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Rownanie Schrodingera

Szczegdlne rozwigzania rédwnania Schrodingera

2
ih% Y(#t) = —;—m V2@, t) + VE DY, t)

Potencjat niezalezny od czasu

h? 92

Hy = = +U(x) Y(x,t) = Ap(x)e tEt/M

Potencjat niezalezny od czasu H=H,+V(t)
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Atom wodoru of

Eigenstates (stany wtasne) of L :
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Atom wodoru

Eigenstates (stany wtasne) of L :

1 ox (_r)
lilyls f 3 p a
1 r r
= 2——)exp(——
Vo =7 f—g( —)exp(-—-)

U/Zpo: 4\/7

L - exp(— —) sin @ exp(+i@)
Q a 2a

— exp(——) cos @

Vips =

Real functions (funkcje rzeczywiste):

1 exp(— r)

'?U]s \/E p a
1 r 1

Wpr - 2m3 Eexp(_ 261) - '\E (szﬂ T WZP_])
1 y r 1

Wpr 4 2}’?&3 Eexp(_ 261) - \/E (w2p+1 pr—])

B 1 z AN
Wsz 4 2@3 ;exp( E) IIUZpO
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Atom wodoru

Eigenstates (stany wifasne) of L : Spherical harmonics (harmoniki sferyczne) Y:
lI[n m\’, U, — Iip Ym
W, = - exp(__) l (T 7 (,0) R 3(5‘“) I (9 )
V7 a Z\%? Zy Zr
1 r 7 Rao(r) = %0 2 1—% exp " 5a
Vi = \/73 (2 __)exp(_z_)
T e P00 () () ()
1 il — | — X ———
Wipo = —BXp(——)cosé' ’ 2a V3 \ 2a 2a
’ 1
Yoo(8, ) =1/ —
Wops = : —eXp(——) sin @ exp(+i@) 00(6; ¢) 4
8 a 2a 3
Yio(0,¢) = pp cos(8)
3
Yie1(0,¢) = . sin(#9) exp(Fip)
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[y?

Eigenstate: FQ_,,‘, Stan 1s
E.g. hydrogen wavefunction
U = Ry y(r)O 1 (6) P (0) .-
=) (22N
Rﬂ,l(r) - \/ 2n(n_|_ l)' nag € P Gn—l—l(p)
B m (201 —-m)
Oum(0) = (1) \/ o (l_l_m)!Pg (cosf)
(bm(‘f)) = Ce™? //}Jantum numbers!
K

V= Rn,i(r)el,m(g)(bm(é) — |?’1, L, m)
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http://chemistry.stackexchange.com
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Hydrogen Wave Function

Probability density plots.

2\ (n—-1-1) 51§55
fm Y A { e P2 L%
nag/ 2n[(n+1))

(3,1,1)

http://chemistry.stackexchange.com
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Perturbation theory (rachunek zaburzen)

Time-independent perturbation theory (rach. zab. bez czasu)

I‘:T _ ﬂrﬂ 4 Aj-‘-_;r;é—_ perturbation \(\'L'd\o
) @

Known solutions of unperturbed Hamiltonian ﬂn'(,bf] = Ef] '(,fi'f]

1>

b@

We are looking for the function y,,: I::H.:. -+ }LHF}’I,&'“ = ﬂ’I,l'L'ﬂ

we can write E,, and 1,, as power series in A::
Un =)+ A0 + MY o+
E,=E’ +\EY + XE® 4
Thus:
(Hot AH") (0 + 203+ 20200 +..) = (Ba+ABW A ED 4. ) () + 20+ X297 +.)

comparing coefficients of each power of A

Hy® = B,
Fopd + H'9) = EOp + BV
Hor? + H'y,) = B + B0 + BP )

http://pl.wikibooks.org/wiki/Mechanika_kwantowa/Rachunek_zaburzen_dla_réwnania_Schrodingera_niezaleznego_od_czasu
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Perturbation theory (rachunek zaburzen)

Time-independent perturbation theory

Eigenfunction

E,=Ey+\E, = Ey+\H,

iy |

H,.
Yn =) + X0 =g XY 50— pO R

k. k#n

a solution exists only when its determinant : det(AH’ — fE) =0

Perturbation MH|, — F AH{, o AH{,
= (Wil A'[;) AH,, ~ MH,, —E ---  \H )
MH!, \H!, - MH, - F

http://pl.wikibooks.org/wiki/Mechanika_kwantowa/Rachunek_zaburzen_dla_réwnania_Schrodingera_niezaleznego_od_czasu
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Hydrogen-like atom

Alkali metal atoms (wodoropodobne):

