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Abstract

We investigate inhomogeneous quantum groups G built from a
quantum group H and translations. The corresponding commuta-
tion relations contain inhomogeneous terms. Under certain conditions
(which are satisfied in our study of quantum Poincaré groups [12]) we
prove that our construction has correct ‘size’, find the R-matrices and
the analogues of Minkowski space for G.

0 Introduction

Inhomogeneous quantum groups, their homogeneous spaces and correspond-
ing R-matrices were studied by many authors (cf e.g. [2], [7], [4], [13], [9], [8],
[3]). Here we propose a general construction which covers the examples [7],
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[3] and is suitable for our study of quantum Poincaré groups (without dilata-
tions) [12]. We work in the framework of Hopf algebras treated as algebras
of functions on quantum groups. In Section 1 we assume that G is an inho-
mogeneous quantum group built from a quantum group H and translations
described by the elements p; corresponding to an irreducible representation
A of H. The commutation relations can contain inhomogeneous terms. It
turns out that the leading terms in these relations are governed by the struc-
ture of certain bicovariant bimodule of H. In particular, the leading terms
in relations among p; must correspond to the eigenvalue —1 of the corre-
sponding R-matrix R (cf [11], [8]). In Section 2 we add the condition that
all the representations of H are completely reducible (which is the case in
[12] when H is a quantum Lorentz group [16]) and find the commutation re-
lations between functions on H and p;. In Section 3 we assume that R? =1
(or (R—Q1)(R+1) =0 where Q # 0 is not a root of unity) and that we
have as many quadratic relations among p; as it is allowed by the eigenvalue
—1 property (so, if there would be no inhomogeneous terms, p; would be
R-symmetric). That is the simplest case which is sufficient in [12]. We find
the exact form of commutation relations and the necessary and sufficient
conditions for the corresponding coefficients. If they are fulfilled, there are
no relations of higher order and our construction has the same ‘size’ as in the
absence of inhomogeneous terms. The R-matrices for the fundamental rep-
resentation of G are classified. In Section 4 we consider the x-structure and
isomorphisms among our objects. In Section 5 we prove that (under some
conditions which are fulfilled in [12]) each G possesses exactly one analogue
of Minkowski space. Inhomogeneous Poisson groups are considered in [18].
For the simplicity of calculations, the small Latin indices a,b,c,d, ...,
belong to a finite set Z in Sections 1-5. We sum over repeated indices which
are not taken in brackets (Einstein’s convention). The number of elements in
aset B is #B or |B|. We work over the field C. Unit matrix with dimension
N is denoted by 1. If V, W are vector spaces then vy : VOW — W®V is
given by myw (z®y) = y®@x, x € V, y € W. We often write 7 instead of 7y .
If A is a linear space and v,v’ € My(A), N € N, then v@Qv' € My(A® A)
is defined by (v@v');; = vy, @ V'yj, 4,5 = 1,..., N (Einstein’s convention!).
If moreover A is an algebra, v € My (A), w € Mg (A),then vQw € My (A)
is defined by (vQw)iju = viewj, i,k =1,...,N, j,l =1,..., K. We use
the abbreviation P for v®...@v (n times). If A = C we may write ®



instead of @. If also v € My(A),w € Mg(A) then (vQw)D(v'Quw') =
(v ) D(wDw') (see (2.18) of [14]). If A is a *-algebra then the conjugate of
v is defined as v € My(A), where v;; = v;;*, 4, =1,..., N,

Throughout the paper quantum groups GG are abstract objects described
by the corresponding Hopf (*-) algebras Poly(G) = (A, A). We denote by
A, e, S the comultiplication, counit and coinverse of Poly(G). We always
assume that S is invertible. We say that v is a representation of G (i.e.
v € Rep G) if v € My(A), N € N, and Av;; = vy ® vy, €(vij) = 045,
1,7 =1,2,...,N. Then dim v = N. The conjugate of a representation and
tensor product of representations are also representations. Matrix elements
of representations of G span A as a linear space. The set of nonequivalent
irreducible representations of G is denoted by Irr G. If v,w € Rep G then
we say that A € Maimwxdimo(C) intertwines v with w (i.e. A € Mor(v,w))
if Av =wA. We use the following notations:

axp=(p®id)Aa, pra=(id®p)Aa, pxp =(p®p)A
fora € A, p,p' € A'. Let us recall the following well-known

Proposition 0.1 Let A be an augmented algebra (i.e. a unital algebra en-
dowed with a unital homomorphism € : A — C) and w;, i = 1,2,..., M,
and n;, 3 = 1,2,...,N, be two free bases of the left A-module I'. Then
M =N.

Proof. One has w; = a;;n;, n; = bjiw; for some a;;,b;; € A. It follows
a;jbjr = 01, bya;; =61, k=1,...,M,l=1,...,N. Applying €, one gets
e(a)e(b) = 1y, €(b)e(a) = 1y, hence €(a) is invertible, M = N. O.

Therefore the dimension dimy4 of a free left .4-module (where A is a
Hopf algebra) is well defined. We can use the above notions and facts (if
applicable) also for general (*-) bialgebras (without S) and not necessarily
quadratic matrices.

1 Inhomogeneous quantum groups

In this Section we define inhomogeneous quantum groups and study leading
terms in their commutation relations using the theory of bicovariant bimod-
ules [15]. The importance of left covariant bimodule structure in investigation
of inhomogeneous quantum groups was first noticed in [13].
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Let us assume that Poly(H) = (A, A) is a Hopf algebra with a distin-
guished irreducible representation A = (Ays)rsez of H, |Z| < co. We set
1 = 1;7). We shall consider bialgebras Poly(G) = (B, A) such that:

1. B is generated (as algebra) by A and the elements p;, s € Z.
2. A is a sub-bialgebra of B.

0 I
4. There exists i € Z such that p; € A.
5. TACT whereI'=A- X + A, X =span{p;, i€ Z}.

Due to 5., I is an A-bimodule. In virtue of 2.-3., AA C A® A,
Ap = AOp + pDI, (1.1)

hence AT C A®T +T' ® A. We define bimodule I' = T'/A by aw = alv,
wa = wa where w is the element of I' corresponding to w € I', a € A. We see
that A induces a linear mapping

Al - (AT +TR A /(A A) ~ (AT e (T o A).

We get the decomposition A = A +Ag, Ap: T — AR, Ag: I — I'®A.
In particular, Apps = Ay @py, Arps = ps @ 1. Using the properties of A, one
can easily check that (I, Az, Ag) is a bicovariant bimodule (cf [15], Defini-
tion 2.3 and a similar argument in the proof of Theorem 5 of [1]). We notice
that ps (s € Z) are elements in the set Dine Of right—invariant elements of T
Moreover, under Ay they transform according to an irreducible representa-
tion A and at least one of them is nonzero (the condition 4.). Thus they are
linearly independent. They generate (see the condition 5.) the left module
I'. Using Theorem 2.3 of [15], we get that p, (s € Z) form a linear basis
of f‘im, and thus a basis of the left module T Moreover, the same Theorem
implies that!

3. P= ( Ap ) is a representation of G.

psa = (CL x fst)pt (12)
for some functionals f,; € A’ such that
fst(ab) = fsm(a)fmt(b)a a, b € -A7 fst(I) = 5515- (13)

Ithere is a missprint in (2.33) of [15], to get the correct form one has to replace fij by
fij o k™2, which is denoted by f;; in the present paper (cf [11])
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(It implies
faboS*fbc:fab*fbcoszéacf (14)

— one can apply both sides to v;;, v € Rep A, which span A). Applying Ay,
to (1.2), we get

AgaV @ (a® x f,)p, = (Mg ® pr)Aa =

A(CL * fst)(Atr ® pr) = (a(l) * fst)Atr ® a(z)pm

where we denoted Aa = o ® a®. Comparing the coefficients multiplying
pr and applying id ® €, one obtains

As(fir xa) = (a* fo)Ny, a € A (1.5)

Let us pass to I'. The elements {I,ps : s € Z} form a basis of " as a
left module. Moreover, (1.2) implies

psa = ((l * fst)pt + ¢s(a)7 a < A, (16)

for some ¢, : A — A. Using ps(ab) = (psa)b, psI = ps and (1.3), one gets

¢s(ab) = (a* fo)de(b) + ds(a)b, a,be A, ¢s(I) = 0. (1.7)

Thus the mapping

axf ¢(a)

Yp:A>a— ( 0 " ) € Miz11(A) (1.8)

is a unital homomorphism. Applying A to (1.6), one gets the equality of
both sides if and only if (1.5) and

Ady(a) = (A ® D[(Id® 6)A(@)] + (6 ©id)Aa, ac A (L)

hold.

Before investigation (for certain class of A) of this equation let us consider
the general situation. We assume that f, € A" and ¢, : A — A satisfy
(1.3), (1.5), (1.7) and (1.9). Let B be the algebra with I generated by A
and ps, s € Z, with relations (1.6). We set px = pg, « ...« Pg, for K =
(ki,... ky) €T, =TI x ... x I (ntimes), T = LT, (pp = I).



Lemma 1.1 pyx, K € Z, form a basis of the left A-module B.

Proof. We define C as a free left A-module with basis Px = py, @ ... ® pg,
for K = (ky,...,k,) € Z. We also set C,, = A-span{Px : K € I,} and
introduce linear mappings A\, : C, ® A — C,, by \o(bPy ® a) = ba Py,

)\n(b(PK ®pz) ® &) = )\nfl(bPK & (a * fzs)) ®ps + )\nfl(bPK & ¢z(a))7

K € 7, 4. Next we define linear mapping (multiplication) m : C ® C — C
in C by m(bPx ® aP) = M\(bPx ® a) ® P, for K, L € 7. After some cal-
culations (using (1.7)) one can check that (C,m) is an algebra with identity
Py. Moreover, there exists a unital homomorphism p : B — C given by
plapx) = aPk ((1.6) holds in C). But Px form a basis of C and hence pg
are independent (over A) in B. They also generate (due to (1.6)) B as the
left module. a.

