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A special function playing an essential role in the construction of quantum “azx + b”-group
is introduced and investigated. The function is denoted by F%(r, ), where h is a constant
such that the deformation parameter g2 = e~**. The first variable r runs over non-zero real
numbers; the range of the second one depends on the sign of r: o =0 for r > 0 and o = £1
for r < 0. After the holomorphic continuation the function satisfies the functional equation

Fr(er, 0) = (1 + e™2r) Fy(r, —0) .
The name “exponential function” is justified by the formula:
Fr(R, p)Fr(S,0) = Fr([R+ S],5),

where R, S are selfadjoint operators satisfying certain commutation relations and [R+ S] is
a selfadjoint extension of the sum R+ S determined by operators p and o appearing in the
formula. This formula will be used in a forthcoming paper to construct a unitary operator
W satisfying the pentagonal equation of Baaj and Skandalis.

0. Introduction

Quantum exponential functions appear in the following setting. One considers pairs
of closed operators (R, S) acting on a Hilbert space H satisfying certain carefully
chosen commutation relations C. These relations should imply that the operators
R and S are normal and Sp R and Sp S be contained in certain subset A C C.
Moreover the sum R + S should be a well-defined closed normal operator with the
spectrum contained in the same set A. A continuous function F' defined on A with
values in the unit circle in C is called a quantum exponential function if

F(R+ S) = F(R)F(S) (0.1)

for any pair (R, S) of operators satisfying the considered commutation relations.
The first example we obtain considering the following commutation relations:

R*=R, S* =S and RS =SR. (0.2)

Then A = R, F is a function of real variable and (0.1) is equivalent to the classical
exponential equation:

F(r+s)=F(r)F(s) (0.3)
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for any r,s € R. One of the solutions is F(r) = €. Any other function satisfying
(0.3) is of the form Fy(r) = ", where ¢ is a real number.
In the second example we consider the following relations:

RR* = R*R, §58* = §*S,
SpR,SpS c C” and (0.4)
RS = ¢*>SR.

In these relations q is a real number, ¢ < 1 and
C'={teC:t=0o0r |t| € ¢?}.

The precise meaning of (0.4) is explained in [11] and [12] (such an explanation should
also be given for relations (0.2), where RS = SR means the strong commutation of
selfadjoint operators R,S). In this case a function F' satisfying Eq. (0.1) is given
by the formula:

oo

1+ ¢%*t
Ft) =] 155
k=01+q t

Any other function satisfying (0.1) is of the form F,(r) = F(tr), where t € C".
In this paper we consider the following commutation relations:

R*=R, §* =8,
} (0.5)

RS = ¢*>SR.

In this case the deformation parameter ¢ is a number of modulus 1. The precise
meaning of the relations is given in Sec. 2. We shall assume that

¢ =e", (0.6)

where h is a real number such that —m < A < w. This is the only assumption on
h imposed in this paper. To construct deformed “ax + b” group [15] we shall have
to assume some further restrictions on ¢. It turns out that the group exists on the
Hilbert space level (and on the C*-level) provided h = :I:T’;?), where k =0,1,2,....
In this case ¢ is a root of 1.

We write R —o S if the pair of selfadjoint operators (R, S) satisfies the relations
(0.5) in the sense explained in Sec. 2. The relation “—o” is called Zakrzewski relation.

The theory of quantum exponential function based on the relations (0.5) does
not fit precisely into the scheme described above. If R and S are selfadjoint oper-
ators satisfying the Zakrzewski relation R — S, then R + S is a symmetric, but
(in general) not a selfadjoint operator. In fact R + S is selfadjoint if and only if
(sign R)(sign S) > 0. We shall show that selfadjoint extensions of R+ S are labeled
by selfadjoint operators 7 such that Sp7 C {—1,0, 1}, 7 anticommutes with R and S
and ker 7 coincides with H((sign R)(signS) > 0). Operators 7 are called reflection
operators.

Let p be a selfadjoint operator such that Spp C {-1,0,1}, p anticommutes
with S, commutes with R and kerp = H(R > 0). Similarly let o a selfadjoint
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operator such that Spo C {—1,0,1}, o anticommutes with R, commutes with S
and keroc = H(S > 0). Then for any number a of modulus 1, the operator

T = apo + aop (0.7)

im?
satisfies all the conditions listed above. In what follows o = ie27 .

In our case instead of (0.1) we have to consider a more complicated equation
F(R,p)F(S,0) = F(IR + 5],.5), (0.8)

where [R + S|, is the selfadjoint extension of R + S corresponding to a reflection
operator (0.7) and & is an operator uniquely determined by R, S, p and o. The
operator o is selfadjoint, Spo C {—1,0,1}, o anticommutes with [R + S], and
keroc = H([R + S]; > 0). Now the function F = F(r,p) is a function of two
variables: r € R and g € {-1,0,1}.
The exponential function equality (0.8) is closely related to the pentagonal equa-
tion
F(T,7)F(S,0)F(R,p) = F(R,p)F(S,0). (0.9)

In the forthcoming paper [15] we shall construct the quantum “ax + b” group. This
construction uses the idea of Baaj and Skandalis [2], who pointed out that quantum
groups are determined by one unitary operator W € B(H ® H) satisfying certain
simple conditions (see also [13]). In [15] we propose an explicit formula for W
related to the quantum “ax 4+ b” group. The main aim of the present paper is to
provide the computational tools for [15]. In particular (0.9) will be used to verify
that W satisfies the Baaj—Skandalis pentagonal equation.

We shall briefly describe the content of the paper. In Sec. 1 we introduce spe-
cial functions used in this paper. Among them we have the quantum exponential
function Fj and the related function Vy. Various equalities and estimates are es-
tablished. Some boring computations are shifted to Appendices. This section is
entirely classical: no non-commutative quantity appears in it. We use the methods
of the theory of analytic functions of one variable.

The Zakrzewski commutation relations are introduced in Sec. 2. We indicate
the connection with the Heisenberg commutation relations. The most general pair
(R, S) of selfadjoint operators satisfying the Zakrzewski relations is described.

Section 3 is devoted to operators of the form Sf(R). The main result of this
section is contained in Theorem 3.1. We find when S f(R) is selfadjoint and compute
in this case sign(Sf(R)). In particular the operator e/?RS is selfadjoint and
sign (e”"/2RS) = (sign R)(sign S).

The operator of the form Q = e”*/2RS + S is investigated in Secs. 4 and 5.
Clearly @ is symmetric. We show that @ is selfadjoint if and only if R > 0. If this
is not the case then we look for selfadjoint extensions. It turns out that selfadjoint
extensions of () are unitarily equivalent to S. The correponding unitary operators
coincide with Fj(R, p), where Fj is the quantum exponential function and p are
reflection operators mentioned above:

[e"/2RS + S], = Fu(R, p)* SFu(R, p) - (0.10)
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The main result of the paper is contained in Sec. 6. We prove the exponent
equation (0.8) and the pentagonal equation (0.9). To this end we use the method
similar to the one used in [11]. In principle it is based on the associativity of
addition:

[S+ 28T+ T =8+ [M28T 4 T71.
The most difficult part of the proof is to show that the formula remains valid, when
we pass to suitable selfadjoint extensions:

1S+ €™ 2ST 1, + T~ 5 =[S+ [™2ST ' + T, ], (0.11)

where p = Fj(S,0)*pFr(S,0). Using the unitary implementation (0.10) one can
easily show that (0.11) coincides with the most crucial formula (6.11) of the proof
of pentagonal equation. The proof of (0.11) is rather complicated. One has to keep
track of the domains of all selfadjoint operators appearing in this formula. As a
result, Sec. 6 is the most sophisticated in this paper.

In Sec. 7 we show that any function F' satisfying the exponential equality (0.8) is
of the form: F(r, o) = Fy(ur, sp). This result will be used to find all unitary repre-
sentations of quantum “ax + b”-group. The last section deals with C*-algebras and
affiliation relation. Quantum exponential function is used to formulate a condition
for a pair of selfdajoint operators to be affiliated with a C*-algebra.

The paper uses heavily the theory of unbounded operators on Hilbert spaces
(cf. [1, 4, 6, 7]). We shall mainly use closed operators. The domain of an operator
a acting on a Hilbert space H will be denoted by D(a). We shall always assume
that D(a) is dense in H.

We shall use the functional calculus for systems of strongly commuting selfad-
joint operators. To explain the rather peculiar but very convenient notation used
in the paper, let us consider the pair of strongly commuting selfadjoint operators a
and b acting on a Hilbert space H. Then, by the spectral theorem

53] @

a= ME(M\ ), bz/ pdE(\ p),
R2 R2

where dE()\) is the common spectral measure associated with a,b. For any measur-
able (complex valued) function f of two variables,

f(a7b) = ®f(A7 )‘/>dE()‘7 )‘/)
R2

Let x be the logical evaluation of a sentence:
x(false) = 0,
x(true) = 1.

If R is a two argument relation defined on real numbers, then f(A, X)) = x(R(\, X))
is a characteristic function of the set A = {(\,\') € R? : R(\,\)} and (assuming
that A is measurable) f(a,b) = E(A). We shall write x(R(a, b)) instead of f(a,b):

D
X(R(a,b)) = / X(ROCN)AEQ, ) = E(A)

R2
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The range of this projection will be denoted by H(R(a,b)). The letter “H” in this
expression refers to the Hilbert space, where operators a, b act.

This way we gave meaning to the expressions: x(a > b), x(a?+b* = 1), x(a = 1),
x(b < 0), x(a # 0) and many others of this form. They are orthogonal projections
onto corresponding spectral subspaces. For example H(a = 1) is the eigenspace of
a corresponding to the eigenvalue 1 and x(a = 1) is the orthogonal projection onto
this eigenspace. More generally if A is a measurable subset of R, then H(a € A) is
the spectral subspace of a corresponding to A and x(a € A) is the corresponding
spectral projection.

1. Special Functions

The quantum exponential function is introduced in an axiomatic way. In this section
we formulate the conditions determining uniquely this function. The function is
then defined by an explicit formula and we verify that all the conditions hold.

Let C. = C — {0}. The following domains in C will play an essential role in
this paper. For i > 0 we set

Qf ={reC.:argre [0,0]},
Q, ={reC,:argre [-mh—nl}, (1.1)
Qn=Q; UQS.

For i < 0, in the above formulae one has to replace [0, %] and [—7, i — 7] by
[7,0] and [A — 7, —7]. For any r € Qp, we set

log|r| +iargr for r € Qf
(r)= { ) (1.2)

log|r| +i(argr +m) for r € Q,

where argr is taken from the range indicated in (1.1). Clearly the function ¢ is
continuous on 25 and holomorphic on the interior of this set. Let

f is holomorphic on the interior of 25 and
H=¢feC(Q): forany A > 0 the function e*M(T)Qf(r) . (1.3)
is bounded on
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Replacing in this definition Q5 by Q;f and ), we introduce the classes of functions
Ht and H~.

The vector space H (as well as H' and H~) admits an interesting antiunitary
involution. For any f € H and r € 0y, we set

fr(r) = f(e"7). (1.4)

One can easily verify that f* € H and f** = f.

