretation of this system in topos theory.

Every interpretation of axioms of SDG/SIA in a particular category is called a model. By the
obvious reasons, we are at most interested in such models of SDG/SIA which allow to establish
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the link between the ‘classical’ analytic post-Weierstassian differential calculus and geometry
with the synthetic one. The structure of SDG/SIA implies that we have to work in complete
cartesian closed category, but the fact, that we have to interpret the intuitionistic logic of
statements somehow ‘naturally’ inside this category, leads us to the assumption that we will
work in a topos, which is complete and cocomplete cartesian closed category with the subobject
classifier.

One of the simplest models of SIA/SDG is the topos Set® 418 of set-valued functors from the
category R-Alg of (finitely presented) R-algebras to the category Set of sets'’. Each such
functor is a forgetful functor, which associates to an R-algebra the set of its elements, and to
every homomorphism f of R-algebras the same f as function on sets. We induce commutative
unital ring structure on functors R € Set® 218 in the following natural way: for every A € R-Alg
we consider a ring R(A), together with operations of addition +4 : R(A) x R(A) — R(A) and
multiplication -4 : R(A) x R(A) — R(A), which are natural in the sense, that they are preserved
by the homomorphisms in R-Alg, thus also by the corresponding functors R-Alg — Set. The
functor R is a model of a synthetic real line R, while an object D C R has the following
interpretation in Set®Al8:

R-Alg 5 A+2 D(A) = {a € Ala® = 0}. (21)

The functorial construction of models may look quite esotherical at first sight, but in fact it
strictly expresses the difference and the link between our concepts and their models. One should
note that our concepts are formulated in abstract and ‘background-free’ way: as some relations
between objects and elements. For example, the concept (an algebraic locus) of a sphere S? is

S? = {(:U,y,z)|:v2 +y? 422 = 1}. (22)

We may now take different backgrounds to express S2, for example, by saying that elements of
S? should belong to some commutative R-algebra (to some object in the category R-Alg). To
‘see’ somehow ‘naturally’ how such sphere S2, expressed in terms of R-Alg, ‘looks like’ we use
the set-theoretical ‘eyes’ or ‘screen’. This leads us to demand that S? should give as an output
the set of triples of elements of A € R-Alg which satisfy the ‘conditions’ given in the definition
of §2. So, the interpretation (model) of the concept (locus) S? is a set-valued functor Set® Als:

5% q2 31,2 4,2 4 2
R-Alg 5 A+— S°(A) = {(z,y,2) € A’|z* + y* + 2z = 1} € Set, (23)

which means that S? is modelled by the functor which takes these elements from the ring A
which fit the pattern 22 + y? + 22 = 1, and produces a set which contains them. Recall that
the global elements of R(A) are the arrows 1 — R(A). The R-algebra corresponding to 1 = {x}

is the R-algebra with one generator R[X], while the arrow corresponding to 1 SN R(A) is an
R-algebra homomorphism R[X] %2, A. This means that

R = Homp-a1g(R[X], —), (24)
is a representable functor:
R(A) = Homp-a1g(R[X], A). (25)
By the Yoneda Lemma
Hom(R, R) = Nat(Hom(R[X], —), Hom(R[X], —)) = Hom(R[X], R[X]), (26)

10We consider R-algebras based on R € Set, but we could consider also Rc- or Rp-algebras build from Cauchy
or Dedekind reals of some topos. We will assume also that all algebras and rings considered in this section are
finitely presented.
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so the maps f : R — R on the ring R (from the synthetic point of view) are the maps of
polynomials with coefficients in R (from the interpretational point of view). It can be shown
(see [Kock:1981] for details), that Set® A1 satisfies the generalized Kock-Lawvere axiom (and
weak version of integration axiom), but it does not satisfy other axioms. Thus there is a need
to consider different models (universes of interpretation).

Note that R-Alg of R-algebras is defined as a category of arrows f4 : R — A, where commutative
rings A are such that zy = yx for every z € f4(R) and for every y € R. Hence, we may consider

the category R-Alg as the category of rings A equipped with the additional structure given by

the maps A" fA—(m> A™ preserving the structure of polynomials p = (p1,...,pn) : R" — R™ in

such way that identities, projections and compositions are preserved: fa(id) =id, fa(n) =7
and fa(poq) = fa(p) o fa(g). This means that construction of R-algebras and C'*°-algebras is
similar.

There should be many algebraic theories A intermediate between only polynomials as operations
and all C*° functions as operations, pehaps satisfying some suitable closure conditions, in par-
ticular the A generated by cos, sin, exp, e~ /7%, [Lawvere:1979|

It can be shown, using the Hadamard lemma, that C'**°-ring divided by an ideal is C*°-ring.

Another important example of C°°-ring is a ring of germs of smooth functions.

Definition 1.1 A germ at x € R™ is an equivalence class of such R-valued functions which
coincide on some open neighbourhood U of x, and is denoted as f|, for some f: U — R. We
denote a ring of germs at x as C°(R™). If I is an ideal, then I|, is the object of germs at x of
elements of I.

Of course, C2°(R™) is a C*°-ring and |, is an ideal of C2°(R™). The object of zeros Z(I) of
an ideal [ is defined as
Z(I)={xeR"NVfel f(z)=0} (27)

We may introduce the notion of germ-determined ideal as such I that
Vie C®R") Ve e Z(I) flo€llz= fe. (28)

The dual to the full subcategory of (finitely generated) C'*°-rings whose objects are of form
C*°(R™)/I such that I is germ-determined ideal is denoted by G (we take the dual category,
because we want to make a topos of presheaves Set®”, where sets will be varying on the (finitely
generated) C'°°-rings and not on their duals). Recall that for R-algebras we used the functor

R-Alg 5 A+—— R(A) € Set, (29)

as the model (interpretation) of the naive-SDG ring R in the topos Set® A8 In the same way
we may define the intepretation of the ring R in the topos Set®”:

G” 5 A R(A) € Set. (30)

The topos Set®” of presheaves over the category of germ-determined C'*-rings equipped with
the Grothendieck topology is called the Dubuc topos, and is denoted by G.'' This topos is not
only very good well-adapted model of SDG, but it also has a good representation of classical
paracompact C°°-manifolds.

1)\ ore precisely, the topos G is a subcategory of Set®”” obtained by sheafification, and we have an inclusion
G < Set®™. The left adjoint a : Set® " — G is called the sheafification functor. In other words, G is the
topos of sheaves on G.
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For some purposes we can also use the larger topos Set™” := Set®”. It does not have the
interpretation for an axiom R2 of local ring and an axiom N3 of Archimedean ring, but it is a
good toy-model, easier to concern than G is. Note that the equation (356):

R(A) 2 R-Alg(R[X], A) (31)
has an analogue in case of the intepretation of SDG in topos Set™”
R({A) = Set™™ (¢A, 1C>=(R)), (32)

where /C*°(R) is the C*°-ring (the symbol ¢ denotes here the fact, that we are working within
the category which is dual to that of C*° rings). Thus, a real line of an axiomatic SDG becomes
now

R = Homg_,ror (—, (C*(R)), (33)

or, using the formal logical sign which denotes interpretation in the model,
Set™ = R = Homg,re» (—, (C™(R)). (34)

This means that the element of ring R, the real number of naive intuitionistic set theory, is
some morphism (A — ¢C*°(R). We say that we have a real at stage ¢{A. Thus, our concept of
the real line R of Synthetic Differential Geometry can be modelled (interpreted) by the different
rings (stages) of smooth functions on the classical space R™ (which can be, however, defined
categorically, as an n-ary product of an object Rp of Dedekind reals in the Boolean topos Set).
For example, at the stage A = C°°(R"™)/I, where I is some ideal of the ring C*°(R"™), a real (real
variable, real number) is an equivalence class f(x) mod I, where f € C*°(R"™). An interpretation
of the most important (naive) objects of SDG is following (|Moerdijk:Reyes:1991|):

smooth real line =Y (C>*R)) = s(R)
point L~ VEC®)/(2)) — s({+]) - (o € Rle —0)
first-order infinitesimals D =Y ({(C*(R)/(z?))) = {z € R|z? = 0}
kth_order infinitesimals Dy, =Y ({(C®(R)/(z*+1))) = {x € R\ k1 =0}
infinitesimals A=Y {CFPR))={z € RVne N — n—H <x< n—ﬂ}

The symbol Y denotes the Yoneda functor Hom(—,¢A) =: Y (¢A), while s denotes the functor
s : Man™ — Set™ introduced in the proposition 11.3 (the symbol Y is often ommited, so
one writes /C*°(R)/I instead of Y (¢(C*(R)/I)).

It seems that the ‘heaven of total smoothness’ of SDG should be somehow paid for. And
indeed, it is. The simplification of a structure of geometrical theory raises the complication of
its interpretation: we have to construct special toposes for intepreting SDG, going beyond set
theory and the topos Set. However, such complication may unexpectedly become a solution of
many of our problems. Particularly, the well-adapted model G of SDG is a topos of functors from
(sheafified germ-determined duals of ) C'*°-rings to Set, which means that we express differential
geometry not in terms of points on manifold, but through such smooth functions on it, which
have the same germ, what means that they coincide on some neighourhood. In the Dubuc topos
G we have the interpretation (identification):

the real line R = a functor R : C*° D G Set
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2 From Kock-Lawvere axiom to microlinear spaces

We want to express geometric constructions in a synthetic manner, thus in algebraic (as oppo-
site to analytic) and constructive way. This approach is powered by the view, that geometric
constructions really are algebraic, as far as theory descibes our concepts which should be more
general than particular structure of one fixed (mathematical, physical) universe.

In category-theoretic terms we may speak about constructions as arrows and about forms gen-
erated by these constructions as objects. Considering cartesian closed categories we have also a
natural way of speaking about exponential objects of all arrows from one object to another. As
we will see, handling SDG in some cartesian closed category, we can consider two manifolds M;
and Mo as well as their exponential object M2M1 being the manifold of all maps (arrows) from
My to Ms. Such construction cannot be done in a classical set-theoretic differential geometry —
the set of all maps between two fixed manifolds is not a manifold.

Comming back to our intention of eshablishing the close correspondence between algebra and
geometry, we can consider the geometric line as a commutative ring structure R. If we will state
that there exists such

D:={zcRlz>=0}CR (35)

that D # {0}, then R cannot be a field (because there are such elements that are nilpotent but
not invertible), and should remain commutative ring. Condition D # {0}, roughly speaking,
means that there exists some element z € R not equal to zero, but ‘such small’ that z? = 0.
These are so-called (first-order) infinitesimals, which can be used to express the fundamental
axiom of synthetic differential geometry.

Kock-Lawvere axiom
Vge RP e R VYde D g(d)=g(0)+d-b. (36)

The notation g € R” one reads of course as ‘function g from D to R’ (and it means that we
intend to work in some cartesian closed category, i.e. in the category with exponentials). This
axiom says that the graph of ¢ coincides on D with a straight line with slope b going through
(0,¢(0)). For the case of R x R, we can draw it as

3 /

where the line tangent to g at 0 is tangent on an infinitesimal part of domain D C R. This
happens not in the sense of a limit in a point, but ‘really’: on a part of domain (what means
that every function is infinitesimaly linear). However, the Kock-Lawvere axiom leads straight
forward to an important proposition.
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Proposition 2.1 The Kock-Lawvere axiom is not compatible with the law of excluded middle.

Proof. Let’s define a function g : D — R such that

g(d)=1 ?ff d+#0, (37)
g(d)=0 iff d=0.

Kock-Lawvere axiom implies that D # {0}, because otherwise b would be not unique. So (using

the law of exluded middle) we may assume that there exists such dy € D that dy # 0. From the

Kock-Lawvere axiom we have immediately 1 = g(dp) = 0+ dp - b. After squaring both sides we

receive 1 = 0.

This result means that we cannot make anything meaningful based on Kock-Lawvere axiom
using the logic in which the law of excluded middle holds. However we are not restricted to such
logic, and we can use intuitionistic logic to develop our synthetic differential geometry theory. It
can be properly done if we will make all proofs in a constructive manner, proper for intuitionistic
logic.

Definition 2.2 An object A is decidable'? if

Ve,ye A F@=y)V(z#y). (38)
Corollary 2.3 R is not decidable.

Such theory, build using the constructive reasoning and intuitionistic logic, obviously cannot be
properly interpreted in Set, but it can be done in some topos, because of the inner structure
of subobject classifier which is Heyting algebra (and the corresponding fact, that the poset of
subobjects of some fixed object is also Heyting algebra). So, instead of the system of classical
differential geometry based on the concept of limits and interpretation of this system in set
theory,'® we can develop a system of synthetic differential geometry based on the concept of
infinitesimals and interpretation of this system in topos'# theory. We can even compare these
two systems concerning so called well-adapted models of SDG. In sections 2.1-2.5 we will develop
system of differential geometry based on the Kock-Lawvere axiom. In section 2.6 we will consider
the question how such axiomatic construction based on existence of D C R is relevant to
our presuppicions about the real line. To achieve more meaningfull theory we will introduce
(axiomatically) ordering < and partial ordering < on ring R and will inspect how this structure
corresponds to well-known constructions of Cauchy and Dedekind reals. In the same section we
will introduce the object of natural numbers (till this, we will handle naively our intuitionistic set
theory concerning that natural numbers are avaible). In section 2.7 we will introduce coordinates

2Generally, a property P on object A is decidable if - (P(z) V —P(x)) for every & € A. Thus, the defined
above ‘decidability’ is only ‘decidable equality’. However, by the Kock-Lawvere axiom, R is not decidable also in
the general sense. For example, order < on R (defined in the section 2.6) is also not decidable.

13Strictly speaking, the classical differential geometry is not fully decomposable into axiomatic system and
its interpretation. If one will take the book of Kobayashi and Nomizu [Kobayashi:Nomizu:1963|, which is
standard reference in the field, then he (or she) will see that right from the first page of this book we are involved
in the Set-theoretical universe. We will show that this engagement comes not from the nature of differential
geometry itself, but rather from the historical involvments. As an outcome, we will be able to use many of
(constructive) definitions, propositions and proofs from book of Kobayashi and Nomizu, while staying at the
same time in the category-theoretical intuitionistic framework.

YIn fact, as we will see later, it can be done quite satisfactionary also in ‘all sufficiently good’ [Kock:1981]
cartesian closed categories, what means such cartesian closed categories which preserve finite colimits.
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and local covering in aim to find does such definition (axiomatics) of R gives an ability to develop
vector spaces with bases which can be managed in the same way as the classical ones. In section
2.8 we will use previous developments to introduce the Riemmanian structure on the synthetic
manifold, finally constructing the well-defined and well-managable Riemann, Ricci and Einstein
tensors as well as curvature scalar, metric, connection and metrical connection.

If f: R — R is any function and & € R is fixed, we may consider g : D — R such that
f(z+d) = g(d). So, by the Kock-Lawvere axiom,

AbeRVde D g(d)=g(0)+d-b, (39)
dbeRVde D f(x+d)=f(x)+d-b. (40)

Because b depends on x, we may define f’(x) := b, and state the Taylor’s formula:
VfeREVee R Af(x) e RVdeED f(z+d)=f(z)+d-f(x). (41)

It means that every function on R is differentiable. Moreover, it means that every function
is smooth, and this smoothness is very strong, as we even cannot split R into two parts (this
follows straight from the non-decidability of R). The following differentiation rules now become
true (for f,g € R, X\ € R, and id being f such that f(z) = z):

(f+9)=f+7,

((Afg’ =Af,

fa) =Ffag+fd,

(fog)=(fog) g, (42)
id =1,
N =0.

Proof. Let us prove the third rule. Left hand side of equation states that for every d € D there
is (fg)(x +d) = (fg)(x) + d(fg)'(x), while right hand side gives (fg)(z +d) = f(z + d)g(z +
d) = f(z)g(x) + df'(x)g(x) + df (x)g' (x) + d*f'(x)g'(x) = f(x)g(x) + d(f'(z)g(x) + f(2)g(x)).
Hence, we have d(fg)'(z) = d(f'(x)g(z) + f(x)g'(x)). To get the result (fg) = f'g + f¢
we should cancel d on both sides of equation. We cannot divide both sides by d, as far as
we do not understand what such operation means. However we may cancel them, because
from the uniquenes of b in (36) we get that d-b; = d - by for every d € D, hence by = bs.
The proof of fourth rule is analogous: r.h.s.: (fog)(z+d) = (fog)(x)+d(fog)(x), Lhs.:
(fog)(z+d)= f(g(z) +dg'(x)) = fog(z) +dg(z)(f'g)(z), because d - ¢'(z) € D. Finally, we
have (fog)' = (f'og)-¢. O

It is easy to prove that for any § = dj + do, where dy,d2 € D, we have f(x + ) = f(x) +
Sf'(x) + ‘;—2! f"(z) (this makes sense only if 2 € R), but it is not good definition of higher Taylor
series, because this equation should be true for every % = 0, so not only for these §’s for which
0 = d1 + do. This yields us to define so called higher-order infinitisemals:

Dy := {z € R|lz"! =0} C R, (43)
and nilpotent infinitesimals:
Dy :={x € R|Fn e N z""! =0}, (44)

where R should be a Q-algebra (i.e. with 2,3,... invertible in R), and D; = D. Using this
definition we may naturally extend the Kock-Lawvere axiom and Taylor’s formula:

k
Vg€ RP* 3by,...,bp € R Vd € Dy g(d) = g(0) + > _d'b;, (45)
=1
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dk
vf € RE Yo e R Af'(@),.... fP) YA€ Dy flz+d)=f(x)+df'(@)+...+ 7 f ().
- (46)
It is easy to generalize the Kock-Lawvere axiom into a vector version:

Vg € (RMP 3U(by,...,b,) € R* Yd e D g(d) = g(0) +d- (by,...,by). (47)

We may regard b= = (b1,...,by) as an element of an R-module. Such R-module V which for
some b € V and g € VP (and not necessary V = R") satisfies the given above vector Ver510n
of Kock-Lawvere axiom is called a Euclidean R-module. If we take any function f € (R")%"
such that f(Z+d- @) = g(d), we get

Ve (RMHE 3(by,....by) € R" VA€ D flxi+duy,..., cptduy) = flz1,. .., 20)+d-(by, ..., by).

(48)
We can define the directional derivative Oz f(Z) :=b = (b1,...,b,), and the partial deriva-
tive 0, f(Z) := 52 f(w1,...,xn) == Of (w1, ..., x0)/O; := (0,...,0,b:,0,...,0).
Proposition 2.4
Vi e R" VA, u€ R Ozgyuwf (%) = Mg f (%) + poyf (7). (49)

Proof. f(Z)+d-Ohaf(Z) = f(&+d-\Q) = f(Z) + d - \0af(Z), s0 Oraf(T) = .
FE+dE+7) = f(@+d )+d Osf(Z + dit) = f(Z) + dogf(T) + dOy f(f)+d28~(8~f(x)
é(f)eraaf(f)vL f(Z), and f(Z+d(0+7)) = f(Z)+d0gz47f(Z), s0 Oz+5f (%) =

Definition 2.5 The differential of f with respect to ¥ is a map
f(@) = df (2) : @ — df (2) (@) = Oaf(Z). (50)

Note that we can easily generalize these notions from f: R® — R™" to f: R* — V, where V is
some Euclidean R-module, however it would be in general case rather formal definition. As we
see, basic constructions of differential calculus are quite easy. To refuse this feeling, let us state
the second ‘problematic’ proposition of SDG.

Proposition 2.6 D is not an ideal of R.

