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Bose-Einstein condensation

At some energy, divergence may occur
This means that the occupation of the lowest state becomes macroscopic
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This can be achieved in two ways: decreasing T or increasing p (number
of particles)



(Berezinskii-)Kosterlitz-Thouless phase transition

* Nobel prize in Physics 2016

 Awarded to D. J. Kosterlitz, J.M. Thouless and F. D.
M.Haldane “for theoretical discoveries of topological
phase transitions and topological phases of matter" (in
part for the prediction of the KT transition)



2D XY model and vortices

ins in 2D

* A classical model of an array of sp

Hxy = —JZCOS(& —0;)

(23)

YA A AN A A A A AN YY
P A A A A A A A A A A A A AT Y Y
FYIYAAA A A A A A A A A A A A Yy Yy
e bR EEREREREEEEEEEEEE
v v 4444 dddddddd 497
vres A dddd A AL b A d ddarvry
rreradd Al Ah bbb A A d d s rry
rrr s d A b2 22222 bl d vy
“1‘\7.’441.‘44.’.*\*1111
Ftrrriklhblbtktfrrtr
AAbAA Y PPFPIPIPP Y AAARMM
ALAALYYTIIFII VY X LAAAL
LA AR AR R AR ERR RS A
ALAAAY L LT L LAAAN
AR AA 44414 A
AAAAAALLLL L A A A
AR A A A A A
AAAAAAAALAA AL A A A A
Ak A A A A AAAAAAA A A

AR T N N N N O L R I
% % % % b b bk b LA A d L dd A
e %% bbbk b A d d d dd4doq970vw
* v vy % e b bk b b d d ddd4da49q9v5vv7
v vyw % % h b b A d Jd 4 @777
v w vy Yy bbb A d d éd @ vFvrovrww
wwwwwwye b bl d 4 ¢ ¢ vvwvewr
wwwwwwwYy®Y b bl d F # 7vF vwewrver
---I-I'-w'!\-'b‘.l_‘l'vvrr'r-r
- A A A A A APy OAAAA R R
A A oA oA AASF T TAAAALLAARR
A A A A AP PN, A A A AN
A AADPPEPFPPTYTLAAAAAAMN
A A A E PP PPN A A A
A AELEFPPFPPFTFTTTUTY Y A
A ELEFPPFTIFT VIV Y I 98 A AA)
AE PP PP F IV YT 11044l
R PP FPFTTIYYT LA

1Ivortex paitr

Vortex-Ant

Vortex



2D XY model and vortices

* Correspondence with complex fields
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KT transition

* Phase circulation far from vortex core: Energy of a
vortex diverges logarithmically with system size!

e
* Vortex-antivortex pairs have finite energy

* Considering free energy, even the state with free vortices
can exist
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KT transition

* The phase with bound vortex-antivortex pairs has a
nonzero superfluid fraction and power-law decay of
coherence

" kgT
(IOO—0@)y (E) 27
5

* The phase with free vortices has a standard exponential
decay of coherence



Solitons
history

Scott Russell in 1834 observed a heap of water in a canal that propagated undistorted
over several kilometer

,a rounded, smooth and well-defined heap of water, which continued its curse along the
channel apparently without change of form or diminution of speed. | followed it on a
horseback, and overtook it still rolling on at a rate of some eight or nine miles an hour,

preserving its original figure some thirty feet long and a foot to a foot and a half in height.”

after ,,Nonlinear Fiber Optics” G. P. Agraval
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Quantum physics: Single electrons pop out of the Fermi sea
Ch. Flindt, Nature 502, 630-632 (31 October 2013)




Solitons
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Captain Parry’s observation

* Second (unsuccesful) expedition to the
North Pole, 1822

* The sound of the cannon arrived %2 second
before the “fire” command

1720 m




Fermi-Pasta-Ulam paradox

* Array of particles connected by anharmonic springs
1 N—1 1 N—1 o N—1
H(P, Q)= 3 > P+ 3 D (Qiv1— Qi)+ 3 D (Qiyr— Qi)
i=1 1=0 1=0

* Equivalent to the KdV equation in the continuous (many
small oscillators) limit

* Inevstigated numerically on MANIAC computer in search for
ergodicity and thermalization



Fermi-Pasta-Ulam paradox
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* Instead of thermalization, periodic revivals occurred

* The behaviour has been explained by Zabusky and Kruskal in
terms of solitonic interference



What is NOT a soliton?

 Defect or bound state
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* Dispersionless linear wave
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Solitons are self-localized, i.e. their existence is the reason why
they do not decay. In particular, they cannot exist in the low-
amplitude (linear) limit.
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