Let the comultiplication in B be given by the comultiplication in A and
(1.1) (it is well defined due to (1.5) and (1.9) — see remarks before (1.9)).
Then B is a bialgebra with a natural bialgebra epimorphism 7 : B — B
given by m(a) = a, a € A, 7(ps) = ps.

We set J =kerm, ' = A- span{ps, s € I}, By = A-span{p;, J €T}
(with basis py, J € Ik) B* = @ B (cf. Lemma 1.1), J* = B*N J. Let Jj,
be some vector space such that J*1 @ J, = J* k€ N (Jy = {0}). We have
JeN B JynJ*1 = {0}, so we can define B as some vector space such
that BF 1 & J, @ B = B*. In partlcular ~we can put N=J=Jy=J =
{0}, Jp = J? B(o = A, B =B, =

We shall mvestlgate Jy. Let s € Jo. Then s€J, (r®mr)As = Ans =0,
Ase BoJ+J®B. Butalso s € B2, As € B2®A+A®B2+Bl®81 Using
B=(2J,) @ (9Bw), J = ©Jy, B _Bm@B By © o, B' = By @ By
one gets

Asc AR J,® J,® A. (1.10)

We put 'y = B2/B'. We see that A induces a linear mapping
Ay Ty — (BPA+AB* +B' @BY)/(B'@ A+ A® B') ~
LheodoAsl,elol.

We get the decomp081t1on A2 = AQL + AQR + A JAVY fg — A ® f‘g,
AQR FQ —>F2®AandA FQ —>F®F
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Lemma 1.2 The elements [p;p;] form a linear basis of (PQ)va, hence a basis
of the left module [y, while p; ® pj form a linear basis of (F A F)znv; hence
a basis of the left module T @4 T.

Moreover, £ : I's — T @4 T given by E([pip;]) = pi @ p; defines an
isomorphism of bicovariant bimodules.

Proof. The elements [p;p;] are basis of the left module Iy =B%/B! (Lemma
1.1) and belong to (Fg)mv while p; ® p; are basis of the left module I' @4 I'
(they are linearly independent elements of (F A F)mv and generate the left
module). Moreover,

[ﬁiﬁj]a = (CL * fjs * fzm)[ﬁmﬁsL
Aop[pip;] = NimNjs @ [PmbPs)s
Aor[pip] = [pipj] ® 1,

and similarly for pz ® p;. Thus (Fz, Asp, Agg) is a bicovariant bimodule iso-
morphic (by €) to T ®4 T 0.

In the following we shall identify x with &(x) and T’y with I @4 I". Let
us recall that there exists a unique bicovariant bimodule isomorphism p :
Tl — T@L given by p(nQw) = w®77 where 7 is a right—invariant, while
w is a left-invariant element of T (p = o~ where o is given in Proposition
3.1 of [15]). Thus ker(p + id) is a bicovariant subbimodule of I' @4 T".

We define

’Lj sm — fzm( s)- (111)
Setting a = Ay, in (1.5), we get
R € Mor(ADA, ADA). (1.12)
Due to
p(Pi @ Pj) = fim(Njs)Ps ® Pim (1.13)

(similar proof as for (3.15) of [15]) R is the matrix of p for the basis p; ® p;
(1,7 € Z) of (I'9)inw-

Proposition 1.3 Let K be a right—covariant left submodule of Ty, N =
dim K € N, and

agi(ps ®@p;), a=1,...,N, form a linear basis of Kin, (1.14)
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(af; € C). Then K is a bicovariant bimodule iff there exists g = (gap)n s=1 €
Rep H such that

a(ADA) =g -a (1.15)
(we set o mn = 0%,) and wag € A, a,6=1,..., N, such that
afy(fis * fim) = Waptps, (1.16)
Wary (b€) = wap(b)wg,(c)  (byc € A),  was(l) = dup. (1.17)
In that case g is a quotient representation of AOA, corresponding to Kip,:
Ao [a55DiD;] = Gas @ (A Pmbn]. (1.18)
Moreover, K C ker(p +id) iff
a®(R+ 1%%) =0, (1.19)

«

where (a®)pmn = a2,

Proof. 1If K is a bicovariant bimodule then As; Ky, C A ® K;p,. Therefore
there exist g3 € A such that (1.18) holds. Using the definition and proper-
ties of Ayy, one gets (1.15) and that g is a representation of H. Conversely,
(1.15) gives (1.18) and left invariance of K. Moreover, the right module
condition for K means that for any b € A

a% [ﬁlﬁj]b = a?j(b * fjs * fzm)[ﬁmﬁs] -

baﬂa’gw [ﬁmﬁs]
for some b, € A. Setting was(b) = e(bag) we get wap € A" and (1.16)—(1.17)
(we use (b¢)ay = bapCsy, Iap = dupl). Conversely, (1.16)—(1.17) give the right
module condition for K.
Due to (1.15) g is a quotient representation (see Appendix B of [6]) of
ADA (due to (1.14), a is surjective).
Finally, (1.13) and (1.11) give

(p + ld) (af;pl (%9 pj) = @%(Rij,sm + 6is(5jm)ps ® pm

and the last statement holds. O.

From now on we set K = JQ/Bl C f‘g. As left modules K ~ J, since
JoN B = {0}. We shall see that K satisfies all the conditions of Proposition
1.3:



Proposition 1.4 K is a bicovariant subbimodule of ker A = ker(p +id) C
o ' =Ts.

Remark 1.5 Thus in interesting situations p should have an eigenvalue —1

(cf [11], [8]).

Proof. Since J is an ideal, J5 is a bimodule, so is K. Due to (1.10), Ay K C
A® K, AopK € K® A, AK = 0. Therefore K C ker A is a bicovariant
subbimodule of '@ 4I" (see Lemma 1.2). It remains to prove ker A = ker(p+
id). Let z = a;;p;, @ p;. If x € ker A then

0 = Aaijp; @ p; = Aay)[(5: @ D(Ajs @ s) + (Ais @ po) (p; @ 1))

‘1‘“@1‘“
Alai) {[(Ajs * fim) + Nisbjm] @ 1P @ Ps.
Using the independence of p; and acting by € ® id, one gets

Multiplying from the right by ps®p;, and using (1.13), we obtain (p+id)(z) =
(p+1id)(aijp; ® p;) = 0, i.e. © € ker(p+id). Conversely, the last equality im-
plies (1.20). Acting by A and multiplying from the right by (As,®1)(pm®py),
we can get back Aaijpi ®p; =0, v € ker A. 0.

We know that (1.14) holds for some af; € C. Then afi(p; ® p;) (a =
1,...,N) form a basis of the left module K. Let

s% = aj;pip; + 07 pi + (1.21)

be the corresponding basis elements of the left module J, (J, N B' = {0}).
We get

Proposition 1.6 As left module A - span{p;p;,pi;, I 1 i,j € T} = B2/ J, has
dimension |Z|* + |Z| + 1 — dim K.



2 Properties of inhomogeneous quantum groups

Here we continue the investigations of the previous Section (assuming the
conditions given at its beginning) and find the form of commutation relations
in B. As before Poly(G) = (B,A) and Poly(H) = (A, A). Moreover, we

assume

a. Each representation of H is completely reducible

b. A is an irreducible representation of H

c¢. Mor(vQ@Qw, ADvQ@Qw) = {0} for any two irreducible representations v, w of
H.

The condition c. is used only for simplicity and will be removed in Remark
3.7.

We return to the investigation of (1.9). Due to the condition a., a = up,
uelr H A, B=1,...,dim u, form a basis of A. Setting ¢s(uap) = ¢sa 5,
(1.9) is equivalent to

Apsap = (ADu)saic ® drop + Psac ® ucs.

Multiplying both sides from the right by A(u$,5) = u$; @u§ 5 (where u,z =
ug}j etc.) and setting psap = qbsA’Bung, one gets

Apsap = (ADuQu)saprcr ® pror + psap @ 1. (2.1)

AQuQus p
0 1

is a representation of H. Using the condition a.,

Therefore (

there must exist a vector ( v >corresponding to the representation 7. It

1
means

p=w— (AQuQu®)w (2.2)

(conversely, (2.2) implies (2.1)). We define n; € A’ by ;(uap) = w;ap. Using
(2.2), we get

Os(uap) = ¢sap = psaptps = Ns(uap)ups — (ADu)sarn(urp)
and (1.9) is equivalent to

¢s(a) = a*n; — Ag(n*a), a€ A (2.3)
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Due to ¢. (v =u, w = I), n, are uniquely determined by ¢,. Inserting (2.3)
to (1.7), we obtain n4(/) = 0 and

ab x g — Ngp (N * ab) =

(a* fa)(bxm:) — (@* for) N (m % b) + (@ * ns)b — Agt(n; * a)b,

which (see (1.5)) we can write as

abx s — (ax fu)(bxn) = (axns)b= }

Asm[nm * ab — (fmt * a)(nt * b) - (nm * a)b]'

(2.4)

Setting Lyip cp = Mm(ab) — fini(a)n:(b) — nm(a)e(b) for a = vac, b = wpp,
v,w € Irr H, we can replace (2.4) by L*" € Mor(vQw, AQvQw) = {0}, so
(1.9) is equivalent to

Nm(ab) = nm(a)e(b) + fri(a)n(b), a,be A, nn(I)=0. (2.5)

Combining (1.3) with (2.5),

A>a— pla) = ( fla) Z(a) > € M7)(C) is a unital homomorphism.

(2.6)
We get

Theorem 2.1 Let A be a Hopf algebra satisfying a.—c.. Then the general
bialgebra B satisfying the conditions 1.-5. is equal l’;’/J where B is the algebra
with I generated by A and ps (s € Z) with relations (1.6) where ¢4 is given
by (2.3) for f and n satisfying (1.5) and (2.6). Moreover, B is a bialgebra
with comultiplication given by the comultiplication in A and (1.1). J is an
ideal in B such that AJ C J@B+B®J, ¢(J) =0, JNB' = {0}. Conversely,
each such f, n and J give B = B/J satisfying the conditions 1.-5..