The quantum exponential function F} investigated in this paper is a function of
two variables denoted by r and p. The first one runs over §2; whereas the second
assumes three values: —1,0,1 with the following restrictions: ¢ = 0 for r € Q%‘ and
o= %1 for r € Q. In other words, F}, is defined on the set

Ap =Q; x {-1,1}UQ} x {0}.
In the following theorem we collect the characteristic properties of Fj.
Theorem 1.1. There exists a unique function
F;: A — C

fulfilling the following five conditions:
(1) For all (r,0) € Ap such that r € R we have:

|Fh(r, o)l =1. (1.5)

(2) The functions Fy(-,0), Fp(-,0)"t € HT.
(3) The functions Fy(-,1), Fp(-,—1), Fp(-,—1)"t € H~.
(4) For any (r,0) € Afp such that r € R we have:

Fu(e™r, 0) = (1+€™?r)Fy(r, —0) - (1.6)

()

In addition the function Fy has the following properties:
(6) Fr(—e™2,1) = 0. This is the only zero of Fy on Ap.
(7) In a neighbourhood of zero,

r
F(r,0) =14+ ——5 + Ro(1,0) (1.8)
21 sin g
where R
lim o120 _
r—0 r

This is a stronger version of Statement (5).
(8) There exists the limit

Fr(—nr1
lim h( 7‘,)

= 1.
Rr—+oo Fy(r,0) @ (1.9)
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where .
a:iexp{%}. (1.10)
For real r we have a stronger result:
1
lim |r(Fp(—7,1) — aFu(r,0))] = — - (1.11)
Rl sin 3
(9) For any r € Q;f we have
1 2
Fi(r,0) = C exp{((;g_;? }Fh(Fl,O). (1.12)
i
In a neighbourhood of infinity
(logr)? r—t
0)=C , 1— RE (1), 1.13
(r0) = exp { B i | RO (1.13)
where
" lin[Jlr RL(r) =0,
T—>+00
rl-irlil rRL(r) =0.
r—+00
10) For any r € Q, and o = £1 we have
( ) Y A %
1 _ 2y
Falr ) = Cae exp{("g;.h’">> }Fh@l,@). (1.14)
i
In a neighbourhood of infinity
(log(—7))? rt -
Fu(r,0) = C : 1— RL(r,0), 1.15
(r.0) = Cag exp { 5 | T RemO, (1)
where
plm R (r0) =0,
Tlirml rRo(r,0) =0.
b0
hy 71 logr = log|r|+iargr

2n /124

In the last two points, the constant C = exp{(%—i—
and log(—r) = log |r| +i(7 + argr) = logr + iw, where argr is taken from the range

indicated in (1.1).
of elementary functions. We shall prove that Fj(r, 0) has the properties listed in

In this section we find an explicit formula expressing Fy(r, ¢) in terms of integrals
the above theorem. The uniqueness will be discussed later (cf. the end of Sec. 5).
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The reader should notice that if a function Fj(r, o) satisfies any of the conditions
(1)-(9) of the above theorem then the function Fj(r, o) = Fj(T, o) satisfies the same
conditions with A replaced by —h. It means that

th(rv Q) :Fh(Tv Q) (116>

Due to this formula it is sufficient to consider the case i > 0.
To simplify the notation we set § = 2% Clearly 6 > 2. For any (r,0) € Ap we
have
Fn(r,0) =1 +io(—r)7|Vy(logr) . (1.17)
In this formula logr = log|r| + iargr and (—r)% = |r|% exp(‘Z[r + argr]), where

argr is taken from the range indicated in (1.1). Vp is a meromorphic function on
C such that

Vo(z) = exp {% /OOo log(1+a~?) da } (1.18)

a+e?

for all z € C such that |Sz| < 7. For real r we have:

Vo(logr) for r>0and =0
Fy(r, 0) = o , (1.19)
[1+io|r|»]Ve(log|r| —mi) for r<0andp==l.
Lemma 1.1. Let 6 be a positive number. Then the integral
Wy(z) = /00 log(1 4+ a~%) da (1.20)
0 a+e* '

is convergent for any x € C such that |Sz| < w. The function Wy introduced in
this way is holomorphic in the strip {x € C : |Sz| < w}. It admits a continuous
extension to the closure of this strip. Moreover we have:

Oz? w2
We(z) + Wo(—z) = - +(0+9*1)€, (1.21)
W1/9($> = Wg(m/a), (1.22)
Wo(x + i) — Wey(z — mi) = 2milog(1 + €%). (1.23)

In (1.23) the variable x is real, whereas in (1.21) and (1.22) z € C and |Sz| < 7.
If 0 > 2, then

T ’/T62m

Weo(z) = — R(x), 1.24
o(@) sin(%) 2sin(27”) +R(2) ( )

where
e R(x) — 0, (1.25)

when Rx — —oo whereas Sz stays in a compact subset of the interval | — m, 7.

The proof of this lemma is not very fascinating. It uses the standard methods of
the theory of holomorphic functions of one variable. The boring details are shifted
to Appendix A.
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Comparing (1.18) with (1.20) we see that

Vo(z) = exp {QLMWQ(JT)} . (1.26)
Taking into account (1.22) and (1.23) we obtain:
Vije(z) = Vo(z/0), (1.27)
Vo(z + i) = (1 + e*)Vp(x — 7i) . (1.28)
Inserting in (1.28) z/6 instead of x and using (1.27) we obtain
Vijo(x 4 m0i) = (14 e*)Vy j9(x — m0i) .

Replacing now 1/6 by 6 we get
Ve (:c + %) = (1+e")Va (:17 - %) . (1.29)

Remark 1.1. Equation (1.28) is essentially the same as functional equation defin-
ing function s in [3].

According to (1.26), the function Vp is holomorphic and has no zeroes in the
strip {z € C : |[Sz| < w}. Due to (1.28), it admits an analytical continuation to
a meromorphic function defined on the whole plane C. The extended function has
zeroes at the points

z=2k+ Dmi+ (2l +1)mwi /0, (1.30)

where k,l = 0,1,2,.... The poles are located at points —x, where x is given by
(1.30). Multiplicity of the zero (the pole respectively) at the point z (—z respec-
tively) equals to the number of pairs (k,I) of nonnegative integers satisfying the
relation (1.30). If @ is irrational, then all zeroes and poles are simple.

Replacing in (1.29) = by = + %i we obtain

Ve (:17 + %) = (1+e™/%e)Vp(x). (1.31)

Taking into account (1.21) we get

Vo(x)Vp(—z) = Cpexp {Ziﬂj} ) (1.32)

where Cy = exp{(6 + §71)-Z-}. Clearly Wy(z) is real for z-real. Therefore

Vo(z)| =1 (1.33)

for all z € R. Taking the square of the both sides and performing analytical
continuation we get

Vo (@ Vo(z) = 1 (1.34)
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and |Vy(Z)||Va(z)| = 1. In particular |Vp(z + 7i)| |[Vo(z — mi)| = 1 for all z € R. On
the other hand, due to (1.28) |Va(x + mi)| = |1 + €| |V (x — mi)|. Therefore

[Vo(z — mi)| = |1 + €%%| 2 (1.35)
for any z € R. Combining (1.34) with (1.32) we obtain

Vo(z) = Cpe 0” Va(—7) (1.36)
= Xp 4 — — .
0 6CXP (Vo
for all x € C.

In further computations we set § = 2%, where 0 < A < w. Then 6 > 2 and using
(1.24) and (1.25) we get

e eQw—ih/Q
Var =1+ — +R , 1.37
7 (z) 21 sin % 4 sin A sin g” (@) ( )
where
e 2" Ry(z) — 0, (1.38)

when Rz — —oo whereas |3z| < h/2. It is enough to assume that (Jz)e®® stays
bounded. Indeed, replacing in (1.31) 6 by 2F and inserting (1.37) instead of Vj()
we get after simple computations:

Ri(z 4 ih) = (14 e2e® )Ry (x). (1.39)

Let w be a product of n factors of the form 1+4e® with the same &tz < 0. Elementary
computations show that

R
exp{— ne™ } < |w| < exp{ne®*}
1—eme [ =¥1= '

Now, taking into account (1.39) can easily show that (1.38) holds when Rz — —oo
whereas (Jx)e® stays bounded. In particular
lim Vp(z, +tA) =1 (1.40)
t——+o0
for any z,, A € C such that 3\ < 0.
To prove the manageability of the multiplicative unitary for “axz + b” quantum
group [15] we have to compute the Fourier transform of Vj. It turns out that it is
2

expressed by the same function. Setting 6 = 5 we have

L/V( —@—iﬂ') e%ei%d = C}, Vp(x) (1.41)
e )\ v= Gt '

In this formula C}, is the phase factor equal to exp{i(Z + & + g—;)}, the path ¢ goes
along the real axis from —oo to oo rounding the pole of the integrand at the point
0 from above. The integral should be understood in the sense of the distribution
theory; before comparing the numerical values of the both sides one has to multiply
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them by a test function of x and integrate with respect to x (on the left-hand side
the integral with respect to y should be taken after that with respect to x). The
proof of (1.41) is given in Appendix B.

Now we are able to show that the function (1.17) satisfies conditions (1)—(10)
of Theorem 1.1. Condition (1) follows from (1.33) and (1.35). For r > 0 formula
(1.6) coincides with (1.31). To prove it for r < 0 it is sufficient to notice that (—r)*
changes sign, when argr increases by %i. Condition (4) is verified. Conditions (7)
and (5) follows immediately from (1.37).

Inserting in (1.36) § = 27 /h we obtain (1.12). Combining (1.12) with (1.8) we
get (1.13), with

RE(r) = C exp { (102%)2 } Ro(r,0) .

Therefore
arg r

" Ro(r, 0)]

[RL()]=r

and Condition (7) assures the correct asymptotic behavior of R} (r). Condition (9)
is verified.
To prove Condition (10) assume that r € 2, and ¢ = £1. Then

Fu(ro) Vz%(logr)[l—i—ig(—r)%]
P 1.0) Ve (oDl + iel—) 7]

B (logr)2) 1+io(—7r)%
=Cx eXp{ 2ih [ 1—io(—r) *
_ (log)* . z
= Czz exp{ 907 io(—r)n

(log7)? + 2milog(—7)
xp { 2%h ‘

In second step of the above computations we used (1.36). Remembering that
log(—r) = logr + im we obtain

Fr(r, 0) =49 C2z exp {M * ﬁ}

FH(F_17Q) T 2ih 2h

where « is given by (1.10). Formula (1.14) is verified. Combining this formula with
(1.8) we obtain (1.15). Condition (10) is verified.

To verify Condition (8) we have to compute the limits (1.9) and (1.11). Using
asymptotic formulae (1.13) and (1.15) one can easily show that the limits exist and
have the correct values.

Definition (1.26) shows that Vzz () # 0 for all # € C such that [Sz| < 7.
Therefore Fy(r, ) = 0 if and only if r € Q;, o = +1 and 1 + (—r)% = 0. One can
easily check that this is the case if and only if r = —e®/2 and ¢ = 1. Condition (6)
is verified.
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Finally using (1.7) and the asymptotic behavior (1.13) and (1.15) and remem-
bering that Fy(-,0) has no zero in €} and Fj(-, —1) has no zero in €2, one can easily
show that Fy(-,0), Fu(-,0)"! € H* and Fy(-, 1), Fu(-, 1), Fa(-,—1)"t € H~. The
reader should notice that Fj(-,1)~! ¢ H~, because the function Fy(-,1) has a zero
point in Q, . Conditions (2) and (3) are verified.

2. Zakrzewski Commutation Relations

Let R and S be selfadjoint operators acting on a Hilbert space H. If sign R com-
mutes with S and R commutes with sign S, then

H = Hyp © Hos ® Hro @ Hprs, (2.1)

where Hyy = ker RN ker S, Hys = ker RN (ker S)*, Hro = (ker R)* Nker S and
Hps = (ker R)*N(ker S)*. Clearly operators R and S respect the above direct sum
decomposition and |R| and |S| are selfadjoint, strictly positive on Hgg. Therefore
one can consider one parameter groups of unitaries (|R|"),cr and (|S|'"),cr acting
on Hgg.

Definition 2.1. We say that the operators R and S satisfy the Zakrzewski com-
mutation relations and write R — S if:

(1) sign R commutes with S and R commutes with sign S,
(2) On the subspace Hrs = (ker R)* N (ker S)*, the groups of unitaries satisfy the
canonical commutation relations in the Weyl form:

|R|i‘r|S|iT _ eih-rr |S|rr |R|i‘r (22)

for any 7,7 € R. The pair is called non-degenerate if ker R = ker S = {0}. This is
the case if and only if Hrs = H.

One can easily check that R — S if and only if R commutes with sign S and for
any 7 € R
|S|"""R|S|” = e"R. (2.3)

The latter equation should hold on the subspace (ker S)-.
Similarly R — S if and only if S commutes with sign R and for any 7 € R

|R|™S|R|™'" = €S (2.4)

The latter equation should hold on the subspace (ker R)*.

Let R and S be selfadjoint operators acting on a Hilbert space H. Assume
that R —S. Then the compositions RoS and SoR are densely defined closeable
operators, D(RoS) is a core for S and D(SoR) is a core for R. In what follows, the
closures of RoS and SoR will be denoted by RS and SR. It turns out that R and
S satisfy the commutation relation of the Manin plane: D(RS) = D(SR) and

RSz = ¢*SRx (2.5)



QUANTUM EXPONENTIAL FUNCTION 885

for any x € D(SR). The reader should notice that the condition (2.5) is much

weaker than the relation R — S. For example (2.5) remains unchanged, when 7 is

replaced by h+2m, whereas (2.2) is very sensitive to the choice of i solving Eq. (0.6).
We shall use the following simple statement:

Proposition 2.1. Let R and S be selfadjoint operators acting on a Hilbert space
H. Assume that R — S. Then:

(1) Ifker S = {0}, then S~ — R.

(2) Ifker R = {0}, then S — R™1L.

One can easily describe the structure of Hilbert space given by a pair (R, S)
of selfadjoint operators satisfying the relation R — S. We already know that the
operators R and S respect the decomposition (2.1). On Hyy both operators vanish.
On Hp the operator S vanishes, whereas R is any selfadjoint operator. Similarly
on Hyg, R vanishes whereas S is any selfadjoint operator (if one of the operators
vanish then the relation imposes no condition on the other one). On Hgg the pair
is non-degenerate.

