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Introduction

Introductory and historical remarks

Clifford (1878) introduced his ‘geometric algebras’ as a generalization of Grassmann alge-
bras, complex numbers and quaternions. Lipschitz (1886) was the first to define groups
constructed from ‘Clifford numbers’ and use them to represent rotations in a Euclidean
space. E. Cartan discovered representations of the Lie algebras so,(C) and so,(R), n > 2,
that do not lift to representations of the orthogonal groups. In physics, Clifford algebras
and spinors appear for the first time in Pauli’s nonrelativistic theory of the ‘magnetic elec-
tron’. Dirac (1928), in his work on the relativistic wave equation of the electron, introduced
matrices that provide a representation of the Clifford algebra of Minkowski space. Brauer
and Weyl (1935) connected the Clifford and Dirac ideas with Cartan’s spinorial represen-
tations of Lie algebras; they found, in any number of dimensions, the spinorial, projective
representations of the orthogonal groups.

Clifford algebras and spinors are implicit in Euclid’s solution of the Pythagorean equation
22 — y? + 2% = 0 which is equivalent to
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sothat = ¢®> —p?, y = p? + ¢* z = 2pq. If the numbers appearing in (1) are real, then
this equation can be interpreted as providing a representation of a vector (z,y, z) € R?, null
with respect to a quadratic form of signature (1,2), as the ‘square’ of a spinor (p,q) € R
The pure spinors of Cartan (1938) provide a generalization of this observation to higher
dimensions.

Multiplying the square matrix in (1) on the left by a real, 2 x 2 unimodular matrix, on
the right by its transpose, and taking the determinant, one arrives at the exact sequence of
group homomorphisms

1 — Zy — SLy(R) = Spin{, — SO}, — 1.
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Multiplying the same matrix by



on the left and computing the square of the product, one obtains
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Z r+y\ 2 2 o (1 0
(w—y —z) = (x y+z)(0 1).

This equation is an illustration of the idea of representing a quadratic form as the square
of a linear form in a Clifford algebra. Replacing y by iy one arrives at complex spinors, the

Pauli matrices
(01 . (1 0
Ox = 1 0 9 Uy - 167 0, = 0 _1 I
Sping = SUy, etc.

This article reviews Clifford algebras, the associated groups and their representations,
for quadratic spaces over complex or real numbers. These notions have been generalized by
Chevalley (1954) to quadratic spaces over arbitrary number fields.

Notation

If S is a vector space over K = R or C, then S* denotes its dual, i.e. the vector space over
K of all K-linear maps from S to K. The value of w € S* on s € S is sometimes written
as (s,w). The transpose of a linear map f : Sy — Sy is the map f* : S5 — S defined
by (s, f*(w)) = (f(s),w) for every s € S; and w € S;. If S; and Sy are complex vector
spaces, then a map f: S; — S5 is said to be semi-linear if it is R-linear and f(is) = —i f(s).
The complex conjugate of a finite-dimensional complex vector space S is the complex vector
space S of all semi-linear maps from S* to C. There is a natural semi-linear isomorphism
(complex conjugation) S — S, s + 5 such that (w,3) = (s,w) for every w € S*. The
space S can be identified with S and then 5 = s. The spaces (S)* and S* are identified. If
f:S1 — S, is a complex-linear map, then there is the complex conjugate map f : S; — S,
given by f(5) = f(s) and the Hermitean conjugate map f1 o f*: 83 — St. A linear map
A: S — S* such that AT = A is said to be Hermitean. K(N) denotes, for K = R, C or H,
the set of all N by N matrices with elements in K.

Real, complex and quaternionic structures

A real structure on a complex vector space S is a complex-linear map C' : S — S such that
CC =1idg. A vector s € S is said to be real if 5 = C(s). The set Re S of all real vectors is a
real vector space; its real dimension is the same as the complex dimension of S.

A complex-linear map C : S — S such that CC = —idg defines on S a quaternionic
structure; a necessary condition for such a structure to exist is that the complex dimension
m of S be even, m = 2n, n € N. The space S with a quaternionic structure can be made
into a right vector space over the field H of quaternions. In the context of quaternions, it is
convenient to represent the imaginary unit of C as /—1. Multiplication on the right by the



quaternion umit i is realized as the multiplication (on the left) by /—1. If j and k = ij are
the other two quaternion units and s € S, then one puts sj = C'(3) and sk = (si)j.
A real vector space S can be complexified by forming the tensor product C®gr.S = S@iS.
The realification of a complex vector space S is the real vector space having S as its
set of vectors so that dimg S = 2dim¢ S. The complexification of a realification of S is the
‘double’ S & S of the original space.

Inner product spaces and their groups
Definitions: quadratic and symplectic spaces

A bilinear map B : S xS — K on a vector space S over K is said to make .S into an inner
product space. To save on notation, one writes also B : S — S* so that (s, B(t)) = B(s,t)
for all s, € S. The group of automorphisms of an inner product space,

Aut(S,B) ={R € GL(S5)|R* o Bo R = B},

is a Lie subgroup of the general linear group GL(S). An inner product space (S, B) is said
here to be quadratic (resp., symplectic) if B is symmetric (resp., anti-symmetric and non-
singular). A quadratic space is characterized by its quadratic form s — B(s,s). For K = C,
a Hermitean map A : S — S* defines a Hermitean scalar product A(s,t) = (3, A(t)).

An orthogonal space is defined here as a quadratic space (S, B) such that B : S — S*
is an isomorphism. The group of automorphisms of an orthogonal space is the orthogonal
group O(S, B). The group of automorphisms of a symplectic space is the symplectic group
Sp(S, B). The dimension of a symplectic space is even. If S = K?" is a symplectic space over
K =R or C, then its symplectic group is denoted by Sp,,(K). Two quaternionic symplectic
groups appear in the list of spin groups of low-dimensional spaces:

Spy(H) = {a € H(2)|ala = I}

and
Spy,(H) = {a € ]HI(2)|aTaza =0.}.