Proof. 1t follows from the previous considerations. a.
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Let us recall that s*, a = 1,...,N = dim K, form a basis of the left
module J, = J N B2 Due to (1.21) and (1.10),

As® = G%Az’mAjn ® ﬁmﬁn + a%ﬁiﬁj & ]+
ali(Nim @ D) (D5 @ 1) + aZ (D @ 1)(Ajr, @ D)+
J J

2.7)
A)(Nij @ pj) + A (pi @ ) + A(c) €

AR b d R A

In particular, the terms in T ®T" should cancel out, which is equivalent (cf the
proof of Proposition 1.4) to (1.20) for a = a®, i.e. to (1.19). The equations
(1.19) are down to earth formulation of the condition K C ker(p+id). Using
that and (1.15), one gets

As® — 5@ — g5 € (AR LD SHRA)N(ARB +B' ©A) ={0}.
Thus (2.7) is equivalent to
Gap © [=0] By — ] + [0 P — "] @ T+
ag;@i(Ajn) @ Pn + A(b])(Ai; ® pj)+
A (P @ T) + A(c*) = 0.

Using Lemma 1.1,

A(by) = by ® 1, (2.8)
AWy — gash] +afdi(Ae)] © I} =0, (2.9)
A(E) =g @+ @ 1. (2.10)

In virtue of (2.8), b € C. Using (2.3) and (1.15), we can write (2.9) as
(b2 + agm(Aks)|Asj = gaplb] + @i (Ary)].

Using the condition c¢. for v = A, w = I (according to the condition a., g
is equivalent to a subrepresentation of ADA), we get Mor(A, g) = {0} and
hence (2.9) is equivalent to

b = —Cllakﬁl(/\k3> (211)

s
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Decomposing g into a direct sum of irreducible representations, ¢* has also
a decomposition into a direct sum. So we can solve (2.10) in each irreducible
component and thus assume that ¢ is irreducible. For any v € Irr H we set
A, = span{vp, :m,n=1,...,dim v}. We know A= & [ yAs-
i) g =1, hence A(c*) =1 ® ¢* +c*® I. Thus

Ac* € (@, Iyp gA @A) N (D ety p(Ar @ A, © A, ® Ap)) =

A A =CI®I,
c® =M, X e C. That gives A =2\, A =10, ¢* = 0.
i) gelrr H, g% I. Then ¢® =3 ¢¢, ¢ € A, and (2.10) is equivalent to

Acf =cf @1 e Ar® A,

O:ga5®c§+cg‘®I€Ag®AI,
Ac;‘:ga5®c§€Ag®Ag,
A =0€ A, ® A, =g @ €A, @A,
O=cr®lec A, @A, ve IrH, v#l,g.

Solving these relations, one gets ¢f € C, ¢ = —gagcﬁ, ¢ =0forvel,g,

v € Irr H. Then ¢* = ¢f — gagc?. It holds also in the case i) and for whole g.

Since a“ are linearly independent, there exist 75, € C such that c¢f =

as . Tomn. One gets ¢ = a®, (Tn — Ao AnpT o) (we have used (1.15)). Con-
cluding,

8 = a5y — (A + T — iy L) (2.12)

and we get (N = dim K)
Theorem 2.2 Let B be as in Theorem 2.1. Then J, = J N B? is an A-
bimodule and as the left module it has a basis (2.12), « = 1,..., N, for some

ayy, Tij € C,N € N. Moreover, a® satisfy (1.19), (1.15) and (1.16)—(1.17)
for some g € Rep H and wag € A (o, =1,...,N).

Theorem 2.3 Let j, C B2 be the left module generated by (2.12) for some
ag:, Tiy € C, such that a® (a=1,...,N) are linearly independent and satisfy
(1.19), (1.15) and (1.16)-(1.17) for some g € Rep H and was € A'. Then

Ajs C (jo® A) @ (A® jo), j2 N B = {0}. (2.13)
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Moreover, js is a bimodule if and only if
9ap(T3 % b) =bx 7, bE A, (2.14)
where T, = agiTij,
Tig = 0y % 0 — (N )ns + Tije — (fin * fim) Tonn
and g is given by (1.15).

Proof. 'The first statement follows from the computations before Theorem
2.2. Due to Proposition 1.3, jo/B' is a bicovariant bimodule contained in
ker(p 4 id). In order to prove the last statement we compute

s°b = a[pip; — 0i(Njs)ps + Tij — NimAjnTon]b =

afi{pil(b * f5)Ds + &;(0)] — mi(Ajs)psb + (Tij = NimAjnTon )0} =
agi{ (b * fjs % fim)Pmbs + Gi(b* f50)Dr + [65(0) * firlprt (2.15)
9i(¢;(0)) — mi(Ajs) (b * for)Dr — mi(Ajs)ds (D) +

Using (1.16), we get
(b * gaﬁ)sﬁ == af?j(b * fjn * fzm)(ﬁmﬁn —Nm (Anr)ﬁr + Tmn - AmaAanab)7 (216)

hence
s%b — (b * gaﬁ)‘sﬁ = Aarﬁr + Ba (217)

for some A,,, B, € A. We conclude that j; is a right module if ~and only if
(2.17) belongs to j, for any b, which means A, = B, =0 (jo N B! = {0}).
Using (2.15), (2.16), (2.17), (2.3) and (1.3), one obtains
Ay = a%{b % fir %M — Nign (M * b f)+

b * n; * fir — (Ajs * fim)<ns * b * fmr)_
ni(AjS)<b * for) + (bx Fin * fim)Nm(Anr) }-
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In virtue of (1.19)
aZQ;(Ajs * fzm) - az‘ajfim(Ajk)Aks -
a%Rij,kmAks = _a%mAks
so the second and the fourth terms in A,, cancel. On the other hand, (1.5),
(2.5) imply
0= Wz{(b * ij)AST o AjS(fsr * b)} =

(0 fir) + fim(b* fis)mm(Ner)— (2.18)

ni(Ajs)fsr(b) - fim(Ajs)nm(fsr * b)a
hence due to (1.19)

agz[(fir 1) (0) + (fis * fim) (0)m(Asr) — }

ni<Ajs)fsr(b) + (77j * f“-)(b)] =0.

Therefore also other terms in A,, vanish, A,, = 0 for each b € A.
In virtue of (2.3), (1.7) and (1.5),

B, = a%[¢i(b * 77j) - (Ajm * fis) s (1hm * b)—
0i(Ajs)(ns  b) — mi(Ajs)ds(b) + (15 — NinAjnTinn )b—
(0% fin * fim)(Ton — AnapTap)] =
ag - [b%m; %1 — Nig (N * b % 1) —
Fis (N j0) At (1 * b % ) 4 fis (N i) i s (0 % 0 D) —
1i(Ajim) Ans (s ) + Nirn A g i (As) (15 % b) —
i (Njs) (0% ns) + i (Njs) Mgy (i % )+
Tiib — NN jn T b — (b fin % fim) Do+
NimnNjn(foe * frna % 0)Tacl.
The fifth and the eight terms cancel. Using (1.19), the second and the third
terms also give 0. The terms 1,7,9 and 11 produce b * 7,. In virtue of

a$i NN jn = gapal), (see (1.15)) and (1.19) the terms 4,6,10 and 12 yield
—gap(T3 % b). Thus B, = b* 7, — gap(75 * b) and our Theorem follows. O.

(2.19)

Using the notation of Theorem 2.3 one has
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Proposition 2.4
To(ab) = wap(a)T5(b) + 7o (a)e(d) (a,b € A), 7.(I)=0.
Proof. We have (see (1.3), (2.5))
7i5(ab) = (n; = mi)(ab) — mi(Ajs)[fr (a)n- (D) + ms(a)e(b)]+
Tije(a)e(b) - (fjs * fzm)<a) (fsr * fml)(b)TlT'
But (we use (2.5), (2.19) and (1.16))
ag;(n; *n;)(ab) = af;[(n; = n;)(@)e(b) + (fjr * ;) (@)n,(b)+
(nj * fir) (@) (D) + (fjr * fis)(@)(nr % 15)(D)] =
ag;[(n; = mi)(a)e() + mi(Ajs) for (@), () —
(fjs * fim)(a)HM<Asr)nr(b) + (fjs * fim)(a)(ns * nm)(b)] =
ag;[(n; * m:)(@)e(b) +mi(Ajs) fsr (a)n-(b)]+
wap()ay, [(0s % 0m) (D) = 1hn (Asr )0, (D)].

Combining these facts, we get the first assertion. The second one is trivial.O.

Remark 2.5 Proposition 2.4 and (1.17) give that

C:A>a— ( w(a) 7(a) ) € My+1(C)

is a unital homomorphism, where w(a) = (wap(a))y 51, 7(a) = (1a(a))i; .
Remark 2.6 Let S be a set generating A as algebra with unity. One can
prove that (2.19) for b € S implies (2.19) for b € A (due to (2.17) Ay =0
for bt implies Ay = 0 for bb'). Similarly, (2.14) for b € S implies (2.14)
for b € A (it is equivalent to the right module condition which suffices to
check only for b € S).
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3 Structure of inhomogeneous quantum groups

Here we continue the investigations of two preceding Sections (including the
assumptions made at their beginnings) and find the exact form and ‘size’ of
inhomogenous quantum groups. From now on we shall consider the most
natural situation (which is the case for quantum Poincaré groups):

RP=1% and z(R+1%*)=0&zespan{a®: a=1,...,dim K}

(cf (1.11) and (1.19)). In other words: p*> = id and K = J,/B" = ker(p +id).
The second condition means that we have as many relations ag;p;p; + b7'p; +
¢ =0 as it is allowed by (1.19) (for b = ¢* = 0 p; would be R-symmetric:

Ryiipip; = PrDi)-
We set

A;=19191-R®1-19R+(R®1)(1® R)+

1®R)(R®1)—(R®1)(1®R)(R®1),

Fijkm = Tij(Mkm)s Zijm = 1i(Ajm). The main result of the Section is con-
tained in