Proof. Let di,dy € D. We have (di + d2)* = d} + d3 + 2d1dy. If D is an ideal of R, then
dy + dy € D, hence 2d1ds = 0, and so dido = 0. This means that Vdy € D ds = 0, hence
D = {0}, what is in contradiction with the Kock-Lawvere axiom. [J

For the situation presented above, we have
(di + d2)? = dj + d3 + 2d1da, so0 (51)

di+dy €D <=d; dy=0. (52)

This is a big problem: the sum of two infinitesimals may not be an infinitesimal, thus our
infinitesimal calculations fall out of the infinitesimal region, and become strongly non-managable!
To solve this problem, we may define new types of infinitesimal objects, like

DVD := D(2) :={(dy,d) € R*|Vdy,ds € D dy-dy =0} = {(dy1,do) € R*|Vdy,dy € D di+dy € D}
(53)
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and

D(’I’L) = {(dl, ce ,dn) € Rn|VZ,] S {1, ce ,TL}\V/dZ', dj eD d;- dj = O}, (54)
but D(n) # D x ... x D and D(2) # D x D, because D is not an ideal of R. This raises the
question: is it reasonable to use infinitesimals if they seem to have so complicated properties?
These problems may be solved by introduction of the more general definition of infinitesimal
objects, and asserting the generalized version of Kock-Lawvere axiom. From the latter immedi-
ately will follow the proposition saying that, although D is not an ideal of R, it looks like an
‘effective ideal’ from the point of view of R, so the operations like

D x D 55 Dy (dy,dy) —s dy +dg, or (55)

DXD%D:(dl,dz)Hdl-dQ (56)

are ‘thought by R’ (strictly speaking, by functions on R) to be surjective. As the final result of
those generalizations, we will receive the notion of microlinear space (or object), which will have
all properties needed for development of the differential geometry in synthetic context. Let us
begin with reformulating the Kock-Lawvere axiom in terms of cartesian closed categories.

Kock-Lawvere axiom v. 2 The map RxR % RP given by (a,b) — [d — a-+db] is invertible.

If we will define the multiplication on R x R such that
(a1,b1) - (ag,b2) == (a1 - az,a1 - by + az - by), (57)

this will make R x R into R-algebra (denoted as Rle]), and « into R-algebra homomorphism,
because of [d — a1 —I—dbl][d — a2+db2] = [d — (a1+db1)(a2+db2)] = [d — a1a2+d(a162+a2b1)].
So we may now express the Kock-Lawvere axiom one more time, as an isomorphism of R-algebras.

Kock-Lawvere axiom v. 3 The map R x R = RP given by (a,b) — [d — a + db] is an
R-algebra isomorphism R|e] = RD.

We would like to make such generalization of this axiom to include those situations, when we
deal not with R x R, but with R x ... x R. This is motivated by wish of succesiful handling
objects like D(n) C D x ... x D. As we see, these different types of infinitesimals share the
common property of being defined by the annihilation of some polynomials. Me may try to
isolate these polynomials by concerning them as some ideal, and divide our R-algebra by this
ideal.

Definition 2.7 Let R[X1,...,X,] be a commutative ring with n generators Xi,...,X,. Let
pi( X1, ..., Xn), -y o (X1, ..., Xy) be the polynomials with coefficients from R, and let I be the
ideal generated by these polynomials. A finitely presented R-algebra is an R-algebra

R[Xl, ce ,Xn]/I = R[Xl, ey Xn]/(pl(Xla ce ,Xn), ce ,pm(Xl, cen ,Xn)) (58)
Definition 2.8 Let £ be some cartesian closed category, and let A € Ob(E) be an R-algebra.
The spectrum Spec4(R[X1,...,X,]|/I) of finitely presented R-algebra R[X1,...,X,]|/I is a

subobject (‘subset’, naively speaking) of A™, which consists of elements in A™ annihilating the
polynomials in I.

Examples
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1. Specr(R[X]) = R,
2. Specp(R[X]/(X?)) = Specg(Re]) = {d € R|d* = 0},
3. Specpyr(R[X,Y]/(X2+Y2-1)) ={(z,y) € R x R|lz? +4?> —1=0}.

By an analogy with (57), we may define now a more general way of making R x ... x R = R"
into R-algebra.

Definition 2.9 A Weil algebra over R is an R-algebra W (denoted sometimes as RQW ) such
that:

1. There is a R-bilinear multiplication map p : R"x R™ — R™, making R" into a commutative
R-algebra with (1,0,...,0) as a multiplication unit.

2. The object (‘set’) I of elements in R™ with first coordinate equal zero is a nilpotent ideal.

3. There is an R-algebra map 7 : W — R given by (x1,...,2,) — x1, called the augmenta-
tion. (Its kernel is I, and it’s called an ideal of augmentation.)

The homomorphism of Weil algebras sends ideal I; of augmentation of Wj into the ideal Is of

augmentation of Wy, so the diagram
R

commutes. For example, R and R[e] are Weil algebras. Moreover, it is easy to see, that each
Weil algebra is a finitely presented R-algebra.

Wi Wo (59)

Definition 2.10 If W is some Weil algebra object, then objects D(W) := Specp(W) are called
the (formal) infinitesimals or small objects (of R).

Hence, for Weil algebra W with a finite presentation R[ X1, ..., X,]/(p1(X1,..., Xn), -, pm (X1, ...

we have D(W) = Specpr(W) = {(d1,...,dn) € R"|pi(d1,...,dn) = ... = pm(di,...,dpn) =
0}. Similarly to Kock-Lawvere axiom v.2 we can define an R-algebra homomorphism « :
R[X1,..., X, = RPW) by apy)(dy, ..., dy) = pi(dy,...,dy). This homomorphism naturally
promotes R[X1,..., X,] to Weil algebra W ~ R[X3, ..., X,]/I, because (di,...,d,) annihilate
the polynomials of I, so W = RP W) is an R-algebra homomorphism, which is natural in the
sense that we have the commutative diagram

Wy —~ RP(W) (60)

fJ/ lRD(f)

W ——> RPV2),

Kock-Lawvere axiom v. 4 (generalized) For any Weil algebra W the R-algebra homomor-
phism
W & RPW) — RSpecr(W) (61)

1S an isomorphism.
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To understand the meaning of this generalization of Kock-Lawvere axiom, consider a finite

diagram D in a category of R-algebras, represented below by R; i) R;. The limit of this
diagram is such Lim R that for every cone on D with vertex A there exists a unique arrow
A — Lim R such that the diagram

(62)

commutes. It is (quite) easy to see, that Lim R can be expressed as an object (‘set’) such that

Lim R = {(ri)icr € | [ RilVf : Ri = R; f(ri) =r;}, (63)
i€l

where I is a small category indexing the diagram D. Of course, Lim R C [[,.; R; is also an
R-algebra. But if we will take Weil algebras W; instead of R-algebras R;, their limit Lim W does
not have to be Weil algebra (for example, a product R x R™*1 of two Weil algebras is not a
Weil algebra, because its dimension should be n 4+ m + 1, and not n + m + 2). However, we can
consider only these Lim W which are Weil algebras. When we are speaking about R-algebras
and Weil algebras, we are indeed speaking about two categories: R-Alg and W. We also speak
about R-Algpp, i.e. the (cartesian closed) category of finite presented R-algebras. Let us also
denote our cartesian closed category of intuitionistic ‘sets’ (where belong all these objects like
D, D(2) and R), as £&. Now we are able to treat Specp(—) as a contravariant'® functor from
the category of finite presented R-algebras to &, so Specp : (R-Algpp)®? — £. However, in this
situation we want to concern only the restriction of domain of this functor to the category of
Weil algebras, i.e. D := Specy : W — £, which produces the commutative diagram

D(Lim W) (64)

Functor D does not have to preserve limits, so this diagram does not have to be a colimit,
althrough it is a co-cone. Crucial for further development of SDG is assertion when the following
commutative diagram obtained by applying the functor R(=) to (64) is a limit diagram (of R-
algebras):

RD(Lim W) (65)
Ry WT
RDOV) — RDOV;).

because exactly then all arithmetic of functions working on infinitesimals will behave properly.
It becomes in those situations, when the covariant composition of functors

(=)
R-Algpp® > WP 2%, ¢ BT o (66)

sends limit diagrams in W to limit diagrams in &.

5Tt is contravariant, because Specy(R[Xi,...,X,]/I) is a map R[Xi,...,X,]/I — R, thus
Specg(R[X1,...,Xn]/I) = Homgr-a1g(R[X1,...,Xn]/I, R), so Specg(—) C Homg-a1g(—, R).
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Definition 2.11 Let D be a finite inverse diagram (co-cone) of infinitesimal spaces (objects,
‘sets’) obtained by applying a functor D = Specy to some finite limit diagram of Weil algebras
(with vertex which also is a Weil algebra), and send by R into a limit diagram. An object M
is called the microlinear space if the functor M(7) sends every D into a limit diagram, and we
say that M perceives D as a colimit diagram. Such D are sometimes called the quasi-colimits.

Corollary 2.12 If M is microlinear object and X is any object, then M is microlinear. Any
finite limit of microlinear objects is microlinear. R and its finite limits as well as exponentials
are microlinear. Any infinitesimal affine scheme Specy(Lim W) is microlinear.

The main technique of proof in SDG is to show that some diagrams of small objects are perceived
as colimits. These proofs are given constructively, to fit the requirements of intuitionistic logic
and Kock-Lawvere axiom. The situation of perceiving of co-cones of infinitesimals by microlinear
spaces in SDG corresponds to standard procedure of leaving infinitesimaly small values of higher
order as ‘equal’ to zero in classical differential geometry. The difference between these two
theories is now more clear in this perspective: classical differential geometry handles, rather
‘intuitively’ then formally, infinitesimaly small values, using only these orders which lead to
proper results. SDG does it formally and publicly on the algebraic and categorical grounds, what
leads to necessity of incorporation of ‘intuitiveness’ into formalism — and this is the rabbit’s hole
from where the intuitionism jumps out. It will be shown that microlinear space is a synthetic
equivalent of well-known classical notion of manifold. However, strictly speaking, the synthetic
equivalent of classical differentiable manifold is a formal manifold, which is a microlinear space
with families of coverings with coordinate charts (see section 2.7). The clue is that in SDG we
do not have to introduce the coordinates and local covering to construct the geometrical objects.

3 Vector bundles

We have made a passage from the Kock-Lawvere axiom formulated in terms of the commutative
ring R and the object of infinitesimals D to a more general form using the Weil algebras. Next
we have defined the notion of the microlinear object (space), which satisfies the generalized
version of Kock-Lawvere axiom in the same way as R satisfies the first version of it'6. In this
section, using the properties of the microlinear space, we will define tangent and vector bundles,
vector fields, Lie bracket and Lie derivative.

Any curve on a space M may be regarded as an element k of M parametrized by an I, i.e.
k:I— M. It means that k € M.

By an analogy, to generate a space tangent to the space M in some point z, we should take an
element ¢ of M parametrized by an infinitesimal piece of line D, called the infinitesimal or the
generic tangent vector.

16T be precise, one should say that R (and not M) satisfies the generalized Kock-Lawvere axiom, but there
is given the correspondence between such R and microlinear space M, thus we may use such phrase by abuse.
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It means that t : D — M or t € MP and ¢(0) = =.

Definition 3.1 A tangent vector (or just tangent) to a microlinear space M with base point
(or attached at) x is a map t : D — M (i.c. the element of exponential object, t € MP ) such
that x = t(0). A tangent bundle is an object M together with a map m: MP — M sending
each tangent vector t € MP to its base point w(t) = t(0) = x. The set of tangent vectors with
base point x is called the tangent space to M at x and denoted MP. We define the notation
TM = MP and T,M := MP.

Definition 3.2 Consider some object E, the microlinear object M, the element x € M and the
arrowp : E — M. We call a fibre of p at x the arrow p, := p~'(x). The vector bundle over M
is a such p that for every x the p, is an R-module that satisfies the Kock-Lawvere aziom (thus,
it is an Buclidean R-module), i.e. the map « : py X py — (pz)? such that a(u,v)(d) =u +d-v
s a bijection. Such p, is called the vector space. The section of p is a map s : M — E such
that po s =idyy, i.e. p(s(x)) =z for allx € M.

Proposition 3.3 The tangent bundle is a vector bundle.

Proof. We should prove that 1) 7, M has an R-module structure, 2) T, M is an (Euclidean)
vector space for every x (i.e. it satisfies the vector version of the Kock-Lawvere axiom).

1. We will prove that the map 7 : MP — M, such that 7(t) = ¢(0) = x for t € MP
and t(0) = z € M, has an R-module structure. For M = R, using the first version of
Kock-Lawvere axiom, we can write

Vd e D tl(d):x+d-a1, (67)
Vd e D tg(d):$+d'a2,
and define
Vd € D (tl +t2)(d) =z+d- ((Il +a2),
vd e D 0(d) ==z, (68)

Vd € D a-t1(d):=x+d-aa;.

For general M the second definition does not change. Third can be rewritten as Vd €
D oat(d) = t(ad). The problem is that for M # R the first definition is generally not
proper, as it makes use of the ring structure of R. However, M by definition is microlinear
space, so it perceives co-cones of small objects as colimits, e.g. the diagram

01

D——D(2)

A ' (69)
2

71
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is send by M to the limit (pullback) diagram

MM D (70)

o e

MP «—— MP®
M*1

)

if it is send by R to pullback diagram, what should be proven first, and it will be done now.
Let f,g: D — R, and let i1, i2 be the canonical injections i1(d) = (d,0) and i2(d) = (0, d).
We put f(0) = ¢g(0) = a, so f(d) = a+dband g(d') = a + d'b/. We define h: D(2) - R
such that h(dy,ds) = a + bdy + b'da, hence h(i1(d)) = f(d) and h(iz(d)) = g(d). Such
h is a pullback of f and g over R if it is unique. Let’s take then some other morphism
k: D(2) — R such that koi; = f and kois = g. Then k(dy,ds) = a’ + bydy + bady and so
k(0,0) = @/, thus ¢’ = a. We have k(d,0) = byd and k(0,d) = bad, thus we get by = b and
by = b, hence k = h, so h is unique and the diagram

k € RP@) (71)

Rkoi1

N
heRP® _—~RP 5§

R
lRiz J{RO

g€ RP R

RO

is a pullback, so (70), by the microlinearity of M, is a pullback too. Consider now t1,te €
MP and x4, 4, € MP@) . The pullback

Xti,ts € MD(2) MD St (72)

| |

ty € MP M

means that there exists a unique mapping xy, ¢+, : D(2) — M factorizable on ¢; and t5. We
may define now t; +1to: D — M as

(t1 + t2)(d) = X111 (d; ). (73)

We should prove that such defined (¢; + t2)(d) is associative. Considering the diagram

D\ (74)
0 D(2)
7 J12
1—2-D D(3)
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with
= 00
jl2(d1,d2) (dl,dg, 0), (75)
Jos(dy,da) :=(0,dq,ds),

we may say that it is send by R to a ‘multi-pullback’ limit diagram, and so, due to micro-
linearity of M, there exists a limit diagram analogous to (72), with X, 4,5 : D(3) — M,
which factorizes as
Xt1,t2,t3 <d7 0, 0) =t (d)v
Xt1,t2,t3 (07 d, O) =t (d)7 (76)
Xt1,t2,t3 (O> 0, d) =13 (d)

By the definition (73) we have X, 4,.5(d,d,0) = (t1 + t2)(d), SO Xt, to.45(d,d,d) = (t1 +
t2)(d) + t3(d) = ((t1 + t2) + t3)(d). Considering the path in the limit diagram which
correspons to jo3 in (74), we get X¢, to.t5(d, d, d) = t1(d) + (t2 + t3)(d) = (t1 + (t2 + t3))(d).
Thus, (t1 + t2) + t3 = t1 + (t2 + t3).

2. Now we will prove that all tangent spaces of microlinear space M satisfy the Kock-Lawvere
axiom, i.e.

Vo e (T,M)P 3t eT,M Yde D ¢(d) =¢(0)+d-t, (77)

or, alternatively speaking, the homomorphism T, M x T, M < (T, M)P such that a(u,v) =
u+d - v is a bijection for every x € M. Consider ¢ € (T,M)¥? and let u = ¢(0). We can
define such 7 € MP*P that 7(d1,d2) := (#(d1))(d2). We should prove that 3!t € T, M
¢(d) — ¢(0) = d - t, but we may substitute ¢(d) in T, M by ¢(d) — ¢(0), treating here ¢(0)

as null vector. If the diagram

DxD—=DxD—>D (78)

iz

with i;(dy,d2) := (d1,0) and i2(di,d2) := (0,dz) is perceived by R as a coequalizer, then
it is send to an equalizer diagram by M, because M is microlinear. In such situation, for
T o011 = T o1y there exists a unique t € T, M such that

T(dl, dQ) = t(dl . dg) = (d1 . ?))(d), (79)

thus ¢(d1)(d2) = (dat)(dz2) and so ¢(d1) = dit. It rests to prove, that (78) is perceived by
R as coequalizer. It will be done in the proof of the proposition 3.9.

O

Now we will prove one very useful proposition.

Proposition 3.4 Maps of Euclidean R-modules are linear if they are homogeneus.

Proof. Let’s take some homogeneus F' : V — W, where V and W are microlinear spaces.
We can take two maps ¢(dy,dz) := F(div + dou) and ¥(dy,ds) := F(dyv) + F(dav). These are
the maps D(2) — V, and can be treaten similar to x¢, s in the proof of the proposition 3.3.
Thus, we may state ¢(d,d) = ¥(d,d) = d- (F(v) + F(u)) = d - F(u + v), what implies that
F(v)+ F(u) = F(u+wv). O
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Definition 3.5 An E-vector field on M is a section of a vector bundle p : E — M. The object
(‘set’) of E-vector fields on M is denoted as X(E) or X(p). The value of a particular vector
field Y on the element m € M is denoted as Y, :== Y (m). If E = MP, i.e. the E is a tangent
bundle MP 5 M, we write X (M) := X(MP) and say “vector field” instead of “MP -vector
field”. In such situation X, € T, M, and we use the notation X,,(d) = X(m,d) = X(m)(d) =
X(d)(m) = X(d,m) = Xy4(m).

Recall that we develop SDG in a cartesian closed category, so

a vector field X:M— MP  with X(m)(0)=m
is isomorphic to an infinitesimal flow of M X':DxM— M with X'(0,m)=m
and is & to an infinitesimal deformation of the identity map of M X" : D — MM  with X"(0) = idy,.

Moreover, we can treat a tangent bundle as the functor (—)? : M + MP acting on some space
M. This gives us an ability to concern the tangent bundle of any function space, because in
cartesian closed category

(Y24 = (P, (80)
In particular, we have
(MP)M = (MM)P, (81)
so we may consider (MM)iDdM = idMMM as a space tangent to MM in the point id,.

Definition 3.6 The directional derivative or Lie derivative of f: M — R in the direction
X € X(M) is the map Lxf = X(f): M — R defined as

VmeM Lxf(m) Vde D foXn(d) = f(m)+d-Lxf(m). (82)

This definition follows from the Kock-Lawvere axiom, hence such directional derivative satisfies
the common derivarion rules, and for f,g: M — R, A € R, X € X(M) we have:

XA~ )= X)(f) = MX (),
X(f+g)=X(f) + X(9), (83)
X(f-9)=f-X(g9)+9g-X(f). (Leibniz rule)

For any vector fields X,Y : M — MP we can calculate the value of (X o Y)(f) = X(Y(f)):

XoY(fg)=X(Y(f9) = X(gY(f)+f(¥Y(9)) = X(g)Y(f)+gX(Y(f))+X(f)Y(g)+fX(Y((9))>-
84
Similarly we get

Yo X(fg) =Y(9)X(f) +gY(X(f) +Y(f)X(9) + [Y(X(9))- (85)

Hence, nor X oY neither Y o X does not hold the Leibniz rule. However, the difference of X oY
and Y o X does:

(XoY —-YoX)(fg)=g(XoY -YoX)(f)+f(XoY —Y oX)(g). (86)
We may define the commutator of the vector fields X and Y as
(X, Y] =XoY -YoX, (87)

but can we give the meaningful description of an action of this object not on the multiplicated
pair of functions f,g : M — R, but on the multiplicated pair of infinitesimals? In the next
movement we will try to give a positive answer on this question.
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Definition 3.7 A Lie monoid (a Lie group) is a monoid (resp. group) which is a microlinear
space.