To describe nondegenerate pairs (R, S) of selfadjoint operators satisfying the
Zakrzewski relation we shall use position and momentum operators of a quantum
mechanical particle moving on R. Let (§,p) be an irreducible pair of selfadjoint
operators acting on a Hilbert space L such that the Heisenberg—Weyl commutation
relations:

eiTt}eiT/i) _ eihTT/eiT/ﬁeiT(j
are satisfied for all 7,7/ € R. In short [p, ] = ¢hl. Irreducibility means that the
only operators on L commuting with "¢ and e'™'P are scalar multiples of I. By
the famous Stone—von Neumann theorem [9], the pair (g, p) is unique up to unitary
equivalence. In Schrédinger representation L = L?(R) and

@) = (), (F)(E) = in

(2.6)

By definition a square integrable function Z belongs to D(§) iff the product ¢Z(t) is

square-integrable. Similarly € D(p) iff the derivative (understood in the sense of
the distribution theory) d”fi—gt) is a square-integrable function. In Sec. 4 we shall use

another representation: L = L?(R) and

(gz)(s) = ih —@ + %(SJJ(S))} , (pz)(s) = —(log s)x(s) - (2.7)

Now a square integrable function z belongs to D(§) (z € D(p) respectively) iff the

function %(sx(s)) ((log s)z(s) respectively) is square integrable on R. The two

representations are related by the unitary Mellin transform:

B

z(s) % T(t)dt .

1 / _
=——F [ s
v/ 27|h|s Jr

With the notation introduced above we have:
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Theorem 2.1. Let u and v be two commuting unitary involutions acting on a
Hilbert space K : u = u* = v, v = v* = v™! and wv = vu. Then the pair
(R,S) = (u®el,v®eP) is a non-degenerate pair of selfadjoint operators acting on
L*(R,K) = K ® L*(R) and R — S. Conversely any nondegenerate pair (R, S) of
selfadjoint operators satisfying the Zakrzewski relation R —o S is unitarily equivalent
to a pair (u ® e, v ® eP) described above.

*

Proof. Only the last statement needs a proof. Let (R, S) be a non-degenerate pair
of selfadjoint operators acting on a Hilbert space H and R — S. Then the operators
log|R| and log|S| are selfadjoint and satisfy the Heisenberg commutation relation
in the Weyl form. By the Stone—von Neumann theorem [9] the pair (log|R|,log|S])
is unitarily equivalent to the direct sum of a certain number of copies of (4, p).
Denoting the multiplicity by N we may identify H with K ® L (where K is an
N-dimensional Hilbert space) in such a way that

logR=1®qG, logS=1I®p. (2.8)

Irreducibility of (¢,p) implies that any operator Q commuting with ¢ and p is of
the form @ = Q, ® I, where @, is an operator acting on K. In particular

signR=u® I, signS=vQ®1I, (2.9)

where v and v are commuting unitary involutions acting on K. Combining (2.8)
with (2.9) we obtain
R=u®el, S=v®e’. (2.10)
|
The number N = dim K will be called the multiplicity of the pair (R, S). Clearly
N=Nyp +N . +N_ 4 +N__,

where Nyy = dim K(u = +1,v = +1). Two nondegenerate pairs of selfadjoint
operators satisfying the Zakrzewski relation are unitarily equivalent iff they have
the same numbers N4 .

3. Analytical Implications of the Zakrzewski Relation

The selfadjoint operators satisfying the Zakrzewski relation have interesting ana-
lytical properties. On the formal level the relation RS = ¢?SR = e "SR imply
that f(e?R)S = Sf(R). In this section we give the precise meaning to the latter
formula and find a class of functions f for which it holds. In what follows we use
functional calculus of selfadjoint operators. If R is a selfadjoint operator and f is a
measurable function defined on Sp R, then by definition

f(R) = / FOVAER(N),

where dER(X) is the spectral measure associated with R. If ker R = {0}, then
Er({0}) = 0 and f(XA) need not be defined at A = 0. Using the involution (1.4)
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we have
f(R)" = f*(¢"R) (3.1)
for any f € H and any selfadjoint operator R. We start with the following:

Proposition 3.1. Let R and S be selfadjoint operators acting on a Hilbert space
H such that ker R = {0}, R — S and g be a bounded function on Q. Assume that
g € H. Then g(R)D(S) subsetD(S) and for any x € D(S) we have

g(e™R)Sz = Sg(R)x . (3.2)

Remark 3.1. If R is strictly positive, then it is sufficient to have function g defined
on Q;f only. Similarly if R < 0 then g may be restricted to {2, .

Proof. For S = 0 the statement is trivial. Remembering that sign S commutes
with R we may assume that S is strictly positive.

Let X be the strip {7 € C : 0 < 7 < 1} and H(X) be the space of all continuous
functions on ¥, holomorphic on ¥. Clearly H(X) endowed with the sup norm is a
Banach space.

For any A € R and 7 € ¥ we set: ¢x(7) = g(e" ). Then ¢y € H(Z) and
[leall < C, where C = sup{|g(r)| : r € Qx}. Therefore

/R oxdu(N) € H(S) (3.3)

for any (complex valued) finite measure dy(A) on R.
Let dER()) be the spectral measure of the selfadjoint operator R, x,y € D(S)
and du(X\) = (y|dEr(A\)Sz). Then

[ ex@u) = Glaeh R)sa)
and formula (3.3) shows that the function
Y37 — (ylg(e" R)Sz) € C

is continuous and holomorphic on the interior of 3.
Remembering that z,y € D(S) one can easily show that the mappings

Yo7 — STy e H,

Yo7 —87yecH

are continuous. The first one is holomorphic whereas the second one is antiholo-
morphic on Y. Therefore the function

Yo7 — (S7ylg(R)S'TTx) € C

is continuous and holomorphic on X.
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Assume for the moment that 7 is real. Using (2.3) we obtain
(STylg(R)S™ 7 x) = (y|S~"g(R)S" " x) = (ylg(e" R)Sx).

By holomorphic continuation this equality holds for all 7 € ¥. In particular for
T = 1 we obtain

(Sylg(R)z) = (ylg(e™ R)Sz).
This relation holds for all y € D(S). Remembering that S is selfadjoint we see that
g(R)z € D(S) and Sg(R)z = g(e*"R)Sx. O

Let R — S, where (R, S) is a pair of selfadjoint operators acting on the same
Hilbert space H such that ker R = {0}. We shall use the function £(-) introduced by
(1.2). Then for any A > 0 the operator e~ M®B)” ig bounded and converges strongly
to I, when A — +0. Therefore the domain

Do = | J e MR D(S), (3.4)
A>0

is dense in H. With this notation we have:

Proposition 3.2. Let f € H. Then

(0) Do © D(f(R))
(1) f(R)Do C Do,
(2) Do C D(S),
(3) SDy € D(f(e"R)).

Proof. Let A > 0. One can easily verify that the function g(r)

isfies the assumptions of Proposition 3.1. Therefore e_)‘e(R)zD( ) D(S) and

sat—

Statement (2) follows.

Now, let f € H and A > 0. Then the function g(r) = f(r)e_M(’")2 is bounded.
Therefore e MR H D(f(R)) and Statement (0) follows. One can easily verify
that the function g(r) considered in this paragraph satisfies the assumptions of
Proposition 3.1. Therefore

f(R)e™ MR D(S) € D(S),
F(R)e=ME D(8) c e B D(S) C Dy

and Statement (1) follows.
Let x € Dy. Then
2
x=e MEB (3.5)

where 2/ € D(S) and A > 0. Formula (3.2) shows that

ih 2
e METR) g0 — Gy

If f € H then the function F(r)e " is bounded, f(emR)e_M(emR)2 € B(H) and
Sz = e ME"R) 5y ¢ D(f(e™R)). Statement (3) is proved. O
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Let (R, S) be a pair of selfadjoint operators acting on a Hilbert space H such
that R — S and ker R = {0}, and let f € H. Proposition 3.2 shows that the
compositions S o f(R) and f(e?"R) o S are densely defined (their domains contain
Dy). Taking into account (3.1) we see that the adjoints (So f(R))* D f*(e"R)o S
and (f(e"R)oS)* O Sof*(R) are densely defined. Therefore Sof(R) and f(e!"R)oS
are closeable operators. In what follows their closures will be denoted by Sf(R)

and f(e"R)S.

Theorem 3.1. Let (R,S) be a pair of selfadjoint operators acting on a Hilbert
space H such that R — S and ker R = {0}, and Dg be the domain introduced by
3.4). Then for any f € H we have:

If f* = £, then f(e’"R)S is symmetric,
5) If f~1 € H and f* = f, then f(e’"R)S is selfadjoint and R — f(e'"R)S.

If R > 0 (R < 0 respectively), then one may replace H by H™ (H~ respectively).

Proof Ad (1) and (0). We already know that (f(e'®R)S)* O Sf*(R). Therefore
it is sufficient to prove the converse inclusion. Let y € D((f(e*R)S)*) and z =
(f(e"R)S)*x. Then

(ylf (" R)Sz) = (2) (3.6)
for any z € D(f(e*"R)S). In particular (cf. Statements (3) and (4) of Proposi-
tion 3.2) this relation holds for all # € Dy. Therefore

(ylF(€"R)Se M P’a/) = (2] MPa)

for any A > 0 and 2’ € D(S). Using (3.2) we get
(y|f(€mR>e_)\e(emR)2S:El) _ (z|e"\e(R)2x’)
and
* 2 2

(f*(R)e ™ B y|Sa’) = (e M 2a!).
This relation holds for all 2’ € D(S). Remembering that S is selfadjoint we obtain
FH(R)eM By e D(S), e By ¢ D(Sf*(R)) and

Sf*(R)e_M*(R)Zy _ e—,\e(R)ZZ.

This relation holds for any A > 0. Sf*(R) is a closed operator. Setting A — 40, we
obtain: y € D(Sf*(R)) and Sf*(R)y = 2. This way we showed that (f(e*R)S)* C
Sf*(R) and Statement (1) follows.

The reader should notice that using the relation (3.6) we restricted the range of
variable z to the set Dy. It shows that f(e?R)S and its restriction to Dy have the
same adjoint. Therefore they have the same closure. In other words, Dy is a core
for f(e"R)S.



890 S. L. WORONOWICZ

Ad (2). Let z € Dyg. Then z = e*)‘Z(fo’z where 2’ € D(S) and A > 0.
Formula (3.2) shows that Sf(R)x = F(emR)e= ("R o/ 1In particular for f =1
we get Sz = e~ M(E"R) Gt Comparing the two formulae we obtain

f(e"R)Sz = Sf(R)x.

This formula holds for all z € Dy. Remembering that Dy is a core for f(ei"R)S we
obtain f(e’"R)S C Sf(R).

Ad (3). It is sufficient to show that Dy is a core for Sf(R). Let z € D(So f(R)).
Then z € D(f(R)) and y = f(R)z € D(S). Therefore f(R)e MR g = ¢~ MRy ¢
Dy for any A > 0. In this point we assume that f~' € H. By Statement (1) of
Proposition 3.2, f(R)"'Dy C Dy and

e Mz € Dy (3.7)
Using (3.2) we obtain
Sf(R)e_M(R)zx = e_)‘e(emR)sz(R)m.

The reader should notice that e’M(R)Qx(e’M(eihR)2S f(R)x respectively) converges
to x (to Sf(R)x respectively) when A — +0. Taking into account (3.7) we see that
Dy is a core for Sf(R).

Ad (4) and (5). Inserting f* = f in Statement (1) and using Statement (2) we
get f(e®R)S C (f(e™R)S)*. It means that f(e?"R)S is symmetric. If in addition
f~1 € H then (cf. Statement (3)) instead of inclusion we have equality and f(e?"R)S
is selfadjoint. To prove the Zakrzewski relation R — f(e!"R)S it is sufficient to
notice that sign R and |R|" commute with f(e!"R). O

Let f € H. One can easily verify that f* = f if and only if f(e’*/?r) is real for
any r € R. Assume that this is the case and that f~! € . Then f has no zeroes
on Qp and sign f(e"™/?r) (for real r) depends only on signr. If f(£e’/2) > 0,
then f = g2, where g = \/f and the branch of the square root is chosen in such
a way that g(#+e2) > 0. Clearly g € H and g = g*. Then g(e"R)* = g(R),
g(e™R)S C Sg(R) and for any = € Dy we have

([ f(e™R)Sz) = (xlg(e"R)*Sz) = (9(R)z|Sg(R)z).