Theorem 3.1 Let f,n satisfy (1.5), (2.6) and p* = id. The following con-
ditions are equivalent:

i) J is as in Theorem 2.1 with K = J,/B' = ker(p + id)
i) J is the ideal generated by

s = (R —1%%) 455 (Bip; — mi(Njs)Ds + Tij — MmN jn T
for some complex numbers {1};}i jer satisfying (2.14),
AsF =0, (3.1)
A3(Z®1—-1® Z)T € Mor(I, A\ODADA). (3.2)
If the condition i) or ii) is satisfied then
Jo = A-span{sy : k,l €T} (3.3)

and B = B/J satisfies the conditions 1.-5..
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Proof. One has
R? = 1%%, (3.4)

Let J be as in Theorem 2.1, J, = J N B? and K = J,/B' = ker(p + id). All
the conditions of Proposition 1.3 are satisfied in that case. Theorem 2.2 and
Theorem 2.3 give (2.14). Moreover (cf the beginning of the Section),

span{a®: a=1,...,dim K} =span{a™ : k,1=1,...,|Z|}, (3.5)

where (a*);; = (R — 1%%);,,;. Thus (3.3) is satisfied (see Theorem 2.2).
Hence, in B
PP = Ryijpipy + i,

where
Tht = CrisPs + M, (3.6)
Chts = —(R = 19%) . 5mi(Ays) (3.7)
(ie. c=—(R—1%%)2),
My = (R —1%9%)4.;(Ti; — Wiy), (3.8)
In short,
p@Op = R(pTp) + 1. (3.10)
Therefore

pOp@p = (pTp)Dp = (R @ 1)(pD(pTDp)) + rOp =

(R®1)[(1® R)((pOp)Dp) + pDr] +rOp =
(R®1)(1® R)(Re1)(p0pTp) + (R®1)(1 ® R)(rOp)+
(R®1)(pDr) + rOp.
On the other hand,
pOpTp = pD(p@p) = (1 @ R)((pDOp)Dp) + pOr =
(1@ R)[(R®1)(pD(pTp)) + rOp] + pOr =
(1®R)(R®1)(1® R)(pTpTp) + (1 ® R)(R @ 1)(pOr)+
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(1® R)(rOp) + pOr.
But the braid equation for p (see (3.8) of [15]) implies

(R1)(1®R)(R®1)=1R)(R®1)(1® R). (3.11)

Thus
A(r@p) = B(p@r), (3.12)

where
A=(R®1)(1®R)-1®R+1®1®1, (3.13)
B=(1®R)(R®1)—-R®1+1®1x1. (3.14)

Using 7 = cp + M and (1.6), we can rewrite (3.12) as

H(p®Dp) + Lp+ N =0, (3.15)

where
H=A(c®1l)—-B(1®c), (3.16)
Lijk,s = Aijk,mnstn - Bijk,mnl(Mnl * fms)7 (317)

Therefore (see (3.3)),
H(pDp) + Lp+ N = D[(R — 1%%)(pDp) + cp + M] (3.19)
for some matrix D, which thus satisfies H = D(R — 1%?). Tt exists iff
HR+1%%) =0 (3.20)

and can be chosen as D = —%H. Consequently, (3.12) is equivalent to (3.20),

1
L= —§Hc, (3.21)

and .
N = —§HM. (3.22)

Let us now consider (3.20)-(3.22) as abstract conditions for 7;, Ty We
shall prove that (3.20) follows from the previous conditions. By virtue of
(219) for b= Akh

(R - 1®2)nt,ij [fjr (Aka)nz (Aal) + fjs (Aka)fim<Aal)nm (Asr>_
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0i(Njs) for (Mra) + 1 (Ara) fir (Aar)] = 0,

hence
(R-1")@1{(1®R)(Z®1)+ (1 R)(R®1)(1® Z)—
(Z® 1R+ (1® Z)R} = 0. } 52
Multiplying from the left by A and using
A((1*? - R)®1) = B(1® (1% — R)) = 43, (3.24)

(it follows from (3.4) and (3.11)), we get

As(1®Z - Z@1)(1%* + R) = 0. (3.26)
But in virtue of (3.16) and (3.24)
H=A;7Z®1-1® 2) (3.27)

and (3.20) follows.
Now we shall consider (3.21). One has

VV'L'j * fms = (AiaAijab) * fms =
fmn(Aic)fns(Ajd)AcaAdeab = [(R & 1)(]— & R)(W ® 1)]mij,s7
ﬂj * fms - 5msf-rij - (1 ® T)mij,87
hence (see (3.17), (3.8), (3.24))
L=Ay((W-T)®1)— As(W®1)+ A,(10T) = A(10T - T®1). (3.28)
Using (3.20) and (3.27),

1
gHc=HZ=M4(Z91-102)Z (3.29)

Moreover,

Fijkm = Tij (Akm) = nj(Ak8>77i(ASM)_
nl(Ajs)ns(Akm) + Ejékm - f]n(Aks)fW<Asm)Trn
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Thus

F=(1®2)Z-(Z01)Z+T®1-(12R(R®1)1®T), (3.30)

1
~AsF = JHe+ L.

and (3.21) is equivalent to (3.1).
Finally, we investigate (3.22). According to (1.7) and (2.3),

¢m(W2]) = (Aia * fms)¢s (Ajb)Tab + ¢m(Aia)Aijab7

¢S(Aﬂ?) =T (Ajc)Acb - AsrAjknr (Akb)
Setting Xyij = ¢m(Wi;), one gets

X = (Ro1)(1QZ)W+(Z21)W —(R®1)(ADADA) (10.2)T— (ADADA) (Z21)T.
Using (3.18), (3.8), (3.24) and (1.12), we obtain

N=-A3X=-A3(Z®1-10 2)W + (ADADN)A3(Z®1 -1 2)T.
Due to (3.20) and (3.27)

;HM: AZ@1—1® Z)(W =T).

Therefore )
N + §HM = (ADADA)m —

where m = A3(Z ® 1 —1® Z)T and (3.22) is equivalent to (3.2). Thus the
condition i) implies (3.3), (2.14), (3.1) and (3.2) for some complex numbers

Ty (4,5 € 1).
Let us now assume (2.14), (3.1) and (3.2). We define j, as the right hand
side of (3.3). Thus j»/B! = K = ker(p + id). In virtue of Proposition 1.3

and Theorem 2.3 we get (2. 13) and the bimodule property of js. Let j be the
ideal generated by jo. Then Aj C j®B+B®j. Moreover, Ap = pOI + ADp
implies e(p) = 0, hence e(j2) = 0, e(j) = 0. The previous computations
show that (3.12) holds in B/j,. We shall show j N B! = {0}, j N B2 = j,.
Therefore j is as in Theorem 2.1 and B = B/j satisfies the conditions 1.-5..
Furthermore, we will prove that if J satisfies the condition i) and .J NB2 = j,
then J = j. Thus the proof of the Theorem will be finished.
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We set Ry, = 12¢~D @ R®1®"~*=1 (cf the notation in the Introduction),
k=1,2,...,n—1, R, = R;,-...-R;, for a permutation 7 € II,, with a minimal
decomposition into transpositions

Due to (3.11), R, is well defined. We set

Moreover, we put ry, = pPED@r@FPOFD (see (3.6)),

Tnx = Tniy + R Tnis + Riy Rigrpis + ...+
(3.32)
Ril Ca Risilrms,

(we choose some decomposition (3.31) for each ), r, = L 3 7. We shall
prove the following

Proposition 3.2 Let j be the ideal generated by (3.3). We assume (3.12)
in B/js and (2.14). Then j as a left module is generated by matriz elements

of

(18" — 8,) (7" — 7). (3.33)
Proof. In virtue of Theorem 2.3, (3.3) is an A-bimodule and as a left module
it is generated by matrix elements of (1%? — R)ﬁﬁj? — r. Therefore j is the
left module generated by

(15" — R)p™™ = Tk, (3.34)

m=23,..,k=1,...,m—1. We set j, as the left module generated by
(3.34) for m = 2,...,n (for n = 2 it coincides with the old definition of j5).
Thus Aj, C Jn,  JnA C Jny  JnPi C Jnt1s  DiJn C Jn+1. Moreover,

15®" = Rkﬁ®" + 7 (mod.j),

R;, (Rlzp®” + Tm'g) + Thiy (mOdj), etc.

ﬁ®”ERﬂﬁ®”+rnﬂ (mod.j), ]5®"ESnﬁ®"+rn (mod.j).
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For any minimal decomposition (3.31) we set 7() as the right hand side of
(3.32), where i = (i1, ...,is). We shall prove

) =) (mod.j, 1) (3.35)

for any two such decompositions i,i. But 4,7 can be obtained one from
another by a finite number of steps of the following 2 kinds:

(i) we replace ...tgt;... by ... 4ty ... for |k =1 > 1,
(11) we replace c. tktk+1tk N by c. tk+1tktk+1 c

Thus it suffices to check (3.35) for each of these two cases.
ad (i). We may assume k <[ — 1. One has

(1®n _ Rk)rnl — (1®n o Rk)p®(l—1)®r®p®(n—l—1) =

p®(k—1)®r®p®(l—k—2)®r®p®(n—kl) = (1®n . Rl)rnk (mod.jn,l).

Thus ru, + Riray = 1 + Ryrpe (mod.j,—1) and (3.35) follows.
ad (ii). In virtue of (3.12)

Tnk + Rirn g1 + R Rgp1mnr =

Trjet1 T Rip17nk + Res1 Rern g (mod.jp—q)

and (3.35) follows also in this case.
Thus in formula (3.32) we can use any minimal decomposition (3.31) for
computations modulo j,_;. We shall prove

Ryrpn=rp —rpe (mod.j,—1), n=2,3,.... (3.36)

Let 7 € II, be such that 77*(k) < 7 '(k + 1) and (3.31) be a minimal
decomposition. Then 7’ =t satisfies 7'~ (k) > 7' "' (k+41) and has minimal
decomposition 7' = tt;, - ... - t;,. In such a way we get all 7’ such that
7' (k) > 7' (k + 1), each one exactly once. Due to (3.32) and (3.35),

Tnnt = RkTpe + T (mod.j,_1), (3.37)
R, = Ry R,. Multiplying both sides by R, — 1% and using

ernk = —Tnk (338)
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(it follows from Rr = —r), we get
(Ry, — 1) (rpm + Tom) = =27 (mod.j,_1),
(R, — 1°")(R; + Ry) = 0. Thus

1 )
(Ry — 1%™)r, = ] > (R = 1%")(Pog + Tonr) = —Tr (mod.jn_1)

and (3.36) is proved. Moreover,

1

®n _
(R —1°™)S,, = .y

> (Re — 1") (R, + Ry) = 0. (3.39)

™

Thus S2 = L3, RS, = 5>, S, = S,. Using (3.36), (3.37) and mathemat-
ical induction w.r.t. the number of transpositions in a minimal decomposition
of m, one gets R.r, =1, — T (Mod.j,—1). Therefore

1 .
Sun =Tn = — Zr =T —rn =0 (mod.jn_1). (3.40)

Using S,pP" = §P" — r,, (mod.j) and (3.40), (18" — S,)p" = r, = (19" —
Sp)rn(mod.j). Thus the elements (3.33) belong to j.