Here a' denotes the matrix obtained from a by transposition and quaternionic conjugation.
Contractions, frames and orthogonality

From now on, unless otherwise specified, (V, g) is a quadratic space of dimension m. Let
NV =@, , A’V be its exterior (Grassmann) algebra. For every v € V and w € AV there
is the contraction g(v)aw characterized as follows. The map V x AV — AV, (v,w) —
g(v)Jw, is bilinear; if x € APV, then g(v)a(x Aw) = (g(v)az) ANw + (—=1)Pz A (g(v)Jw)
and g(v)av = g(v,v).

A frame (e,) in a quadratic space (V, g) is said to be a quadratic frame if p # v implies
g(eu,e,) = 0.



For every subset W of V there is the orthogonal subspace W+ containing all vectors that
are orthogonal to every element of WW.

If (V, g) is a real orthogonal space, then there is an orthonormal frame (e,), p=1,...,m,
in V such that k frame vectors have squares equal to —1, [ frame vectors have squares equal
to 1 and k + 1 = m. The pair (k,1) is the signature of g. The quadratic form ¢ is said to
be neutral if the orthogonal space (V, g) admits two maximal totally null subspaces W and
W’ such that V =W @& W'. Such a space V is 2n-dimensional, either complex or real with
g of signature (n,n). A Lorentzian space has maximal totally null subspaces of dimension 1
and a Fuclidean space, characterized by a definite quadratic form, has no null subspaces of
positive dimension. The Minkowsk: space is a Lorentzian space of dimension 4.

If (V. g) is a complex orthogonal space, then an orthonormal frame (e,), p=1,...,m,
can be chosen in V so that, defining g,, = g(e,, e,), one has g,, = (—1)**! and, if u # v,
then g,, = 0.

If A: S — S*is a Hermitean isomorphism, then there is a (pseudo)unitary frame (e,)
in S such that the matrix Asp = A(ea, ) is diagonal, has p ones and ¢ minus ones on the
diagonal, p + ¢ = dim S. If p = ¢, then A is said to be neutral. A is definite if either p or
q=0.

Algebras
Definitions

An algebra over K is a vector space A over K with a bilinear map Ax.A — A, (a,b) — ab,
which is distributive with respect to addition. The algebra is associative if (ab)c = a(bc)
holds for all a,b,c € A. It is commutative if ab = ba for all a,b € A. An element 14 is the
unit of A if 1 4a = al4 = a holds for every a € A.

From now on, unless otherwise specified, the bare word algebra denotes a finite-dimen-
sional, associative algebra over K = R or C, with a unit element. If S is an N-dimensional
vector space over K, then the set End S of all endomorphisms of S is an N2-dimensional
algebra over K, the product being defined by composition; if f,¢g € End S, then one writes
fg instead of f o g; the unit of End S is the identity map I. By definition, homomorphisms
of algebras map units into units. The map K — A, a — al 4 is injective and one identifies
K with its image in A by this map so that the unit can be represented by 1 € K C A. A set
B C Ais said to generate A if every element of A can be represented as a linear combination
of products of elements of B. For example, if V' is a vector space over K, then its tensor
algebra

T(V)=D,2, "V

is an (infinite-dimensional) algebra over K generated by K @ V. The algebra of all N by
N matrices with entries in an algebra A is denoted by A(N). Its unit element is the unit
matrix /. In particular, R(N), C(N) and H(/N) are algebras over R. The algebra R(2) is

4



generated by the set {o,,0.}. As a vector space, the algebra R(2) is spanned by the set
{I,0.,¢, 0.}.

The direct sum A @ B of the algebras A and B over K is an algebra over K such that its
underlying vector space is A x B and the product is defined by (a,b) - (¢/,V') = (ad’, bb') for
every a,a’ € A and b,b' € B. Similarly, the product in the tensor product algebra A Q@ B
is defined by

(a®b)-(d @b)=ad @bb. (3)

For example, if A is an algebra over R, then the tensor product algebra R(N) ®g A is
isomorphic to A(N) and
K(N) @k K(N') = K(NN') (4)

for K =R or C and N, N’ € N. There are isomorphisms of algebras over R:

CerC=CaoC
CoerH=C(2) (5)
H®g H=R(4).

An algebra over R can be complexified by complexifying its underlying vector space; it
follows from (5) that C(2) is the complex algebra obtained by complexification of the real
algebra H.

The center of an algebra A is the set

ZA)={acAlab=0baVbe A}

The center is a commutative subalgebra containing K. An algebra over K is said to be
central if its center coincides with K. The algebras R(/N) and H(N) are central over R. The
algebra C(NNV) is central over C, but not over R.

Simplicity and representations

Let B; and B, be subsets of the algebra A. Define B1By = {b1by | by € By,by € By}, A
vector subspace B of A is said to be a left (resp., right) ideal of A if AB C B (resp, BA C B).
A two-sided ideal—or simply an ideal—is a left and right ideal. An algebra A # {0} is said
to be simple if its only two-sided ideals are {0} and .A.

For example, the algebras R(N) and H(/N) are simple over R; the algebra C(N) is simple
when considered as an algebra over both R and C; every associative, finite-dimensional
simple algebra over R or C is isomorphic to one of them.

A representation of an algebra A over K in a vector space S over K is a homomorphism
of algebras p : A — End S. If p is injective, then the representation is said to be faithful. For
example, the reqular representation p : A — End A of an algebra A, defined by p(a)b = ab for

b}



all a,b € A, is faithful. A vector subspace T of the vector space S carrying a representation
p of A is said to be invariant for p if p(a)T C T for every a € A; it is proper if distinct from
both {0} and S. For example, a left ideal of A is invariant for the regular representation.
Given an invariant subspace T of p one can reduce p to T" by forming the representation
pr : A — EndT, where pr(a)s = p(a)s for every a € A and s € T. A representation is
irreducible if it has no proper invariant subspaces.