Remembering that Dy is a core for f(e" R)S and that the operators R and S respect
the direct sum decomposition H = H(S < 0)® H(S = 0) @ H(S > 0) we see that
sign f(e'"R)S coincides with sign S. One can easily modify the above considerations
to include all four possible combinations of signs of f(= ¢*/2). This way we obtain:

Theorem 3.2. Let (R,S) be a pair of selfadjoint operators acting on a Hilbert
space H such that R — S and ker R = {0} and f be a function on Qy such that f,
fYeH and f = f*. Then

sign f(e™R)S = (sign f(e'"/2R))(sign S) .
If R > 0 (R < 0 respectively), then one may replace Qp and H by Qg and H* (9,
and H~ respectively).
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Example 3.1. Let f(r) = e /2r. Then f,f~! € # and f* = f. Therefore
e"2RS is selfadjoint, signe2RS = (sign R)(sign S) and R — ¢”*/2RS. One can
easily verify that e"/2RS —o S. The reader should notice that we need not assume
that ker R = {0}. Indeed the assertions we made are trivial if R = 0 (this is the
case not covered by Theorems 3.1 and 3.2).

Assume now that R and S are strictly positive. So is e/2RS. We claim that

(eih/QRS)ik) — o~ BK pikgik
= e 7K gikRik (3.8)

Indeed, using (2.2) one can easily show that the second equality holds and that
(e’['zh k2RikSik)keR is a one parameter group of unitaries. Therefore there exists a
strictly positive operator 1" such that

Tik — o~k Rikgik

for all £k € R. Performing analytical continuation and setting k = —i we obtain
T = ¢"/?RS and (3.8) follows.

4. Properties of (I+e™*/2R)S

Throughout this section R and S are selfadjoint operators acting on a Hilbert space
H such that R — S. We shall consider the operator Q@ = (/2R 4 I)S. By
definition (cf. previous section) @ is the closure of the composition Qg = (e”*/?R +
I) o S. We shall prove that Qg is closed.

Let (z,,)nen be a sequence of elements of D(Qq) converging to a vector zo, € H
such that (Qozn)nen converges to a vector y € H. Then =z, € D(S), Sz, € D(R)
and (e"™2R + I)Sz,, — y. The selfadjointness of R implies that —e~*/2 ¢ Sp R.
Therefore the operator e*/2 R+1 has a bounded inverse and Sz, — (¢/"/2R+1)"1y.
Remembering that S is closed we see that xo, € D(S) and Szo, = (/2R +1)"1y.
Therefore Sz, € D(R), Too € D(Qo) and Qoo = (e™2R + I)Szo, = y. It shows
that Qg is closed, Q = Qo and

D(Q) ={xz € D(S): Sz € D(R)} = D(e"™?RS) N D(S).

Therefore

Q=e"2RS+ 8. (4.1)

Proposition 4.1. The operator Q = €"/2RS + S is symmetric. The adjoint
Q* = S(I+e ™2R). If R >0 then Q is selfadjoint.

Proof. If R = 0, then (I +e/2R)S = S is clearly selfadjoint. Therefore we may
assume that ker R = {0}. Let f(r) = 1+ e ™2r. Then f € H and f* = f.
Therefore (cf. Statement (4) of Theorem 3.1) the operator (I + ¢”*/2R)S is sym-
metric. The formula for @* follows from Statement (2) of the same theorem. The
function f~! has the only pole at the point —e**/2 Q. It means that f~! € HT.
Therefore, by Statement (5) Theorem 3.1, the operator (I + €"/2R)S is selfadjoint
provided R > 0. O
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We shall see later that for R < 0 the operator (I + ¢”*/2R)S is not selfadjoint.
If in addition S is of definite sign (S > 0 or S < 0) then (I + e"/2R)S is maximal
symmetric but not selfadjoint. In these cases @ is unitarily equivalent to the dif-
ferential operator: —ifi-L on the real half-line (R = {s € R:s >0} if S > 0 and
R_={seR:s<0}if S<0).

By definition the differential operator —ih% acts on the Hilbert space
L?(R4, K), where K is a Hilbert space. Elements of L?(R., K) are square in-
tegrable (with respect to the Lebesque measure) functions Ry 3 s — z(s) € K.
The domain D(—ih-L) consists of all continuous functions z € L*(R4, K) such that
the derivative (in the sense of the distribution theory) dfi—(ss) belongs to L*(R+, K)
and lim,o2(s) = 0. It is well known [1] that —ih-L is maximal symmetric but
not selfadjoint. We shall also use the multiplication operator §: (§z)(s) = sz(s). A
function x € D(8) iff the function sz(s) is square integrable.

Proposition 4.2. Assume that R < 0 and S > 0. Then there exists a unitary
operator U : H — L*(R, K) such that
ih d
log(— *=——I+ih—35
Ulog(—R)U 5L+ 5

. d
U(I +e"2R)SU* = —ihi— .
ds
In the above formulae, K is a Hilbert space of dimension equal to the multiplicity
of (R, S). The similar Statement holds for S < 0. In this case we have to replace
R+ by R_.
—(1+67”‘/2r)
log(—e*m/z'r) )
logarithm is chosen in such a way that the denominator vanishes for r =
Then f, f~' € H and f* = f. Moreover

where the branch of the
_eih/2.

Proof. For any r € Q we set f(r) =

_(1 + e—iﬁ/27,)

- =1.
/2 log(—e~i/2y)

f(=e™?) =

—(I+e"/2R)

ms is selfadjoint, sign S’ = signS and

Therefore the operator S’ =
R— S

We shall assume that S > 0 (The case S < 0 may be treated in the same way).
Then S’ > 0. Combining Theorem 2.1 with (2.7) we see that there exists a unitary

U:H — L*(R,, K) such that

ih d
log(— f=——T+ih—3§
Ulog(—R)U 5 —thss
and
UsS'u*=s".
By the first formula Ulog(—e™/?R)U* = ih 4 5. Combining this result with the
second formula we obtain
. , d
U(I +eM?R)SU* = —U log(—e"/?R)S'U* = —ih — . (4.2)

ds
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We have to verify that the domain of this operator coincides with the one described
above. According to Statement (0) of Theorem 3.1, the set

UDy =U | e MBD(S)) = U exp {)\ (g +§ %)2} D(57h) (4.3)

A>0 A>0

is a core for (4.2). Let z € L?>(R4, K) and z(]), 5) be the value of the function

I . d\’
Ty =expl A 5—1—3% x

at the point s. Then x(), s) satisfies the heat equation

9 19\’
ax()\,s)=<§+s£> x(A,8).

By the general theory of parabolic equations, for A > 0 and s # 0 the function z(\, s)
is smooth in both variables. If z € D(37 1), then in a certain sense x(s) approaches
0 when s tends to 0. In that case lims_,ox(A,s) = 0. It shows that elements
x € Dg are continuous, smooth for s # 0 functions satisfying the boundary condition
2(0) = 0. Remembering that Dy is a core for (4.2) one can show that the domain of
(4.2) consists of all functions x that are square integrable continuous functions on
R such that 2(0) = 0 with the derivative (in the sense of the distribution theory)
being square integrable. O

We end this section with a few formulae describing the domains of considered
operators. According to Statement (1) of Theorem 3.1 ((I + ¢*/2R)S)* =
S(I + e ™2R). By definition S(I + e~*/2R) is the closure of the composition
So (I +e ™2R). One should not expect that D(S(I + e *"/2R)) coincides with
D(S o (I +e "2R)). However we have

D(R)ND(S(I+e "2R)) ={x e D(R): (I +e ™2R)z e D(S)}.  (4.4)

Ounly the inclusion LHS C RHS needs a proof (the converse is obvious). Let

z € D(R) and € D(S(I + e ""/2R)). According to Statements (2) and (3) of

Proposition 3.2 Dy C D((I + €/2R) o S). For any element y € Dy we have
(YIS +e ™2R)z) = (I + ™ R)Syle) = (Sy|(I +e " R)a).

By Statement (0) of Theorem 3.1, Dy is a core for S. Therefore (I + e~ "*/2R)x €
D(S) and (4.4) holds.

If (R, S) is a pair of selfadjoint operators satisfying the Zakrzewski relation with
a given h, then (5, R) satisfies the same relation with & replaced by —h. Applying
this remark to (4.4) we obtain

D(S) N D(R(I + €"/28)) = {x € D(S) : (I + ¢%S)z € D(R)}. (4.5)
Let x € D(S) N D(S(I + e "/2R)). Then for any y € Dy we have

(YIS +e ™2 R)z) = (I + ™ R)Syle) = (Sylz) + (¢"/*RSy|x)
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and

(e™?RSy|x) = (y|S(I + e ™2R)z) — (Sy|z) = (y|S(I + e "?R)x — Sz).
By Statement (0) of Theorem 3.1, Dy is a core for ¢’2RS. Therefore z €
D(e'"2RS) and

D(S)ND(S(I +e "/2R)) c D(S) N D(e"2RS) = D(S + ¢/2RS). (4.6
The converse inclusion is trivial: S(I + e~ "/2R) = (S + ¢"/2RS)* is an extension
of the symmetric operator S + e"/2RS.

5. Selfadjoint Extensions

Let R and S be selfadjoint operators on a Hilbert space H satisfying the Zakrzewski
relation R — S and Q = (¢/"/2R + I)S. According to (4.1), Q is a sum of two
selfadjoint operators. Therefore @ is symmetric. We already know that in general
Q is not selfadjoint. In what follows, the selfadjoint extensions of Q will play a very
essential role. We start with the following general considerations.

Let H be a Hilbert space, @ be a symmetric operator acting on H and p be a
selfadjoint operator acting on H such that p? is a projection. We say that p is a
reflection operator for @ if p anticommutes with @ and @ restricted to H(p = 0) is
selfadjoint. By definition p anticommutes with Q iff pQ C —Qp. If this is the case
then @ respects the direct sum decomposition

H=H(p=0)® H(p*=1) (5.1)
and the restriction of @ to H(p = 0) is well defined.

Proposition 5.1. Let Q be a symmetric operator acting on a Hilbert space H and
p be a reflection operator for Q). Then there exists a unique selfadjoint extension @,
of Q such that

(r—=1)D(Q,) € D(Q) . (5:2)

The operator @Q, coincides with the restriction of Q* to the domain
D, = D(Q)+ D(@Q") N H(p=1)
—{zeD(@"): (p— Dz e DQ)}. (5.3)
Proof. We know that Spp = {—1,0,1}. Therefore
H=H(p=-1)oH((p=0)oH(p=1)

and elements of x € H may be written in the column form

xr = o) 5 (54)
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where x_ € H(p = —1), 20 € H(p = 0) and =y € H(p = 1). Consequently the
operator p should be written as matrix

-1 0 0
p=10 0 of. (5.5)
0 0 I

Using the anticommutativity of @ with (5.5), one can easily show that operator @
is of the form

0 0 Q+
Q=10 Q 0 |,
Q. 0 0
where
Q+:H(p=1)—H(p=-1),
Qo: Hp=0)— H(p=0),
Q-:H(p=-1)—H(pp=1)

are closed densely defined operators. The domain
x is of the form (5.4), where
D(Q)=qx€H: . (5.6)

z- € D(Q-),20 € D(Qo),z+ € D(Q4)

Since p is a reflection operator for @, the restriction of @ to H(p = 0) is selfadjoint:
Qo = Q. The adjoint operator

0 0 Q*
Q= 0 Qo 0
Q. 0 0

has the domain

x is of the form (5.4), where
D(Q*)=<kxz€H: (5.7)
T € D(Qi),ito € D(QO)?'T+ € D(Q*—>
Operator @ is symmetric. Therefore
Q+ CQr. (5.8)
Let

0 0 Q=

Qp = 0 QO 0

Q- 0 0

Then @, is selfadjoint. Relation (5.8) shows that @ C Q, C @*. The domain

(5.9)

D(Q,) { el x is of the form (5.4), where }
< :
P z_ € D(Q_),z0 € D(Qo), x4 € D(Q*)
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Remembering that (p — I) kills the last component of (5.4) and using (5.6) we see
that (5.2) holds. Comparing (5.9) with (5.6) and (5.7) we see that D(Q,) coincides
with (5.3). It shows that @, is the restriction of @* to D,. This way the existence
of the extension ) C @, satisfying the condition (5.2) is established. We shall prove
the uniqueness.

Let @), be a selfadjoint extension of Q. Then Q}, C @* and D(Q},) C D(Q™).
If (p — I)D(Q},) C D(Q), then using the second expression of (5.3) we see that
D(Q),) C D, and @), C Q,. Passing to the adjoint operators we get the converse
inclusion @}, D Q,. It shows that Q), = Q,. a

Only for a very limited class of symmetric operators @), the procedure described
in the above proposition gives all selfadjoint extensions of ). Among them we have
symmetric operators of the form (4.1).