Let j be the left module generated by (3.33). Then j C j. We shall prove
by mathematical induction that j, C j. It is true for n = 2 since

(192 — R)FP? — p = 2(1%% — G,) (572 — 1) (3.41)

(we use Sy = % + %R, ry = %r, Sore = 0). If it is true for n — 1 then using
(3.36) and (3.39), we get

(1" = Rp™" = o = (1" = R (67" — 1) =

(Re — 19")(S,, — 18 (¥ — 1) =0 (mod.])
and j, C j. Therefore j C j, j = J. a.
We set Sy = idg. Let o' = {a/s, 1 i=1,...,dim Sy} be a basis of im .5,,,

B =A{f,: j=1,...,dim(1®" = S,)} be a basis of im(1¥" — 5,,). Then
o/ U3 is a basis of (C1)®", We denote by a3 the dual basis. In particular,

a™(1%" — S,) = 0. (3.42)
We set B = B/j and p/, = A(pp) where A : B — B’ is the canonical
mapping.

24



Corollary 3.3 Let Ky = {ﬁm(ﬁ®" —r,): i=1,...,dim(1®" = S,), n =
2,3,...,N}, L'y = {a™(@™") : i =1,....,dim S,, n = 0,1,2,...,N}.
Then Ko is a basis of j, L'« is a basis of B', Ky is a basis of 7% = jNBY,
L'y is a basis of

B'N:.A~span{p'il~...-p’in: iyeesin=1,...,|Z|, n=0,1,...,N}
(we treat j, 5N, B, B as the left modules).

Proof.
19" — 8, =Y g.,.0" A -8, =", (3.43)

hence j is the left module generated by K.,,. On the other hand, a finite
combination Eamﬁm(ﬁ@” — 1), aim € A, belongs to BN iff a;, = 0 for
n > N (Lemma 1.1 and linear independence of 5™ for given n). Therefore
gV is generated by Ky and (taking N = 0) elements of K, are linearly
independent over A. Hence, K, is a basis of j, Ky is a basis of jV. Using
19" = Yo/ ja™ + ¥ 4,07, Ky U{a™(pP i =1,2,....dim S,, n =

0,1,2,...,N} is a basis of BY, N € N U {oo} (8% = B). Thus B =
BY/j = BY/j" has a basis L'y, N € NU{oo} (B> =B). 0.

Corollary 3.4 The left module N =45nN BN~i8 generated by (3.33) for n =
2,3,...,N. In particular, j N B = {0}, j N B? = js.

Proof. 1t follows from Corollary 3.3, (3.43) and (3.41). 0.

Proposition 3.5 With the assumptions of Theorem 3.1, if J satisfies the
condition 1) of Theorem 3.1 and J N B% = jy then J = j.

Proof. Clearly j C J. Let J' = J/j C B’ and N be the minimal number such
that J'V = .J' N BN # {0}. Therefore N >3, AJN c N0 A+ A J'V.
Let 0# z € J'. Then

T = > amai”p@n.
1=1,...,dim S,
n<N
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We set B/, = A - span{o/"p/@” 1 =1,2,...,dim S,}, B = &> B,. The
component of Az belonging to B’ y_1 ® B’y equals 0. Thus

0= > Alaw)agj,x
i=1,....dim Sn
N
Z,’ o A / . o ®/(OdB/N72®B/)
Pjpeo Py BggemP gy oo P gy O P, IMOA 1
k=1

In short,
Sy D(k-1) D(N—E)
0= Alaiy) 3 o [(p AADYPN | |
7 k=1

Since (1.6) holds in B, DA = R(ADY) (mod.A). Using (3.42), o'V =
a™NSy = a'NSyR, = a'VR;, and all components in the second sum are
equal modulo B2 @ B',. We get

0= Afaw)a™[(O. .. QYD) ® ],

1) 2 N-2
0= Z agz\;ajjl\cj]vp'jl i Njm ® al¥  (mod. BN’ @ A).

—D'1, one has

Acting by id ® € and multiplying by A
0=> aiNo/Np@N (mod. BN ™).

Using Corollary 3.3, one obtains a;y = 0,7 = 1,...,dim Sy, z € JNBY ! =
{0}, contradiction. We get J' = {0}, J = j. O.

End of proof of Theorem 3.1 . We use the above facts. a.
Corollary 3.6 Let Ly = {a™pP": i=1,2,...,dim S,, n=0,1,2,...,N}.
Then Lo is a basis of B, Ly is a basis of BN = A - span{p; ...p;, :

i1, in €L, n=0,1,...,N} (we treat B, BN as left modules). In partic-
ular,

N
dimy BY =Y dim S,. (3.44)
n=0
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Remark 3.7 Assume that the condition c. doesn’t hold. Then we intro-
duce n; € A as before, so (2.3) holds. But on the right hand side of
(2.5) (for a = vac, b = wpp, v,w € Irr H) we must add L} '\p op where
L € Mor(vQw, AQv@w) and we don’t have (2.6), (2.18). Nevertheless,
(1.8) is wvalid. Therefore we get admissible n; in the following way. Let
matriz elements of nontrivial irreducible representations {w™ },en generate
A as algebra with 1. We put n;(I) = 0, assume some values of n;(w'fy)
and using (2.3) compute ¢;(wig). Then we have the condition that p of
(1.8) preserves all the relations among w’y. We choose 1n;(A;5) so that
(2.11) is satisfied (n; are in general not determined uniquely by ¢;). We also
have an additional condition that (2.19) holds for b being matriz elements
of {w™}men (due to Remark 2.6 it implies (2.19) for all b € A and using
it we get A = 0 and bimodule condition for jo in Theorem 2.3). Proposi-
tion 3.14 holds provided Mor(1,A) = {0}, Mor(A, ADA) = {0} (otherwise
we replace Mor(POP,POP) by Vi in both places where Vy is some linear
subspace of Mor(PDP,PDOP)). Moreover, in Proposition 3.14.2.c there is
B[Z®1+4(R®1)(1®Z)]m on the right hand side of (3.59) and also one more
condition (3.61). We don’t get Proposition 4.5.2, Proposition 4.8 and Corol-
lary 4.9. In Proposition 4.5.3, Proposition 5.5, Theorem 5.6 and Proposition
5.7 we assume that A is a nontrivial representation. With such corrections,
the results of Sections 2-5 are still valid.

Corollary 3.8a) B is the universal unital algebra generated by A and p;
(i € T) with the relations Ig = 14,

psa = (a* fo)pe +axn, —Ag(nxa),  a €A, (3.45)
(R —1%%)1.5;(pip; — mi(Njs)ps + Tij — NimmNjnTonn) = 0. (3.46)

b) B is the universal unital algebra generated by A and py,...,ps with the
relations Ig = 14,

(POQw)N,, = Ny(wDP), w € Rep H, (3.47)
Rp(PDP) = (PDOP)Rp, (3.48)
where P is given by the condition 3.,
R Z —-R-Z (R—-1%%)T

00 1 0 Gy Hy
RP - O 1 0 O 7N’LU - < 0 ]-w ) ’ (349)
0 0 0 1
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(Gw)ic,pj = fij(wep), (Hw)ic.p = ni(wep), R=Gx, Z = Hy.

Remark 3.9 Forn =0, T = 0 (that choice always satisfies the conditions
(2.14), (3.1), (3.2)) we get psNij = RimiAmjpt, Rrijpiv; = pepe (cf [15],
[8]).

Remark 3.10 In (3.45) it suffices to take a being generators of A (as algebra
with unity), in (3.47) it suffices to take {w™}mens C Rep H such that matriz
elements of w™ generate A.

Remark 3.11 Replacing T by T = (192 — R)T, we don't change (3.46).
One has RT" = =T'. So in the following we can (and will) assume

RT = —T. (3.50)

Proof. a) follows from Theorem 3.1. Due to (2.3) and (1.7) it suffices to take
a as generators.
ad b) Let a = wyp, myn =1,...,dimw. Then (1.5) implies

(ADW)Gy = G (wDA),

(3.45) is equivalent to

pQw = G, (wDp) + Hyw — (AQw) H,. (3.51)

We can rewrite these two equations as (3.47). One can replace (3.46) by
(R—1%*)(p@p— Z - p+T — (AOA)T) = 0. (3.52)
Using (3.51) for w = A, this is equivalent to (3.48). 0.

Proposition 3.12 B is a Hopf algebra (with invertible coinverse).
Proof. Let w,w’ € Irr H. Then

/ w'’
wOW' ~ By Trry Cow W
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for some ¢, € N. Thus there exist linearly independent S¢,,.., € Mor(w"”, w@uw'),

ww’w
w//

a=1,...,c Then A is the algebra generated by matrix elements of un-

) ’LU’LU, .

equivalent irreducible representations of H satisfying

17

(wQuw") S =S¢ W, ww w el H a=1,...,ct,. (3.53)

ww’w’ w wWw

We conclude that B is the universal algebra generated by (matrix elements
of) a set of representations of G (P and w € Irr H) satisfying (3.47), (3.48),
(3.53),

P =I0OP, Pi=ilA and sP = Is

where i : Cfl — Cfle C, s: CPl@ C — C are the canonical map-
pings, [ is the trivial representation of H. Thus the relations are given by
morphisms. Moreover, these representations are invertible:

_ At Al
1 _
()

w™' = S(w) for w € Irr H. Using the arguments of [10] or [16], we get
that B has a coinverse S. Similarly, P? and w?, w € Irr H, are invertible
representations of GOPP, where Poly (G°PP) = (B, 7A) (coinverse of A is
invertible). Hence (B, 7A) has a coinverse S’, by the general theory S’ = S~
0.