A linear map F : S; — S5 is said to intertwine the representations p; : A — End S; and
p2 : A — End S, if Fipi(a) = pa(a)F holds for every a € A. If F'is an isomorphism, then the
representations p; and py are said to be equivalent, p; ~ po. The following two propositions
are classical:

(A) (i) An algebra over K is simple if, and only if, it admits a faithful irreducible repre-
sentation in a vector space over K. Such a representation is unique, up to equivalence.
(ii) The complexification of a central simple algebra over R is a central simple algebra over

C.

For real algebras, one often considers complex representations, i.e. representations in
complex vector spaces. Two such representations p; : A — End S; and py : A — End S, are
said to be complez-equivalent if there is a complex isomorphism F' : S; — Sy intertwining the
representations; they are real-equivalent if there is an isomorphism among the realifications
of S and S5, intertwining the representations. For example, C, considered as an algebra over
R, has two complex-inequivalent representations in C: the identity representation and its
complex conjugate. The realifications of these representations, given by i — ¢ and i — —¢,
respectively, are real-equivalent: they are intertwined by o,. The real algebra H, being
central simple, has only one, up to complex equivalence, representation in C?: every such
representation is equivalent to the one given by

i— O'z/\/—_l, j O'y/\/—_l, k — O’Z/\/—_l.

This representation extends to an injective homomorphism of algebras i : H(N) — C(2N)
which is used to define the quaternionic determinant of a matrix a € H(N) as detg(a) =
deti(a) so that detg(a) > 0 and dety(ab) = dety(a)dety(b) for every a,b € H(N). In
particular, if ¢ € H and A, 4 € R, then dety(q) = gq and

Agq = \2
det _ = (A\u+ . 6
H (_q M) (Aw+qq) (6)
There are quaternionic unimodular groups SLy(H) = {a € H(N)|detg(a) = 1}. For exam-

ple, the group SL;(H) is isomorphic to SUy and SLs(H) is a non-compact, 15-dimensional
Lie group, one of the spin groups in 6 dimensions.



Antiautomorphisms and inner products

An automorphism of an algebra A is a linear isomorphism « : A — A such that a(ab) =
a(a)a(b). An invertible element ¢ € A defines an inner automorphism Ad(c) € GL(A),
Ad(c)a = cac™!. Complex conjugation in C, considered as an algebra over R, is an auto-
morphism that is not inner. An antiautomorphism of an algebra A is a linear isomorphism
g : A — A such that g(ab) = ((b)B(a) for all a,b € A. An (anti)automorphism ([ is
involutive if 3* = id. For example, conjugation of quaternions defines an involutive antiau-
tomorphism of H.

Let p : A — EndS be a representation of an algebra with an involutive antiauto-
morphism (. There is then the contragredient representation p : A — End S* given by
pla) = (p(B(a)))*. If, moreover, A is central simple and p is faithful irreducible, then there is
an isomorphism B : S — S* intertwining p and p which is either symmetric, B* = B, or anti-
symmetric, B* = —B. It defines on S the structure of an inner product space. This structure
extends to End S: there is a symmetric isomorphism B® B~! : End S — (End S)* = End S*
given, for every f € End S, by (B® B™')(f) = BfB~ .

Let K* = K ~ {0} be the multiplicative group of the field K. Given a simple algebra .4
with an involutive antiautomorphism 3, one defines N(a) = 3(a)a and the group

G(3) = {ac A| N(a) € K*}.

Let p: A — End S be the faithful irreducible representation as above, then, for a € A and
s,t € S, one has

B(p(a)s, pla)t) = N(a)B(s,1).

If a € G(B) and A € K*, then Aa € G(8) and the norm N satisfies N(Aa) = A\®N(a). The
inner product B is invariant with respect to the action of the group

G1(B) ={a € G(B) | N(a) =1}

(B) Let A be a central simple algebra over K with an involutive antiautomorphism [ and
a faithful irreducible representation p so that

pla) = Bo(a) B,
The map h : A x A — K defined by
h(a,b) = Tr p(B(a)d)

15 bilinear, symmetric and non-degenerate. The map p is an isometry of the quadratic space
(A, h) on its image in the quadratic space (End S, B ® B™1).
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Graded algebras
Definitions

An algebra A is said to be Z-graded (resp., Zy-graded) if there is a decomposition of the
underlying vector space A = @pez AP (resp. A = A @ A') such that APA? C AP, In a
Zo-graded algebra it is understood that p+ ¢ is reduced mod 2. If a € AP, then a is said to be
homogeneous of degree p. The exterior algebra AV of a vector space V is Z-graded. Every
Z-graded algebra becomes Zs-graded when one reduces the degree of every element mod 2.
A graded isomorphism of graded algebras is an isomorphism that preserves the grading.

A Zo-grading of A is characterized by the involutive automorphism « such that, if a € AP,
then a(a) = (—1)Pa. From now on, grading means Z,-grading unless otherwise specified.
The elements of A° (resp., A') are said to be even (resp., odd). It is often convenient to
denote the graded algebra as

A = A (7)

Given such an algebra over K and N € N, one constructs the graded algebra A°(N) — A(N).
Two graded algebras over K, A° — A and A° — A’ are said to be of the same type if there
are integers N and N’ such that the algebras A°(N) — A(N) and A°(N') — A'(N") are
graded isomorphic. The property of being of the same type is an equivalence relation in the
set of all graded algebras over K.
Given an algebra A, one constructs two ‘canonical’ graded algebras as follows:
(i) the double algebra
A—-Ad A

graded by the ‘swap’ automorphism, a(ay,as) = (az,a1) for aj,as € A;
(ii) the algebra
AdA— A2)

is defined by declaring the diagonal (resp., antidiagonal) elements of A(2) to be even (resp.,
odd).