It means that for any monoid (or group) G' we have the tangent bundle G” — G and its fiber
T.G = GP at the unit element e, which has the structure of an R-module (it was earlier proven
for any tangent bundle MP — M of microlinear space M). We may put now G = MM and
consider the fiber Tiq,, MM of the tangent bundle (M*)P — MM of microlinear space MM
but we will do it later, giving now the definition of the Lie algebra and the Lie bracket on a lower
level (then this of microlinear spaces). Note that in the classical differential geometry the set
Diff (M) of diffeomorphisms of a manifold M is not a Lie group. In SDG all diffeomorphisms of
the manifold are just the elements of the object M™ which is a microlinear space, thus a Lie

group.

Definition 3.8 A wunitary module U over some commutative ring K with unit is called a Lie
algebra if it is equipped with bilinear Lie bracket operation

[~ —]:UxU—=T, (88)

such that for any X,Y,Z € U
[X,Y] = —[Y,Z], (antisymmetry) (89)
(X, [V, Z)] + [V, [Z, X]] + |Z,[X,Y]] =0 (Jacobi identity) (90)

Proposition 3.9 IfG is a Lie monoid, then T,G has a unique Lie bracket operation, what means
that it forms a unique Lie algebra over T.G.
Proof.

0. First, we will prove that the diagram

D—%=DxD—>D (91)

NS

0

is perceived by R as (double) coequalizer, i.e. that the diagram

R"1
RD - RDXD > S— RD (92)
R Ri2
RO

is a (double) coequalizer. Consider f : D x D — R such that for every d we have f(0,0) =
f(0,d) = f(d,0). Then we have f(di,d2) = f(0,0) 4+ bdy + bds + cdida, so, because
£(0,d) = f(0,0) + b'd and f(d,0) = f(0,0) + bd, there are equations b = b = 0 and
f(di,d2) = £(0,0) 4 cdidy. If we will take now g : D — R such that g(d) = f(0,0) + cd,
then it is a unique map D — R which holds ¢g(d; - d2) = f(d1,d2). Hence, (92) is a (double)
coequalizer.

1. (Uniqueness.) We may concern the general situation of a commutator of infinitesimal
transformations defined as 7 : D x D — G such that 7(dy,da) = to(—da) ot1(—dy) ota(dz)o
ti1(dy), where t1,t2 € T,G. From the microlinearity of G we have that it perceives the
diagram (91) with 41(d) = (d,0) and i2(d) = (0,d) as a double coequalizer, thus it satisfies
the so-called property W (Wraith):
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For every T : D x D — G such that 7(d,0) = 7(0,d) = 7(0,0) there exists a unique
t: D — G such that t(dy - d3) = 7(d1,dz) for all (dy,d3) € D x D.
The uniqueness of [t1, 2] follows directly from the uniqueness of ¢.

2. (Bilinearity.) As homogeneity implies linearity for R-modules of tangent spaces, it suffices
to show that [Aty,to] = A[t1,t2] = [t1, Ata], but this is obvious by the definition.

3. (Antisymmetry.) From the definition of addition in T, G we have t1(d) ota(d) = (t1 +t2)(d)
and ¢(—d) = (—t)(d) = (t(d)) ™. So [t1,2](d1 - d2) = [t1, t2) (—(—d1) - d2) = ([t1, 2] ((—da) -
dg))_l = (tg(—dg) o tl(dl) o tg(dQ) o tl(—dl))_l = tl(dl) o tQ(—dg) o tl(_dl) o tg(dg) =
[t2,11](d2 - (—d1)) = (=[t2, ta])(d1 - d2).

4. (Jacobi identity.) The diagram (69) is perceived by R as a pullback, so

V(dl, dg) € D(2) \V/tl, to € TEG t (dl) o tg(d2> = tQ(dQ) ot (dl) (93)

We may calculate now the Jacobi identity, denoting X :=¢1(d1), Y := ta(d2), Z := ta(ds),
XY := X oY, and using the fact that, by the equation above, we may comute only these
elements which share some common part. Thus

([t1, [t ta]] + [ta, [ts, t1]] + [ts, [t1, £2]])(da, da, d3) =
[tl, [tz,tg]](dl, da, d3) o [tz, [tg,tl]](dl, da, d3) o [tg, [tz,tl]](dl,dg, d3)
(X, [Y, ]H 12, X]][Z,[X, Y]] =
=1Y, ] [Y Z]X[Z, X]flyfl[Z, X|Y[X, Y]flzfl[X, Y|Z =
=Y,
=Y,

Al [Z XU XYY, 2] X, Y'Y Y2, XY Z7 X, Y] Z =
Z Yz, X'\ XY, 21 X[X, Y] 'Yz, X]Z7YY[X,Y][Z7 ' Y]|Z =
[Z, Y[X, Z| XY, Z) XY, XY~ Y2, X|Z7\Y[X,Y][Z7,Y]|Z =
=Y 1 ZYZZ X1 ZXX 1 Z7 'Y 1 Zy XX 'Y I XYY '\ X1zl X ZZ-\yY I X 'Y XY ' ZYZ~
= €.

(94)
O

Corollary 3.10 The Lie bracket of two vector fields X and Y is the vector field [X,Y]: D —
MM such that

[X, Y](dl . dQ) = deg e} del (e} Yd2 e} Xdl- (95)
It is unique, bilinear, antisymmetric and satisfies the Jacobi identity. For any d € D and any
(dq,d2) € D(2) we have Xgo X_q = idps, Xg,0Xa, = Xgy+d, and Xg, 0Yy, = Yy,0Xy,. Thus, a
Lie bracket is a commutator of infinitesimal transformations of an element m € M along vector
fields X and 'Y, as it is presented on the picture below.

q=X(p,~dp) p=Y(n,dy)

X—d

[X,Y](d 1,d 2)(m)=r

Proposition 3.11 For any X,Y € X(M) and f € RM,
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Note that in the situation when commutator acts on functions, it is simple to prove this fact,
because [X,hY](fg) = X (RY (fg)) — hY (X (fg)) = M(X (Y (f9)) — Y (X(f9))) + Y (f9)X(h) =
RIX,Y](fg)+X(h)-Y(fg). The question is, as always, does it work properly with infinitesimals,
i.e. with (dl . dz) € Do.

Proof. By (95) we have [X, fY](d1,d2) = (fX)(—d2) o
the picture above, we may denote n := X(dl)( ), p:i=
we get do- f(q) = d2- f(X_a,(p)) = da(f(p) —d1- X (f(p )

di1 X (f(m))) — dida X (f(m)) = daf(m), thUS [ , fY(dr, fY)(=d2)(q) = Y g, p() () =
Y_ g rm)(@) = Y_dppim) © Xody © Yaypm) © Xay(m) = Y_gop(m) © Xody © Yao(f(m)+di X (f(m)) ©
Xay(m) = Y_aypm) © X-di © Yap(m) © YardoX (£(m)) © Xetr (1) = Y_ayp(m) © Xy © Yapp(m) ©
Xa,(m) o Yd1d2X(f(m))(m) = [X, Y]d1d2f(m) ° Y,y x(f(m)) (m) = [X, Y]d1d2f(yd1d2X(f(m))(m))
Yadox (fmy)(m) = fIX,Y](d1,d2) © Yy a,x(pyim)(m) = fIX,Y](d1,d2) o X(f)Y (d1,d2)(m) =
(fIX, Y]+ X(f)Y)(d1,d2)(m). O

)O(fY)(dg)OX( 1). Following
2)(m), ¢ := X(=di)(p ) By (82)
) d2d1X( (n)) = da(f(m)+

I ~<A

N—

/\
/\3/—\

4 Connections

Now we will define an affine connection and a parallel transport. Both of these terms say about
transporting a tangent vector to along tangent vector ti, hence about completing the cross
section of two vectors into a net of parallel cross sections given by the infinitesimal transporting
of one vector along another. Our first step will be the definition of these notions on the tangent
bundle MP 5+ M, next we will generalize the notion of an affine connection on any vector
bundle E & M. In the aftermath of this, we will introduce the covariant derivative VxY of
the E-vector field Y along vector field X. Finally, we will turn back with these notions to the
situation when E = MP, concerning the affine stucture of the microlinear spaces.

We want to define the object maintaining an infinitesimal connection between two vector fields
tangent to M, which makes possible to move from the configuration of these fields related to each
other (roughly speaking, their cross-section) in one point to the configuration of these fields in
other point close to first by an infinitesimal distance. In other words, we want to connect (thus
make a mapping from) the cross-section of two tangent bundles (i.e. the pullback M D MP of
two objects M of mappings from infinitesimal line (microline) D to M, made over microlinear
space M) over every element of M to a bundle of cross-sections, i.e. the mapping from a
microsquare'” D x D to M. Such map may be thought as an infinitesimal parallellogram
studied by Elie Cartan [Cartan:1928| as a tool for introducing the torsion and curvature. (In
fact, we will follow very tightly his paths, however without introducing the coordinates.) We
intend it to be linear, as it should preserve the linear structure of vector spaces. (In fact, it is
enough to impose the homogeneity, as this implies linearity.) So, we have to concern the map

"n fact, the name ‘microsquare on M’ or ‘2-tangent’ is used to call the elements of M PP i.e. the mappings

from D x D to M, or even the elements of MP*P x (D x D), i.e. the mappings D x D — M together with their
infinitesimal domain.
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D D
M" X, M mP XD

— D DXD

called the affine connection V on a tangent bundle 7 : MP — M, given by the diagram

MP <MD x,; MP

e

M MP,

MD><D ~~ (MD)D (97)

where K is defined as (w1 o K(7))(d) := 7(d,0) and (720 K(7))(d) := 7(0,d), and 7 € MP*P is
a microsquare-tangent-vector. The connection V is a section of K, i.e. (K oV(t1,t2))(d1,d2) =
(t1(d1),ta2(d2)). Now we may promote these ideas into a formal definition.

Definition 4.1 An affine connection on tangent bundle MP — M is the map
V:MP xy MP — MP*P (98)

such that for every (t1,ta) € MP xpy MP, dy,ds € D and \ € R,

1. V(t1,t2)(d1,0) = t1(d1),

2. V(t1,12)(0,ds) = ta(da),

9 VAt ta) = Vit ta)(A - dy, db),

b V(b A - to)(dy, do) = V(t1, ta)(da, A - da).

Such defined connection is an exact realisation of the original idea of Elie Cartan:

A manifold with an affine connection is a manifold which, in the immediate neigh-
bourhood of any point, exhibits all the properties of an affine space and on which one
has a law relating two such infinitesimally close neighbourhoods.'®

Definition 4.2 An affine connection is called symmetric if

V(ti,t2)(d1,d2) = V(te, t1)(de, d1). (99)

'8[Cartan:1955]. (In fact, we have not defined yet the idea of an affine space in a point. But this is easy,
because Kock-Lawvere axiom imposes the existence of a local tangent space, as well as local differentiability in
any point. We will turn back to the notion of affine space and define it in the next section.)
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Definition 4.3 A parallel transport p(vth) from t(0) to t(h) alongt is the map p(vm) :TyoyM —
TynyM such that for every A € R

1. pv ’0)(t2) = tg,

1

~+

2. G, my(M2) = Ay ) (t2),

3, pg\t1,h)(t2) = p(vtl,)\h)(tQ)'

So the value of p(vt1 n) (t2) is the result of the transport of the vector to parallely to itself by
an infinitesimal distance h along the curve given by the vector t;. This gives a picture of
infinitesimal completing of a cross-section

into

As we see, this picture describes the notion of parallel transport as well as the notion of connec-
tion. In fact, they are equal in a precise sense.

Proposition 4.4 If M is microlinear, then any affine connection V on M gives a parallel trans-
port p¥ on M given by
V(t1,t2)(h1y ha) = 7, gy (t2) (h2). (100)

Conwversely, if p¥ is a parallel transport on M, then the map ¥V : MP x 3y MP — MP*P given
by the equation above is an affine connection on M.

Proof. We will prove first that the diagram

D—=DxD—"=D, (101)
2

with i1(d) = (d,0), i2(d) = (0,d) and + : (d1,d2) — di + da is perceived by R as a coequalizer.
This diagram commutes, because d; + do = ds + di, so we should prove only the uniqueness.
Let f: D x D — R be such that f(dy,d2) = a+bdy + b'da + cdydy. Then f(i1(d)) = a+ bd and
f(i2(d)) = a+b'd. By commutativity, we have f(i1(d)) = f(i2(d)), thus b = ¥'. For the function
g : D2 — R such that g(0) = a + b6 + 502 we get g(di + d2) = a + b(dy + d2) + §(dy + d2)* =
f(d1+ds2), hence g is the unique map such that f(d;+dz) = g(d1 +d2), and so (101) is perceived
by R as a coequalizer. Now we can turn back to the main subject of this proof. If V is an affine
connection on M then for ¢t € T, M and for every h € D we have the map

PG.n)

M — Ty M, (102)
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given by (100). We will prove that this map is a bijection. Consider o(t) : Do — M given by
o(t)(di1 + d2) = V(t,t)(d1,d2), which is properly defined, because M by the microlinearity and
the proof above perceives (101) as coequalizer and, by definition of V, t(d) = V(t,t)(d,0) =
V(t,t)(0,d). Thus, we can say that for d € D

[d— o(t)(h+ d)] € Ty M. (103)

Thhe bijection will be shown by proving that the inverse arrow of p(vt’h) is p(vd o (8) (hbd),—h) hence
that

{péww—w<p<?h><s>>=sa (101
/ /

P(t.n) (p(d>—>a(t)(h+d),fh)(s ) =+

Considering the diagram (69) perceived by M as a coequalizer, for (hi, ha) € D(2) we get

Pt hr-h2) (8) = Pl (t)(ha ) ha) © D) (8): (105)

For h = h1 = —ho we get the first equation. Substituting s by p(VdHU(t)(}Hd)’ih)(s’) in the first
equation, we get the second equation. [J

If we want to transport the vectors of some vector (not necessary tangent) bundle £ — M
‘parallely’ along the microlinear space, we have to define, what such parallelism means. It seems
to be natural answer, that the ‘parallelness’ of vectors in a vector bundle should be given in the
terms of this bundle somehow independently from the possible different structures of microlinear
spaces on which we may project our bundle of vector spaces. Thus we should concern EP, i.e. the
tangent space of a space F, but also we should recall that the ‘transport parallel to microlinear
space’ means ‘transport parallel along the vectors of tangent bundle of the microlinear space’.

E Ex

A \EI% E

’ e M

In the concerned earlier situation, the connection between two vectors from tangent bundle
MP — M was defined as a map from the pullback of these spaces over M to the microsquare
MP*DP = (MP)P ie. to the tangent bundle of the tangent bundle. This leads to corollary, that
parallelism (the connection) of some vector bundle along tangent space M over the microlinear
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space M is given by the map from the pullback E x; MP to a tangent space EP of this given
vector bundle, i.e.

Exy MP —Y o (106)

As we want to maintain not only the parallelness of vectors given by E, but also their lenghts
and vector space structure, we must concern that the map V is linear.

Definition 4.5 An affine connection on a vector bundle E 5 Misa map V : MP xy E —
EP such that

1. poV(t,v) =t, thus po V(t,v)(d) = t(d),
2. V(t,v)(0) = v,

3. V(At,v)(d) = V(t,v)(Ad) = (A V(t,v))(d),

4. V(t, ) (d) = (AV(t,0))(d) = AV (¢, v)(d)),

where @ denotes the R-module multiplication in the vector bundle over E.

To check that such definition is well-established, we will prove first that vector bundle p : £ — M
together with tangent bundle 7 : M — M induces naturally two vector bundle structures on
MP xy E; hence V is a map of two vector bundles (over E and over MP).

Proposition 4.6 1. MP xyr E is a vector bundle over E by MP x; E 22y E and a vector
bundle over MP by MP x E 2y oMmP,

D
2. EP is a vector bundle over E by EP 55 E and a vector bundle over MP by EP 2 MmP.

Proof. First let us fix the notation, denoting the R-module operations in a vector bundle over
E as ® and ® for addition and multiplication, respectively. This convention will also hold on
next pages.

1. For MP x,; E the tangent bundle over E is given by
(t,v) ® (t',v):=(tdt, v),

NG (60) = (A1, 0). (107)
The tangent bundle over MP is given by
AN /
(t,v)+(t,v) T (t,’U+’U), (108)

A (t,v) = (t, A v).

The Kock-Lawvere axiom is satisfied in both situations, because MP x,; E is a pullback
of microlinear spaces, thus it is also a microlinear space.
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2. The first part is obvious, so we will prove only the second. Consider (EP); := (pP)~1(¢)
and Eyg) :=p~ ' (t(d)). For ¢4 : D — Eyqy we define ¢ : D — (EP), by ¢(d')(d) := pa(d').
From the vector bundle structure of p we get

Vug € Eyqy Flug € Eyq) Vd € D ¢g(d) =ug+d -vg. (109)

Substituting ug by u := [d + ug] and vg by v := [d > vg], u,v € (EP);, we get
Vu € (EP); 3w e (EP), vd' e D ¢(d)=u+d v (110)
So, the Kock-Lawvere axiom is satisfied. The R-module structure of p” : EP — MP is

given by

(u +gpy, v)(d) == u(d) +g,q) v(d),

(A+(5), 0)(d) i= A5,y (0(d). (111)

Suppose that in some point z we have got an element of a vector bundle v € F and a tangent
vector t € MP:

(t,v) € MP x E. (112)
We would like to move the vector v along the direction given by ¢ to the new point t(d) € M,
which is in the infinitesimal distance d from the point ¢(0) = = € M of the foothold of (¢,v). In

other words, we want to transport v from the fibre Ey() to the fibre Ey4). The connection V is
the mapping

t=V(t,v) € EP

o V(t,0)(0) = v € Eyq) V(t,v)(d) € Eya)
poV(t,)(0) =t(0) € M poV(t,w)(d) =td) € M

(t,v) € MP x E
(113)
So, connection V : MP x,; E — EP ‘lifts up’ a pair of vectors from tangent and vector bundle
to one vector from EP, on which the operation of evaluation of infinitesimal move d may be
performed, to yield a transported vector V(t,v)(d) placed in the vector space (fibre) Fyg) over
the point t(d) € M. It may be represented on the picture
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Eya) Et0)

\ t(d) E

=

c"J
<
1

(0)

K|: v

i t ét(0)
t(d)é// M

The connection gives for every t € MP footholded in the point ¢(0) € M its ‘image’ £ in EP,
footholded in the £(0) = v € E.'Y Evaluation of ¢ on the infinitesimal d will give #(d) € E, the
parallel transport of v along the direction of t. Conversely, we may think at the begining about
some t € EP and consider the map K : EP — MP x,; E such that K(f) = (pot,£(0)). Vis a
section of such K, because

KV(t,v) = (poV(t,v),V(t,v)(0)) = (po V(t,v),v) = (t,v), (114)

so KV = idypy,, g There are also such vectors ¢ which projected by K on M D give the
null vector (consider ¢’ on the picture above). Such ¢ have the property that ¢(d) € Epof0), 50
te E;g{(o)' Hence, we may say that

Ker K = {f|t € El;)}, (115)

and, by the obvious reason, call them vertical vectors. Such vectors cannot be used for the
infinitesimal parallel transport given by V, because are not the image of any ¢t € MP in EP.
Thus, we may decompose vectors in EP into two parts

EP =Ker K ®Im V =: V(EP) @ H(EP), (116)

where o
V(EP)=Ker K = {f|t € Eﬁ){(o)} — vertical vectors,

117
H(EP)=Im V = {V(t,v)|(t,v) € MP x); E} - horizontal vectors. (1)

The sign @ used above means that V(EP) — E and H(EP) — E are sub-bundles of a vector
bundle EP — E, and for every € E we may perform an R-module addition V, @& H,. Such
sum of the vector sub-bundles is called the Whitney sum. So, any vector £ € EP may be
decomposed into the sum

t=V({)+(V{E) -1, (118)

9Note that the directions of arrows K and V on the picture above are rather symbolical: in fact, V is a map
MP %y E — EP, while K is a map EP — MP xu E.
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where V (t) € V(EP) and (V(t) — ) € H(EP). We have then

V =idpp © (Vo K). (119)

'-|-|

v(©)

. M
X (120)

From the Kock-Lawvere axiom, we have E x E = EP. Consider now (u,v) € Exy E — ExE,
which is an element of a pullback over M:

ExyE2—E (121)
N
E M

)

and the map G : E xy E — EP given by (u,v) ~ [d + u + dv]. The element u + dv € E
is created by the pair (u,v) of two elements of E which lay in the same fibre over M (because
(u,v) € Exp E). This means that ¢ = [d — u+dv] is a vertical vector, because t(d) = u+dv €
Epoi(0) = Ep(u) = Ep(v)- Hence,

Im G = V(EP) = Ker K. (122)

This leads to the commutative diagram

ExyE - V(EP) = Ker K (123)
ExE = EP —Ker K& Im V

Kock-Lawvere axiom

However, to be correct, we should prove that G and K are really bilinear as maps of vector
bundles.