Proposition 5.2. Let (R, S) be a pair of selfadjoint operators acting on a Hilbert
space H such that R — S and Q = e™?RS + S. Assume that p is a selfadjoint
operator such that
p* =x(R <0),
p commutes with R and » . (5.10)
p anticommutes with S

Then p is a reflection operator for Q. Any selfadjoint extension of Q is related (via
Proposition 5.1) to a reflection operator p satisfying conditions (5.10). If ker S =
{0}, then the operator p is determined uniquely by the extension.

Proof. By the first relation of (5.10), p? is a projection and H(p = 0) = H(R > 0).
We already know (cf. Proposition 4.1) that @Q is selfadjoint for R > 0. Therefore
Q restricted to H(p = 0) is selfadjoint. Due to (5.10) p anticommutes with Q. It
shows that p is a reflection operator for Q.

We have to show that any selfadjoint extension of @) is of the form @Q,. To this
end it is sufficient to consider the case R < 0. Then the operator p is a unitary
involution: p*p = pp* = p? = I. We shall also assume that ker S = {0} (for S =0
the statement is trivial, in this case @ = 0). Then H = H(S < 0) ® H(S > 0).
Taking into account Proposition 4.2 we may assume that H(S < 0) = L?(R_, K_)
and H(S > 0) = L>(R4, K ), where K_ and K are Hilbert spaces of dimensions
equal to the multiplicity of negative and positive part of the spectrum of S. With
this identification

ih Ld o
log(—R) = —EI—i— Zh% s, (5.11)
d
= —th—. 12
Q=ih- (512

These operators act on the Hilbert space H = L*(R_, K_)®L*(R, K ). Elements
x € H are square integrable functions on R with values z(s) € K_ for s < 0 and
x(s) € K4 for s > 0. Elements z € D(Q) are square integrable continuous functions
on R such that 2(0) = 0 with the derivative (in the sense of the distribution theory)
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being square integrable. The adjoint operator Q* is given by the same formula
(5.12). Its domain consists of all square integrable functions z(s) on R continuous
for s # 0 with the derivative being square integrable. For any x € D(Q*) there
exist limits

z(£0) = sl—lglom(s) .
Clearly z(—0) € K_ and z(+0) € K;. An element z € D(Q*) belongs to D(Q) if
and only if z(+0) = 0.

Any selfadjoint extension of a symmetric operator @ is a restriction of its adjoint
Q*. Using the general theory of selfadjoint extensions of differential operators [1]
one can easily show that there is a one to one correspondence between the set of
all selfadjoint extensions of (5.12) and the set of unitary operators acting from K_
onto K. Let u: K_ — K, be a unitary operator. Then restricting Q* to the
domain

D, ={x € D(Q) : (+0) = uz(—0)} (5.13)

we obtain the corresponding selfadjoint extension Q. of Q.

Let p be a selfadjoint operator satisfying (5.10). Then p is a unitary involution
commuting with R and anticommuting with Q. Using (5.11) and (5.12) one can
easily show that p anticommutes with §. Consequently there exists two families of
unitaries us € B(K_,K;) and vs € B(K4, K_) (where s € R;) such that

usx(—s for s >0
<pa:><s>={ = -

v_gz(—s) fors <0

for any z € H. Relation p? = x(R < 0) = I shows that vs = u}. Using once more
the anticommutativity of p and (5.12) one can easily prove that us = u does not
depend on s. This way we showed that the operator p is of the form

ux(—s for s > 0,
<px><s>={ =) g (5.14)

u*z(—s) for s <O0.

In this formula v € B(K_, K, ) is a fixed (independent of ) unitary operator and
x € H. Conversely it is not difficult to verify that any operator p of the form (5.14)
is a selfadjoint operator satisfying (5.10).

We have to show that (5.13) coincides with (5.3). Let x € D(Q*) N H(p = 1).
Then pz = x and uz(—s) = u(s) for any s > 0. Letting s — 0 we get uz(—0) =
x(40). Therefore x € D,, and D, C D,,. Conversely assume that € D,,. Then
x € D(Q*) and z(+0) = uz(—0). The latter is equivalent to (x — pz)(+0) = 0 and
to z — pz € D(Q). Clearly z + px € D(Q*) N H(p = 1). Now the decomposition
2z = (z — pz) + (x + px) shows that € D, and D,, C D,,. O

According to (5.10) R and p do commute and the joint spectrum

Sp(R,p) =R_ x {—1,1}UR, x {0}
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is contained in the closure of the domain Ag of Fy (cf. Theorem 1.1). In what
follows, we shall extend Fj to the closure Ar by setting

Fr(0,0) =1

for o = 0,4+1. With this extension F} remains a continuous function (cf. (1.8)).
The main result of this section is contained in the following theorem.

Theorem 5.1. Let R and S be selfadjoint operators acting on a Hilbert space
H such that R — S, p be a selfadjoint operator satisfying (5.10) and Q, be the
selfadjoint extension of Q = (e™2R + I)S corresponding to the reflection operator
p. Then

Qp = Fu(R, p)"SF(R,p), (5.15)

where Fy, : Ap — C is a function satisfying conditions (1)—(4) of Theorem 1.1.

Proof. At first we notice that the statement is trivial for S = 0 so we may assume
that ker S = {0}. Moreover all the operators involved in the theorem commute with
sign R. Therefore they respect the direct sum decomposition

H=HR<0)®HR=0®HR>0)

and it is sufficient to consider separately three cases: R < 0, R =0 and R > 0. If
R =0, then () = S and the statement is trivial.

Assume now that R > 0. In this case (cf. Proposition 4.1) @ is selfadjoint, p = 0
and we have to show that

Q = Fu(R,0)*SFy(R,0). (5.16)

For any r € Q;f we set: f(r) = Fx(r,0). Then (cf. Condition (2) of Theorem 1.1)
f,f~t € H*. According to (1.5) and (1.6), f(R) = Fx(R,0) is a unitary operator
and f(e’?R) = (2R + I)Fx(R,0). Statement (3) of Theorem 3.1 shows that

(e™?R + I)Fx(R,0)S = SFx(R,0)

and (5.16) follows.

Assume now that R < 0. In this case Spp = {—1,1}. For any r € Q, we
set: fi(r) = Fp(r,£1). Then (cf. Condition (3) of Theorem 1.1) f,,f_,f~ ' €
H~. According to (1.5) and (1.6), f+(R) = Fxr(R,+£1) are unitary operators and
f+(e™R) = (e'"?R + I)Fp(R,F1). Statements (2) and (3) of Theorem 3.1 show
that

(e"2R 4 I)Fr(R,—1)S C SFx(R,1),
(e"2R 4 I)Fr(R,1)S = SFx(R, —1).
Consequently
Q C Fu(R,—1)*SFu(R,1), (5.17)

Q = Fy(R,1)*SFy(R, —1). (5.18)



QUANTUM EXPONENTIAL FUNCTION 899

Remembering that p anticommutes with (), one can easily show that
D(Q) = D(@Q)N H(p=1) + D(Q) N H(p = —1). (5.19)
Let z € D(Q) N H(p = £1). Then
Fr(R,p)x = Fr(R,£1)x € D(S)NH(p = +£1).
Remembering that S anticommutes with p we have
SFu(R,p)x = SFr(R,£1)xz € H(p = F1)

and taking into account (5.17) and (5.18) we obtain: x € D(Q) and

Fi(R, p)*SFr(R, p)x = Fr(R,F1)*SFi(R,+1)x = Qx.

Formula (5.19) shows now that Fj(R, p)*SFy(R, p) is a selfadjoint extension of Q.
To end the proof it is sufficient to notice that in the relation (5.18) we have strict
equality. It shows that

(p— V)D(Fn(R, p)*SF(R, p)) € D(Q).

Therefore (cf. condition (5.2)) Fy(R, p)*SFy(R,p) is the extension related to the
reflection operator p. U

Now we are able to show that Conditions (1)—(5) of Theorem 1.1 determine
the function Fj uniquely. If Fj and Fy, are functions satisfying these conditions,
then formula (5.15) holds for both functions. Consequently Fj (R, p)Fy(R,p)~*
commutes with S and with |S|? (¢t € R):

Fy(R, p)F(R, p) ™" = |S|7" Fy(R, p)Fu(R, p)'|S|" .

According to (5.10), S anticommutes with p. Therefore |S| commutes with p and
|S| =% p|S|** = p. Taking into account (2.3) we obtain

F}(R, p)Fr(R,p)~" = Fj,(AR, p) Fa(\R, p) ",
where A = e™ is a positive number. Therefore

Ey(r, 0)Fn(r,0) ™" = F}(\r, 0)Fr(Ar,0) !

for any (r,0) € Ap such that r € R. Letting A — +0 and using (1.7) (for Fjp
and F}) we obtain F}(r,0)Fn(r,0)”* = 1 and F}(r,0) = Fy(r,0). By analytical
continuation this equality holds for all (r, ) € Ap.

We would like to rewrite the results of Secs. 4 and 5 in a slightly different setting.

Theorem 5.2. Let R and S be selfadjoint operators satisfying the relation R —o S.
Then:

(1) Operator R+ S is a closed symmetric operator.
(2) R+ S is selfadjoint if and only if e™/?>RS > 0.
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(3) If R and S are of opposite sign (e.g. R >0 and S < 0) then R+ S is mazimal
symmetric but not selfadjoint.

(4) Any selfadjoint extension of R+S is of the form [R+ S|, where T is a selfadjoint
operator such that T anticommutes with R and S and 7% = x(e™?RS < 0).
The reflection operator T is defined uniquely by the extension.

(5) Ifker S = {0}, then

[R+ 8], = Fa(e™?S7 'R, 7)*SFy(e™?S7'R, 7).
(6) If ker R = {0}, then
[R+ 8], = Fp(e™2SR™Y, 7)RFy(e2SR™Y, 7)*.

Proof. For S = 0 the all six statements are trivial. Therefore we may assume
that ker S = {0}. In this case signe’”2S~'R = (sign S)(sign R) = signe’*/2RS,
X(eih/25’71R >0)= X(eih/2RS >0) and e"28-1R > 0 if and only if e/2RS > 0.

Let R’ = ¢"/28~'R. Then R’ is selfadjoint, R’ — S and R + S = (e"/?R’ +
I)S. Statement (1) and the “if” part of Statement (2) follow immediately from
Proposition 4.1. Statement (3) follows from Proposition 4.2. Statement (4) follows
from Proposition 5.2 and Statement (5) from (5.15). If (R, S) is a pair of selfadjoint
operators satisfying the Zakrzewski relation with a given h, then (S, R) satisfies the
same relation with & replaced by —h. Applying this remark to Statement (5) and
using (1.16) we obtain Statement (6).

We shall prove the “only if” part of Statement (2). The reader should notice
that multiplying a reflection operator by —1 we obtain a new reflection operator.
If R+ S is selfadjoint then by Statement (4) the set of reflection operators contains
precisely one element 7. In this case 7 = —7, 7 = 0 and X(em/QS_lR <0)=712=0.
It shows that e*/25-1R > 0. O

6. Exponential Equality

The following theorem shows that the name Quantum exponential function given
to Fy, is justified (cf. formula (6.5)).

Theorem 6.1. Let (R,S) be a pair of selfadjoint operators acting on a Hilbert
space H such that R — S and ker S = {0}, and p,0 € B(H). Assume that p and o
are selfadjoint and

PP =x(R<0),
p commutes with R and (6.1)
p anticommutes with S,

o? = X(S < 0) )
o commutes with S and (6.2)

o anticommutes with R.
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We set
T = o251,
(6.3)
T = apo + aop,
where « is the constant introduced by (1.10). Then
(1) T is selfadjoint, signT = (sign R)(sign S), T — R and T — S
(2) 7 is selfadjoint and
2 =x(T <0),
T commutes with T and (6.4)
T anticommutes with R and S
(3) 7 is a reflection operator for R+ S and
Fh(R, p)Fh(S, 0') = Fh(T, T)*FE(S, U)FE(T, T)
:Fh([R+S]T75>7 (65)

where [R + S]; is the selfadjoint extension of R+ S corresponding to the reflection
operator T and ¢ = Fy(T,7)*c F(T,T).

Remark 6.1. Let p and ¢ be selfadjoint quantum mechanical position and momen-
tum operators introduced in Sec. 2. Then operators: R = e//2ePed = P14, § = ¢l
p = o = 0 satisfy the assumptions of Theorem 6.1. In this case T = e"/25~1R = ¢?,
7 =0 and the relation (6.5) shows that

This formula was presented (without proof) in the lecture of Kashaev [5].

Proof of Theorem 6.1. If R = 0 then p = 0 and T = 0. In this case the
Statements are trivial. Therefore we may assume that ker R = {0}.