The real algebra R(2) has also another grading, given by the involutive automorphism «
such that a(a) = eae™!, where a € R(2) and ¢ is as in (2). In this case, (7) reads

C — R(2).
There are also graded algebras over R
R—-C, C—H and H— C(2).

The grading of the last algebra can be defined by declaring the Pauli matrices and il to be
odd.



Super Lie algebras

A super Lie algebra is a graded algebra A such that the product (a,b) — [a,b] is super
anticommutative, [a,b] = —(—1)P[b, a], and satisfies the super Jacobi identity,

[a’ [b7 CH = Hav b]7 C] + (_1>pq[b7 [av CH

for every a € AP, b € A? and ¢ € A. To every graded associative algebra A there corresponds
a super Lie algebra GLA: its underlying vector space and grading are as in A and the
product, for a € A and b € AY, is given as the supercommutator [a,b] = ab — (—1)Pba.

Super centrality and graded simplicity

A graded algebra A over K is supercentral if Z(A) N A° = K. The algebra R — C is
supercentral, but the real ungraded algebra C is not central.

A subalgebra B of a graded algebra A is said to be a graded subalgebra if B= BN A’ ®
BN A'. A graded ideal of A is an ideal that is a graded subalgebra. A graded algebra
A # {0} is said to be graded simple if it has no graded ideals other than {0} and .A. The
double algebra of a simple algebra is graded simple, but not simple.

The graded tensor product
Let A and B be graded algebras; the tensor product of their underlying vector spaces
admits a natural grading, (A ® B)? = @, A? @ BP~9. The product defined in (3) makes
A ® B into a graded algebra. There is another ‘super’ product in the same graded vector
space given by
(a®b)-(d @b)=(—1)"ad’ @ bb
for ' € AP and b € B?. The resulting graded algebra is referred to as the graded tensor prod-

uct and denoted by A®B. For example, if V and W are vector spaces, then the Grassmann
algebra A(V @ W) is isomorphic to AV AW.

Clifford algebras

Definitions; the universal property and grading
The Clifford algebra associated with a quadratic space (V, g) is the quotient algebra

c\V,g)=T(V)/T(V,9), (8)

where J(V, g) is the ideal in the tensor algebra 7 (V') generated by all elements of the form
v@v—g(v,v)lrwy, veV.

The Clifford algebra is associative with a unit element denoted by 1. One denotes by & the
canonical map of 7 (V) onto C/(V, g) and by ab the product of two elements a,b € C/(V, g)
so that k(P ® Q) = k(P)k(Q) for P,Q € T(V). The map « is injective on K & V and



one identifies this subspace of 7 (V') with its image under x. With this identification, for all
u,v € V, one has
wv + vu = 2g(u,v).

Clifford algebras are characterized by their universal property described in proposition

(C) Let A be an algebra with a unit 14 and let f : V. — A be a Clifford map, i.e. a
linear map such that f(v)? = g(v,v)14 for everyv € V.. There then exists a homomorphism
f:C(V,g) — A of algebras with units, an extension of f, so that f(v) = f(v) for every
velV.

As a corollary, one obtains

(D) If f is an isometry of (V,g) into (W,h), then there is a homomorphism of algebras
Cl(f): C(V,g) — CL(W,h) extending f so that there is the commutative diagram

aw,g) - aw, n)

| [

For example, the isometry v +— —v extends to the involutive main automorphism o« of
Cl(V,g), defining its Zo-grading:

CU(V,g) = C(V,g) & CL'(V, g).

The algebra C/(V,g) admits also an involutive canonical antiautomorphism [3 characterized
by B(1) =1 and f(v) = v for every v € V.

The vector space structure of Clifford algebras

Referring to proposition (D), let A = End(AV') and, for every v € V and w € AV, put
f)w=vAw+ g(v)aw, then f:V — End(A V) is a Clifford map and the map

i:CV,g) = ANV 9)

given by i(a) = f(a)l,y is an isomorphism of vector spaces. This proves

(E) As a vector space, the algebra CU(V,g) is isomorphic to the exterior algebra NV .
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If V' is m-dimensional, then C/(V,g) is 2™-dimensional. The linear isomorphism (9)
defines a Z-grading of the vector space underlying the Clifford algebra: if i(a) € AFV, then
a is said to be of Grassmann degree k. Every element a € C/(V,g) decomposes into its
Grassmann components, a =y, , a,. The Clifford product of two elements of Grassmann
degrees k and [ decomposes as follows: apby = ;(arbi),, and (agb;), =0 if p < [k — ] or
p=k—l+1mod2orp>m—|m—k—I.

One often uses (9) to identify the vector spaces AV and C/(V, g); this having been done,
one can write, for every v € V and a € C/(V, g),

va=vAa+g(v)la, (10)

so that [v,a] = 2¢g(v)a, where [, | is the supercommutator. It defines a super Lie algebra
structure in the vector space K @& V. The quadratic form defined by g need not be non-
degenerate; for example, if it is the zero form, then (10) shows that the Clifford and exterior
multiplications coincide and C/(V,0) is isomorphic, as an algebra, to the Grassmann algebra.

Complexification of real Clifford algebras

(F) If (V,g) is a real quadratic space, then the algebras C® CL(V,g) and C(C®V,C® g)

are 1somorphic, as graded algebras over C.

From now on, through the end of the article, one assumes that (V,g) is an
orthogonal space over K =R or C.