Let
™ = (R = 19%)75, (3.54)

where 7;; are defined in Theorem 2.3.

Proposition 3.13

1) (2.14) is equivalent to
(ADA) (77 xb) =bx 7" b e S, (3.55)

where S is a set generating A as an algebra with unity

2)
7(ab) = (fis * fim)(@)7™*(b) + 77 (a)e(b)  (a,b € A), 7(I) =0.
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Proof. 1) follows from Remark 2.6, (1.15), (3.5) and (1.12). 2) follows from
Proposition 2.4, (1.16), (3.5) and

Riij(fis * fim) = (fi * fri) Rijoms
( we get it acting f;; on (1.5)). O.

Proposition 3.14 Let R ¢ C1%2. One has

1) Mor(POP,POP) = C-id ® CRp @ {mp : (ADA)m = m} where Rp is
given by (3.49) and

000 m
000 0
me={10 00 o (3.56)
000 O
2) W € Mor(PDP, POP) satisfies
W) AeW)(Wel)=1W)(We1) (1o W) (3.57)

if and only if
a) W=uz-id (x € C\ {0}) or
b) We{mp: (ADA)m =m} or

¢) W =vy-(Rp+mp) fory € C\ {0} and m such that (ADA)m = m
provided that
[(R—1%*)®1]F =0, (3.58)

As(Z®1-1® Z)T =0. (3.59)

Those W are invertible if and only if we have the case a) or c).

Remark 3.15 Ezamples of R-matrices for inhomogeneous quantum groups
were given e.g. in [2], [13], [3], [7].

Proof. ad 1) One has

ADA ADp pDOA pDp
B 0 A 0 p
POP = 0 0 A p
0 0 0 1
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We assume

A B FE F
W = ? Il? ]C\;[ ]; € Mor(POP, POP).
L M QU
It gives a set of linear relations on matrices A, B, ..., U. Using (3.52) and
p@A = R(ADp) + ZA — (ADA)Z (3.60)

(it is (3.51) for w = A) one can solve them and get A = b+ aR, B = aZ,
E=—-aRZ, F=a(R—1° )T +m,D=N=b1,G=K =al, U =a+0b,
C=H=J=P=L=M=Q@Q =0, where a,b,k € C, (AODA)m = m. Tt
means W =b-id+ a- Rp + mp and 1) follows.

ad 2) Weset | = Z®1+ (R®1)(1® Z). Using (2.5), we get l;jprs =
ni((ADA) jkrs) and (see (1.12))

(1® R)l =IR. (3.61)

Moreover, (ADA)m = m gives

Im =0 (3.62)
and (acting by f.;)
(Re1)(1®R)(m®1)=1cm, (3.63)
hence (using R? = 1%2)
(I®R)(R®1)(1@m)=m®1. (3.64)

We shall check for which m and z,y € C, W = z-id+y- Rp+mp satisfies
(3.57). Since P acts in C*l @ C, W acts on

CllgctloctlgcaCceCae CwC.
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Denoting the standard basis elements in C#l @ C by e; (i € Z) and f, one
gets

Rp(e; ® €j) = Ryijer @ e,

Rp(e;® f) = Zyer@e+ fRey,

Rp(f®e) = —(RZ)mer®@e+e @ f,

Rp(f®f) = (R—1%)T)ye;®@e;+ f® f,
(3.65)
mp(ei ® ej) = O,

mp(e; ® f) = 0,

mp(f®e;) = 0,

mp(f®f) = myei®e;.

Let us restrict ourselves to C*l @ CPl @ CZl. Then (3.57) gives an anal-
ogous formula for x - 12 + y - R. Using (3.11) and R? = 1%% it means
Y R®1—-1®R) =0,z =00ry =0 (R®1 =1® R would mean
V®C*'=C*'®V where V = ker(R + 1%?), R € C1%2, contradiction).

Setting x # 0, y = 0 and applying both sides of (3.57) to f ® f ® e, one
obtains m;;(e; ® e; @ eg) = 0, m = 0. Clearly 2 # 0, y = 0, m = 0 gives a
solution of (3.57). The same holds for x = y = 0 (both sides of (3.57) equal
0). It remains to consider W = y(Rp + mp) for y # 0. In order to check
(3.57) we may assume y = 1. Using (3.65), we find that (3.57) one; ® e; @ ey,
follows from (3.11), one; ®e; @ f, &, @ f ® e, f ® €; @ e; is equivalent to
(36l),ome;@fRf, fRe®f, fR f®e; is equivalent to (3.58) (we use
(3.30), (3.61) and (3.64)), on f ® f ® f is equivalent to Bls = 0 where B is
given by (3.14), s = so +m, sp = (R — 19%)T = —2T (see (3.50)). Using
(3.62) and [1 ® (12 + R)]lsp = 0 (which follows from (3.61)), we get

1
Bls = BZSO = 5143[80 = —Ag(Z RK1I-—1® Z)T

and Bls = 0 is equivalent to (3.59).
Invertibility condition is obvious (in the case c¢) we use the existence of
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Rp' = Rp). 0.

Remark 3.16 One can also consider the case when (R+1%?)(R—Q1%%) =0
where @ # 0,%1 is not a root of unity. Then (p +id)(p — Qid) = 0 and
we should replace everywhere R — 1%% by R — Q1%2, Ry ipip; = prpr by
Ry iipip; = Qprpi,

A3=Q°19101-Q’°Re1-Q 1R+ Q(R®1)(1® R)+
QL®R)(R®1)— (R®1)(1® R)(R®1),
A=(R®1)(1®R) -QLOR) +Q*1®1®1,

B=1®R)(R®1)-QR®1+Q* 12131,
R Z (Q—1-R)-Z (R—Q1%%)T

R | 00 Q1 0
P=1 0 1 (Q—1)1 0 :
0 0 0 Q

n! is replaced by

(n)g!= > Q@M =(1)gQR)q...- (n)o

TI'EHn

where s(m) is the number of transpositions in the minimal decomposition of
mand (k)g=1+Q+ ...+ Q"' (what concerns S,, and Az see [5]),

s—1 s—2
Tnﬂ-:Q T'm'l—l-Q Rilrniz—i_"-—i_Rh'---'Risflrms

where s = s(m), in Remark 3.11 T' = ﬁ(@l®2 — R)T. In Proposition
8.14.2.c one has W = y(Rp+mp)*, 1@ R)(R®1)(1®m)—m®1 on the
right hand side of (3.58) and additional condition Rm = —m. In (4.4) one

has —=—(Q1%2— R) instead of %(1@’2—];’). In (4.14) one obtains Ry 5, on

14+Q)c?
the éeft hand side. In Proposition 4.5.2, Proposition 5.5, Theorem 5.6 and
Proposition 5.7 we assume |Q] = 1 (otherwise existence of the considered

x-structure in B would imply R = —1%2, B = A -span{[,p;}). With these
corrections, all the results (in particular Remark 3.7) remain true but we do
not get Proposition 4.8, Corollary 4.9 and there are small modifications in
the proofs.

33



4 Isomorphisms and * structure

In this Section we consider isomorphisms among inhomogeneous quantum
groups as well as x-structures on them. Throughout the Section we assume
that Poly(H) = (A, A) is a Hopf algebra satisfying the conditions a.—c. and
Poly(G) = (B, A) is the corresponding Hopf algebra as in Theorems 2.1 and
3.1. Then G is called an inhomogeneous quantum group.

Proposition 4.1 Let w € Irr G. Then w € Irr H.

Proof. Let W = span{w,,, : m,n = 1,... dimw} and s be the smallest
natural number such that W C B* (B = U,5%). Assume that s > 0. Then
AB* C B '@B*+B°*®@B°". There exists ¢ € (B°)’ such that ¢, =0 and
@ # 0. Therefore (id ® ¢)AW C B5™, w(w) € Maim (B*~'). Moreover,
one can choose x € CH™ ¥ guch that ¢(w)r # 0. We take ¢(w)x as the
first vector of a basis in the carrier vector space of w. Thus wy; € B*™1,
E=1,...,dim w, wy ® wy = Awy; € B! ® B*~!. Using linear indepen-
dence of wy; (w € Irr G), we get wy € B~ W C B*~!, contradiction. Thus
s=0,WcB=A. O.

Corollary 4.2
A =span{wy : k,l=1,...,dim w, w € Irr G}.
Thus B determines A uniquely.

Proposition 4.3 Letz € B, Avr e AQ B+ B® A. Then x € B.

Proof. Let N be the minimal number such that € BY. Assume N > 2.
Then ‘
T = Z amozmp@”.

1=1,...,dim S,
n<N

Using the same arguments as in the proof of Proposition 3.5, one gets a;n = 0,
i=1,...,dim Sy, z € BN7!, contradiction. Thus z € B*. a.

Proposition 4.4 One has
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1) Suppose that B, A, A, A, p, fin, T and B,A,A,A,ﬁj,ﬁ,f describe two in-
homogeneous quantum groups G,G and ¢ : B — B be an isomorphism of

bialgebras. Then ¢(A) = A, ¢(B') = B'. We denote ¢4 = Gt A— A.
2) Moreover, let $(A) = MAM™" for an invertible matriz M. Then

d(p) = M(cp+ h — Ah), (4.1)

for some c € C\ {0}, hy € C (s € Z) and we can choose

f=(MfM)o ¢}, (4.2)

A= M+ fMh— eMR) 0 63 (4.3)

T= ;(M‘l ® M~ + 2;(1®2 ~R)[~(M' @M )ZMh+h®h] (44)
where Z = n(A), X

R=(M"'9MYRM® M). (4.5)

3) Let B, A, A, A, p, f,n,T describe an inhomogeneous quantum group, A A A
satisfy the conditions a.—c., ¢4 : A — A be an isomorphism of bialgebras
such that ¢ 4(A) = MAM™" for an invertible matric M and ¢ € C\ {0},
hs € C (s € ). Then there exists an inhomogeneous quantum group de-
scribed by B,A,A,A,ﬁ, f,f],T and isomorphism of bialgebras ¢ : B — B
such that ¢4 = ¢, and (4.1)-(4.4) hold.