Proposition 4.7 1. G and K are both bilinear as maps of vector bundles over EE and over
MP.

2. Im G =Ker K.

3. E xp E is a vector bundle over E by E Xy E 2L F and a vector bundle over M by
E xy E =% M, where em is a canonical map for every fiber E,, over m.

Proof.
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1. The linearity follows from the fact, that K and G are the maps of the R-modules which
satisfy the Kock-Lawvere axiom. Such maps are linear if they are homogeneus, and the

last is trivial, as G(Av) = AG(v) and K (Av) = AK (v).

2. In fact, we have yet proven that ¢ € Im G = ¢ € Ker K. It suffices to show the converse.
Let K () = 0 for some t € EP. Then t € E,of(0), 80 pot is constant. By the Kock-Lawvere
axiom, we can find the unique (u,v) such that t = G(u,v).

3. For the projection p; : E Xy E — E Kock-Lawvere axiom is satisfied by the microlinearity
of F xpr E. The R-module structure is given by

(u,v) @ (u,v) := (u,v + '),

AO (u,v) :=(u, A v). (124)
For E xp; E — M the R-module structure is given by
/ AN / /
(U,’U)"‘(U,’U).—('LL—FU,U—FU), (125)

A (u,v) == (A u, A - v),

and the satisfaction of the Kock-Lawvere axiom is given for every fibre E,, (for m € M),
thus for every fibre product E,, X s Ep,.

O

It is good to show the correspondence between E xj; E and V(ED ) on a picture,

E

. M
x (126)

where £(0) and C(t) are the elements of E,.z, and V(t) = [d — t(0) + d - C(f)]. Thus, V may
be considered as a map V : EP — E xy E, ie. V : T+ (£0),C(f)), while G o V() = [d
t(0) +d - C(t)]. So, taking into account (121), we get

pioV=n:EP>%—10)€E,

ppoV=C:EP>1— C(f) € E. (127)

In other words:

Go<7,C>=idpe VoK. (128)
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Epot(a) Epet(0)
td) v 2C(D)
v, VEV . v
VK@) (d) = (- V(D) 0 4 7(0)

(129)

The ambivalence (or, maybe better to say, undistinguishment) between the transport of ¢(0) € £
along p ot and along po (f — V(#)) is measured by the V() € EP or — equivalently — by the
C(t) € E. V(t) is unambiguotious to C(t) in a precise sense of the Kock-Lawvere axiom: as
V(D) = [d - 10) + dC(D),

YV() e EP 31C(#) € EVde D V(i)(d) =#0) +d-C(). (130)

Note that from (128) we have t © V o K (t) = G(t(0), C(t)), so speaking in terms of C' and V is
equivalent (or, maybe better to say, ‘interchangeable’). A map C'is called the connection map,
and in the context of classical differential geometry it has appeared in [Dombrowski:1962| and
[Patterson:1975|. It may be thought as a map from the ‘space of accelerations’ E to the ‘space
of velocities’ E. We can also define the map v : E — EP from ‘velocities’ to ‘accelerations’,
such that

v:E>ur—[d—d-u] € EP. (131)

The given above properties of C' ensure that we have
E% EP S B =idg. (132)

Connection map C' gives an ability to define a parallel transport on a vector bundles.

Definition 4.8 A parallel transport p qy from t(0) to t(d) along t is the map puqy : v €
Eyo) = V(t,v)(d) € Eyq). As the connection is linear, this map is bijective and induces the
inverse map qqy * Eya) — FEyo) called the parallel transport from t(d) to t(0) along t. The
notation p(vt’d) and q(vt’d) is sometimes used instead of p(; ) and, respectively, q q)-

Proposition 4.9

Vie EP 3V (F) VA€ D g4 (Hd) = #0) + dO(7). (133)

Proof. Identyfying q(zot—d) (t(d)) = V(t)(d), we get the equation (130), satisfied by the virtue
of the Kock-Lawvere axiom. [J
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The extent, or a ‘gap’, between the vector from vector field (being the section of F) and its
‘copy’ transported along some vector field tangent to manifold M is commonly called covariant
derivative, and basically may be illustrated by the standard example:

parallel transport

may have not "parallel" result

(Note that, in contradiction to earlier pictures, we considered here the elements of E as vectors.)
The covariant derivative is at the same time a generalization of the notion of derivative of a map
f R —V, where V is a Euclidean R-module.

Definition 4.10 Let E — M be a vector bundle, X € X(M), Y € X(E). We have M X

D
MmP X EP and denoteY - X :=YP o X : M — EP. IfV is an affine connection on E with
connection map C, the covariant derivative of Y along X is defined as the E-vector field

VY :=CY - X): M — E, (134)
hence, by (119),
VdeD (Y -X)moV(Xn,Yn))d) =Yn+h-(VxY),. (135)
\

C(YX)(M)=V,Y

YX(m)(d)Ng

V(X,Y)(m)(d)=V(Xm,Ym)(d)

\

X(m)d) XM m=x(m)(©)

(136)
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Proposition 4.11 The covariant derivative VxY s uniquely determined, and it measures the
gap in the parallelism between the Y, and X,,, i.e. the difference between Yx, (d) transported
back along X, and Yy,.

Proof. The uniqueness is obvious by the equation (135) and the Kock-Lawvere axiom. We
should prove now that for every d,h € D, me M, X € X(M) and Y € X (E):

V(d = Xx,,1)(d), Yx,.(2)(=h) = Ym = h- (VxY)n. (137)

For ¢ : D(2) — E given by ¢(d1,d2) := V(d — Xx,,(a,)(d), Yx,,(d,))(—d2) we have ¢(d1,0) =
(Y - X)n(dy) and ¢(0,d2) = V(Xon, Yin)(—d2), so (Y - X)p © V(Xin, Yin))(h) = ¢(h, h), thus
(Y- X)m © V(Xpn, Yin))(h) = V(d = Xx, )(d), Yx,,(n)(=h). O

We see, that this proposition and its proof was only another version of proposition 4.9 (while
its proof was only another version of the proof of the proposition 4.4).

Proposition 4.12 Let V be an affine connection on a vector bundle E — M. For every X, X' €
XM),Y,ZeX(E), f:M — R:

1. VX—}—MDX’YZVXYWLVX’Y;
2. VixY =f-VyV,
3. Vx(Y-i-Z) =VxY +VxZ7,

4. Vx(f-Y)=f-VxY+Lxf Y. (Koszul law)

Proof.

L Y- X4y X)m =& X)m® (Y- X)), and the linearity of C.

2. (Y- (fX)m = f(m)® (Y - X),, and the linearity of C.

3. (Y+2) X)m=Y+ X)m+ (Z-X),, and the linearity of C.

4. We have (Y - X )y © (Xon, Yin))(h) = Yo + M(VxY ). Thus for ¢(d) := Xx,, n)(d) we can
write

V(t, Yx,, ) (=h) = Y + M(VxY ). (138)

Substituting Y by f-Y we get h- (Vx(fY))m = V(t, f(Xm(h)Yx,,(n)(=h) — f(m)Ys, =
V(t, (f (m)+h-X(f)(m))Yx,, ) (=h) = f (m)Ym = (f(m)+h-X(f)(m))V (¢, Yx,, ) (—h) =
fm)Ym = f(m)(V(t, Yx,, ) (=h) = Ym) + h- X(f)(m)V(t, Yx,, ) (=h) = f(m) (Y + b -
(VXY ) =Yn)+h-X(f)(m)-(Y+h- (VxY)m) = f(m)-h-(VXY)m+h-X(f)(m) Y +0.
Cancelling h’s (by the Kock-Lawvere axiom for E,,,) we get Vx (fX)m = f(m)- (VxY)m+
X(f)(m)Yom.

5 Affine space

This section is inspired by the wish of giving the strict meaning to Cartan’s words:
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We say that the manifold is equipped with the “affine connection” if a law relating
affine spaces associated with any two infinitesimally close points m and m’ is spec-
ified. The choice of this law is quite arbitrary; it only has to enable us to say that
such and such point in the affine space associated with m corresponds to such and
such point in the affine space of m’, and that such vector in the first space is parallel
or equal to such and such vector in the second.?”

So far we have defined the notion of an affine connection without defining the affine space. It
was a rather abstract way, in which we have used the idea of affine space implicitly, defining
the affine connection on a tangent bundle. Now we would like to define a notion of affine space
explicitly. Roughly speaking, an affine space is some space A together with some vector space
(R-module), such that we can add a vector v to the point z and receive the point y = = + v, as
well as make the difference of two points x and y, obtaining the vector v = z — y.

Definition 5.1 We say that an (inhabited, i.e. Ja € A) object (‘set’) A is equipped with an
affine space structure or translation space structure or torsor structure of an additive
abelian group < V,+,0 > (so, in particular, an R-module) if there are operations

VxASA, (139)
Ax AV, (140)

such that
Vi, €A MEV tin =7 < t=7-T1. (141)

An affine space is the pair < A,V > together with the structure < 0,4, 4, — >.

This definition implies the identities

(ro—T71)+71 = To, (142)
(t+m)—m =1, (143)
0+7 =T, (144)

(145)

(tl + tz)-@-T = tl-i—(tz—i-T).

Consider now the pictures (126), (129) and (136). We would like to have an ability to move
from the ‘point’ £(0) to C(t), as well as move vector ¢ from #(0) to C(¢). In general it is not
possible, but in case when M = EP we can introduce the affine space structure on the fibre
MP x,, MP — MP*P and move between microsquares from MP*P along the vectors from
MP = T,,M. Such EP = (MP)P = MP*P is called the iterated tangent bundle. EP
has two vector bundle structures (one over M, second over E), and MP*P has also both

structures, with the following projections on MP (recall that for any exponential objects we
have (AP)C = ACxB);

(MPYP M2, A D iz (1) (d) = (0, d),

. 146
(MP)P 225 MP, - M (7)(d) = 7(d, 0), o
together with the R-module structures:
()\ ® T)(dl,dg) = T()\dl, dg),
(r&7)(d1,d2) = (7(—, d2) + 7'(—, d2))(d1), (147)
(/\T)(dl, dg) = T(dl, )\dz),
(T + T’)(dl,dz) = (T(dl, —) + T/(dl, —))(dg)

20|Cartan: 1955|
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So, M : MP*P 5 MP and M2 : MP*P — MP are Euclidean vector bundles. From this we
get the following equations:

A (po

T)= M®( )
(11 ®72) - (T1@7'2§
)

()\ 7'1) ()\@Tg).

A (11
A (114 T2

For E = MP we have MP 5 M in the place of F 2y M and
MP® 2 MP sy MP Yy (MP)P = pP*P (149)

in the place of MP % E Y, EP. The map K : EP — MP x,; E becomes K : (MP)P =
MP*D s MP sy MP = MP®), Note that it is a restriction map induced by D(2) — D x D,
so there exists an inverse arrow K1 : MP@) — ppPxD, Hence7 for every 7 € MP® such that

7(0,0) = m € M, we may consider its inverse image K ~!(7). We will show now, that K~1(7)
is equipped with an affine space structure of the R-module T, M = ML so the fibres of the

restriction maps
MP*D AP (150)

have a natural structure of an affine space over M. This will enable us to make a comparision
between 7 and VK (7) (hence, satisfy the Cartan’s comparision postulate), and to introduce the
familiar equations on covariant derivative, torsion and Lie brackets.

Definition 5.2 A strong difference is a pair of maps
— MP*P o pey MPXP — MP (151)
4+ MP sy MPXP 5 PP (152)
such that fort € MP, 7,19 € MP*P, T p@) = 72lpe) =T
(ro—71)(d) := £(0,0,d), (153)

(t+7)(d1, d2) == g(d1,da, dy - da), (154)
where (D x DYV D i= {(d1, da, d3)|d? = &2 = d? = dyd = dod = O} and f,g: (D x D)V D — M

are such functions that

f(dy,da,0) = 71(dy, d2), (155)
f(di,da,dy - d2) = T2(dy, d2), (156)
9(d1,d2,0) = 7(d1, d2), (157)
9(0,0,d) = t(d). (158)
Proposition 5.3 f and g are unique.
Proof. Consider the diagrams
D(2) DxD (159)
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and
I lf (160)
DXD*Z (D x D)V D,
where
¢(dr,d2) = (di,d2,0),
Y(d1,d2) = (di,da, dy - da), (161)
e(d) =(0,0,d),

while ¢ are the inclusion arrows. Let us take two maps 71,7 € RP*D given by

T{ (dl, d2) =a + bidy + bads + c1dyds,

162
Té(dl,dg) =a + bidy + bads + codids. ( )

By definition f(d1,d2,0) := a+bidy +beda+ci1dida+ (ca—c1)d we obtain f(dy, ds,0) = 7{(dy, d2)
and f(di1,da, d; - d2) = 75(dy1, d2), thus R perceives (159) as pullback, hence, by microlinearity,
M perceives it too. Similarly for (160). O

Proposition 5.4 The strong difference — and + equips K~ (1) with an affine space structure
of the R-module T,M = MP.

Proof. We have to show that equations (142-145) hold for — and + defined by (153-158).

1. The definition of 4 gives us ((ro—71)+)(dy, d2) = f(d1, da, dy-dy) for f such that f(()~7 0,d) =
(7‘2;~7'1)(d) and f(dy,ds,0) = 71(dy,d2). The definition of ~ states (9—71)(d) = £(0,0, d)
for f(di,dy,dy - d) = 72(d1, da). Thus, we have f = f and f(d1,dy,dy - da) = 72(dy, da),
hence (75—71)+7 = 2. The same procedure gives (t+7)—7 =t and 0+7 = 7.

2. To show that (t; + tg)+71 = t1+(ta+7), consider the diagram

DxD 0 D (163)

y B

(DXD)\/D?(DXD)\/D(Q),

where (D X D) V D(2) = {(dl,dg,el,ez) S D4|dz2 = 612 = dje; = ejeg = 0, 2 € {1,2}},
ji(d) := (0,0,d) and ja(di,ds,e) := (dy,d2,0,e). For the unique g such as specified in
(157) and (158), we have ((t; + t2)+7)(d1,d2) = g(di,ds,d; - d2). For the unique f :
(D x D)V D — M given by f(di,d2,0) = 7(d1,d2) and f(0,0,d) = to(d) we can define
h:(DxD)vD(2) — M given by h(dy,ds2,0,e) := f(di,ds, e) and h(0,0,d,0) = t;(d), which
is unique, because for h : (D x D)V D(2) — R the diagram (163) is send to the pushout
diagram, what can be easily checked in a standard manner. For such h we have h(0,0,0,¢) =
ta(e), hence h(0,0,e,e) = (t; + t2)(e). Finally, we have h(dy,ds,e,e) = g(d1,da,e). Now,
using that h(0,0,e,0) = t1(0), we conclude that (to+7)(d1,d2) = h(dy,ds,0, d1ds) implies
(tl—;—(tg—i—T)) = h(dy,da,d1ds, d1dz), and so tl‘i’(tQ‘i‘T) = (t1 + tQ)—i—T.

O

Hence, for m = 7(0,0) we have:

K Y1) x K1) = TnM, (164)
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T M x K~Y(7) + K~'(7). (165)

Definition 5.5 The twist map ¥ : MP>*P — MP*P s a map such that

X(7)(d1, d2) := 7(d2,d1). (166)

Clearly, it is a map of vector bundles:

A DxD ) A DxD (167)
MP.

Corollary 5.6 Considering the proof given above, for T,71,79 € MP*P t ¢ MP K=1(r) =
K~Y(13), X € R, we have
To—11 = X(12)—X(11),

(t47) = t435(7), (168)

and
A (7'247'1) =(X- 72)4()\ 1) =(AO 7'2)4()\ © 1),
A (t47) =X tHA T, (169)
AO () =X tH o

Proposition 5.7 For X,Y : D — MM,
X,Y]=Y - X-%(X-Y). (170)

Proof. We have (X - Y)(di,d2) = Yy, 0 Xg4,, so X(X - Y)(d1,d2) = Xg4, oYy, on D(2) (cf.
(3.10)). Let us define h : (D x D)V D — M™ such that h(dy,ds,e) = X4, 0[X,Y].0Yy,. Hence,
h(dl,dg,O) = Xdl e} de = E(X . Y)(dl,dg), and h(dl,dg,dl . dg) = Xd1 o [X, Y]dhdz @) Yd2 =
Xgyo(X_gy oYy, 0Xg0Y g)oYy, =Yy, 0Xg = (Y- X)(d1,d2). Thus, [X,Y]. = h(0,0,e) =
(Y- X-%(X,Y))(e). O

Proposition 5.8 Let C : MP*P — MP be a connection map of an affine connection V, and
7,7 € MP*P such that K(t) = K(7'). Then

C(1) =17-VoK(1) = 7-V(t1,t3), (171)
C(r) = O(r') =7-7", (172)

Proof. By the definition of strong difference, we have (7—V(t1,t2))(e) = f(0,0,¢), where
f:(DxD)VvD — Mis a unique function such that f(di,d2,0) = V(t1,%2)(d1,d2) and
f(dl, dz, dldz) = T(dl, dg) From f((), dg, 0) = t2(d2) we get f(O, d2, dldg) = (t2—|—d1(T—V(t1, tz)))(dg)
Now let us define g : D(2) x D — M such that g(di,ds,d) = f(d1 — da,d,d1d), which is good
definition, because (di,d2) € D(2),d € D = (di — da,d,d1d) € (D x D)V D. For such g we
have g(dl, 0, d) = f(dl, d, d1d> = T(dl,d) and g(O, dg, d) = f(—dg,d, 0) = V(tl,tg)(—dg,d), thus
g(dl,dl,dQ) = (7' S, V(tl,tg))(dl,dg) = f(O, dg,dldg) =1t + dl(T—V(tl,tQ))(dQ). On the other
hand C : MP*P — MP is defined as (1 © V o K(7))(d1,d2) = (t2 + di - C(7))(d2) (see (119)

and (130)), thus C(7) = 7—V(t1,t2). The second equation follows immediately. O]
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Corollary 5.9 Let X,Y : D — MM, AsVxY = C(Y-X), we have VxY =Y -X-V(K(Y, X)),
hence

VxY =Y - X-V(X,Y). (173)

Definition 5.10 The torsion of an affine connection V with connection map C is a map T :
MP*D s MP such that for T € MP*P

T(r):=C(1) — C(X(1)). (174)

Connection is called torsion free if T(1) =0 for all T.

Proposition 5.11 1. Connection is torsion free if it is symmetric.
2. T(X,Y)=C(Y -X)-C(XE(Y - X)).
3. T(X,Y)=VxY —-VyX —[X,Y].

Proof.

1. Let K(r) = (t1,t2). By (174) we have T(r) = C(r) — C(3(7)) = (1—V o K(r)) —
(X(7)=2(VeK(7))) = (1=V(t1,12)) =(X(1) =5(V(t1, 12))) = (T=V (1, 12)) = (X(7) = V(t2, t1))-
Thus, symmetrical V gives T'(7) = 0.

2. Obvious from (174).

3.7T(X,)Y) =CY -X)-CEY -X)) = (Y - X-V(,X)) — (Y - X)-2(V(Y,X))) =
V- X VY, X))~ (X Y — [V, X])~V(X,Y)) = VxY¥ — Vy X — [X,Y].