The Clifford algebra associated with the orthogonal space C™ is denoted by (/,,. The
Clifford algebra associated with the orthogonal space (R**!, g), where ¢ is of signature (k, 1),
is denoted by (¥, so that C®@ Cly; = Cliyy.

Relations between Clifford algebras in spaces of adjacent dimensions

Consider an orthogonal space (V,g) over K and the one-dimensional orthogonal space
(K, hy), having a unit vector w € K, hi(w,w) = ¢, where ¢ = 1 or —1. The map
Voveowe A%V @K, g h) satisfies (vw)? = —eg(v,v) and extends to the iso-
morphism of algebras C/(V, —eg) — C°(V @ K, g @ hy). This proves

(G) There are isomorphisms of algebras: Cl,, — C€,?n+1 and Cly; — C€2+Ll.

Consider the orthogonal space (K2, h) with a neutral h such that, for A\, 4 € K, one has
(A ) h(A, 1)) = Apr. The map

K? = K((2), (\p)— (2 :)\)
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has the Clifford property and establishes the isomorphisms represented by the horizontal
arrows in the diagram

C(K* h) —— K(2)

T w <n>

C°(K? h) —— KoK.

(H) If (K? h) is neutral and (V,g) is over K, then the algebra C{(V & K?,g @ h) is
isomorphic to the algebra CU(V, g) ® K(2). Specifically, there are isomorphisms

Clit1141 = Cliy QR(2)

C€m+2 = Cgm ®C(2). (12)

The Chevalley theorem and the Brauer-Wall group

If (V,g) and (W, h) are quadratic spaces over K, then their sum is the quadratic space
(VeW, gdh) characterized by g h : VW — V*@W™* so that (¢Bh)(v,w) = (g(v), h(w)).
By noting that the map V& W > (v,w) — v ®1+1@w € &(V,g)® C(W,h) has the
Clifford property, Chevalley proved

(I) The algebra CL(V @& W, g @ h) is isomorphic to the algebra CL(V, g)@ CO(W, h).

The type of the (graded) algebra C/(V & W, g @ h) depends only on the types of C/(V,g)
and C/(W,h). The Chevalley theorem (I) shows that the set of types of Clifford algebras
over K forms an Abelian group for a multiplication induced by the graded tensor product.
The unit of this Brauer—Wall group of K is the type of the algebra C/(K?,h) described in
(11); for a full account with proofs see Wall (1963).

The volume element and the centers

Let e = (e,) be an orthonormal frame in (V, g). The volume element associated with e is

N=¢€1€2...€En.

If 1’ is the volume element associated with another orthonormal frame €’ in the same or-
thogonal space, then either ¥ = n (e and €’ are of the same orientation) or n’ = —n (e and
¢’ are of opposite orientation). For K = C one has n*> = 1; for K = R and g of signature
(k,l) one has
1

772 _ (_1)§(k—l)(k—l+1). (13)
It is convenient to define ¢ € {1,1} so that n*> = (2. For every v € V one has vnp = (—1)™"!
The structure of the centers of Clifford algebras is as follows:

nv.
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(J) If m is even, then Z(CU(V,g)) = K and Z(C°(V,g)) = K & K.
If m is odd, then Z(Cl(V,g)) = K ® Kn and Z(C°(V,g)) = K.
The graded algebra CU(V, g) is supercentral for every m.

The structure of Clifford algebras
The complex case

Using (4) one obtains from (11) and (12) the isomorphisms of algebras

ngn—i-l = Uy, = (C(Qn)a (14)
Clont1 = Clo,yn = C(27) @ C(27), (15)
for n = 0,1,2,.... Therefore, there are only two types of complex Clifford algebras, repre-

sented by C — C @ C and C & C — C(2): the Brauer-Wall group of C is Zo.
The real case

In view of proposition (I) and C/; = R(2), the algebra Clj; is of the same type as
Ui—10 it k> | and of the same type as Cly;—i if & < [. Since Cly ® Cliy = Clisy oy, the
type of (/;, is the inverse of the type of C/;;. The algebra C€270 — (U4 is isomorphic to
HeH — H(2). Indeed, if z = (21,22, 73, 24) € R* C Uy, and q = izy + jorg + kag + x4 € H,
then an isomorphism is obtained from the Clifford map f,

ro= (00, (16)

In view of (13), the volume element 7 satisfies n* = 1. By replacing —g with ¢ in (16), one
shows that (Yo 4 is also isomorphic to H(2). The map R* x R¥ — H(2) @ Cly; given by
(x,y) — f(z) ® 1+ f(n) ®y has the Clifford property and establishes the isomorphism of
algebras (fy14; = H® (. Since, similarly, Cly 14 = H® /), one obtains the isomorphism

Uliyag = Clijya .

Therefore,
Cliysy = Uiyagea = Uigys = Uiy QR(16),

and the algebras (fy;, (lrys; and (i 45 are all of the same type. This double periodicity
of period 8 is subsumed by saying that real Clifford algebras can be arranged on a ‘spinorial
chessboard’. The type of Cﬁgjl — (li,; depends only on k—1 mod 8; the eight types have the
following low-dimensional algebras as representatives: 1o, (lag, Clsg, Clao=Cloa, Clogs,
Clyo and Cly;. The Brauer-Wall group of R is Zg, generated by the type of C€(1),0 — iy,
i.e. by R — C. Bearing in mind the isomorphism C/;; = C€2+1,l and abbreviating C — R(2)
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to C — R, etc., one can arrange the types of real Clifford algebras in the form of a ‘spinorial
clock’
R 7, R R 2. R

o |

C C (17)

o B

(K) Recipe for determining Cly, — Cly:
(i) find the integers p and v such that k — 1 =8u+v and 0 < v < 7;
(ii) from the spinorial clock, read off A% = A, and compute the real dimensions, dim A% =
2™ and dim A, = 27;
1 1
(iii) form €Y, = AQ22 1)) and Clyy = A, (220H77),

The spinorial clock is symmetric with respect to the reflection in the vertical line through
its center; this is a consequence of the isomorphism of algebras /10 = 1 QR(2).