Proof. ad 1) According to Corollary 4.2,
#(A) = span{d(wg) : k,l=1,...,dimw, w € Irr G} =

span{vg : k,l=1,...,dimv, v € Irr G’} = A.
Let 2 € B'. Then Az € BR A+ A B, Ag(x) = (pRp)Ax € BoA+A®B.
Using Proposition 4.3, we get ¢(x) € B'. Thus ¢(B') C B'. Interchanging
B with B, one gets ¢(B') = B*. A
ad 2) ¢(p) = k- p+ [ for some k;;,l; € A. Therefore
(kp+ )OI + MAM ' O(kp + 1) = (¢ ® ¢)(pDI + ADp) =
(6 ® ¢)Ap = Ag(p) = A(k) (HOI + ADp) + A(1).
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We get A(k) = k@I, k;; € C, MAM~'k = kA, 1O + MAM '@l = A(l).
Thus k = ¢- M and (cf (2.10) and later formulae) [ = h — MAM~"h for some
c € C\ {0}, hy € C (s € I). Setting h = M~'h one obtains (4.1).
Acting ¢ on the relation pa = (ax f)p+a*xn— A(n*a), we get
M(cp+h — Ah)b =
(b* f o )M(cp+h— Ah)+ (4.6)
bxnody — MAM™ (no ¢y +b),
where b = ¢(a) € A. But (acting ¢ on (1.5))
(b* fod YMAM™ = MAM™'(f o ¢3* *b).
Thus (4.6) is equivalent to
pb = {bx[(M~fM) 0 ¢ ']}p+

i{b * [M~'(n+ fMh —eMh)o ¢ ']} —

1~
EA{[M‘l(n + fMh —eMh) o ¢3'] % b}.
It proves (4.2) and (4.3). Applying (4.2) and (4.3) to A one obtains (4.5) and

7= i[(M‘l @ M YZM+R1eh) —hel]. (4.7)
Acting ¢ on the relation (3.52) and using (4.5), we get
(R —1%2)[pDp + pOh' — pOAR'+
W@p — AW Dp + AWDAR — AWOW — WOAR + K Dh/— (4.8)
Z'p— Z'W 4 Z'AW + T — (ADA)T'] = 0,
where Z' = LM @ M ZM,T' = 5(M~' @ M~")T, ¥ = 2. But
POA = R(ADp) + ZA — (ADA)Z,
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so (4.8) is equivalent to

(R—1%%)[p®@p — Gp+ U] = 0,

where o R
G=-1N+RAN®1)—-hN@1+AN®@1+Z =
Z4+ (R+1%)(AW @1 -1 1),
U= —ZAh + (ADAN)ZW + AWOAN — AW/ @K — W' DAL +
WOW — Z'W + Z'AW + T — (ADA)T".
But ) o R o
Z'AW — ZAW = ROAR — R(AWOR'),
(ADA)Zh = (ADA)Z'h' + R(ADA)(W'©h') — (ADA)W/ DN,
hence

U=T— (ADAT + (R + 1%%)(AW'DAR — AW'DR),
where T'=T" — Z'h/ + W@h'. Therefore (4.8) is equivalent to
(R —1%%)(p@p — Zp+ T — (AOA)T) = 0.
Thus we can choose 1" as $(192 — R)T (cf Remark 3.11) and (4.4) follows.

ad 3) We define f.0,T by (4.2)(4.4) and B as the universal algebra
generated by A and p;, i € 7, satisfying Iz = I,

N ~

pb = (bx f)p+ (bx7) = AR *b), be A,

(R —1%)[pDp — Zp+ T — (ADA)T] = 0,
where f,7),T are given by (4.2)—(4.4), Rijw = fu(Ajr), Z =A(A). The com-
putations in 2) show that there exists a unital homomorphism of algebras
¢ : B — B such that ¢, = ¢4 and (4.1) holds (¢ transforms the relations
in B into the relations in B) The same computations show that there ex-
ists a unital homom(irphism of algebras ¢’ : B — B such that ¢’ A= gb;‘l
and ¢'[M(cp + h — Ah)] = p, i.e. ¢/(p) = M ~'[p — Mh + AMh]. Thus
¢¢' = ¢'¢ = id and ¢ is an isomorphism. We set A=(p® qb)AAgé_l. Hence
(B,A) is a bialgebra with the proper bialgebra structure on A and ¢ is an
isomorphism of bialgebras. Computations in 2) show Ap = pDI + ADp and
the properties of (B, A) imply that (B, A) corresponds to an inhomogeneous
quantum group described by B, A, A, A, p, f,n,T. a.
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Proposition 4.5 Let B, A, A, A, p, f,n,T correspond to an inhomogeneous
quantum group where (A, A) is a Hopf *-algebra such that A = A.

1) Let (B,A) be a Hopf *-algebra such that x|, = 4. Then there exist m #
0,ns € C (s € I) such that

pli = mp; +n;g — Nign, (4.9)

satisfy p't = p';. In particular, there exist 5’, /l, A, A,]ﬁ, f,ﬁ, T corresponding
to an inhomogeneous quantum group and Hopf *-algebra isomorphism ¢ :
B — B such that A= A, ¢, =id, ¢(p';) = ps, i = Ps-
2) There exists Hopf *-algebra structure in B such that x|, = x4 and p; = p;
(ieZ)iff

fi(S(a*) = fiy(a), a€ A, (4.10)
n(S(*)) =m(a), acA (4.11)
T — T € Mor(I,ADA), (4.12)

where Tij =Ty, 1,5 € L. Moreover, such * is unique.

8) Proposition 4.4 remains valid if we consider (A, A), (A, A), (B,A) and
(B,A) as Hopf “-algebras, ¢, pa as Hopf *-algebra isomorphisms, p;,p; as
selfadjoints, M = M and c € R\ {0}, h; € R (i € Z). Moreover, one has
A=A.

Remark 4.6 Statements 1) and 3) remain valid if we replace everywhere
Hopf *-algebras by *-bialgebras.

Remark 4.7 If A = A, A=A and ¢4 : A — A is a *-isomorphism such
that ¢ 4(A\) = MAM™! then we can assume M = M (Conjugating one has
dA(N) = MAM™. Using the condition b., M = a - M for some a = ¢,
¢ € R. Replacing M by M’ = e/2M, one gets ¢p(A) = M'AM'™ and
M' = M).

Proof. ad 1) Acting by * on (1.1), we get

Ap; =A;j@p;+p;@lec A9 B+B® A
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Using Proposition 4.3, p; = ki;p; + [; for some k;;,[; € A. Therefore
(kp 4+ )OI + AD(kp + 1) = A(k)(pDI + ADp) + A(1).

We get (cf the proof of Proposition 4.4) k = ¢, I = g— Ag for some ¢, g5 € C
(s € 7). Thus p; = dpj + g; — Ajrge. Using p;* = p;, we may put d = e,
g; = 1€?c;, ¢,¢; € R (j € I). Setting m = ¢'%/%, n; = Lic;, one gets that
p/; given by (4.9) satisty p'; = p/;.

Wepute= 1 hj=—2n;, M=1, A=A, ¢4 =id ThenB, A A A, p, f,0,T
and ¢ : B — B given by Proposition 4.4.3 satisfy all the conditions which
don’t involve . In particular, A = A,

o(p) = d(mp +n — An) = m(cp+ h — Ah) +n — An = p.

We define * in B as ¢ o #g o ¢~1. Then ¢ is a Hopf *-algebra isomorphism
and p; = ¢(p';) = o(v';) = bi-

ad 2) The existence of such structure is equivalent to the fact that the
ideal G in B (with  given by pf = p;, %, = *4) generated by (1.6) and (3.46)
is selfadjoint (Hopf algebra structure exists due to Proposition 3.12, while
Ax = (* ® *)A and x*> = id can be checked on generators a € A, p; (i € I)).
In other words, conjugating (1.6) and (3.46) we should get relations, which
follow from (1.6) and (3.46) as relations in algebra without *. We use the
notation f(z) = f(z*), f € A, 2 € A. For (1.6) one gets (b= a*)

0= [_psa + (& * fst)pt + (bs(a)]* = _bps +pt(b * E) + ¢s<b*)* =

_bps + (b *E* ftr)pr + ¢t<b *E) + ¢s(b*>*

Therefore (See (1'4)) E*ftr = 587"67 E = E*ftr*frlos = fleS, fsl = fsl o Sa
we get (4.10). Moreover,

Gs(b°) = —du(b* fur)". (4.13)
Thus
b* * Ns — Ast(nt * b*) - _b* * fst *W_F (W* b* * fst)Atm -

—b* * fst * m -+ Ast(ftm * m B S b*)
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(we used (1.5)). Thus (b* = a) a * pus = Ay (e * a), where g = ns + fo * 7.
Inserting a = vy, v € Irr H, and denoting ps(Vgm) = Fskm, one has F €
Mor(v, AQv) = {0} (condition c.), us = 0. Therefore (see (1.4)),

_fmsos*ns:fmsos*fst*m:%-
Acting on vy and using (2.5), we obtain
T (Vit) = = fans (U )05 (V1) = =1 (O d ) + 1 (V3 )€(Urt) = 1 (01,

Thm = Nm © S, one gets (4.11). )
In virtue of (4.10), (1.4) and A = A

52’j5kl = §ij‘5<Akl) = fim * f?j(/\kl) =
fzm(Akr)m<Arl> = Rik,rmRmr,lj-
Multiplying by Rgp.ix, we get
Rab,jl = Rba,lj- (414)

Moreover,

s (M) = = (for * M) (M) = = Fat(Njon ) (M) = —Rsjmene (M)
Multiplying by (R — 1%2),, s;, one obtains
(R 1) 5 (Ase) = (B — 1) ). (4.15)
Therefore, conjugating (3.46), we get
(R — 1% ilpjpi — 15 (Nis)ps + Tii — gDy T = 0.