3¢’
perturbation theory H = H,+ H': ) V(?"): B Are 1 +A§(?" _a)
0
Ho; = Eap; [ 702
2 r<b
nE L
—~ o~ b) V )= 0
perturbation Hl-’j = (1/)l-|H’|l/Jj) ( ) ) e’
— r>b
dre,r

the method:  det|H’' — EI| =0

05.11.2019




Hydrogen-like atom

Alkali metal atoms (wodoropodobne):

perturbation theory H = H,+ H': ) V(?"): B . +A§(?" _a)
0
Ho: = Ex; [ 702
2 r<b
TE
—~ o~ b) V )= 0
perturbation H; = (w:|H'[y;) ( ) ) &>
— r>b
dre,r

the method:  det|H’' — EI| =0
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Pole elektryczne
Stark effect of hydrogen atom

H'= PE =ezE

dipole moment p

Eigenfunctions of hydrogen atom for 2p state:

lIJZOOI lp21—11 lleOr 1/)211

Perturbation H{; = (;|H'|¢))

http://pl.wikibooks.org/wiki/Mechanika_kwantowa/Rachunek_zaburzen_dla_réwnania_Schrodingera_niezaleznego_od_czasu
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Pole elektryczne
Stark effect of hydrogen atom

electric field E

H'= PE =ezE

z

dipole moment p

Eigenfunctions of hydrogen atom for 2p stz

Y200, Y21-1, V210, ¥211 Z\ /2 Zr Zr
20(r) = 2% 2 1—% exp " oa
_ _ ZN\"? o [z Zr
Perturbation  Hj; = (| H'[ 1)) Far(r) = (—) V3 (2_) o (_2_)
1
Yoo(8,¢) = In
i 3
Yi0(0,¢) = e cos(#)

http://pl.wikibooks.org/wiki/Mechanika_kwantowa/Rachunek_zaburzen_dla_réwnania_Schrodingera_niezaleznego_od_czasu
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Pole magnetyczne i spin

Pole magnetyczne:

H = —/'771’1_3)
Here 1 is the magnetic moment
klasycznie:
N - e e e
M| = |IS| = =nr? = nr? =—rv [Am?]
T 2nr /v
— e - ‘LlB >
Stad: M= ———L=—"21L
2 zmo h
Bohr magneton = te
g Up = 2,

g = 9,274009994(57)x10724 J/T
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Pole magnetyczne i spin

Magnetic field: S o
8 H' = -mB ="L1B
A h
for § = (0,0, Bz) Here m is the magnetic moment

we have: H' = ”?BZZBZ = ugB,m where m=-[,—-l+1,..1—1,1

N/

Here m is quantum number |n, [, m)

m=1
-t |
the base: |l,m) \ m=0

B=0 B+0
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Pole magnetyczne i spin

Magnetic field: S o
8 H' = -mB ="L1B
A h
for § = (0,0, Bz) Here m is the magnetic moment

the base: \

B=0 B+0
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Pole magnetyczne i spin

Stern-Gerlach experiment (1922 r.)

Inhomagenesous
magnetic field

Field Spin can take
Zerofield  on only two orientations
Photographic pattern o= Classical expectation

ate —
P = = Experimental result After Beiser

http://hyperphysics.phy-astr.gsu.edu
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Pole magnetyczne i spin

Spin, spin-orbit interaction

Spin operators fx,fy,fz,fz Y(#,S,) =@ x(S,)

\ Spinor

[fx,fy] = ihfz, etc.

Pauli matrices: gy, Oy, Oy

. 1 1 0 1
Sx_Eho-x_Eh—l 0]
1 1 ¢ ; Spin can take
S =—ho. =—h 0 =i only two orientations
yo27Y 27k 0
A 1 1 11 o0 projections of the spin on the axis z
XT - O IXl - 1

05.11.2019




Pole magnetyczne i spin

Spin, spin-orbit interaction

Spin operators fx,fy,fz, S2

H' =22 (L + g5)B
\ g-factor (g-czynnik) for the
15, Sy = inS,, etc. agreement with experiments
Pauli matrices: gy, Oy, Oy

. 1 1 0 1

Sx_Eho-x_Eh—l 0]

s 1 1 0 —i

Sy=zhoy =3 o

A 1 1 11 o0 projections of the spin on the axis z
Sx_EhO'z_Eh 0 _1] )(T=(1) Xl:(o)

0/’ 1
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Polaryzacja sSwiatta _

Bloch sphere
0 1)
0] = 0 —
. 1 0
B 1

d"a:—f—:%(i) %bm—:%(jl):
1 1

¢y+=5(1) ¢y—=ﬁ(_1i):

wer:(;): /]\ "pz—:(g)' \l/
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Polaryzacja sSwiatta

incare
*Bloch sphere
_ 0 )
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Pole magnetyczne i spin
Spin, spin-orbit interaction

Spin operators fx,fy,fz, S2

h \
g-factor (g-czynnik) for the

15, Sy = inS,, etc. agreement with experiments

Pauli matrices (macierze Pauliego): ay, gy, g,

S, = %hax - %h "1) (1)] g = —2.00231930436182 + 0.00000000000052
A 1 1 0 —i
Sy=zhoy =3 o
s 1 I & projections of the spin on the axis z
Sy EhO'Z Eh 0 _1] Y1 = (1) xy = (0)
0/’ 1
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— Quantum ElectroDynamics

g = —2.00231930436182 £+ 0.00000000000052




Co to jest spin?