Note that the ‘abstract’ algebra (¥ carries, in general, less information than the Clifford
algebra defined in (8), which contains V' as a distinguished vector subspace with the quadratic
form v — v* = g(v,v). For example, the algebras C(lso, (/44 and Clyg are all graded

isomorphic.
Theorem on simplicity
From general theory (Chevalley 1954) or by inspection of (14), (15) and (17), one has

(L) Let m be the dimension of the orthogonal space (V,g) over K.

If m is even (resp., odd), then the algebra CL(V,g) (resp., C0*(V,g)) over K is central
simple.

If K = C and m is odd (resp., even), then the algebra CL(V,g) (resp., Cl°(V,g)) is the
direct sum of two isomorphic complex central simple algebras.

If K = R and m is odd (resp., even), then the algebra CU(V,g) (resp., CI°(V,g)) when
n? = 1 is the direct sum of two isomorphic central simple algebras and when n? = —1 is
simple with a center isomorphic to C.

14



Representations

The Pauli, Cartan, Dirac and Weyl representations
Odd dimensions

Let (V,g) be of dimension m = 2n + 1 over K. From propositions (A) and (L) it
follows that the central simple algebra C/°(V, g) has a unique, up to equivalence, faithful and
irreducible representation in the complex 2"-dimensional vector space S of Pauli spinors. By
putting o(n) = «I it is extended to a Pauli representation o : C/(V,g) — End S. Given an
orthonormal frame (e,) in V, Pauli endomorphisms (matrices if S is identified with C*") are
defined as 0, = o(e,) € End S. The representations ¢ and o o o are complex-inequivalent.
For K = C none of them is faithful; their direct sum is the faithful Cartan representation of
Cl(V,g)in S®S. For K =R and 1(k—1—1) even, the representations o and o o «v are real-
equivalent and faithful. Computing (3(n) one finds that the contragredient representation &
is equivalent to o for n even and to o o a for n odd.

Even dimensions

Similarly, for (V, g) of dimension m = 2n over K, the central simple algebra C/(V, g) has
a unique, up to equivalence, faithful and irreducible representation v : C/(V,g) — End S
in the 2"-dimensional complex vector space S of Dirac spinors. The Dirac endomorphisms
(matrices) are v, = v(e,). Put I' = vy(n) so that I = I: the matrix I" generalizes the
familiar v5. The Dirac representation v restricted to C/°(V,g) decomposes into the sum
v+ @ v of two irreducible representations in the vector spaces

Sy ={seS|I's=+£s}

of Weyl (chiral) spinors. The elements of S are said to be of opposite chirality with respect
to those of S_. The transpose I'* defines a similar split of S*. The representations v, and
~v_ are never complex-equivalent, but they are real-equivalent and faithful for K = R and
(k —1) odd.

The representations v o o and * are both equivalent to . It is convenient to describe
simultaneously the properties of the transpositions of the Pauli and Dirac matrices; let p, be
either the Pauli matrices for V' of dimension 2n + 1 or the Dirac matrices for V' of dimension
2n. There is a complex isomorphism B : S — 5% such that

1
2

P =(=1)"Bp,B~". (18)

In the case of the Dirac matrices, the factor (—1)" in (18) implies that this equation holds
also for I in place of p,. The isomorphism B preserves (resp., changes) the chirality of Weyl
spinors for n even (resp., odd). Every matrix of the form B,, ...~,,, where

LS <ooe <y < 20, (19)
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is either symmetric or antisymmetric, depending on p and the symmetry of B. A simple
argument, based on counting the number of such products of one symmetry, leads to the
equation

1
B* = (_1>§n(n+1)B
valid in dimensions 2n and 2n + 1.
Inner products on spinor spaces

Let S be the complex vector space of Dirac or Pauli spinors associated with (V, g) over
K. The isomorphism B : S — S* defines on S an inner product B(s,t) = (s, B(t)), s,t € S,
which is orthogonal for m = 0,1,6 or 7 mod 8 and symplectic for m = 2,3,4 or 5 mod 8.
For m =0 mod 4, this product restricts to an inner product on the spaces of Weyl spinors
that is orthogonal for m = 0 mod 8 and symplectic for m =4 mod 8. For m =2 mod 4,
the map B defines the isomorphisms By : 5. — SZ.

Example

One of the most often used representations v : (3, — C(4) is given by the Dirac matrices
_ 0 o, _ 0 oy,
=\, 0) 77T —o, 0)°
(0 o (0 T
73 = —0, 0 ’ Y4 = I 0 .

Charge conjugation and Majorana spinors

(20)

Throughout this section and next one assumes K = R so that, given a representation
p: C(V,g) — EndS, one can form the complex (“charge”) conjugate representation p :
Cl(V,g) — End S defined by p(a) = p(a) and the Hermitean conjugate representation pf :
C/(V,g) — End S*, where pf(a) = p(a).

Even dimensions

The representations 4 and 7 are equivalent: there is an isomorphism C' : S — S such
that
Y, = Cv,C71. (21)
The automorphism CC is in the commutant of ; it is, therefore, proportional to I and, by
a change of scale, one can achieve CC = I for k —1 = 0 or 6 mod 8 and CC = —I for
k—Il=2or4 mod 8.