O

The notion of strong difference was considered in the context of classical differential geometry
by Kolaf [Kolar:1977|, [Kolar:1982] and White [White:1982]. The notion of iterated tangent
bundle in the classical context can be found in [Godbillon:1969|. In the synthetical context it
can be generalized to higher dimensional cases. In the series of papers of Hirokazu Nishimura
([Nishimura:1997a|, [Nishimura:1997b| and further) the theory of three-dimensional strong dif-
ference of microsquares as well as elements of higher-dimensional theory was developed. The
higher-dimensional proofs are however engaged in quite long calculations (much longer then
these of propositions 5.4 and 5.8), so we will present here only the main idea and result of
this area of development. First, let us note that we can generalize a notion of a microsquare
7 :D x D — M to the notion of a n-microcube 7 : D x ... x D — M, ie. 7 € MP", and
denote the object of n-microcubes at m as T™(M,m) := ME". Recall that in the proposition
5.7 we have expressed the Lie bracket [X, Y] in terms of strong difference:

[X,Y]=Y - X -%(X-Y). (175)

X and Y are the maps D — M™  hence they belong to TH(M™M idy). [X,Y] € THMM idy)
too (cf. corollary 3.10). On the other hand, Y- X and X(X-Y') are the elements of T2(M™ idy,),
hence we can say that the Lie bracket in T (MM id;,) is expressed by the strong difference —
in T2(M™ idys). This leads us to concern an object [X,[Y, Z]] € T?(M™M idy;), which should
be obtained by the strong difference in T3(M™ ,idy;). However, in this three-dimensional case
there are three different strong differences —;, —a, —3, corresponding to three different ways of
establishing the link between microcubes (3-microcubes) on M and microsquares (2-microcubes)

on MP. If we would like to establish the Jacobi identity in terms of strong difference, we will
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be involved in considering —1, —, —3 and also —. Thus, it suffices here to say that in this
framework the Jacobi identity

(XY, 21 + [V, [2, X))+ [Z,[X, Y]] = 0 (176)

can be successfully established. We refer reader to the papers of Nishimura for details.

6 Differential forms

Definition 6.1 An n-microcube is a map v from D" to M. A marked n-microcube is an
n-microcube together with an element of D™ (called the marking):

(v,hi,...,hy) € MP" x D™ (177)

An object of infinitesimal n-chains is the free R-module generated by the marked n-microcube
on M:

J
=1
R
D M
b .,
hy
R
D

Thus, the images of marked microcubes on M are the n-surfaces. We will define the differential
n-forms to measure such n-surfaces, i.e. to assign numbers to n-forms (in one-dimensional case
it will be the length, in two-dimensional — area, in 3-dimensional — volume, and so on), however
we will do it in a bit more general way, considering them as morphisms not into the ring R, but
into some Euclidean R-module. Recall that in the previous chapter we have discussed the fact

that maps A
M MP*P 5 P (179)

M®?: MP*P — MP (180)
are Euclidean fibre bundles. In the same way we may say that
M MP" = (P (181)
is an Euclidean fibre bundle. Thus , if we have some v € M?%  then it is n-homogeneus
Y(dy,y oo X dpy e ydy) =N y(dy, e dgy e dy), (182)

and the n-twist map ¥ : MP" — MP" induces the permutation ¢ of indice numbers

2(7)(d17 s ,dn) = 7(d0(1)7 s ’do(n))' (183)
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Definition 6.2 The k-linear form « on M is a k-homogeneus map « : MP* — R. We denote
the object of k-linear forms on M as L¥M or ®k M. The tensor product o ® 3 € LPYIM of
two k-linear forms o € LPM and § € LIM 1is defined as bilinear map

(a®B): MP" x MP" = MP"™ 54— a(y(—,0,...,0)) - B(y(0,...,0,—)) € LPTIM. (184)

~——
q P
Obviously, this definition implies that
(a@p)@i=a® (BRY9J). (185)

LPM is an microlinear Euclidean R-module, because LPM ~— RM " n particular, for k =1,
we have a : MP — R, so it is a linear form which assigns the value in R to a vector from
tangent bundle MP. In this case we may define the object of linear forms on tangent bundle
T*M := L'M and its fibre over x, T M := L' M,.

Definition 6.3 The classical k-linear form o on M is a k-homogeneus map

o : MPW = pP s oy MP — R (186)

We denote the object of k-linear classical forms as LkM or ® M. The classical tensor
product a®f € LPrap of two k-linear forms a € LPM and RS LIM is defined as bilinear
map

(a®8) : MP® oy MP@ = PO+ 5 o s o (y(—, 0, ..,0)) - B((0,...,0,—)) € IPTIM.

(187)

This definition also implies that
(a®B)®F = a®(BR0). (188)

By the obvious reason, T*M = L'M = L'M and T:M = L'M, = Ele. By introducing the
notation TM&TM for MP x; MP, we may define the (classical) tensor bundles:

T
r-contravariant tensor bundle T, =Q,M:=Q TM
i_
s-covariant tensor bundle T9 = @SM ::é "M (189)
T -
r-contravariant-s-covariant tensor bundle 77 := @, M = (Q T'M) xn (Q T*M)
i=1 j=1
T s T s
as well as their fibres (T}), :=Q) ToM, (T%), .—® TiM and (T7), = (® T.M) xp (Q
=1 7j=1 =1 7=1

TxM). Note that the connection V : MP x s E — EP was defined for any microlinear space E
which fibres are Euclidean R-modules. This enables us to easily extend the action of a connection
map from vector to (classical) tensor fields:

s

V:MP xy, <®M) — (®M>D (190)
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ie.
V:MP sy T TP, (191)

We can define naturally the covariant derivative on the (classical) tensor bundle T" by
C(TP o X)=C(T-X)=VxT =: (VT)(X), (192)

with properties given by the proposition 4.12. The action of the covariant derivative Vx is a
map Vx : T — VxT. Note that in classical differential geometry connection on tensor fields
is often introduced by taking first the partial derivative and adding corrections to it, to get the
covariant result (see for example [Schutz:1982| or [Wald:1984|). Here we have got the conection
on tensor bundle easily without any coordinate-involving calculations.

Definition 6.4 A differential n-form on M with the value in some Euclidean R-module V is
the map w : MP" =V such that for everyi € {1,...,n}, y€ MP" NXeR

1. (n-homogeneity) w(\ - v) = Aw(7),

2. (alternation) w(X(y)) =sgn o - w(y).

The object of differential forms w : MP" — E is denoted as A"(M,V). For V = R we use
the notation A" M instead of A"(M, R). A classical differential n-form is defined as a map
@ : MP™ 5 V with the same properties as (non-classical) differential n-form. The object of
classical differential forms is denoted as A™(M, V). For V = R we denote it as A"R. We also

use the notation
o0

AM =) A" M. (193)
n=1
Note that we can define a differential n-form using the marked n-microcubes, writing publicly
the n-homogeneity and alternation conditions as

w()‘ 'i’Yahla-"ahn):A'w(’yahlw"ahn)v (194)

w(2(7)7h17 A 7hn) = Sgn g ‘w(f}/7 hO’(l)? A '7h0'(n))7 (195)

and adding the degeneracy condition

w(y,h1,...,0,...,hy) =0. (196)
This condition, enables us by the Kock-Lawvere axiom to write the marked n-form as w(y, h1, ..., hy) =
hi-...-hyp W' (), where w'(7) is the corresponding unique (not-marked) n-form. Thus, marked

and not-marked n-forms may be identified with each other. The action of marked n-form is
denoted as

w:MP" x D" 3 (y,h1,...,hy) — w(y, i,y hy) = hy - by - w () ::/ wevV,
(v,h1,yeeshn)

which gives a map

/ w: Co(M) = V. (198)
)

Proposition 6.5 A"(M,V) is a microlinear Euclidean R-module and a module over the algebra
of functions from RM .
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Proof. First part is obvious, because A"(M,V) — VM P , and VM "" s an exponential of
microlinear spaces, thus a microlinear space. Taking some w € A"(M,V) and f € RM | we may
define f-w: MP" -V as

(f-w)(7) = f(7(0,...,0)) - w(7). (199)
O
As we see, APM ~— LPM. The tensor product of two differential forms is a linear form, but is not

alternated, thus it is not a differential form. However, we may solve this problem, considering
the antisymmetrization map A : LPM — APM.

Definition 6.6 The antisymmetrization map A(«) : MP* R of the form « is defined as

Ale)(y) =D _sen o a(S(y)). (200)

Thus, A is a linear map A : LPM — APM, and for any o € LPM and B € LYM we have
Ala® p) = (-1)PA(B ® a). (201)

Definition 6.7 The exterior product of two differential forms wi € APM and wo € AIM 1is
the differential form wy A ws € APTIM such that

w1 Awg = (p!- q!)_lA(wl ® wa). (202)

As a consequence of this definition we immediately get
w1 N\ wy = (_1)pqw2 A wi. (203)

Expressing the action of an exterior product of differential forms on some microcube, we get

1
w1 A wg(’y(dl, ceey dn)) = W ngn g - wl(’y(dg(l), ey do(p))) ® WQ(’Y(dJ(erl), ey do(p+q)))‘

(204)
Consider now the map f : M — N of microlinear spaces. We can define the contravariant
functor A"(—, V') such that

N (205)

HAH(,E)
A" (M, E) 7 A(N,E),

where f* is given by (f*w)(y) = w(fo~) for vy € MP and w € A"(N,V). We should check

that this definition is correct, i.e. that f*w € A™(M, V), but this follows immediately from the

definition above. Moreover, it naturally extends on the k-linear forms and their tensor products.

For aw € LP M we have f*: LPM — LPN given by (f*a)(vy) = a(f o). Obviously, this implies
that

(@) = A(fa), (206)

fa®8) = faefs (207)

[Hwi Awe) = frwi A frws. (208)
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Definition 6.8 The boundary operator

9 : Cpyr (M) = Cp(M) (209)
s given by
n+1 o n+1 o
O(v, b1y ) = (=1 F§(v, b, b)) = > (=1 F(y,ha, . ), (210)
i=1 =1

where F§ and F} are marked n-microcubes defined as
Fi(v, b1,y hn) = (((dis -y dn) = y(da, oy die1, 00di, o d)) by By hog), (210)

Fi(y,h1,. . hy) = (((dy, ... dp) — y(dy, .. diy hisdiy o dn))y by By Bng), (212)

where iAzZ means dropping the i-th element h;.

Example Let v € MP” and (dy,dy) € D2 Then we have d(v,dy,dy) = —Fg(v,d1,ds) +
F§ (v, dv, d2)+F) (v, di, do) = F (7, di, dg) = —(7(0, -), d2)+(7(+,0), d1)+((d1, ), d2) = (v (-, d2), dv).

(dla d2)

(7?d17d2) = . — 8(77d17d2)

Proposition 6.9
00 = 0. (213)

Proof. Let us denote (hi,...,h,) as h. We have 9(d(y,h)) = 8(2?;11(—1)iFé(7,h) -
S (CD) F (,h) = S (-1 0(F (v, h) = (1) O(F (7, h) = S0 (-1 [0 () B (B ()~
225 (=1 FY (F(v, )] — S CY S (C E(F (7, h) = X5 (<17 F (Fi (v, b)) We
have FJ (Fj(v,h)) = F{1(Fi(v,h)) for a,b € {0,1}. If we apply this to the equation above we
see that all the terms cancel. [J

Definition 6.10 Let 0 : Cpy1(M) — Cp(M) andw : MP" xD™ — V. The exterior derivative
or exterior differential is the map

d: A" (M) — A"TL(M). (214)
given by
/ dw ::/ w. (215)
(71h17"'7hn+1) 8(’7th ----- h”ﬂ+1)
Note that this definition implies that
hl-...-hn-dw(’y):/ dw:/ w=w(0(y,hi,...,hn)), (216)
(’y,hl,...,hn+1) 8(7,h1,...,hn+1)
hence .
hioo by dw(y) =Y (=1)7hy -y (w(35) — w(7)), (217)
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where '
’yé(dl, e ,dn) = ’)/(dl, N ,di,l,O,di, ey dn), (218)
Yidy, ... dn) =y(dy,. .. di_1, hids, ..., dy). (219)
Proposition 6.11
dd = d* = 0. (220)

Proof. Follows immediately from the definition of d and 9% = 0. O

Proposition 6.12 For wy € APM and we € AIM

d(w1 Awa) = dwy Awa + (—1)Pw; A dws. (221)

Definition 6.13 The interior product X1 w of a differential k-form w with a vector field X
s the map
Xow:MP" SR (222)
given by
(X w)() = w(Xa, (1, .., d1))). (223)

Definition 6.14 The Lie derivative Lxw € APM of a k-linear differential form w € APM
along the direction of the vector field X € X (M) is given by

d- Lxw(y) = w(Xagoy) —w(y) (224)

Proposition 6.15 The map
X(M) x AFM 5 (X,w) — Xowe AF 1M (225)

is bilinear and for wy € APM, wy € AIM we have

1. X (w1 /\w2) = (X_l o.)g) N wo + (—1)%}1 A (X_J w2),
2. Lxw=XJdw+dX_w.

3. £X(w1 /\w2) = Lxwi ANws + w1 Lxws.

The proof of propositions 6.12 and 6.15 is involved in rather cumbersome combinatorical calcu-
lations, so we will not present it here, refering interested reader to works of Carmen Minguez
[Minguez:1985|, [Minguez:1988a|, [Minguez:1988b|. Note that so far we have considered differen-
tial forms with values in some Euclidean R-module V. We can consider also a situation when
there is a vector bundle p : E — M, hence there is given the commutative diagram

n

NP Y S F (226)
|
N —— M.

¢
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Definition 6.16 Let M and N be the microlinear spaces, let p : E — M be the vector bundle,
and let ¢ : N — M be some morphism. A differential n-¢-form or differential n-form
with values in vector bundle p relative to ¢ is the map w: NP" — E such that for every

ic{l,...,n},ye MP" X€R:

1. (n-homogeneity) w(\ - v) = Aw(7),

2. (alternation) w(X(y)) =sgn o - w(y),

3. w(v) € Ey(,...0)-
The object of differential n-¢-forms with value in p is denoted as A™ (N M ,p) or A"(M,p). For
p: M xR — M (ie. the trivial bundle) we use the notation A" M instead of A"(M,M x R —
M). Now we would like to define the notion of exterior derivative for differential n-forms with

values in vector bundle. However, we cannot apply the definition (217), because in case of
n-¢-forms although

ody, ... dy) =~(d,. .. di—1,0,d;, ..., dy) (227)
is an n-microcube centered at (0, ...,0), the component
Nidy, .. dn) =(dy, .. dict, hiydiy . dy) (228)

is not. Thus, we have to make a parallel transport of w(v%) by the infinitesimal distance h;
back along the direction of tangent vector ¢ o-y;, where ~;(d) = v(0,...,0,d,0,...,0) is a vector
tangent to N at v(0,...,0). This means that instead of w(v}) — w(7i) we have to consider the

difference w(vy) — q(v(ﬁw hi)(w('ﬁ)). Clearly, this involves the use of connection.

Definition 6.17 The exterior covariant derivative or exterior covariant differential is
the map

dy : A"(N & M,p) — AN & M, p), (229)
such that
hi-... hpt1-dyw(y) = Z(—l)lhl e hie oo b (w(g) — q(vd)ow?hi)(w(”ﬁ))). (230)
i=1

We will see that the exterior covariant derivative of some forms gives familiar geometrical notions.
Let’s begin with the torsion.

Definition 6.18 The identity 1-form with value in tangent bundle of M

MDD % P (231)

is called the canonical form.

Proposition 6.19
dvb(y) = C(y) = C(X(7))- (232)
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Proof. hy-hy-dvf(y) = >0, hi-ha(6(1h) ~ /(1) = —ha(6(
where Vé(d) = V(Ovd)v Vll(d) = ’7(h17d)7 ( ) = ( )a ’7%
0(78) = ’yg, thus, using the equation 133,

70) —0'(01)) +hi(0(35) =0 (71)),
(d) = ~(d,ha), 0(73) = ¢ and

0 (1) = 0%y (1) = 0%, ey (1) = 6T,y (Y(1,)) = V() (1, 2) = 20, ) +h1-C (), (233)
—ha(0(70) — 0'(m)) = —h2(15 — (10 + M C(7)) = hal C (7). (234)

On the other hand, we get
0 (V1) = Qorys o) 11) = Gy (Vs 12)) = V(W) (- h2) = 7(,0) + ha - C(2(y)),  (235)

thus
hi-hy - dv8(vy) = hy - hi(C(y) — C(2(v)). (236)

Cancelling hy - ho on both sides, we get

dv(7) = C(y) — C(X(7))- (237)

O

Corollary 6.20 We have dv0((Y - X)(m)) =T(X,Y)(m), an call dv0 the torsion form of the
connection V and denote it as ©.

Remark 6.21 The connection map C : EP — E is an element of A'(E 2, M,p), so it is an
1-p-form called the connection form denoted as w.

1

Definition 6.22 The covariant exterior derivative of connection form is called the curvature
form as is denoted as

H

(238)

H

Q= dyw. (239)

Proposition 6.23
Q=CoCP-CoCPox. (240)

Definition 6.24 Let Q) be the curvature form. A curvature or curvature tensor or Riemann-
Christoffel tensor is the map

R:MP xpr MP xp MP — MP (241)

such that
R(X,Y,Z)(m) =Q((Z-Y - Z)m), (242)

where

(Z-Y - X)m(dy, d2)(d3) = (Za © Ya, © X, ) (). (243)
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Proposition 6.25

R(X,Y,Z) =Vx(VyZ) - Vy(VxZ) = Vixy|(Z). (244)

The infinitesimal proof of this proposition (such that is performed only on infinitesimals) is very
long, althrough not complicated, and the same is in the case of the proposition 6.23. We will
ommit them, refering for details to the [Lavendhomme:1996]. However, we will turn back to these
propositions later, when introducing the coordinates, and then we will show that such defined
curvature tensor and curvature forms are really the same objects as classical differential objects
defined under the same name (in particular, we will construct then also the coordinatized version
Rj‘kl of the curvature tensor R using the infinitesimal parallel transport along the infinitesimal
parallellogram).

Corollary 6.26 We have defined covariant derivative by the connection form

VxY =wlY - X), (245)
torsion by the torsion form
T(X,Y):=0(Y - X), (246)
and curvature by the curvature form
R(X,Y,Z) =Q(Z Y - X), (247)
where © and Q) were defined as
oz "

where dy is an exterior covariant derivative and 0 : TM — T M 1is a cannonical form.

It is important to note, that Nishimura in |[Nishimura:1997b| and [Nishimura:1998|, using his
calculus of three-dimensional strong infinitesimal difference, has proven the Bianchi identities:

dvO® =Q A6, (the first Bianchi identity)

dvQ) = dydyw = 0. (the second Bianchi identity) (249)

The second Bianchi identity is true only for horizontal vectors taken into account, because they
are exactly the same as those which can be used to make an infinitesimal parallel transport along
the tangent bundle of microlinear space. In classical differential geometry the second Bianchi
identity is also given for the horizontal vectors only (see [Kobayashi:Nomizu:1963]).

7 Axiomatic structure of the real line

In this section we will develop the axiomatic structure of the real line (modelled by the ring R
with certain axioms imposed) to fit as precisely as possible to the natural presumptions that we
make about real line, staying, however, in the category-theoretic and intuitionistic universe of
discourse. So far we have established two axioms (the former was given implicitly):

Axiom 0 < R,+,-,0,1 > is a commutative ring with unit.

Axiom 1 (Kock-Lawvere) Vg € RP 3 € R Vd € D g(d) = g(0) +d - b, where
D:={x € R|z*> =0} C R.
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If we want to develop the differential geometry, the Kock-Lawvere axiom should be given in
generalized version.

Axiom 1 (generalized Kock-Lawvere) For any Weil algebra R @ W there is an R-algebra
isomorphism R @ W = RSPecr(FOW)

It is quite obvious that we would like to concern such rings R which are not trivial.
Axiom R 1 (Non-triviality) —(0 =1).