Albert Einstein - Johannes Wander de Haas,
Berlin 1914,

Kwantowy moment pedu

<

S i B

Wewnetrzna wtasnosc
elektronéw?

http://www.ptb.de/en/publikationen/jahresberichte/jb2005/nachrdjahres/s23e.html
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No dobra, ale...

* Co to jest spin?
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Co to jest spin?

* Cotojest masa?

Marius?
C\lEAm

ot "y

F=md

05.11.2019

ariusz Pudzianowski http://www.pudzian.pl/




Co to jest spin?

* Coto jesttadunek?

http://www.chaseday.com
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Co to jest spin?

* Coto jest ped?
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Co to jest spin?

* Cotojest moment pedu?

L =




http://www.floridahistory.com/us@1570.html

TRANCIICA
€.
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Pole magnetyczne i spin

Spin, spin-orbit interaction

Spin operators fx,fy,fz, S2

H' =22 (L + g5)B
\ g-factor (g-czynnik) for the
agreement with experiments
Total angular momentum operator / = L + S, the base |j, m;)

Total magnetic moment M = M; + Mg = —gL BT —gq ”BS

0 0
=1 =2

M # J - magnetic anomaly of spin

05.11.2019




Pole magnetyczne i spin

Spin-orbit interaction Hgp, = ALS with the base |n, [, s, m;, m;)

Fors-states L=0=LS =0

Total angular momentum operator / = L + S, the base 1/, mj)

_ 1 1
Hso =ALS =25 (>~ 1> =5%) =2 (LZSZ +5(LyS- + L_S+))

o he A= Za? |1
A I P Ry = hcRo
. 2 mee*
Stata struktury subtelnej e _ 1 © = g2p3e
fine-structure constant a = 4rreghc ~137.037 R, =1 0097 % 107 m-L

E—f *H dV = 2 ]*ESA dv

Z

3
e.g. for P19 we get <ri3> = i (a—) and for general n (principal guantum number)
0

B Z4 <j(j +1)—1(l+1)—s(s+ 1))
~ 2(137)2a3n3 21(L+1/2)(1+ 1)

ESO
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Pole magnetyczne i spin

: o : -~ A ~a .
Spin-orbit interaction Hgy = LS with the base |n, [, s, m;, m;)
For s-states L = 0= LS =0

Total angular momentum operator / = L + S, the base 1/, mj)

Biot-Savart law — magnetic field of en electron of angular momentum L

a

[dSs X7 L Zqu
Kol G5 2T Orbiting charge: vds = v ds I = 1
4t |r|3 21ag

P
/////"i:/””' — 2?8!10 1 — —
B; = —3 Electron in the external field B,
i 4Ttm,r

dB =

)
.
A — A
N Wi

http://www.chem.ox.ac.uk/teaching/Physics%20for%20CHemists/Magnetism/Field.html

05.11.2019 35




Pole magnetyczne i spin

: o : -~ A ~a .
Spin-orbit interaction Hgy = LS with the base |n, [, s, m;, m;)
For s-states L = 0= LS =0

Total angular momentum operator / = L + S, the base 1/, mj)

Biot-Savart law — magnetic field of en electron of angular momentum L

a

. Zqu
dB = [ =1

[ds X 7 .,
Kol G5 7 7 Orbiting charge: vds = v ds =
4t |r|3 21ag

/ P
—— - Ze 1 - -
: J B, = Ho —3 Electron in the external field B,
i 4Ttm,r
- MB A~
B =1Zeu0 lz .Us=9575
/2 4m, r3

Thomas factor from relativistic calculations

)
.
A — A

http://www.st-andrews.ac.uk/~dc43/PH4021/Lectures%2011-13%20SPIN-ORBIT%20INTERACTION.pdf
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Pole magnetyczne i spin

: o : =~ Asa .
Spin-orbit interaction Hgy = LS with the base |n, [, s, m;, m;)

o
[ R4S
(v
.\
©
T
S
o
L~
o
3
3
QN
2l
w
“»
)
[l
T| >
)
U

(Note: sometimes convenction is H' = A1§)

u _1( Ze? ( Js )if
507 2 \4me, ) \2m2c2/ 13

http://www.st-andrews.ac.uk/~dc43/PH4021/Lectures%2011-13%20SPIN-ORBIT%20INTERACTION.pdf
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Pole magnetyczne i spin