Ad (1). At first we notice that S~1 — R. This fact follows immediately from
Proposition 2.1. Using Example 3.1 at the end of Sec. 3 we see that T is selfadjoint,
signT = (sign R)(sign S), T — R and S~! —o T'. According to Proposition 2.1 the
last relation shows that T — S.

Ad (2). To understand better the formulae (6.1), (6.2) and (6.4) we shall use
the following matrix notation. We know that the kernels of R and S are trivial and
that signs of R and S do commute. Therefore setting

H++:H(R>0,S>O I}

HR>0,5<0),

)
Hy = H( )
H_,=H(R<0,8>0),
H__=H( )

HR<0,5<0
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we have
H:H++@H+,@H7+@H,, (66)

and elements of £ € H may be written in the column form

T+

Ty —

T = ,
T—+
T

where z;; € H;j, i,j € {+,—}. Consequently the operators acting on H will be
represented by 4 x 4 matrices.

Using (6.1) one can easily show that p kills H;; and H;_ and that p: H__ —
H_| and p : H_, — H__ are mutually inverse unitary maps. Similarly (6.2)
shows that o kills H, and H_, andthat o : H_._ - H,_ando:H,_ — H__
are mutually inverse unitary maps. Using these unitaries we may identify the three
Hilbert spaces: H_; and H,_ with H__. In what follows H_, = H,_ = H__ will
be denoted by H,. With this identification, the operators p and o are represented
by matrices:

0 0 0 O 0 0 0 O
0 0 0 O 0 0 o0 I
p= , o= (6.7)
0 0 o0 I 0 0 0 O
0 0 I o 0 I 0 O
Performing elementary matrix computations we obtain
0 0 0 O
o 0 0 & O
T=apo+aop = 0 a 0 0 (6.8)
0 0 0 O

Operators R and S do commute with sign R and signS. Therefore they are
represented by diagonal matrices. Remembering that p commutes with R and o
commutes with S we obtain

Ry O 0 0 St 0 0
0 R, 0 0 0 =S, 0
R= , S= ,  (6.9)
0 0 —-R, 0 0 0 So
0 0 0 -R, 0 0 0 =S
where R and S, are restrictions of R and S to H, and Ry and Sy are restrictions
of —R and —S to H__ = H,. Clearly Ry, S;, Ry and Sy are strictly positive

selfadjoint operators, Ry — S} and Ry — Sp. Multiplying the two matrices we
get

T, 0 0 0
. -T, 0 0
T=eM287 1R = 0 ¢ ool (6.10)

0 0 0 T,
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where T, = e/ 25;1R+ and T, = e/ 2SR, are strictly positive selfadjoint
operators.

Now, using the matrix forms of 7, T, R and S derived above, one can easily
check that 7 is selfadjoint and that conditions (6.4) hold.

Ad (3). In the second part of this section we shall derive the following formula:
Fh(Tv T>*Fh(sv U)*T_th(S7 U)-Fh(T? T)
= Fu(S,0)" Fu(R, p)* T~ ' Fy(R, p) F(S,0). (6.11)

It means that the unitary operator Fy(S,o)Fn(T,7)Fr(S,0)*Fr(R,p)* com-
it

mutes with 7~!. Therefore it commutes with || and |T'
Fh(Sv J)Fh(Tv T>Fh(sv U)*FE(R7 P)*
= [T|" Fy (S, 0) Fu(T, 7) Fu (S, 0)* Fa(R, p)*|T| (6.12)

for any t € R.
We already know that T anticommutes with p and ¢ and commutes with 7.
Therefore |T'| commutes with p, o and 7 and

TP pIT| = p,  [TVo|T| " =0 and |TJr/T| " = 7.

Clearly
|T|/*T|T|" " =T.

Moreover the relations ' — R and T' — S show that
IT|*R|T|"™ = AR and |T|*S|T|"" =\S,
where A = e € R*. Inserting these data into (6.12) we get
Fy(S,0)Fr(T, 7)FR(S, 0)" Fr(R, p)*
= Fy(AS,0)Fp(T, 7)Fr(AS, o) Fr(AR, p)* .

Let A — 40. Using (1.7) one can easily show that F}(\S,0), Fr(AR, p) and
their adjoints converge strongly to I. Therefore

Fn(S,0)Fn(T, 7)Fn(S, 0)" Fn(R, p)* = Fn(T, 1)

and
Fh(Ra p)Fh(Sv o) = FE(T7 T)*FH(S7 U)Fh(Tv T) .

To end the proof we notice, that due to Theorem 5.1,
Fn(T,7)* Fy(S,0)Fr(T,7) = [¢"?TS + 5], = [R+ 5]~ 0

The remaining part of this section is devoted to the proof of the formula (6.11).
We shall keep the notations introduced in Theorem 6.1.
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We already know that T —o S. Therefore S — T!. Inserting (S,7!) instead
of (R,S) in (4.4), (4.5) and in (4.6) we obtain

D(S) N D(T~Y(I 4 e~"/23))

={zeD(S): (I+e ™28z e D(T™Y)}, (6.13)
D(S(I + ™27 nD(T™1)

={z e DY) : (I+e™?*T Yz e D(S)}, (6.14)
DT YN D((e™28T~' + T~1)%)

C D(e™28T1 4771, (6.15)

Operator T~ is selfadjoint. Therefore —e /2 ¢ SpT~! and I + /2T~ is a
closed operator with bounded inverse. The latter statement holds for e=**/2] 4+ §
and for the product (e=*"/2I + S)(I + /2T~1). Clearly

{214+ 8)(I +eMPT N} = (T+e 2T (2T +5). (616)

Dealing with equalities of unbounded operators one has to verify that the do-
mains of the operators are the same. Obviously

D((I + e "7 (e™2] + 8)) = {x € D(S) : (™I + S)z € D(T")}.
By (6.13), the same set is the domain of S + T~1(I + e~*"/28). Therefore
(I + =27 1) (/2] 4 §) = /2] 4 § 4 T~H(I + e~ iM/28)
— P20 1§ (I +eM28)T 1)
— M2 1§ 4 [eM2STt £ T

where in the second step we used Statement (1) of Theorem 3.1 (with R, S replaced
by S,T~1). In the same way, using (6.14) one can show that

(e—ih/QI+ S)(I+eih/2T—1) _ e—ih/21+ [S—l— eih/QST—l]* +T—1 )
Inserting these data into (6.16) we get
{[S + M 2ST= Y 4+ T71}* = § + [M28T 1 4 T71]*. (6.17)

Using (6.4) and (6.2) one can easily show that 7 is a reflection operator for S +
e/28T 1 and ¢ is a reflection operator for e"/2ST~1+T~1. Let [S+e"/25T 1],
and [eih/ 28T—1 4+ T, be the corresponding selfadjoint extensions. Then

[S+eih/2ST71]T c [S+eih/2ST71]*,

[eiﬁ/QST—l +T_1]0' C [eiﬁ/QST—l +T—1]* )
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Inserting these data into (6.17) and remembering that passing to the adjoint oper-
ators reverses the inclusion relation we get

{[S+€e"28T Y, + TV 5 8§ + [¢"/28T 1 +T7,. (6.18)
Inserting in Theorem 5.1 T, /28T~ and 7 instead of R, S and p we obtain
[S + eM28T—Y, = Fyp(T,7)* ™ 2ST (T, 7)
and remembering that 7~! commutes with Fj(7T,7) we get
[S + e/28T =1, + T~ = Fy(T, 1) [/ 28T~ + T Fu(T, 7).
Combining this formula with (6.18) we have
Fp(T, ) [e™2ST~ + T~ Fp(T,7) D S+ [M2ST~ 1+ T7Y,. (6.19)
We shall prove that
D([e™2ST~ +T7Y,) D Fu(T,7) D(S + [¢"2ST~  +T71,). (6.20)
Let Q = 28T+ T-! and
zeD(S+[eM28T  +T71,). (6.21)

Then z € D(Q,). Using (5.2) we obtain (0 — I)z € D(Q) and (0 — I)z € D(T1).
We shall use the following simple formula:

(0 —DFu(T,7)x = (6 = I)[Fx(T,7) = Iz + (0 — Dz

The second term belongs to D(T~1). By (1.8), [Fu(T,7) — I]lx € D(T~1). The
reader should notice that o commutes with |T~!|. Therefore D(T~!) = D(|T!|)
is invariant with respect to the action of o, (0 — I)[Fi(T,7) — Ilx € D(T~!) and

(0 — )Fp(T,7)x € D(T™Y). (6.22)

Comparing (6.21) with (6.19) we obtain F(T,7)x € D(Q*). It is also easy to
notice that o is a reflection operator for ). Therefore (cf. the proof of Proposi-
tion 5.1) D(Q*) is o-invariant and (o —I)Fx(T,7)x € D(Q*). Now using (6.22) and
(6.15) we see that (o — I)Fx(T,7)x € D(Q). Remembering that Fy (T, 7)z € D(Q*)
and using (5.3) we obtain Fj(T,7)z € D(Q,) and (6.20) follows.

Combining (6.19) with (6.20) we obtain

Fu(T,7)* [e™2ST~ + T, Fu(T,7) D 8 + [e/28T 1 + T71,. (6.23)

According to Theorem 5.1, [¢*/2ST~1 + T, = Fy(S,0)*T ' Fy(S,0). Remem-
bering that F(S, o) commutes with S we obtain

Fu(T,7)* Fn(S,0)* T Fu(S,0)Fp(T,7) D Fy(S,0)*[S + T Fu(S,0).
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The left-hand side of the above relation is selfadjoint. Therefore
Fu(T,7)* Fp(S,0)*T 1 Fy(S,0)Fp(T, 7) = Fy(S, U>*éFh(S, o), (6.24)
where é is a selfadjoint extension of S4+7~1. Using (6.3) we see that S = ¢**/2RT~!
and S+ T~ = e™2RT~! + T—'. We know that T — R. Therefore R — T~!.
Now Proposition 5.2 and Theorem 5.1 show that
Q=I[S+T""]y = Fa(R,p')"T""Fa(R, ),
where p’ is a selfadjoint operator such that
p?=x(R<0),
p' commutes with R and (6.25)

p' anticommutes with 771 .

One can easily show that these conditions are equivalent to (6.1) (with p replaced
by p’). Inserting the value of @ into (6.24) we obtain

Fh(T7 T)*Fh(S7 U>*T71Fh(sv J)Fh(Tv T)
= Fu(S,0)*Fu(R, p')* T Fu(R, p')F(S, o). (6.26)

This formula almost coincides with (6.11). Instead of p we have p’. To prove (6.11)
we have to show that p' = p.

We shall use the matrix notation introduced in the proof of Statement (2) of
Theorem 6.1. One can easily show that any selfadjoint operator p’ satisfying (6.25)
is of the form

00 0 0
00 0 0

P = , (6.27)
00 0 po
0 0 pt O

where p, is a unitary operator acting on H, commuting with R, and 7,,. We have
to show that p, = I. Assume for the moment that this is not the case.

Lemma 6.1. Assume that p, # I. Then there ezists a vector y € H, such that
y € D(T; 1Y), y € D((S, — ™28, T 1)) and (po — I)y ¢ D(S,).

Proof. Remembering the relation expressing T, in terms of R, and S, one can easily
check that p, commutes with S,. Using Proposition 4.1 with R and S replaced by
S, and T, ! we obtain

(So — €M28, T 1) = So(I — e 2T,

Operators S, and T, ! are positive selfadjoint and S, —o T, . Combining Theo-
rem 2.1 with (2.6) we may assume that H, = L?(R, K), S, is the multiplication by
e! (t is the variable running over R) and T, ! is the imaginary shift by ih:

(Soy)(t) = e'y(t),
(T, 'y)(t) = y(t +ih).
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Remembering that p, commutes with S, and T, we conclude that it is of the form

(Poy)(t) = 0y(t),

where g is a unitary operator acting on K. p, # I implies g # I.
Let yo be an element of K such that (o — I)yo # 0 and

Yo
)= —2 .
y(t) cosh(%)

The function y is square integrable: y € L?(R,K). Noticing that the function
igf{Tj/)Qy)o is not square integrable we conclude that (p—I)yo ¢ D(S,). On the other
hand the functions y(t + ih) and

. 1 e—ih/Q
e'(y(t) — e M2yt +in)(t) = ¢ ( ) )> Yo

cosh(%) cosh(#

(e_m/2 — 1)6%

- (eT + 1)(67— + e—ifl

Yo
)
are square integrable. Therefore y € D(T,; 1), (I —e™"/2T; )y € D(S,) and
y € D((S, — e/28,T71)). O
We continue our proof of (6.11). Let y € H, be the vector introduced in
Lemma 6.1 and
0
x = €H. (6.28)

ay
0

Then using (6.8), (6.10) and (6.9) one can easily verify that 7o = 2, x € D(T~!)
and x € D((S + e/2ST~1)*). Therefore (cf. formula (5.3) of Proposition 5.1)

z e D(S+ 28T Y, +T71). (6.29)
The left-hand side of (6.24) coincides with that of (6.23). Therefore
Fo(T, 1) [eM28T~1 + T~ Fu(T,7) C Fu(S,0)*[S + T, Fr(S,0)
and by Theorem 5.1,
(S + eP/28T=Y, + T~ C Fu(S,0)*[S + T~y Fu(S,0).