We have imposed that there is such D C R that d € D = d? = 0, so the important question is:
are there some not-nilpotent elements, such that 22 # 0, -y # 0, or even -y = 1? (Note that
these conditions are not equal, because we have ¥ aV =« for any naive-set-theoretical statement
about elements of ring R.)

Definition 7.1 An object of invertible elements in R is an object

Inv R:={x € R|Fy € R zy=1}. (250)

To make the properties of R closer to these of the real line,?! we will impose that it is a local
ring, i.e. that the following axiom holds.

Axiom R 2 (Local ring)

VeeR xze€lnowvR V z—1¢€lnvR. (251)

We have established locality, hence it is the right moment to introduce the ordering on R, in aim
to compare its elements. Again, it should be done gently, keeping an eye on the intuitionistic
logic of statements.

Axiom R 3 (Order) On R is given the order relation < such that, for every x,y € R,

1. < is transitive, i.e. (x <yAy<z)=z<z,
2. < is compatible with the ring structure, in sense that

(a) 0 <1,
(b)) 0<zVzx<0) < zeclnv R,
(c) 0<z= Ty (v=12).

Note that the order < cannot be antisymmetric (Vz,y € R x < y Vy < x), because it would
imply D = {0}, what is in contradiction with the Kock-Lawvere axiom. For any particular z,
the order < creates two objects of R:

L, :={y € Rly < z},

U, :={y € Rlx < y}. (252)

2INote one crucial issue, that there is no platonic real line, the proper line — we just want to express some our
ideas.
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R is not decidable, what means that for any statement « about elements of R we have ¥ oV —a.
Thus, we have to say that

Fy<z)V-(y <wz),

Fly<z)V(z<y). (253)
This means that R cannot be decomposed into union of L, and U,:
R+#L,UU,. (254)

So, for a given x we cannot say that y € U, Vy € L,. The situation imposed on the ring R by
introduction of the order relation can be drawn as follows.

R <§: > (255)

AN

We may try to fill this gap by introducing the partial order relation <.

Axiom R 4 (Preorder) On R is given the preorder relation < such that, for every d € D and
r,Y,z € R;

1. < is transitive and reflexive, i.e.

(a) (z<yAhy<z)=z<z,

(b) x <.
2. < is compatible with the ring structure, in sense that

(a) 0<1A—(1<0),
(b) (0<zA0<y)=0<z-y,

(c) x<y=ax+z<y+z

3. 0<dANd<0.

This axiom gives the picture

> (256)

We may make now axioms R3 and R4 to be compatibile with each other.

Axiom R 5 (Compatibility of orderings) 1. z<y=ux<y,

2. a(x<yAy<uxz).
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and get the picture??

<qc ?a:
/AR
_ =7
R= | (257)
>z

Using the partial order relation, we may define now the closed interval:

[a,b] :={x € Rla <z < b}. (258)

From the axiom R4.3, we have that
D c [0,0]. (259)
Moreover, we have [a + di,b + d2] = [a,b]. In particular, it means that if z € [a,b], then

x +d € [a,b]. This means, that if we have defined some f(z) on = € [a,b], then f(x + d) given
by the Kock-Lawvere axiom is also defined on [a, b]. Using the order relation, we can define now
the open interval:

(a,b) ={x € Rla <z <b}. (260)

From the compatibility axiom we get
(a,b) C [a,b]. (261)

It should be now noticed, that in previous sections we have developed axiomatic SDG using
implicitly one more assumption, namely the existence of the object natural numbers N C R,

Axiom N 1 (Natural numbers)

VneN Jye R n=y, (262)

defined by the Peano axioms,

Axiom N 2 (Peano axioms) 1. 0€ N,
2.VreR (reN=z+1€N),
3 VreR —~(xe NANz+1=0),

such that R is Archimedean ring,

Axiom N 3 (Archimedean ring)

Ve R Ine N x<n, (263)

%2Note that the axiom R5 could be given in a different way, for example in [Goldblatt:1979] and
[Grinkevitch:1996a|, [Grinkevitch:1996b] it is given as follows:

Axiom R 5 (Compatibility of orderings — alternative version) 1. ~(z<y)=>y<uz,
2. (z<yhy<z)=z<z

In fact, we work with intutionistic logic where familiar laws of double negation and excluded middle do not
hold, so we may give a range of slightly different axiomatics, each one expressing slightly different precognitions.
Such slightly different axiomatics may lead sometimes to slightly or not-so-slightly different conclusions, so it
is important, while working intuitionistically, to check the equality or non-provability of equality of statements
which seem to be similar.
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and for every statement ¢(n) involving n € N we have

Axiom N 4 (Induction)

¢(0) = ((Vne N ¢(n) = ¢(n +1)) = ¢(n)). (264)

At the begining of this chapter it was said that existence of such infinitesimal objects like D in
R neglects that R can be a field in classical meaning of this word. Now we should turn back to
this theme, because there are really three notions of a field:

1. R is a geometric fieldif Vv € R x € Inv RV z =0,
2. Ris a field of fractions if Vot € R —(x € Inv R) = x =0,

3. Ris a field of quotientsif Vx € R —(z =0) = = € Inv R.

They are equivalent when we use the Boolean logic, but nonequivalent when the double negation
principle and the law of excluded middle do not hold, so in the intuitionistic logic. It means that
in intuitionistic universe of discourse we can choose one of these definitions as most important,
depending on this what we want to achieve.?? Note now, that there are two ways of construction
of real numbers: through the equivalence classes of sequences of rationals (this construction is
known as Cauchy reals R¢) or, alternatively, by the sequences of splitting cuts (such construc-
tion gives the object called the Dedekind reals Rp). It can be shown (see [Johnstone:1977]|)
that there is an ‘inclusion’ (a monic map) Rc — Rp in every such topos that both constructions
may be performed (the minimal condition is the existence of natural numbers object N in such
topos?*). It can be also shown, that Rp, if it exists, is a field of fractions (see [Mulvey:1974]).
In topos Set we have Rp = R, and all three notions of field coincide under the gently care of
classical logic. More generally, it can be proven that Rg = Rp if and only if the topos is Boolean
(again, see [Johnstone:1977| for details). In our situation of ring R modelled in some cartesian
closed category or topos, we have such elements d € D C R for which ¥ d =0V —(d = 0), thus
R has to be the field of quotients, and cannot be modelled (non-trivially) in any Boolean topos.
This means also that R 22 Rp.

Axiom R 6 (Field of quotients)

n n

Vai,...,an € R —(\ (i =0)) = (\/(z; € Inv R)). (265)
=1 =1

(The symbols A and \/ denote the multiple conjunction and alternative, respectively.) We will
moreover assume that R is a formally real ring.

Axiom R 7 (Formally real ring)

Vzy,...,on € R \/(miGInv R) = (Zx?) € Inv R. (266)
=1

i=1

230f course, as says Mulvey in [Mulvey:1974], the answer to the question of which is the right definition to
take for a field is that the question itself is not well-posed.

24The natural number object N in topos is not the same as the object of natural numbers N axiomatically
introduced in SDG. These two notions may coincide under the interpretation (N can be the interpretation of N),
but we should resist and refuse identification of them, because they live in two different worlds.
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Proposition 7.2

1 1
Vre R x<0V(¥ne (N -—{0}) _ﬁ<x<ﬁ)vx>0' (267)

Proof. Ifz € R, then x € Inv RVz—1 € Inv R, what means that (z < 0Va > 0)V(z < 1Vz >
1), what is equal to z > 0V & < 1. From this, for any n € (N — {0}), we get z < yVy < x + %
O

If we will define the object of infinitesimals A as

1 1
= —_ 2
A:={x e RVneN n+1<x<—n+1}cR, (268)

then we may say, that the equation (267) provides the decomposition of R:
R=R_UAURy, (269)

where R_ := {z € R|x < 0} and Ry := {z € R|z > 0}. If we will impose that R is Pythagorean
ring,

Axiom R 8 (Pythagorean ring)

n
Vai,...,2p € R (suml_y2}) € Inv R = 3 Z z? | € Inv R, (270)
=1

then we can prove the following proposition

Proposition 7.3 A is a mazximal ideal in R.

Proof. |Grinkevich |Grinkevich:1996a|| Let’s take d € A, r € R and ¢ := %HVn € N (note
that € is defined for every n € N). This means that € > 0 and —e < d < . By the equation
(267) there are three cases:

1. >0, so r € Inv R. This means that ¢/r > 0, thus —¢/r < d <e/rand —e <d-r <e.
So,d-r e,

2. r < 0 (this case is proven similarly),

3. e<r<e e—r>0ande—d>0,s (c—7)(c—d) =¢e®—re—de+rd > 0.
We will define ¢’ := 2 — re —de. We have dr > —¢', €2 > 0 and er,ed € A (because
d,r € A). This implies that ¢ > 0. From the other hand (¢ — d)/(¢ + d) > 0, so
ele—d)/(e+d) > r, and ¢ = €2 —re —de > dr. Thus, we have —¢’ < dr < ¢
At the end we will show that for any & we can find proper e. We have a polynomial
€2 —e(d+7r) — € = 0. R is Pythagorean ring, so we can use the standard calculation
method, and receive € = (d + 7+ /(d + r)? + 4¢’) /2 > 0. This means that the quantifier
Vn € N promotes from ¢ to ¢/, and we have finally Vn' € N — # <d-r<d sod-reA

n'’

From the equation (267) we have that R = Inv R U/ thus any other ideal with nilpotent
elements which contains A is equal to R. Hence, A is a maximal ideal. [J
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Thus, we have the sequence of inclusions
DcDycC...CD,C...CDyCl0,0] CA, (271)

and we can write

Fz<0 V z€A VvV x>0 (272)
but we still have the undecidability

Fr<0 V x>0, (273)

and
Fx<r V r<u, (274)

and
Fx<r V x=r V x>T (275)

A is a maximal ideal of R, so we can just divide R by A and work with the elements of R/A.
However, this would hide from us all infinitesimal arithmetics, which is one of main advantages
of SDG. Thus, we will go different way, ensuring the decidability of wide range of sentences by
introducing the notion od apartness x#y, which will be a useful substitute for not-very-useful
assertion —(x = y), because it will give us an ability to make use from the decidable sentence
(272) instead of not decidable (275).

Definition 7.4 We say that a,b € R are apart and write a#b, if a — b € Inv R.

Corollary 7.5
a#0 = a € Inv R. (276)

Proposition 7.6 For all a,b,c € R:

1. a=b= —(a#b),

2. ~(a=b) < a#b,

3. a#tb = ((ad#tc) V (b)),

4. a#b = (a+c)#(b+c),

5. (agte) A (c#0) = a - c#b - c,
6. a-b#0 = (a0 A b#0),

7. a+ b#0 = (a#0 V b#0),
8. a-bic-d= (aftcV b#d).

Proof.

l.a=b=a—-b=0= —(a—becInv R) = —a#b,

2. 2(a=b) < —(a—b=0)= (a—0becInv R) = a#b (last = by the axiom R6), on the
other hand a#b = (e —be€Inv R) = =(a—b=0),

3. a#b = (a—b € Inv R). Ris alocal ring, thus € Inv RV r —z € Inv R for any x € R

and r € Inv R. Takingr =a—bandx=a—c, weget a—c € Inv RVc—>b € Inv R, thus
a#cVbVec.
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4. Na#b) = =(a<bVa>b)==(aAb)AN=(a>b)= (a>bAa<b).
5. a#b <= (a<bVa>b)=(a+b<b+cVa+c>b+c)= (a+c#b+c).

6. (a#bNc#0) = ((a<bVa>b)A(c>0Ve<0)). For ¢ >0 we get (ac < beV ac > bc) =
ac#be. Similarly for ¢ < 0.

7. ab#0 = (a#0V ab#a). If a#0 then a='#0A (ab)a'#0, so b#0. If ab#a, then a(b— 1)#0.
From 1#0 we get a#0 V b — 140. If b#0, then b~ '#0 and (ab)b~'#0, a#0. Similarly for
b — 1440,

8. a+ b#0 = b# — a = (b#0V —a#0).
9. From ab — c¢d#0 and a(b — d) + d(a — ¢)#0 follows that b — d#0 V a — c#0.

8 C(Coordinates and formal manifolds

So far we have developed the system of differential geometry by fully coordinate-free method,
what is admirable, because it corresponds to natural feelings of many geometers that coordinates
are foundationally irrelevant. However, if we would like to establish more direct link between
classical and differential geometry, it is unavoidable to introduce the coordinates. Recall that
we have defined the vector space as such fibre E, of a vector bundle F, which is a Euclidean
R-module, i.e. an R-module which satisfies the Kock-Lawvere axiom:

vte EP J(v,u) € B, x E, Vde D t(d)=u+d-wv. (277)

(In particular, it means that R¥ is a vector space for any X.) Now we would like to introduce
a basis in E,, to have an ability to decompose any vector into the sum of countable (or even
finite) elements. This would be done by maps from natural numbers.

Definition 8.1 A finite cardinal is an object
[n] :={me Nm<n+1} CN. (278)

An object A is said to be finite if these exists an epic arrow (‘surjection’) [n] — A.

Definition 8.2 A collection of vectors of vector space V is a map X — V from some decidable
object X. A finite collection of vectors of vector space V is a map [n] - V given by

N>in]>{1,...,n} veV. (279)

{’U1,...,Un}

These two definitions ensure that we will work with decidable sequences of vectors (however,
their values still may not be decidable!), what corresponds to our intuition of a ‘vector’ as being
something decomposable into decidable directions. Formally, a finite collection of vectors is a map
[n] — V, thus an object {v1,...,v,} € V" or an element of V at stage [n] : {v1,...,v,} € V.
We will however ommit the supscript writing just {vi,...,v,} € V or even vy,...,v,, in the
same manner as we did it earlier with the collections A{,..., A\, € R.

Definition 8.3 A finite linear combination of vectors is a sum Y. | v;, where v; are the
(‘elements of’) finite collection of vectors {vi,...,v,} € V.
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Definition 8.4 A finite collection of vectors {vi,...,v,} € V is said to

e generate the module V if

VoeV 3\, A ER D A=, (280)
i=0

e be linearly independent in the module V if

V)\l,...,AneR<Z)\ivi:O:>W )\i:0>, (281)
=0

e be a finite basis if it generates the module V' and is linearly independent in V. A number
n 1s then called the dimension of a basis.

Definition 8.5 An apartness relation # on vector space V is such that for any a,b,c € V
1. a=0b= —(a#b),
2. =(a=0b) < a#b,
3. a#b = (a#cV c#a).

Definition 8.6 We say that a finite collection of vectors {vi,...,v,} €V is

e strongly linearly dependent if

INHO Y Nivi =0, (282)

o mutually free if

INH#0 =) Nivi#0. (283)

Proposition 8.7 If finite collection of vectors is linearly independent, then it is mutually free.

Proof. In the intuitionistic logic we have the rule (« = ) = (-8 = —a). By taking
a = (Xl_gNv; = 0) and B := (V;A; = 0), we have (X_g v = 0) = (V;A; = 0)) =
(=N =0) = _‘(ZE:O Aivi = 0)) = ((F;\#0) <= (31, A\ivi#0)). The last step is done
using the fact that =(a = b) <= (a#b). O

Corollary 8.8 A basis in V is a finite collection of mutually free vectors such that every vector
in 'V can be expressed as a finite combination of vectors from this collection.

Proposition 8.9 Any two basis in V have the same dimension.



68 8. Coordinates and formal manifolds

Proof. |Grinkevich [Grinkevich:1996a|| Let {vi,...,v,} be a basis in V, and let p > 1. We

should show that if any other basis {w1,...,w,} has r elements, then » < p and p < r. We may
write

w1 = C1U1 + ... + cpUp, (284)
where ¢q,...,¢, € R. We have w;#0, because {wy,...,w,} are mutually free. Assuming that

P
Vici = 0 leads to contradiction, so true is =( /A ¢; = 0). From the axiom R6 we get that 3;c;#0.

=1
Let’s take that ¢ = 1, so ¢1#0. Then wv; lays in the space generated by a finite collection
{w1,v2,...,vp}. We will show that this collection is a basis of V, i.e. they are mutually free.
Consider a linear combination A\jwy + Y +_, Ajv; such that 3;\;#0. Using (284) we get

p
A1c1v1 + Z()\Z + Ci)q)’l)z'. (285)
=2

There are two cases for Aq:

1. A\1#0. In this situation Ajc;#0, because c1#0.
2. A1 € A In this situation Ai¢; € A, thus \; + ¢; A1 #0.

In any case, under assumption of mutual freedom of {vi,...,v,}, we get apartness of (285),
hence mutual freedom of {wy,vs,...,v,}. The rest part of proof is performed by an induction.
Inverse inequality is proven similarly. [

Apartness is a strong notion which ‘cuts off’ infinitesimals from the equations, making them
decidable (in both senses — of intuitionistic logic and of linear algebra) and it can be used to
perform constructive proofs. We have introduced basis in R-modules, but we would like also
to have local isomorphism between any tangent or vector bundle on microlinear space and R'™.
Thus, we would like to express categorially the notion of local diffeomorphism. To achieve it, we
should take some open covering of N by a family of N, C N diffeomorphic to open subobjects
of R", ie. UyN, — N and N, — R™.

Definition 8.10 An arrow f : M — N between any two objects M and N is formal étale if
for any small object SpecrW and the canonical map

15 SpecpW, (286)

called the base point of small object, the diagram

aspeceW I EY rSpecw (287)
MO\L \LNO
M1 ; N1

18 a pullback.
Proposition 8.11 Arrows D2, — R" and Inv R — R" are formal étale.

Proof.

1. Straight from the fact that the product of formal étale arrows is formal étale.
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2. First we will prove that

Inv W>——W = R" (288)
Lk
Inv R R
is a pullback (where W is a Weil algebra). Let us take some {v1,...,v,} = v € W, such that
vy € Inv R. It means that we can divide v by vy, achieving {v1,vs,...,v,}. Now, let us take
some other vector u € W, such that u is in ideal of W, for example u = —{0, v, ..., v,}.

This means that ™ = 0 and v = 1 —u. Hence, we get (1 —u)-(1+u+u?+...+u"!) =1,
which means that v € Inv R, thus (288) is a pullback. Now we can use the generalized
Kock-Lawvere axiom and the fact that (—)* preserves limits, and get that the diagram

Inv (RSpecRW) N RSpecRW (289)
Inv R R

is a pullback, hence a pullback also is

(IIIV R)SpeCRW - o RSpecRW (290)
Inv R R.

O

Proposition 8.12 Class D of formal étale arrows has following properties:

1. D is closed under compositions and has all isomorphisms.
2. Inverse arrows of elements of D belong to D.

3. If v € D and the diagram
C— (291)

s a pullback, then u € D.
4. Epic and monic composites from epi-mono-factorization of an arrow from D belong to D.
5. Ifpisepic, peD and gop € D, then g € D.
Proposition 8.13 If M is microlinear and p : M — N is an reqular epic®® and formal étale,

then N is microlinear. If N is microlinear and p : M ~— N is monic and formal étale, then M
18 microlinear.

We will not prove here those two propositions, refering reader in first case to [Kock:1981| and in
second to |Kock:Reyes:1979a].

25A regular epic is a such epic that is a coequalizer.
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Definition 8.14 If U — R™ is monic and formal étale, then U is called an n-dimensional
model object.

Definition 8.15 A formal n-dimensional manifold is such M that there exists a regular
epic arrow U;U; — M (i.e. a covering family by jointy epic class of arrows) for a family of
monic and formal étale maps U; — M such that every U; is n-dimensional model.
Proposition 8.16 1. Any formal manifold is microlinear.

2. If M is formal manifold, then TM = MP is formal manifold.

3. If U is model object, then TU = UP is a formal manifold.

4. If M is n-dimensional formal manifold, then T, M = R" for every x € M.

Proof.

1. Straight from the proposition 8.13 and the definition of a formal manifold, by ‘tracing back’
microlinearity from R™ by the monic formal étale, and ‘pushing forward’ by regular epic
formal étale.