Comparing with (3.46), one has (R — 1%2)(T" — T) € Mor(I, ADA). Using
(3.50) and (4.14), we get (4.12). Conversely, assuming (4.10)—(4.12) and
repeating the above reasonings in an opposite order, one gets that G is self-
adjoint.

Since A and p; (i € Z) generate B, uniqueness of * follows.

ad 3) If po* = xo¢ and M = M then (in 2) of Proposition 4.4)

MAM™ = 6(A) = ¢(R) = $(A) = MAM ",
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hence A = A. Moreover,

M(ep+h—Ah) = 6(p) = ¢(p) = 6(p) = M(cp + h — Ah).
Thus h — h € Mor([,f\)f {0} (condition c.), ¢,h; € R (i € Z). In 3) of
Proposition 4.4 we prove A = A as above and define Hopf *-algebra structure
in B by #5 = ¢ o xg o ¢~ ', which gives the proper % in A. Thus ¢ is a Hopf

*-algebra isomorphism by construction. Then

M(cp+h—Ah) = ¢(p) = ¢(p) = ¢(p) = M(cp+h — Ah),
= p. 0.

y

Proposition 4.8 Let B satisfy the conditions of Proposition 4.5.2 with T =
T. Then (see (3.54)) TF/(S(b*)) = Tk (b).

Proof. Using Ax = (x @ x)A, AS = 7(S® S)A, S = ¢, (4.10), (4.11) and
T,; = Tj; one gets
Tig (S()) = i % 15 (0) = 10 (A )15 (b) + T5€(D) = (fimm * fjn) (0) Tm

Multiplying both sides by (R —1%2),;; and using (4.14), (4.15), one gets our
assertion. O.

Corollary 4.9 With assumptions of Proposition 4.8, if (3.55) holds for some
b e A then (3.55) holds for S(b*).

Proof. Let ¢ = S(b*). Applying Sox* to (3.55) and using Proposition 4.8, one
obtains (A7) (A™1);(c x 771) = 7 % ¢, which is equivalent to (3.55) with b
replaced by c. a.

5 Quantum homogeneous spaces

In this Section we prove that each inhomogeneous quantum group possesses
(under some conditions) exactly one analogue of Minkowski space. Through-
out the Section we assume that Poly(H) = (A, A) is a Hopf *-algebra satis-
fying the conditions a.—c. and Poly(G) = (B, A) is the corresponding Hopf
*-algebra as in Theorems 2.1, 3.1 with *-structure as in Proposition 4.5.2.
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Remark 5.1 Analogues of Minkowski spaces endowed with the action of in-
homogeneous quantum group in absence of inhomogeneous terms in the com-
mutation relations were studied e.g. in [13], [8], [3], for the so called soft
deformations (a commutative A andn = 0) in [17] and for k-Poincaré group

in [7].

Motivated by [12] we say that (C, ¥) describes an analogue of Minkowski
space associated with G if one has

1. C is a unital *-algebra generated by z;, i € Z, and ¥ : C — B®C is a
unital *-homomorphism such that (¢ ® id)¥ = id, (id ® ¥V)¥ = (A ® id)V,
x; = x; and

Ve, =N @ +p @ 1. (5.1)

2. if YW c A® W for a linear subspace W C C then W C CI.

3. if (C', V') also satisfies 1.-2. for some z;" € C’' then there exists a unital
*-homomorphism p : C — C’ such that p(z;) = z;/ and (id ® p)¥ = Vp
(universality of (C,V)).

Let us remark that the conditions (e ®id)¥ = id, (id® ¥V)¥ = (A ®id)¥
are superfluous in 1..

Proposition 5.2 We assume
Mor(I, ADA) Nker(R + 1%%) = {0}. (5.2)

Let C" be a unital algebra generated by x; (i € Z) and V' : ' — B®C' be a
unital homomorphism satisfying (5.1) and the condition 2.. Then

(R —1%%)5; i (wpry — (M) T + Thy) = 0. (5.3)
Proof. According to (5.1), W'z = AQz + p@I. Thus
V(@) = (ADA)D(z@x) + (ADp) Dz + (pDA) D + (pTp) DL
Using (1.12), (3.60) and (3.52),
V(R —1%%)(2Dr)) = (ADAN)D(R — 1%%) (D) +
(R—1%*)(ZA — (AON)2)Dz + (R — 1%%)(Zp — T + (ADAN)T)DL.
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Setting w = (R — 19%)(x@zx — Zz + T), one obtains ¥'w = (ADA)Dw.
The condition 2. implies w;; € CI, w = (ADA)w. But Rw = —w, hence
w € Mor(I, AOA) Nker(R + 1%9%) = {0} and (5.3) follows. 0O.

Proposition 5.3 Assume that
Mor(I, AQADA) = {0}. (5.4)

Let C be the universal unital algebra generated by x; (i € T) satisfying (5.3).
Then there exists a unique unital homomorphism ¥ : C — B ® C such that
(5.1) holds. Moreover, ozm(x®”), 1=1,2,...,dimS,, n=0,1,...,N, form
a basis of

CN =span{w;, ... 2y, ¢ i1,...,in €L, n=0,1,..., N},

n

and the condition 2. holds. In particular,
N
dimCV = Z dim S,,.
n=0

Proof. Doing the same computations as in the proof of Proposition 5.2,
we get that the right hand sides of (5.1) satisfy (5.3) in B ® C. Therefore
the desired ¥ exists. Uniqueness is trivial. We find the basis of C¥ in
a similar way as the basis of the left module B~ in Section 3 (Theorem
3.1-Corollary 3.3). The main change is that we now consider the equality
(202)Dr = zD(xDx), using 0zx = R(x@x)+k, where k = c-x+(R—1%%)T.
One gets A(k@z) = B(zDk). Instead of (3.21)-(3.22) we have

1
1 ®2
0=—SH(R—-1")T (5.6)

where
I=A(R-1°)T®1) - BA® (R—1°T) = -A3(T®1-1T) = L.

Thus (5.5) is equivalent to (3.21), which is equivalent to (3.1). Moreover,
using (3.50), (3.27) and (5.4), one obtains that (5.6) is equivalent to (3.2).
Then we find the basis in a similar way as in Section 3.
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Now we shall prove the condition 2.. Let y € C, Yy € ARC. If y & CI
then for some N > 0

dim Sy &
iN N /
y= > a4y
=1

where ¢’ € CV~1 and not all ¢; equal 0. Using (5.1),

dim Sy '
Iy="3 (PN ol tw
i=1
where w € BY"! ® C and also Uy € BN~ ® C. In virtue of Corollary 3.6
¢; = 0. This contradiction shows that y € CI. O.

Remark 5.4 Assume (5.2) and (5.4). Then (C, V) defined in Proposition 5.3
satisfies the conditions 1.-3. without x (one can check (¢ ® id)¥ = id,
(id®@ U)¥ = (A ®id)¥, (id® p)¥ = ¥p on generators). The existence
of x-structures in A, B is not necessary for Proposition 5.2, Proposition 5.3
and Remark 5.4.

Proposition 5.5 Let (5.2) and (5.4) hold and (C,¥) be as in Proposition
5.3. Then there exists a unique *-algebra structure in C such that ¥ is a
*-homomorphism. It is determined by x] = x;.

Proof. Assume that C is a *-algebra and ¥ is a *~homomorphism. Conjugat-
ing (5.1) and comparing with (5.1), one gets ¥z; = A;; ®z; where z; = &} — ;.
Using the condition 2. (see Proposition 5.3), z; = k;I with k; € C. Thus
k= (k)?_, € Mor(I,A) = {0}, z; = 0, 2} = ;. Since we must have I* = I,
it determines * in C uniquely.

Conversely, setting z7 = x; in free unital algebra generated by z;, we get
a *-algebra. In virtue of (4.12), (4.14) and (3.50)

T —T € Mor(I, ADA) Nker(R + 1%%) = {0}.

Using this, (4.14) and (4.15), one checks that the ideal generated by the left
hand sides of (5.3) is selfadjoint. Hence there exists *-algebra structure in C
such that xf = z;. Using (5.1), W o* = %o ¥ on x;, hence in whole C, and ¥
is a *~homomorphism. a.
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Theorem 5.6 Assume (5.2) and (5.4). Then the conditions 1.-3. are sat-
isfied if and only if the pair (C, W) is x-isomorphic to that defined in Propo-
sitions 5.3 and 5.5.

Proof. According to Propositions 5.3 and 5.5, (C, V) satisfies the conditions
1-2.. If (C', V') also satisfies 1.-2., then using Proposition 5.2, (5.3) is sat-
isfied in C’ and there exists a unital homomorphism p : C — C’ such that
p(x;) = ;. Using xf = x;, /" = x;/, one gets that pox = xo0p. Using (5.1),
one gets (id ® p)¥ = ¥'p on x; and hence in whole C. Thus the condition 3.
is satisfied. Uniqueness follows from the universality. a.

Proposition 5.7 Assume (5.2) and (5.4). Let ¢ : B — B be a Hopf *-
algebra isomorphism of quantum inhomogeneous groups, pf = p;, pf = i,
P, = a: A— A be a Hopf *-algebra isomorphism such that ¢4(A) =
MAM, ¢(p) = M(cp+h—Ah), M = M, ¢,h, e R (s € T). Let (C,T)
and (é, \TJ) be the corresponding objects satisfying 1.—3.. Then there exists a
unital *-isomorphism ¢¢ : C — C such that ¢¢(z) = M(ck + h) and ¢, dc
intertwine U with U.

Proof. We set & = ¢™'(M~'xz — h) and check that (C, (¢ ® id)¥) satisfies
the conditions 1.-3. w.r.t. Z, A and p. By virtue of universality, there exists
a unital *-isomorphism ¢¢ : C — C such that ¢¢(7) = Z, (¢R¢pc)V = Voe.O.
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