Relation (6.29) shows now that Fy(S,0)z € D([S + T~ ,/). By virtue of (5.2),
(o) — ) Fu(S,0)z € D(S +T71) and

(o' — I)Fp(S,0)x € D(S).
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Using (6.9), (6.7) and taking into account formula (1.17) we obtain
U

FE(S, 0’) =

o O

0 0 0
X 0 Y
o z o]’
Y 0 X

o

where

X = Vax (log(S,) —inl), U = Fp(5+,0)

Y =iSFX = Fy(—=S,,1) = X, Z = F(S.,0).
Combining this formula with (6.27) and (6.28) we obtain

0

_Xy
(p' = D) Fp(S,0)z =
poYy —aZy

apoZy —Yy

This vector must belong to D(S). In particular its second and fourth component
belong to D(S,). Therefore —Xy + ap,Zy — Yy € D(S,) and

apoFr(So,0)y — Fr(—Ss, 1)y € D(S,) .

Until this point in our proof, a could have been any complex number of modulus
1. Now we shall use the fact that this constant coincides with (1.10). By (1.11),
aFy(Ss,0)y — Fr(—S,,1)y € D(S,) for any y € H,. Therefore (p, — I)F5(S,,0)y
belongs to D(S,) and (p, — I)y € D(S,) (Fr(So,0) is a unitary commuting with p,
and S,), which contradicts Lemma 6.1. It means that the assumption p, # I was
wrong. It shows that p, = I, p’ = p and (6.26) coincides with (6.11). This ends the
proof of (6.11).

7. Exponential Equation

In this section we shall prove that the function F} is essentially the only function
satisfying relation (6.5). Let

Arealz{(T,Q) GAITER}.

Theorem 7.1. Let R, S, p, o, 7 and & be operators considered in Sec. 6 (satisfying
the assumptions of Theorem 6.1) and f be a measurable complex valued function on
Aveal such that |f(r,0)| =1 for any (r, 0) € Areal. Assume that (—1) € Sp R. Then
the following two conditions are equivalent:

(1) Ezponential equation:

f(R,p)f(S,0) = f([R+ S]-,0). (7.1)
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(2) There exists real non-negative p and s = 1 such that

f(r,0) = Fu(pr, so) (7.2)

for almost® all (r,0) € Aseal-

Proof. At first we shall explain the role of the assumption saying that (—1) € Sp R.
It shows that in the decomposition (6.6) one of the last two subspaces is not trivial.
Therefore the space H, considered in the previous section is not trivial and the
spectral measure of S, is equivalent to the Lebesgue measure on R .

One can easily verify that the operators R’ = uR, S’ = uS, p' = sp and ¢/ = so
satisfy the assumptions of Theorem 6.1. This substitution leaves 7 unchanged:
7/ = 7 and changes the sign of 6: ' = —&. Inserting these data into (6.5) we see that
the function (7.2) satisfies Eq. (7.1). This way we showed that (7.2) implies (7.1).

We shall prove the converse. By Theorem 5.1, relation (7.1) may be written in
the following form (cf. 6.5)):

f(Rv ,O)f(S, U) - Ffb(T7 T)*f(S7 U)Fft(Tv T) .

We know that |S| commutes with p, o, 7 and that R — S and T' — S. Therefore
the unitary transformation |S|*” leaves p, o, 7 and S invariant and scales R and T'
by positive factor e™. Replacing e by A

FOAR, p)f(S,0) = Fa(AT, 7)" f(S,0) Fr(AT, 7) (7.3)
for any A > 0. After simple computation we get

FOR,p) — I FA(MT.7) ~1 | Fa(MT,7)" — 1
A ) )

Using the asymptotic formula (1.8) one can easily show that for any z € D(T) we
have

f(S,0) = Fr(\T, 7)* f(S,0) f(S,0).

lim B(T7)—1 T = 1 Tx.
A—0 A 2isin 2

Therefore for any z,y € D(T) there exists limit:

lim (x fOAR,p) — 1
A—0

A 2 sin L

2

F8.00) = 5ropy (El(5.0)T0) = (Talf(S, ).
(7.4)
We shall use the following

Lemma 7.1. Let f be a bounded measurable function on Ry, R be a positive
selfadjoint operator acting on a Hilbert space H and = be the set of all pairs (z, z),
where © € D(R) and z € H, such that there exists the limit:

o0~ g, (o] 2021 -

A—+0

2With respect to the Lebesgue measure on R.
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Assume that there exists a pair (y,u) € E such that (Ry|u) # 0. Then there exists
a constant uy such that
D(a,2) = g (Ral2) (7.6)

for all (x,z) € E. The constant uy depends only on f; it is independent of H and R.

Proof. Let R = fooo rdE(r) be the spectral decomposition of R and ¢(r) = f(?*l
for any positive r. Then the formula (7.5) takes the following form:

oo
®(o,2) = Jim [ o0 1) (7.7)
where dp,,(r) = r(z|dE(r)|z) = (Rz|dE(r)|z) is a finite measure.

Let (z,z) € Z and (y,u) € 2. Remembering that f is bounded we obtain
lp(Arr')| < <25t On the other hand L dpg (r)dpyu(r') = (z|dE(r)|2)(y|dE(r)|u)
is a finite measure. Therefore the function @(Arr’) is integrable with respect to
dpiz - (1)dpiy, (r') and by Fubini’s theorem:

L et it = [ o0 i) die ).

(7.8)

Let A — 0. Using the existence of the limit (7.7) one can easily show that the
expression in braces on the left-hand side is bounded with the bound independent
of X\ and 7. By the Lebesque dominated convergence theorem the operation limy_q
commutes with the first integration. Using (7.7) we see that the left-hand side of
(7.8) converges to ®(z,z) [ duyu(r') = ®(x,z)(Rylu). In the same way one can
show that the left-hand side converges to ®(y, u)(Rz|z). Therefore ®(z, z)(Ry|u) =
®(y,u)(Rz|z). Assuming that (Ry|u) # 0 we obtain (7.6) with puy = Tl(zyy\? If R is
another positive selfadjoint operator acting on a Hilbert space H’, then considering
R & R’ acting on H & H' one can easily show that the constant yus is the same for

R and R'. O

We continue the proof of Theorem 7.1. Notice that R = (I — 2p?)|R| and
f(R,p) may be considered as function of |R| and p. We shall use Lemma 7.1
in each of the eigenspaces of p separately. On H(p = 0), f(R,p) = f(|R|,0),
whereas on H(p = 1), f(R,p) = f(—|R|,£1). Therefore we have three different
functions of |R| and consequently three a priori different constants p depending on
the eigenvalue of p. In other words u = u(p) is an operator being a function of p.
Incorporating the coefficient 2i sin% and the operator sign R = (I — 2p?) into pu(p)
we may rewrite (7.6) in the following way:

lim (x fOAR,p) — 1
A—0

1
! \) =L (Ralulp)). (7.9)
Comparing this formula with (7.4) we see that

21 sin 5

(Rz|u(p) f(S,0)y) = (z|f(S,0)Ty) — (Tz|f(S, 0)y) (7.10)
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for any x € D(R) N D(T') and y € D(T'). Rewriting this formula in the following
way:
(T + u(p)" R)=z| (S, 0)y) = (| f(S,0)Ty)
we obtain
(T + u(p)"R)* f(S,0) O f(S,0)T
and passing to the adjoint operators we get

T+ p(p)*R C f(S,0)Tf(S,0)". (7.11)

On the right-hand side of the above inclusion we have a selfadjoint operator. There-
fore the operator Q@ = T+ u(p)* R is symmetric and f(S,o)Tf(S, 0)* is a selfadjoint
extension of ). Remembering that p commutes with R we see that u(p)* = u(p).
We know that sign S commutes with R, S and T. Therefore it has to commute
with u(p) and pu(—p) = u(p), for sign S anticommutes with p. Remembering that
signT anticommutes with p we conclude that p(p)(signT’) = (signT)u(p). Using
this result one can easily show that T — pu(p)R. Now we shall apply Statement (4)
of Theorem 5.2 to the extension (7.11):

f(S,0)Tf(S,0)" = Fn(u(p)S, 0" )T Fn(u(p)S,0")" (7.12)

where ¢’ is a reflection operator such that 0’2 = x(u(p)S < 0), ¢/ commutes with
S and anticommutes with T. It shows that Fj(u(p)S,o’)*f(S,0) commutes with
T. We know that |T|" commutes with o and ¢’ and scales S be a positive factor.
Therefore

Fu\i(p)8,0")* (7S, 0) (7.13)
does not depend on A > 0.

The limit (7.4) is finite for # and y running over a dense subset of H. Therefore
f(AR, p) converges weakly to I, when A — 0. The same holds for f(\S, o), because
(S,0) is unitarily equivalent to (R, p). Using this fact one can easily show that
(7.13) weakly converges to I, when A — 0. Remembering that (7.13) does not
depend on A we see that Fy(Au(p)S,o’)*f(AS,0) = I and

f()‘S7 U) = Fh()‘tu‘(p)sv Jl) (714>
j— / j—
x 7}”()\,5’,0) d z :2isiné lim |z Fnalp) o) = T z) .
A 2 x—0 A
By (1.8), the limit on the right-hand side exists and equals (z|u(p)S|z). To compute
the left-hand side it is sufficient to use (7.9) with R and p replaced by S and
o. It shows that the left-hand side equals (Sz|u(c)z). Therefore (z|u(p)S|z) =
(Sz|u(o)z) and p(p) = (o). Using the matrix notation (cf. (6.7)) we obtain

for any A > 0.
Let x,z € D(S). The above formula shows that

21 sinE lim
2 A=0

ke 0 0 0 e 0 0 0
0 Mo 0 0 . 0 Hs 0 Ha
0 0 fps fa 0 0 p 0]’

0 0 Ha Ms 0 Ha 0 Hs
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where 11, = p(0), s = 2(u(1) + p(—1)) and pq = 2(u(1) — p(—1)). It shows that
1(0) = p(1) = p(—1). Denoting this common value by u we see that u(p) = p(o) =
uI. Now the formula (7.14) shows that

f(S,0) = Fr(uS,0'). (7.15)

Selfadjointness of p(p) implies that p € R. Remembering that pu(p) = uI we see
that both sides of (7.11) respect the direct sum decomposition H = H' & H_,
where H' = H, @& H,_ ¢ H__. Restricting (7.11) to the subspace H_, C H we
obtain: T, + pR, C f(S,,0)Tf(S,,0)*. It shows that T, + uR, has a selfadjoint
extension. Assume for the moment that p < 0. Then T, and pR, are of different
signs and by Theorem 5.2 the operator T, + uR, has no selfadjoint extension. This
contradiction shows that p > 0.

Now we know that (0/)? = y(uS < 0) = x(S < 0). Remembering that o’
commutes with S and anticommutes with T one can easily show that ¢’ is of the
form:

/

g = 5

0
0
0

o O O

0 0
0 s
0 0

*

0 s 0 0

where s is a unitary operator acting on H, commuting with S, and T,. Using (6.9),
(6.7) and the above formula we may rewrite (7.15) in the following form:

fo(S+> 0 0 0
0 fs(So) 0 fa(SO)
0 0 fo(S5) 0
0 fa(So) 0 fS(SO)
FO(MS+> 0 0 0
B 0 Fs(1S,) 0 sFo(1Ss)
B 0 0 Fy(1S5) 0 ’
0 s*Fy(uS,) 0 Fs(uS,)
where
fo(r) :f(T,O), FO(T> :Fh(r70>7
£ur) = SlFCr 1)+ Fr 1)), Fr) = 2 [Fa(or,~1) 4 Fa(—r, D),
folr) = 31 (r~1) = f(r 1)), Falr) = 5[Fa(—r,~1) ~ Fa(r 1)

for any »r € R;. Remembering that the spectral measure of S, is equivalent to
the Lebesgue measure on R4 we get: s = £1 and f,(r) = Fo(ur), fs(r) = Fs(ur),
fa(r) = sFy(pur) for almost all » € R4. One can easily verify that these relations
are equivalent to (7.2). O
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8. Exponential Function and Affiliation Relation

In this section we freely use many notions of the theory of non-unital C*-algebras.
In particular for any C*-algebra A, M(A) is the multiplier algebra. The natural
topology on M (A) is the topology of strict convergence. The set of all elements
affiliated with A will be denoted by A”. We write Rn A instead of R € A". These
notions are described in [14]. This section is devoted to the proof of the following:

Theorem 8.1. Let R and p be selfadjoint operators acting on a Hilbert space H
and A be a non-degenerate C*-subalgebra of B(H). Assume that p> = x(R # 0) and
Rp = pR. Then the following two statements are equivalent:

(1) For any t € R we have Fy(tR, px(tR < 0)) € M(A). Moreover the mapping

R >t Fi(tR,px(tR < 0)) € M(A), (8.1)

where M (A) is considered with the strict topology, is continuous.
(2) Operators R and Rp are affiliated with A.