The spinor s, = C~'5 € S is the charge conjugate of s € S. If 1y : V — S is a solution of
the Dirac equation

(’Yu(au - iun) — k) =0
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for a particle of electric charge ¢, then 1. is a solution of the same equation with the opposite
charge. Since

r =.20rc,
charge conjugation preserves (resp., changes) the chirality of Weyl spinors for 1 (k —[) even
(resp., odd).
If CC =1, then

ReS = {s e S|s. = s}

is a real vector space of dimension 2", the space of Dirac—Majorana spinors. The represen-
tation 7y is real: restricted to Re S and expressed with respect to a frame in this space, it is
given by real 2" by 2™ matrices. For k — [ = 0 mod 8 the representations v, and ~v_ are
both real: in this case there are Weyl-Majorana spinors.

Odd dimensions

Computing o(n) one finds that the conjugate representation & is equivalent to o (resp.,
ooa)if n* =1 (resp., n* = —1). There is an isomorphism C : S — S such that

1
g, = (—1)2%"" 0,071 (22)

and CC = I (resp., CC = —I) for k—I=1or 7 mod 8 (resp., k—l =3 or 5 mod 8). For
k —1 =1 mod 8, the restriction of the Pauli representation to Cﬁg’l is real and the Pauli
matrices are pure imaginary; for k —1 =7 mod 8, the Pauli representations of (/j; are both
real and so are the Pauli matrices, In both these cases there are Pauli-Majorana spinors.
Hermitean scalar products and multivectors

For m =k + 1 odd and C as in (22), the map A = BC : S — S* intertwines the representa-
tions o' and o (resp., o o ) for k even (resp., odd),

ol = (=1)FAg,A7".

o
By rescaling of B, the map A can be made Hermitean. The corresponding Hermitean form
s+ A(s, s) is definite if, and only if, k or [ = 0; otherwise, it is neutral.

For m = k + | even, the representations v/ and ~ are equivalent and one can define a
Hermitean isomorphism A : S — S* so that

’yl = Ay, A7 (23)

The isomorphism A’ = Al intertwines the representations v and ~y o a; it can also be made
Hermitean by rescaling. The Hermitean form A(s, s) is definite for £ = 0 and A'(s, s) is defi-
nite for [ = 0; otherwise, these forms are neutral. For example, in the familiar representation
(20), one has A = 74, a neutral form.
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Given two spinors s and ¢ € S and an integer p such that 0 < p < m = 2n, one defines a
p-vector with components

Aul...up(sa t) = <§7 AP)/,U«I s ’}/upt% (24)

where the indices are as in (19). The Hermiticity of A and (23) imply

- 1.
Ay (5,1) = (D)2PVA, (1 5).

In view of I = (=1)*AI"'A™!, the map A defines, for k even, a non-degenerate Hermitean
scalar product on the spaces Sy whereas A(s,t) = 0 if s and ¢t are Weyl spinors of opposite
chiralities. For k odd, A changes the chirality.

The Radon—Hurwitz numbers

(M) For every integer m > 0, the algebra Cl,,o has an irreducible real representation p of
dimension 2XU™ where x(m) is the mth Radon-Hurwitz number given by

m=1 2 3 4 5 6 7 8
x(m)=1 2 2 3 3 3 3 4

and x(m + 8) = x(m) + 4. The matrices p, € R(2X™), p = 1,...,m, defining these
representations satisfy

PuPv + PvPp = _25;“/]

and can be chosen so as to be antisymmetric. In all dimensions other than m = 3 mod 4
the representations are faithful.

Form =2 and 4 mod 8 (resp., m = 1,3 and 5 mod 8) the representations p are the
realifications of the corresponding Dirac (resp., Pauli) representations. In dimensions m =0
and 6 mod 8 (resp., m =7 mod 8) the Dirac (resp., Pauli) representations themselves are
real.

Inductive construction of representations

An inductive construction of the Pauli representations
o:Cly 1, — R, n=1,2,...,
and of the Dirac representations

vi:llpn—RE2"), n=12 ...,
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is as follows.
(i) In dimension 1, put oy = 1.
(ii) Given 0, € R(2"™1), p=1,...,2n — 1, define

Yo = (O 00”“) for p=1,...,2n—1,

o
(0 -
7271_ [ O .

I
(iii) Given vy, € R(2"),u=1,...,2n, define o, =y, for p =1,...,2n, and 02,41 = 71 ... Y20

so that
I 0

All entries of these matrices are either 0, 1 or —1; therefore, they can be used to construct
representations of Clifford algebras of orthogonal spaces over any commutative field of char-
acteristic # 2.

By induction, one has o7, = (—1)#*t'g,. Therefore, the isomorphisms appearing in (18)
are B = y9y4 .. .72, for both m = 2n and 2n + 1.

By multiplying some of the matrices o, or 7, by the imaginary unit one obtains complex
representations of the Clifford algebras associated with quadratic forms of other signatures.
For example, in dimension 3, (01,109, 03) are the Pauli matrices. In dimension 4, multiplying
72 by 1 one obtains the Dirac matrices for g of signature (1, 3), in the ‘chiral representation’:

(0 o, (0 oy
M= O 0 ) Yo = o, 0 )
(0 o, (0 =1
73 - o, 0 ’ 74 - ] O .

To obtain the real Majorana representation one uses the following fact:

and

(25)

(N) If the matriz C € R(2") is such that C* = I and (21) holds, then the matrices
(I +1iC)y,(I +1C) Y, p=1,...,2n, are real.