: o : =~ Asa .
Spin-orbit interaction Hgy = LS with the base |n, [, s, m;, m;)

Fors-states L=0=LS =0

Total angular momentum operatorf =L + S, the base 1/, mj)

. Ao A 1
Hgo = hz 2 LS = hz 2 (/2 52) = ﬁ (LzSz + E (L+S— + L—S+))

fine-structure constant

_ Ze*ugh® |1\  Zha |1 Ry = hcRy
~ 8mm2 \r3] 2mZc \r3 _ Mmee’

5 ©  8e2h3c
e __1 Ry = 1,097 X 107m-2
4teghc  137.037

a =

ESO - ]lp HSO¢ av = 2(137)2f¢ 7"3 l/)dV
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Pole magnetyczne i spin

: o : =~ Asa .
Spin-orbit interaction Hgy = LS with the base |n, [, s, m;, m;)

Fors-states L=0=LS =0
Total angular momentum operatorf =L + S, the base 1/, mj)
I A

. 2 1
Hso =518 = hz > (12 —5) = (LZSZ +5 (LS + L_S+)>

3

1
—| = uff ufff.ufffff ..
<’"3> ”aBl(l+ )(l+1)
2
(LS) =h7[j(j+ 1) —1(l+1)—s(s+1)]

3
e.g. for P19 we get <%3> = i (ai) and for general n (principal guantum number)
0

Z4 <j(j +1)—1(l+1)—s(s+ 1))
2(137)2agn3 2L+ 1/2)(L+ 1)

Eso =
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Pole magnetyczne i spin

Spin-orbit interaction Hgp = ﬁﬂ? with the base |n, [, s, m;, mg)

Fors-states L=0=LS =0

*P3/,

/ :

1
: 2
3
%P1 /2

the base: |n, [, s, ], mj)

shortly: |j, mj)
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Multi-electron atom

Term symbol 25+1 L]

an abbreviated description of the angular momentum gquantum numbers in a multi-electron atornr

Total wavefunction must be antisymmetric (under interchange of any pair of particle)

l/)(F: Sz) = l/)(F)X(Sz)

VAN

Orbital part Spin part

Multi-electron wavefunction:

l/)('f')l, ...,FN, §1, ...,§N) = l/}('l;)l, ...,FN)X(S')l, ...,§N)

Antisymmetric wavefunction + Pauli exclusion principle + Coulomb interaction =
Exchange interaction
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Multi-electron atom

Term symbol 25+1 L]

an abbreviated description of the angular momentum gquantum numbers in a multi-electron atornr

Total wavefunction must be antisymmetric (under interchange of any pair of particle)

l/)(f”), Sz) = l/)(F)X(Sz)

VAN

Orbital part Spin part

Multi-electron wavefunction:

l/)('f')l, ...,FN, §1, ...,SN) —

guli exclusion principle + Coulomb interaction =

Antisymmetric wavefunctio
Exchange interaction
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Rodzaje oddziatywan wymiennych

Oddziatywanie wymienne = Odziatywanie kulombowskie + Zasada Pauliego

Y = Worpitar X Yspin Antysymetryczna!

Przyktad:

Dwa elektrony zlokalizowane na jednym centrum
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Rodzaje oddziatywan wymiennych

Oddziatywanie wymienne = Odziatywanie kulombowskie + Zasada Pauliego

Y = Worpitar X Yspin Antysymetryczna!
R CIte)
Reguty Hunda, E;<Es 1
\/% [pa(Vep(2) —ea@ep]x | 75 D (W (2) + Xy (D) xr(2)]
Xy (Dxy(2)

- lpa(1)wB(2) + @a(2)pn(1)] % D (D)xe(2) = x (1) x4(2)]

V2 II V2



Rodzaje oddziatywan wymiennych

Oddziatywanie wymienne = Odziatywanie kulombowskie + Zasada Pauliego

Y = Worpitar X Yspin Antysymetryczna!

Przyktad:

Dwa elektrony na dwéch réznych centrach

H(1,2) = HA1) + HE(2) + &
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Rodzaje oddziatywan wymiennych

Oddziatywanie wymienne = Odziatywanie kulombowskie + Zasada Pauliego

Y = Worpitar X Yspin Antysymetryczna!

X+ (1)x+(2)

1
\/% [pa(Vep(2) = a@ep]x | 75 D (W (2) + Xy (D) xr(2)]

" X1 (1)xy(2)

% [pa(L)ep(2) + va(2)ep(l)] \% X (Dx(2) = xu (1) x+(2)]

Wiazania chemiczne, E.<E;
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