Proof. We shall consider the following commutative C*-algebra:

B={fcCu®Rx{-1,1}): f(0,-1) = f(0,1)} .

Clearly B = Coo(A), where A is the locally compact space obtained from Rx{—1,1}
by gluing points (0,—1) and (0,1). Elements of B" are continuous functions f on
R x {—1,1} satisfying the condition f(0,—1) = f(0,1). If in addition f is bounded,
then f € M(B). Let t € R. For any r € R and s = +1 we set:

fl(T,S):T, f2(7‘,8):7‘8,
F'(r,s) = Fy(tr,sx(tr <0)).

Then fi1, fon B. Using [14, Example 2, page 497] we see that f1, fo generate
B. The asymptotic behavior (1.8) easily implies that F* € M(B). Clearly F* is
unitary. Remembering, that any continuous function on a compact set is uniformly
continuous one can show that F' converges almost uniformly to Fo, when ¢ — t,.
For bounded sets, the strict topology on M (Cx(A)) coincides with that of almost
uniform convergence. Therefore the mapping

R>t+—— F' € M(B) (8.2)

is continuous and for any function ¢ € L*(R) we may consider integral
F? = / Flo(t)dt € M(B).
R

Taking into account the asymptotic behavior (1.13) and (1.15) one can show, that
F¢(r,s) = 0, when r — +o0. It means that F'¥ € B.

Due to (1.8), lim¢_,0 2(F*(r,s) — 1) = r. It shows that functions F'(t € R)
separate points (r,s) and (r/,s’) with r # '. Furthermore according to (1.19),
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F'(r,—1) # F'(r,1) for tr < 0. Therefore the family of {F' : t € R} separates
points of A. The same is valid for the family {F¥ : ¢ € L'(R)}. Now, using
the Stone-Weierstrass theorem (applied to the one point compactification of A) we
conclude that

The *-subalgebra of B
generated by (8.3)
{F¥:¢ e L'(R)} is dense in B.

Now, let R and p be the operators satisfying the assumptions of the theorem.
Then the mapping
7m:B>f— f(R,p) € B(H)

is a non-degenerate representation of B. Clearly 7(f1) = R and n(f2) = Rp. If
R, Rp n A, then m € Mor(B, A). In this case

Fu(tR, px(tR < 0)) = w(F") € M(A)

and the continuity of (8.1) follows immediately from that of (8.2). We showed that
Statement (1) follows from Statement (2). Conversely assume that Statement (1)
holds. Then 7(F*) € M(A) for all t € R and the mapping

R>t— w(F') € M(A) (8.4)

is continuous. Integrating over ¢ we obtain m(F¥) € M(A) for any ¢ € L'(R). By
(8.3), m(B) € M(A). We shall use once more the continuity of (8.4). It implies
that F'¥ tends strictly to F© = I when ¢ is nonnegative , Jr @(t)dt =1 and the
support of ¢ shrinks to 0 € R. Therefore 7(B) contains an approximate unit for A
and 7 € Mor(B, A). Applying 7 to f1, fo n B we obtain R, Rp n A. O

Appendix A. Properties of Wy

This appendix is devoted to the proof of Lemma 1.1. To prove (1.21) we compute
the following integral:

N 1 N
/ log(1 +a) cia = / log(1 + a) d— + / log(1 + a) %
0 1

1

d
/ log1+a—+/ log(l—l—a_l)—a
1/N a
1 1
d d
:/ 1+a—+/ log(l—f—a)—a—/ (loga)—a
1/N a 1/N a
1 1/N da 1 1
:2/ 10g1+a——/ log(l—l—a)—a——(loga)2
0 0 a 2 1/N

da

1 1/N da
:2/ log(1 + a) ?—/ log(1+a)——|— (logN)
0 0
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According to [8, formula 3.661],

Therefore

N 2 1/N

d d 1

/ log(1+a) 32 - ™ —/ log(1+a) % + Log 2. (A1)
0 a 6 0 a 2

1

Inserting o~ instead of a in (1.20) we get

o da
_ 0
Wo(z) = /0 log(1 4 a”) A faca’ (A.2)
Therefore
N o 0 e *da
Wo(—a) = /0 log(1+ ")

> 1 1
= log(1+a%) |= — da.
/0 og(1 +a) [a a—l—e—x} a4

Combining this formula with (1.20) we get

14+a? a+e 2

N N
da da
= 1li = — 1 .
1\}1—I>I<1>o (/0 log(1 +a’) a 9/0 (Oga)a—i—ew)

Computing the first integral we replace a’ by a and then use (A.1):

N N°?
da 1 da
===z log(1 —
/0 log(1 +a”) = 9/0 og(1 +a) —

N—oc0

N N 1+a? d
Wy (z) + Wy(—z) = lim (/ log(1 + a?) % +/ log ta a
0 0

2 1

N—O
da 0
= log(1 — + — (log N)?.
o0 9/0 og(l +a) — + 5 (log N)

On the other hand,

N Ne®
/ (loga) da :/ log(ae™) da
0 0

a+t+e "




916 S. L. WORONOWICZ

= —zlog(1+a)|Y¢" + (loga)log(1 + a)|)¢"

Ne”
— / log(a +1) da
0 a/

= —zlog(l+ Ne®) + (z + log N) log(1 + Ne®)
Ne®
d
- / log(a +1) aa
0 a

Ne® da
= (log N)log(1+ Ne®) — / log(a+1) —.
0 a

Using now (A.1) we get

2

N
da T
1 = (log N) log(1 + Ne®) — —
/O(oga)aJre_x (log N) log(1 + Ne¥) — —

/N da 1
+/ log(l—f—a)—a——(ac—HogN)2
0 a 2

1 , 1, AN
= 2(logN) 5% + (log N) log <1+ N) 5

e /N da
+ / log(14+a) —.
0 a
Inserting these data into our main formula we see that Wy(x) + Wy(z~1) coincides

with

w2 Ox?

—6
; —1__1/N da | 0x
I\}l_r}lloo ((0+0 )6 7/ log(1 +a) R

—x eiw/N
e da
—60(log N) log (1+T> -0 /o log(1+a);>

and (1.21) follows.
We shall prove (1.22). Replacing in (1.20) 6 by 1/6 we get

da

= oo1 1+a V0 — .
Wi o(x) /0 og(l+a™") ————

Inserting e ®a? instead of @ in and then integrating by parts we obtain

0 -
Wije(x) = / log(1 + e””/ea) M

o af+1
0 z/0
o, d(e®?a)
_ 9
I log(1+a™") ev/fa +1

> _ da
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The formula (1.23) follows immediately from the equation

1 1
. - . =2mid(a—e™").
a + e—iﬂ'—x a + eiﬂ'—x

Let a > 0, z € C and ¢ = argz. We have

la + z|> — cos? (g) (|z] + a)* = sin? (g) a® 42 (cos<p — cos? (g)) alz|

+ sin? (%) | 2|2

= sin? (g) (a® — 2alz| + |2[2) > 0.

Therefore |a + z| > cos(%)(|z| + a). Setting z = e~* and replacing a by a~' we get

1
a~l4e®

1 1
- cos(%%m) a4 e Rz’

Let R(x) be the function introduced by (1.24). Using the formula

™

(n+1)sin (WTD”)

/ a™log(1 4 a%)da =
0

one can easily verify that

o0 xr
o _oy €%da
R(x) = log(1 —_— .
e (x) /0 alog(l+a )e”” e
Taking into account the above estimate we obtain

eRrdq

1 o
—2 -6
le " R(x)| < (152) /o alog(l+a )em Tl

Remembering that 6 > 2 one can easily show that the function alog(1+a~?) is
integrable on [0, co[ and using the dominated convergence theorem of Lebesque we
obtain the proof of (1.25).

Appendix B. Fourier Transform of Vj

This appendix is devoted to the proof of (1.41). Denote the left-hand side of this
formula by ®(z). Using (1.37) and (1.36) one can easily show that the integrand
have the following asymptotic behaviour:

1 iy? €2r for Ry - —o0
Ve(?/—%—iw) e & Y (B.1)

h42m

Cie =z ¥ for Ry — 400,

where the phase factor C; = Cgei(h‘””)z/ 8h and 0 = 2% To avoid the oscillating

behaviour of the integrand in (1.41) when y — —oo, we deform the integration path
replacing ¢ by ¢; shown on the following drawing:
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A
(AN e
¢ h
Lo
£y
Lo
We have ) "
7 . iy izy
@(m)—\/ﬁ 21V9<y—5—z7r)eﬁeﬁdy. (B.2)

This formula combined with (B.1) shows that ®(z) is holomorphic in the region
Sz > —(% + 7). We have to determine the asymptotic behaviour of ®(z) when
Rz — +oo. By (1.29)

ih Vo (y+ 2 —in)
GNP B A v B.
V‘9<y 2 ”) 1—ev (B-3)

It shows that the integrand in (B.2) has a pole at the point y = 0 with the residuum
equal to —Vp(2 — ir). Therefore

2 i 1 B iy imy
®(z) = '\/%Ve <%—iﬂ>+\/2—?i/e Ve(y—%—iﬂ') ezmen dy, (B.4)

where the path ¢ is shown on the above drawing (due to (B.1) the integral over
vertical line of length A connecting ¢; and /2 tends to zero when the line moves
horizontally to +00). All points y € ¢ have Sy < —h. If y € £o, Rz < 0 and
0 < Sz < h then ‘

e | < (14 e )l
Using this estimate one can easily show that the integral on the right-hand side of
(B.4) tends to 0 when Rz — —oo. Therefore

B(z) — i \/%V:g (% - m) , (B.5)

when Rz — —oo and 0 < Sz < .
For Rx > 0 it is more convenient to investigate the function

1 ) i(zty)?
ez O(x) = \/Q—Wi/eve (y—%—iﬂ) e%dy. (B.6)
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Using this formula and (1.37) one can show that

i dy = 144

V2

iz?

e2r O(x)

1
— NorT /R e (B.7)
when Rz — 400 and 0 < Sz < A.

Remembering that the integrand in (B.2) is holomorphic everywhere above ¢;
we obtain the same result integrating along the shifted path ¢; + if (due to (B.1)
the integral over vertical line of length A connecting ¢; and ¢; + ih tends to zero
when the line moves horizontally to +00):

1 ih iy?  izy
d(x) = —— Vi — — —aT 2R ek dy.
(=) V2mh Je,+in 9<y 2 ) Y

Inserting y + ih instead of y we obtain

; 1 10 iy?  izy
M2t ® () = \/ﬁ/ Vo (y—l— % —iﬂ') e Yermew dy.
wh Je,

Taking into account (B.3) we have

i 1 ih iy2  izy
h/2 x _ . —y iy~ izy
e et ®(x) = 1% —— —im) (eY—=1)e2re® d
(@) Twh/zﬂ(y 3 i) - y
1 th iy? | i(ztih)y izy
= — Vi — = _inl)ezm (e 7" —e® )dy.
\/2ﬂ7lj£1 ’ (y 3 ) ( )y
Therefore
em/2e’c<I>(:c) = ®(z +ih) — ®(x)
and finally

®(x 4 ih) = (14 e2e")®(x).

We see that the function ® satisfies the same functional equation as Vp (cf. (1.31)).

Therefore
O(xz+ih)  P(x)

Vo(z +1ih)  Vp(a)

It means that “Z ((”; )) is a periodic function with the period ¢A. Taking into account

(1.37), (1.36), (B.5) and (B.7) one can easily show that this function is bounded
in the strip 0 < Sz < h. By periodicity it is a bounded holomorphic function on
the whole complex plane. By Liouville theorem it is a constant function. Therefore
®(z) = Const Vp(z). To establish the value of the constant we compare (B.7) with

1.37) and (1.36). This way we obtain: Const = 1 "1 and (1.41) follows.
/2 Ve
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