2. Comes from easy to prove fact that if outside and right rectangles in the diagram

N (292)

are pullbacks, then left square is pullback too. So, as the functor (—)X preserves pullbacks,
the top square in the diagram

S WSpecRW
MSpecRWspechf PeCR NSPGCRWSPECRW (293)
MOO\L \LN()O
S w
MSpecrW forecr NSpecgW
MO\L lNO
M?t 7 Nt

is a pullback.
3. By the virtue of proof above and the proposition (8.13).
4. From (287) we have the pullback

X (294)

UP —— (R"P = R" x R"

| X

R™.
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71 is unique by the Kock-Lawvere axiom, hence we get the product diagram

X (295)
/ \
U R,

thus UP =2 U x R"™. For a given x we get UP” = R". The transition to T, M is given by
a regular epic L;(UP); — T, M (which is formal étale by the second point of the recent
proof).

O

Definition 8.17 Let {U; RN M} be a covering of formal manifold M by a family of local étale
monic arrow y;, where U; are model objects. A pair (U, ¢;) is called a local card on M.

Consider now two local cards: (U, ¢) and (V,). Recall that we work in some topos, so we have
a pullback

UnvV —=1U (296)
"
VY oM

and epi-mono-factorization

U 4 M (297)
\ /
e(U).

From the properties of class of étale maps, we get that U NV — M is a formal étale and monic
arrow, and ¢! : o(U) — U is formal étale isomorphism. So, if U NV is not empty, then there
is a change of model map p o1 : V — U which is monic and formal étale.

Definition 8.18 We say that microlinear space is parallelizable if there is a fibrewise R-linear
isomorphism @, such that the diagram

MP 4 MxV (298)

AN

M
commutes for some R-module object V.
Corollary 8.19 Any n-dimensional formal manifold M is a microlinear space parallelizable by

the R-module object R™ trough the local card. Every such parallelization is called a local coor-
dinate system.

For now on we will simplify the notation for finite collections of vectors denoting (v1,...,v,) 1=
{v1,...,v,}. Consider a local card (U,¢), where U C R™ and ¢~ !(m) = (0,...,0) for some
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m € M. For some tangent vector v € T,,, M (thus, such v that v : D — M and v(0) = m)
we have that ¢! ov : D — U is a vector tangent to U with a base point (0,...,0). We have
TU = U x R" and o=t ov(d) = (0,...,0) +d(vy,...,v,) for (vy,...,v,) € R". We will denote
as d; or % or e; such vectors that

8:(d) = (0,...,0) +d-(0,...,0,1,0,...,0). (299)

Vectors 0; o ¢ form basis (01 0 ¢,...,0, 0 ¢) in T, M. We will usually abuse this notation by
writing just (91, ...,0,).

Definition 8.20 Two vectors a,b € R™ are said to be apart, and denoted a#b if for some i
their coefficients a;, b; € R are apart a;#b; in the sense of the apartness on R.

Proposition 8.21 Apartness on R™ defined above is the same apartness which was defined for
any R-module V.

Proof. It suffices to check the conditions given for apartness on V.

1. Obvious.
2. In one direction it is obvious. Second direction comes straight from the axiom R6.

3. Let a,b,c € R" and a#b, i.e. exists such ¢ that a;#b;. Then we have a;#c; V ¢;#b;, thus
a#cV c#a.

O

1 1

Corollary 8.22 We will say that vectors u,v € T, M are apart if =" ouftp™" ov in Ty o0)U.

Now we would like to introduce a dual basis in the space of the (k-)linear forms. It seems easy,
but we have also to establish a direct link between basis from vector space and the basis from
the space of linear forms (covector space). In classical linear algebra it is done by introducing

the Kronecker delta symbol:
i ] 0 = i#y,
5 ._{ RO (300)
and by defining the dual basis {f!,..., f*} of the space of linear forms as

fi(ej) =6k, (301)

where e; are the elements of the basis of the corresponding vector space. However, we are working
in the smooth and intuitionistic framework, and so we should not use such functions like (300).
Thus, we have to ‘emulate’ intuitionistically the Kronecker delta by something smooth, imposing
the following axiom.

Delta Axiom
There exists a delta function 6 : R — R such that

j (302)

and defining '
65 = 0(i — j). (303)
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Now the definition (301) of the basis f? in the space of linear forms is correct. We could propose

an alternative definition (@)
r=0 = 6x)=1,
0= { w#0 = o) =0, (304)

but it would be incorrect, since such §(z) would not be smooth, as it would have not enough
‘space’ in order to move smoothly from 0 in 0 to 1 in #0. The infinitesimal distance is undecid-
able, but it does not mean that it is large!

With the definitions given above, we may, systematically using the apartness relation, build
the system of intuitionistic linear algebra. However, in this work we are interested only in
expressing vectors and forms in bases in coordinate-involved manner, so for more exhaustive de-
velopment of intuitionistic linear algebra we refer reader to the works of Heyting [Heyting:1941],
[Heyting:1971] and Grinkevich [Grinkevich:1996a|, [Grinkevich:1996b|. As an application of in-
troduced above notions of local coordinates, basis, and elements of intuitionistic linear algebra,
we will now ‘coordinatize’ the connection and curvature on a formal manifold.

Consider n-dimensional formal manifold with connection V on the tangent bundle MP — M.
For some model object U — R™ the tangent bundle is modeled by UP — U, and connection
becomes a map

UP xy UP 2U xR" x R* 5 U x R x R" x R" = UP*P. (305)
This map is completely determined by the last component, because V is a section of
K:UXR'"XR"xR"—-UxR"xR" (306)

such that
K : (u,v1,v2,v3) — (u,v1,v2). (307)

For (305) we can write the operations @ and + in (UP)P = UP*P a5

(u, v1,v9,05) ® (u, v, v3,v5) = (u, v + 0], vy + vy, v5 + v5) (308)
and
(w,v1, %, v) + (u, v1,v5,05) = (u,v1,v5 + v, v + v5). (309)

The multiplication by scalars is given similarly. We will define the last component of an image
of Vas V, ie.

V(u,vi,v9) =: (u,v1,v2, V(u,v1,v2)). (310)

If the affine connection is symmetric, then V(u,v,vs) is bilinear in vy,ve. We define the
components of connection or Christoffel symbols as

e =vi,hd). (311)

This means that

[fi(z) = V(z, e, €5) (er)- (312)

A pair of vectors v1,ve at base point u may be denoted as a map D(2) — U such that
(dl, dg) — u + divr + dovs. (313)
The connection V associates to this map a map in D x D — U given by

(dl, dg) — U+ d1111 + dg’Uz + dldgﬁ(u,vl,vg) = (u + dlvl) + d2 . (Ug + dlﬁ(u,vl,vg)). (314)
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The vector vy + dlﬁ(u, v1,v9) is a result of parallel transport of ve along vy by dy, while u+dyv;
is its base point. The connection map C was defined as a difference between a vector in UP*P =
U x R" x R" x R™ and its horizontal part:

(w,v1,v2,v3) — v3 — V(u, v, v2). (315)

We have expressed V and C' in coordinates, so we can do the same with curvature tensor defined
as
Q:=CoCP-CoCPox. (316)

Considering two vectors vy, ve in base point u, we can take some vector v and transport it
parallely, first along vy by d; and next along vy by do, or first along vy by do and next along
v1 by di. The difference between result of these two transports is exactly the action of curva-
ture expressed in (316). We can express now (316) using coordinates, particularly using (314).
Transport of v along v; by di and next along vy by do gives the vector

v3 +dj - V(u, U1, 1)3) +ds - V(u + dyvi,vo,v3 + dy - V(u, U1, Ug)) (317)

attached at u + div; + dovs, while the transport along vo by do and next along v by dy gives
the vector
V3 + dgV(u, V2, 113) +di - V(u + dovs, v1,v3 + do - V(u, V2, 1)3)) (318)

attached at the same point. We may now use the Taylor’s formula (41), considering V (-, —, =) as
a function of the first variable only. In such case, equations (317) and (318) become respectively:

vo +dy - V(u,v1,v2) +da - (V(u,v2,v3) + da - O, V(u, v, v3) + dy - V(u,v2, V(u,v1,v3))), (319)
and
vy +dg - V(u,va,v3) + dy - (V(u,v1,v3) + da - Oy, V(u,v1,v3) + do - V(u,v1, V(u,v2,v3))), (320)

where 9,,V denotes the derivative of the function V calculated with respect to ve only. The
difference between them is

d1da(0y, V (u, v9,v3) + V(u, v2, V(u, v1,03)) — Op, V (1, v1,v3) — V(u,v1, V(u,v2,v3))).  (321)

We may take now v1, ve, v3 as vectors of the canonical base e;, e, e;, and get, using the bilinearity

of V(u, —,=), the familiar expression on curvature tensor:
0 0 o o
Riji(u) 1= R((u, €), (u,€5), (u,ex))e = T%ng(u)—%rfk(u)'f'z Fik(u)'rga(u)_z ij(u)‘Ffa(U)7
(322)
and
R! _ O 0 pi re r re r 323
kﬂ(‘r) = 873:, ]k(i'?) - 87% zk($)+z () - ga(l‘) —Z ]k(w) ia(T). (323)

Note that the introduction of local coordinates gives us the ability to use many of classical def-
initions, propositions and proofs in SDG. We could introduce coordinates earlier, but it would
not have any sense, because our intention and aim was to show that in SDG we can develop
theory on a more abstract and at the same time more fundamental level. Now, after establishing
the foundational framework, we would like to express the familiar results of classical differential
geometry in the familiar language of coordinates. In particular, many of constructive defini-
tions, propositions and proofs from the book of Kobayashi and Nomizu [Kobayashi : Nomizu:1963|
can be used in our context with no doubts. (Of course, it should be done keeping gently eye on
the cross-dependencies between various notions and methods of particular proofs.) For example,
we can import into SDG the propositions §I11.7.2-§111.7.5.
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Proposition 8.23 (Kobayashi and Nomizu, §I11.7.2) Let V be a connection on M. Let F;k be
the components of V for some basis (x!,...,2™) and model object U, and let f‘;k be the compo-
nents of V for some basis (z',...,3") and model object V. On the intersection U NV we have
transformation rule
— - Qxd OzF T 0%zt 0z~
Gy = Z I

558 057 Bl | 2 32707 O (324)

i’j’k

Proposition 8.24 (Kobayashi and Nomizu, §I11.7.3) Suppose that for every local coordinate sys-
tem (z',...,2"™) we have a family of maps Fé-k which satisfy (324). Then there exists a unique

connection V such that its components are given by Fé’k in the coordinate system (x',..., z").

In the context of SDG this statement is obvious by the construction, and it does not need any
special proof. Next two propostitions are also expressible in SDG without any doubts.

Proposition 8.25 (Kobayashi and Nomizu, §I11.7.4) Let (x!,...
on M equipped with the connection V. We will put X; = 0;
components I‘é-k for V are given by

x™) be local coordinate system

8?01» for i € [n]. Then the

Vx, Xi = T5 X (325)
k

Proposition 8.26 (Kobayashi and Nomizu, §I11.7.5) Consider a map X (M)x X (M) — X (M),
denoted as (X,Y) — VxY, such that it satisfies the conditions from proposition 4.12. Then
there exists a unique connection V on M such that VxY is a covariant derivative defined by the
connection map of V.

These propostitions are easy to prove in the context of SDG, second one by the uniqueness of
connection map C of connection V, and the unique definition of F?Z- trough C' and V given
earlier.

9 Riemannian structure

Definition 9.1 A classical linear 2-form g : MP xyr MP — R on a formal manifold M is
called:

e symmetric if g(v,w) = g(w,v),

v#0 = g(v,v) >0,

e nondegenerate if{ v=0 = gv,v)=0

e nonnegative if g(v,v) > 0.

A symmetric nonnegative nondegenerate classical linear 2-form is called a Riemannian struc-
ture or a metric tensor.

Definition 9.2 A norm of a vector v € TM such that v#0 is defined as

o]l :== Vg(v,v). (326)
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Using some local coordinate system with base e* we can write

9= Zgijei ® e, (327)

and so

Z gije' ® € (u,v) Z gijel(u) @ ¢’ (v Z giju'vd . (328)

This means that for any € M we can take u,v € T, M and for cpfl(x) = (0,...,0) we have

95 = 9(0:,0),  g(u,v) = giju'v?, (329)

where v’ and u’ are coordinates of vectors v and v in the basis 9;. It can be proven, using the
intuitionistic linear algebra (see [Grinkevich:1996a|), that det(g;;)#0.

Definition 9.3 A metrical connection or Levi-Civita connection I' on M is such connec-
tion that the parallel transport pft ) (9) of a metric g does not change it.

Proposition 9.4 The torsion free Levi-Civita connection is unique and satisfies the equation

I'g=0. (330)

Proof. Let g € (RMDXMMD)D such that ¢ = g(0) and g = g(d) for every d € D. Then,
from the equation of the parallel transport (133) applied to g, we get that C(g), where C is
the connection map associated to I', has to be equal to zero. This means that C(g- X) = for
any X € MP thus I'yg = 0, so I'g = 0. Consider now the connection V on M given by the
equation

QQ(VXK Z) = X'Q(Yv Z)+Y'9(X7 Z) _Z'g(X7 Y)—i—g([X, Y],Z)—i—g([Z, X]7Y)+9(X7 [Zv Y])

(331)
It is easy to check that such defined map (X,Y) — VxY satisfies the properties given in
the proposition 4.12. By the proposition 8.26 we get that such VxY uniquely determines a
connection V. By the same constructive arguments as presented in [Kobayashi:Nomizu:1963],
we can prove that the metrical connection on a formal manifold is unique (cf. op. cit., theorem

§IV.2.2, proof B). O

Corollary 9.5 (Kobayashi and Nomizu, §I1V.2.4) In the terms of local coordinate system (z', ..., x™)
the components of F;-k of a metrical connection I' are such that

1 (Ogri = Ogjr  0gji
rt, == A EL 7L 2
zl:glk k9 (8359 - ozt * dxk (332)

Thus, we have established the classically well-known objects g, I‘ and Rl ik I the synthetic
context. For now on we will assume that we work only with the Lev1 Civita connections. We
can define now the

Ricci tensor Ry := R}, (333)

the
curvature scalar R := ¢"'Ry,, (334)
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and the )
Einstein tensor G;; = R;; — iRgij. (335)

Using the standard calculations on the coordinates, it can be shown that from the tensor version
of Bianchi identities
!
ViR, =0, (336)

trough the contraction of indices,

{ ol o, (337)
it follows that S
V(R ~ L Rg) = 0. (338)
Thus, we have ,
VG = 0. (339)

Moreover, straight from the equation (330) we get that V7 (gi;A) = 0 for any constant scalar
value A, so

. : 1
VI(Gij + gijA) = V7 (Bij — 5.9ii(R — 2A)) = 0. (340)

Other properties of R;kl, R;j, R and G;; are the same as in the classical differential geometry,
and can be proven by the same calculations.

10 Some additional structures

The system of Synthetic Differential Geometry can be extended in many directions, and we do not
intend to present here the comprehensive treatment of all areas. Thus, we will leave untouched
such fields of development as principal fibre bundles, integration, variational calculus, topology,
theory of solving of differential equations, theory of distributions, general actions, symplectic
framework and hamiltonian as well as lagrangian formalism, although they all are developed in
SDG (however, on different level of progress, in some areas still under construction). In this
section we would like only to show a couple of definitions and axioms, namely of the curves,
velocity and acceleration fields, geodesics, axiom of integration and perform a short discussion
about topology.

Definition 10.1 Letp: E — M be a vector bundle. A curve in E or a vector curve is a map
X : R— E. The derivative of the curve X is the curve % : R — FE such that

DX

— (@) =0(dw X(x +d)). (341)

DX
dt
by the properties of the connection map,

z) is unique by the uniqueness of the connection map. We have also po X = po 2X and,
que by q p p po =z

= f'X(x) + f - B (), (342)
D
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Definition 10.2 The velocity field of a curve a : R — M is a map a : R — MP such that
a(t)(d) = a(t + d). The acceleration field is a map i : R — MP*P such that i(t)(dy,ds) =
a(t +dy + da). A curve a is called a geodesic curve with respect to connection V if

V(a,a) = . (343)

From these definitions we get that for a geodesic curve

% — Coii=i VK(i) =i V(aa)=0. (344)

In other words, the geodesic curve is straight in the sense of the connection V.

So far we have developed such differential geometrical objects like tensor, vector and tangent
bundles, vector fields, connections, differential forms, Lie derivatives and brackets, inner product,
covariant derivative, exterior derivative, exterior covariant derivative, torsion and curvature.
All these notions were defined infinitesimally, and their properties were also investigated on
infinitesimal level. However, from physical point of view, we are interested mostly in local,
i.e. measurable objects and observables. We should specify then the rule of transfer from
infinitesimal to local level. This means that we have to add to our axiomatic system an azxiom
of transfer between these two levels. This axiom should manage the local structure which we
intend to observe. Speaking more precisely: it is our choice, what particular local structure of
space (or space-time) we impose. This choice may come from our presumptions, such like ‘the
spacetime is partially ordered’. Once chosen local structure (or, better to say, the structure of
local structure) determines partially the axiom of transfer, because imposes several properties
on the codomain of transfer. As we intend to give the axiom of transfer between infinitesimal
and local levels of calculus, called the axiom of integration, we have to specify the conditions
imposed on local structure of space, which in SDG is modelled by the ring R. This have been
done earlier by introducing several axioms (R1-R8) of the ring structure. Now we are ready to
give the integration axiom.

Integration Axiom

vf e RO31g € ROUvz € 0,13l € R®h e D ¢ (x) = f(z)Ag(0) = OAg(z+h) = g(x)+f-¢'(z).
(345)
Such g is denoted as

g(x) =: /01“ f(t)dt. (346)

The axiom given above has to be compatible with the orderings < and <. This is imposed by
two following axioms:

Axiom I2 (Compatibility of [ and <)

vre[0,1] f(z)>0= /0 ' b@)dz > 0. (347)
Axiom I3 (Compatibility of [ and <)

vre0,1] flz)>0= /0 ' fw)de > 0. (348)

The following axiom forces the existence of the inverse function:
Axiom I4 (Inverse function)

Vf€ REVze R f(x)€Inv R= 3U,V C R (open subsets) such that = € U A f(x) € V.
(349)
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These axioms are sufficient to develop the integral calculus, and are the basic tool to promote
all our statements from the infinitesimal to local level (see [Moerdijk:Reyes:1991] for details).

Note that so far we have not spoken about topology. A topology of the real line is a kind of
mathematical structure, so it can be given by some axioms which later can be interpreted in
some universe of discourse. We have said ‘a topology of the real line’ and not ‘a topology’,
because we wish to concern the geometrical objects as primary to the mathematical additional
structures. It means that the interpretation of topological axioms of the real line may vary
from one universe of discourse (topos) to another. Moreover, there can be valuable universes
of discourse which do not hold the axioms of topological structure, but nonetheless they can
have interesting differential geometric structure! We will give here only the topological axioms
in the pure form and with a minimal discussion of this topic. In fact, the subject of topology in
topos is very wide area, because toposes were born from the category of sheaves over topological
space and so they are in precise sense natural universes to talk about topology. The so-called
Grothendieck topology is one of the central ideas when talking about topology in topos, but, as
said earlier, we will leave this for further considerations. The topology O(R) on the real line R
is imposed in SDG by the following axioms:

Axiom T1 (Compactness) For every open cover U of the closed interval [0,1] there is a finite
O([0,1]) which refines U.

collection [n] RAY
1,--Un

Axiom T2 (Open refinement)

VF e P(0,1)N(Ve In € F,=Vz e R 3U € O([0,1]) Ine N zeUCF,). (350)

So-called well-adapted models of SDG, what means such toposes which allow to compare the
classical differential geometry with synthetic one, have also a natural Grothendieck topology
(which is categorically defined property). In such case the Grothendieck topology at the stage
1 is the same as set-theoretical point-topology. On other stages we get the topology which may
be called ‘pointless’, because its basic entity are open covers defined on the space, where z is no
longer a set-theoretic global element (point) but some generalized element, varying over stages.
It means that on the one hand topology appears in SDG by the additional (not obligatory)
axioms, and then can be modelled in some models, while on the other hand the wide range of
well-adapted models of SDG has its own Grothendieck topology, which can be used in synthetic
differential geometry by imposing the axioms which enable our system to see this topological
structure of a model. However, in both cases we do not need to concern the topology when
talking about such geometrical objects like vector bundles, differential forms and connections.
And thus, we will leave this subject open for future considerations.

11 Well-adapted topos models

SDG is built on the axiomatic base. These axioms can be interpreted in different categories.
Every such interpretation of axioms of SDG in a particular category is called a model of SDG. By
the obvious reasons, we are at most interested in such models of SDG which allow to compare the
‘classical’ analytic post-Cauchy-Weierstassian differential geometry with synthetic one. At the
begining of this chapter we have considered that we develop SDG in some, not precised, cartesian
closed category. Later, by introducing the generalized Kock-Lawvere axiom, we have restricted
the class of categories avaible to development of SDG only to these, which have finite colimits.
So, we have to work in cocomplete cartesian closed category. But the fact, that we would like
to interpret the intuitionistic logic of statements somehow ‘naturally’ inside this category, forces
us to take an assumption that we work in topos, thus in the complete and cocomplete cartesian
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closed category with subobject classifier. For now on we will consider only toposes as models of
SDG.

The first, simplest example of a model of SDG is Set® 418 the topos whose objects are functors
from a category R-Alg of (finitely presented)?® R-algebras to the category Set of sets:

R-Alg % Set. (351)

Each such functor is a forgetful functor, which associates to an R-algebra the set of its elements,
and to every homomorphism f of R-algebras the same f as function on sets.

Proposition 11.1 A functor R € Ob(Set®A18) is o commutative ring with unit.

Proof. For every A € Ob(R-Alg) we have a ring R(A), together with operations of addition
+4: R(A)xR(A) — R(A) and multiplication - 4 : R(A)xR(A) — R(A), which are natural in the
sense, that they are preserved by the homomorphisms in R-Alg, thus also by the corresponding
functors R-Alg — Set. This induces naturally the operations on R. [J

Thus, we have shown that the functor R € Ob(Set® A1) is a commutative ring (with unit).
This R will be a model of a synthetic real line R considered in the previous chapter. An object
D C R has the following interpretation in Set®A18:

R-Alg 5> A+ D(A) = {a € Ala® = 0}. (352)

This construction may seem very esotherical at first, but in fact it strictly expresses the difference
and the link between our concepts and their models. Our concepts are formulated in abstract
and ‘background-free’ way: as some relations between elements. For example, the concept of a
sphere S? (called an algebraic locus) is

S% = {(z,y,2)|x2 + 92 + 2% = 1}. (353)

We may now take different backgrounds to express S2, for example saying that elements of S?
should belong to some (commutative) algebra, thus, to some object in the category R-Alg.
We would like however to ‘see’ somehow ‘naturally’ how such sphere S?, expressed in terms
of R-Alg, ‘looks like’ (these words are in parthenenses to show where our presumptions are
hidden. This leads us to demand that S? should give as an output the set of triples of elements
of A € Ob(R-Alg) which satisfy the ‘conditions’ given in the definition of S2. Thus, S? becomes
a set-valued functor from R-Alg to Set.

R-Alg > A+— S?(A) € Set. (354)

So, the interpretation of the locus S? in Set® A8 ig

5% 2 31,2 .2 2
R-Alg > Avr— S*(A) = {(z,y,2) € A°|x* + y* + 2* = 1} € Set, (355)

which means that S? is considered as a functor which takes those elements from the ring A
which fit to a pattern 2 4+ y? + 22 = 1, and produces a set which contains them. For now on
we will consider the case R = R, where R is the well-known classical field of the real numbers
(i.e. the object R := Rc = Rp in a Boolean topos Set). Note that the global elements of R(A)
are the arrows 1 — R(A), thus {x} — R(A), because we are working in Set (of course, the

26We will assume that all algebras and rings considered in this section are finitely presented.
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fact that R(A) € Ob(Set) is true also in the general case when R is some ring). The R-algebra
corresponding to {x} is the R-algebra with one generator R[X], and the arrow corresponding to

15 R(A) is an R-algebra homomorphism R[X] %=, A. This means that
R(A) = R-Alg(R[X], A), (356)
i.e. that R is a representable functor, and we have
R~ Hom(R[X], —). (357)
By the Yoneda Lemma it means also that
Hom(R, R) = Nat(Hom(R[X], —), Hom(R[X], —)) = Hom(R[X], R[X]), (358)

so the maps f : R — R on the ring R (from the synthetic point of view) are the maps of
polynomials with coefficients in R (from the interpretational point of view). It can be shown
(see [Kock:1981] for details), that Set® A8 satisfies the generalized Kock-Lawvere axiom (and
some weak version of integration axiom), but it does not satisfy any other axioms of SDG. Thus,
we will move now to more appropriate models of SDG.

Consider the ring of smooth functions f : R®™ — R and the ring of smooth functions g : R™ — R.
We can define a category of rings of smooth functions with such arrows that preserve the smooth
structure. Thus, if we denote the object of ring of smooth functions f : R” — R by C*°(R",R)
or just as C°°(R™), then the composition which preserves the smooth maps is given by

C>=(h) : C(RF, R)" — C>(RF, R)™,
(9153 9n) = ho (g1, 9n)

To make such rings of smooth functions into the category, we have to define smooth homomor-
phisms between them as

C*®(p,R) : C*(X CR™",R) —» C>*(Y CR™R),
p: X =Y.

(359)

(360)

We can generalize these terms and define the category C*° of C*°-rings (or C*°-algebras)
as a category of such rings A that are equipped with the additional structure given by the

map R — A such that the compositions (as well as identities and projections R” — R of the

A
smooth maps R” i) R™ are preserved by A" —(i)—> A™. These are the arrows of category

of C'*°-rings and are called the C*°-homomorphisms. The category dual to the category of
(finitely generated) C'°-rings is denoted as L (so, L? = (C*®)rg).2" Note that R[X1, ..., X}]
was the (finitely generated) free R-algebra with k generators being the projections. Similarly
C>®(R* R) = C®(RF) is a free C™-ring with k generators as projections. As a next example of
C*°-rings we can consider the (classical) manifold M of class C* and the ring of all R-valued
smooth functions on this manifold, the C*°-ring C*°(M,R). We can also divide some C'*°-ring
by an ideal I, and get another C*-ring C°°(X)/I.?8 Another important example of C*-ring is
a ring of germs of smooth functions.

2"Note that R-Alg was defined as a category of arrows fa : R — A, where R and A are some commutative
rings, such that zy = yx for every z € fa(R) and for every y € R. Following this definition, we may consider

the category R-Alg of R-algebras as the category of rings A equipped with the additional structure given by the

map R — A and with the maps A" i@» A™ preserving the structure of polynomials p = (p1,...,pn) : R® = R™

in such way that identities, projections and compositions are preserved: A(id) = id, A(w) = m and A(pogq) =
A(p) o A(q). So, the constructions of R-algebras and C'°°-rings are similar.

28From the Hadamard lemma for functions f : R — R and ¢; : R™ x R™ — R, where i € [n], we have that
flx)—fly) =20 (xi —yi)gi(w,y) for & = {x1,...,xn} and y = {y1,...,yn}, where z,y € R™. This means that
A(f) () — Af)(y) = 2oi (@ — vi) A(gi) (w, y) for some C*®-ring A. If we take now (x; — ;) = 0 mod I (where
I is the ideal), then A(f)(z) — A(f)(y) = 0 mod I. Thus, C*°-rings divided by an ideal are C'*°-rings.
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Definition 11.2 A germ at x € R™ is an equivalence class of such R-valued functions which
coincide on some open neighbourhood U of x, and is denoted as f|, for some f: U — R. We
denote a ring of germs at x as C°(R™). If I is an ideal, then I|, is the object of germs at x of
elements of I.

Of course, C°(R™) is a C*°-ring and |, is an ideal of C°(R™). The object of zeros Z(I) of
an ideal [ is defined as

Z(I)={z eR"Vfel f(x)=0}. (361)

We may introduce the notion of germ-determined ideal as such I that
Vie C¥R") Ve e Z(I) flz€llz= fel. (362)

The dual to the full subcategory of (finitely generated) C'°°-rings whose objects are of form
C>(R™)/I such that I is germ-determined ideal is denoted by G (we take the dual category,
because we want to make a topos of presheaves Set&” , where sets will be varying on the (finitely
generated) C*-rings and not on their duals).?? Now we can turn back to interpreting the SDG,
recalling that for R-algebras we have used the functor

R-Alg 5 A+—— R(A) € Set, (363)

as the model (interpretation) of the naive-SDG ring R in the topos Set® A& In the same way
we may define the intepretation of the ring R in the topos Set&™”:

G? 35 A+ R(A) € Set. (364)

The topos Set®” of presheaves over the category of germ-determined C'®-rings equipped with
the Grothendieck topology is called the Dubuc topos, and is denoted by G.3° This topos is not
only very good well-adapted model of SDG, but it also has a good representation of classical
paracompact C°°-manifolds. More precisely,

Proposition 11.3 The real line R interpreted as a functor object in the topos G satisfies gen-
eralized Kock-Lawvere axiom, as well as axioms RI1-R8, N1-NJ, Delta Axiom and integration
azioms (and other not mentioned here). Moreover, there is a full and faithful covariant embed-
ding s from the category Man®™ of paracompact C*°-manifolds to the topos G which transforms
open coverings into covering families.

Proof. See [Moerdijk:Reyes:1991|. OJ

For some purposes we can also use the larger topos Set™” := Set®™. It does not have the
interpretation for an axiom R2 of local ring and an axiom N3 of Archimedean ring, but it is a
good toy-model, easier to concern than G is. Note that the equation (356):

R(A) = R-Alg(R[X], A) (365)
has an analogue in case of the intepretation of SDG in topos Set™”™:

R(LA) = SetY™ (1A, (C*(R)), (366)

29Thus, we have G C L and G C L°” C C™ as well as Set®”” c Set™™ ¢ Set®™ .

3%More precisely, the topos G is a subcategory of Set®”” obtained by sheafification, and we have an inclusion
G < SetG™. The left adjoint a : SetG” — G is called the sheafification functor. In other words, G is the
topos of sheaves on G.
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where /C*°(R) is the C*°-ring (the symbol ¢ denotes here the fact, that we are working within
the category which is dual to that of C'*° rings). Thus, a real line of an axiomatic SDG becomes
now

R = Homg_vov (—, £C™(R)), (367)

or, using the formal logical sign which denotes interpretation in the model,
Set™ = R = Homg,ro» (—, (C™(R)). (368)

This means that the element of ring R, the real number of naive intuitionistic set theory, is
some morphism /A — (C*°(R). We say that we have a real at stage {A. Thus, our concept of
the real line R of Synthetic Differential Geometry can be modelled (interpreted) by the different
rings (stages) of smooth functions on the classical space R™ (which can be, however, defined
categorically, as an n-ary product of an object Rp of Dedekind reals in the Boolean topos Set).
For example, at the stage {A = C°°(R™)/I, where [ is some ideal of the ring C*>(R"), a real (real
variable, real number) is an equivalence class f(x) mod I, where f € C°°(R"™). An interpretation
of the most important (naive) objects of SDG is following [Moerdijk:Reyes:1991]:

smooth real line =Y (C>*(R)) = s(R)
point 1=Y( (C°°( /(x))) = s({x}) = {x € Rlx =0}
first-order infinitesimals D =Y ({(C*®(R)/(z?))) = {z € R|z? = 0}
kth_order infinitesimals Dy, =Y ({(C®(R)/(zF+1))) = {z € R\ k1 — O}
infinitesimals A=Y({CFR)) ={z e RVne N — n+1 <z < n+1

The symbol Y denotes the Yoneda functor Hom(—,/A) =: Y (£A), while s denotes the functor3!
s : Man™ — Set™, introduced in the proposition 11.3 (the symbol Y is often ommited, so
one writes /C*°(R)/I instead of Y ((C*(R)/I)).

It seems that the ‘heaven of total smoothness’ of SDG should be somehow paid for. And
indeed, it is. The simplification of a structure of geometrical theory raises the complication of
its interpretation: we have to construct special toposes for intepreting SDG, going beyond set
theory and the topos Set. However, such complication may unexpectedly become a solution of
many of our problems. Particularly, the well-adapted model G of SDG is a topos of functors from
(sheafified germ-determined duals of ) C*°-rings to Set, which means that we express differential
geometry not in terms of points on manifold, but through such smooth functions on it, which
have the same germ, what means that they coincide on some neighourhood. In the Dubuc topos
G we have the interpretation (identification):

the real line R = a functor R : C*° D G Set

A functor R is representable by the C*°-ring /C*°(R), what means that
R = Hom(—,/C*(R)). (369)
The real x at stage 1, thus a global element of a real line R, is given in the axiomatic system by
T€ER < 16 R <— 15 R (370)
Under the interpretation in G it becomes

z € Hom(—,/C*®(R)) <= = €; Hom(—,/C®(R)) <= 1 5 Hom(—,lC™(R)) < (371)

31The existence of such functor is easy to accept, because in the classical case a differentiable manifold is
uniquely determined by the algebraic structure of its commutative ring of differentiable functions [Isham:1995].
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= 2 € Hom(Hom(—, £C*°(R)), Hom(—,/C*®(R))) = z € Hom({C*(R"),(C>*(R)), (372)

where the last isomorphism is obtained by the Yoneda lemma. So, the interpretation of a
concept of real at stage LC°°(R™)/I is an equivalence class of smooth functions f(x) mod I,
where f € C°°(R"™). The real number is ‘smoothly varying’ over some space R™.

Some historical remarks

Synthetic Differential Geometry can be traced back to the famous Categorical Dynamics lec-
tures of William Lavwere given in Chicago in 1967 and published in [Kock:1979]. Some of
important ideas and notions present in SDG were given in works of André Weil, Alexandre
Grothendieck and Charles Ehresmann. The real development of SDG started in the second half
of 1970s, with the works of Wraith (unpublished), Kock [Kock:1977]|, [Kock:1978| and others.
Weil algebras were introduced by Weil in [Weil:1953|. The idea of a microlinear space was
presented in the work of Bergeron [Bergeron:1980|. The generalized Kock-Lawvere axiom was
given in [Kock:1981|. Vector fields and bundles were investigated in SDG in [Reyes:Wraith:1979],
[Kock:1979] and |Kock:Reyes:1979|. Connections (as well as connection maps) were introduced
in [Kock:Reyes:1979]. An important later development of this field is in [Moerdijk:Reyes:1991],
and we follow here mainly the presentation given in this book, although their treatment is
very condensed, and we have tried to give more graphical explanations. The iterated tan-
gent bundles were investigated in [Bunge:Sawyer:1984|. The strong difference with applica-
tions to connections are discussed in [Kock:Lavendhomme:1984|. Differential forms are developed
in [Kock:1979] and [Kock:etal:1980|. Further developments in this area were |Belair:1981],
[Kock:1981], [Minguez:1985|, [Minguez:1988a| and [Minguez:1988b|. Curvature and torsion were
introduced in [Kock:Reyes:1979|. Further developments are [Kock:Lavendhomme : 1984|, [Lavendhomme : 1987|
and [Lavendhomme:1996|. Nishimura in a series of papers [Nishimura:1997|, [Nishimura:2000| and
[Nishimura:2001| has established the first and second Bianchi identities in the synthetic context
using the calculus of strong differences on microcubes. Axiomatic structure of SDG is discussed
in [Kock:1981|, [Moerdijk:Reyes:1991| and [Grinkevich:1996a|, [Grinkevich:1996b|. The subject
of intuitionistic fields and rings are concerned in [Mulvey:1974| and [Mulvey:1979]. The notion
of apartness appears for the first time and is developed in the works of Heyting [Heyting:1940],
[Heyting:1970|. However, Heyting has defined the apartness on the field of fractions, while in
SDG we consider R which is the field of quotients. The corresponding formulation for the case of
the field of quotients was given by Grinkevich in [Grinkevich:1996a]. Some elements of presenta-
tion of the basis in SDG are taken from Fearns [Fearns:2002]| and Grinkevich [Grinkevich:1996a],
[Grinkevich:1996b|. Formal étale maps nad formal manifolds were concerned in the context of
SDG in [Kock:Reyes:1979]. Further development of this area is in [Kock:1981|. Grinkevich in
[Grinkevich:1996a] gives some new interesting details. The ‘coordinatization’ of curvature tensor
was given in [Kock:Reyes:1979| and is recalled in [Moerdijk:Reyes:1991|. The properties of the
metric were analysed in [Grinkevich:1996a] and are reviewed shortly in [Grinkevich:1996b|. The
theory of well-adapted models of SDG (presented briefly in the section 3.2) was created by Ed-
uardo Dubuc [Dubuc:1979|, [Dubuc:1980|, [Dubuc:1981a|, [Dubuc:1981b|, [Dubuc:1986| and was de-
veloped later by Moerdijk and Reyes and established in their monography [Moerdijk:Reyes:1991|.
Dubuc was also an inventor of the topos G and the one who began the systematic studies of
C>°-rings, followed also by the works of Moerdijk and Reyes (and van Qué). The comprehensive
treatment of this are as well as a standard reference is the monography [Moerdijk:Reyes:1991]. So
far, the only books about SDG were: the foundational monography of Anders Kock [Kock:1981],
rather condensed but also readable monography about well-adapted models of Ieke Moerdijk and
Gonzalo Reyes |Moerdijk:Reyes:1991|, the pedagogically naive-style presentation (i.e. without
introducing the categories and toposes) by René Lavendhomme [Lavendhomme:1996] (its earlier
version was published in French as [Lavendhomme:1987|) and the elementary textbook of John
Bell [Be11:1998]. The book of Moerdijk and Reyes, although it is about the smooth models of
infinitesimal calculus, gives also a very good treatment of connections in SDG, more general
than the one given in |Lavendhomme:1996|. These two boks are together with [Kock:1981] the
standard references in the field. In our presentation of SDG we made use of some parts of
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material presented in these books. Because of the lack of spacetime, we have omited some addi-
tional material, as integration, theory of principal fibre bundles, variational calculus or topology
(axiomatic and in models). We would like to note that this text does not cover also a different
version of a synthetic approach to differential geometric notions (such like curvature, connec-
tion and parallel transport) developed by Kock in the series of papers [Kock:1980|, [Kock:1982],
[Kock:1983|, [Kock:1985], [Kock:1996], [Kock:1998], whose idea is to deal directly with pure geo-
metrical notion of the points on a manifold, as well as their first and second neighbourhood on
the diagonal.
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n-microcube, 50

nilpotent infinitesimals, 22 Weil algebra, 25
nondegenerate, 75 Whitney sum, 40
nonnegative, 75

norm, 75

object of infinitesimals, 64
object of zeros, 18, 82
open interval, 62

parallel transport, 36, 43
parallelizable, 71

partial derivative, 23
perceives, 27

property W, 32

quasi-colimits, 27

real at stage £A, 19, 83
regular epic, 69

Ricci tensor, 76
Riemann-Christoffel tensor, 58
Riemannian structure, 75

section, 28

sheafification functor, 18, 82
small objects, 25

spectrum, 24



	Introduction
	Ancient Greek approach
	Modern European approach
	Beyond modern approach
	From infinitesimals to microlinear spaces
	The zoology of infinitesimals
	Algebraic geometry and schemes
	Algebraic differential geometry and toposes
	Well-adapted topos models of infinitesimal analysis and geometry

	From Kock–Lawvere axiom to microlinear spaces
	Vector bundles
	Connections
	Affine space
	Differential forms
	Axiomatic structure of the real line
	Coordinates and formal manifolds
	Riemannian structure
	Some additional structures
	Well-adapted topos models
	References
	Index