For the matrices (25) one can take C' = ;7374 to obtain
;[0 oy (I 0
M= o 0 ’ Yo = 0 —1 ’
r 0 o,
Y3 = o, 0 ) .
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The real representations described in proposition (M) can be obtained by the following di-
rect inductive construction. Consider the following 7 real antisymmetric and anticommuting
8 by 8 matrices

pr=0.,Q1®¢

P2 =0,ReRQ 0,

P33 —=0,ReRQ 0,

Pr=0,Re® I (26)
Ps =0, 80, ¢

P =000, Q¢

pr=e@1I®I

For m = 4,5,6 and 7 the matrices py, . .., p, generate the representations of C/,, o in R®. The
8 matrices 0, = 0, ®@p,, p=1,...,7, and 0y = e® I ® I ® I give the required representation
of Clsp in R'®. Dropping the first factor in py, p2, p3 one obtains the matrices generating
a representation of (/30 in R*, etc. The symmetric matrix ©@ = 6;...05 =0, QIR ® I
anticommutes with all the s and ©2 = I. If the matrices p, € R(2X(™)) correspond to a
representation of (/,, o, then the m-+8 matrices O®py,...,0@py, 01 ®1,. .., 05® [ generate
the required representation of (/5.

Vector fields on spheres and division algebras

It is known that even-dimensional spheres have no nowhere vanishing tangent vector
fields. All such fields on odd-dimensional spheres can be constructed with the help of the
representation p described in proposition (M). Given a positive even integer N, let m be the
largest integer such that N = 2X(™)p where p is an odd integer. Consider the unit sphere
Sy_1 = {x € R¥|||z|]| = 1} of dimension N — 1. For v € R™, put p'(v) = p(v) ® I, where
I € R(p) is the unit matrix. Since p(v) is antisymmetric, so is the matrix p'(v) € R(N).
Therefore, for every x € Sy_1, the vector p/(v)z is orthogonal to . The map x — p/(v)x
defines a vector field on Sy_; that vanishes nowhere unless v = 0: the (/N — 1)-sphere admits
a set of m tangent vector fields which are linearly independent at every point. Using methods
of algebraic topology, it has been shown that this method gives the maximum number of
linearly independent tangent vector fields on spheres.

If m = 1,3 or 7, then m + 1 = 2X(™) and, for these values of m, the sphere S,, is
parallelizable. Moreover, one can then introduce in R™*! the structure of an algebra A,, as
follows. Put pg = I. If eg € R™"! is a unit vector and e, = p,(eo), then (eg, €1, ..., €y) is an
orthonormal frame in R™*!. The product of x = Yoo Tue, and y = >3 g y,e, is defined
to be

Ty =3 =0 TulvPuley)
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so that eg is the unit element for this product. Defining Rex = xgep, Imz = x — Rex,
T=Rer—Imzone has -z = ey||z||*> and T - (z-y) = (- z) - y so that z -y = 0 implies
x=0ory=0: A4, is a normed algebra without zero divisors. The algebras A; and A3 are
isomorphic to C and H, respectively, and A7 is, by definition, the algebra O of octonions
discovered by Graves and Cayley. The algebra O is non-associative; its multiplication table
is obtained with the help of (26).

Spinor groups

Let (V,g) be a quadratic space over K. If w € V is not null, then it is invertible as an
element of C/(V, g) and the map v — —uvu~" is a reflection in the hyperplane orthogonal to
u. The orthogonal group O(V,g) = O(V,—g) = {R € GL(V)|R* o go R = g} is generated
by the set of all such reflections. A spinor group G is a subset of C/(V,g) that is a group
with respect to multiplication induced by the product in the algebra, with a homomorphism
p: G — GL(V) whose image contains the connected component SO°(V, g) of the group of
rotations of (V, g). In the case of real quadratic spaces, one considers also spinor groups that
are subsets of C ® C/(V,g) with similar properties. By restriction, every representation of
Cl(V,g) or C® CUV,g) gives spinor representations of the spinor groups it contains.

Pin groups
It is convenient to define a unit vector v € V- C C/(V, g) to be such that v* = 1 for V complex
and v?> = 1 or —1 for V real. The group Pin(V,g) is defined as consisting of products of

all finite sequences of unit vectors. Defining now the twisted adjoint representation Ad by
Ad(a)v = a(a)va™, one obtains the exact sequence

1 — Zy — Pin(V,g) =% O(V, g) — 1. (27)
If dimV is even, then the adjoint representation Ad(a)v = ava™' also yields an exact se-
quence like (27); if it is odd, then the image of Ad is SO(V,g) and the kernel is the four-
element group {1, —1,7n, —n}.
Given an orthonormal frame (e,) in (V,¢) and a € Pin(V, g), one defines the orthogonal
matrix R(a) = (R} (a)) by
Ad(a)e, = e, R} (a). (28)

If (V, g) is complex, then the algebras C/(V, g) and C/(V, —g) are isomorphic; this induces
an isomorphism of the groups Pin(V,g) and Pin(V,—g). If V = C™, then this group is
denoted by Pin,,(C). If V = R*" and g is of signature (k,[), then one writes Pin(V,g) =
Ping;. A similar notation is used for the groups spin, see below.
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Spin groups

The spin group Spin(V, g) = Pin(V, g)N C°(V, g) is generated by products of all sequences of
an even number of unit vectors. Since the algebras C/°(V, g) and C/°(V, —g) are isomorphic,
so are the groups Spin(V, ¢g) and Spin(V, —g). Since a(a) = a for a € Spin(V, g), the twisted
adjoint representation reduces to the adjoint representation and yields the exact sequence

1 — Zy — Spin(V, g) =% SO(V, g) — 1. (29)

For V' = C™, the spin group is denoted by Spin,,(C). Since Spin,,(C) C G;(8), the bilinear
form B is invariant with respect to the action of this group.

Spin® groups

The connected component Spin’(V, g) of the group Spin(V, g) coincides with Spin(V, g) if
either the quadratic space (V,g) is complex or real and kI = 0. In signature (k,[), the
connected group Spin%l is generated in Cég’l by all products of the form wu; ... ugpv; ... vy
such that v? = —1 and 0]2- = 1. The connected groups Spin,, , and Spin,,, are isomorphic
and denoted by Spin,,. Since Spin}; C G1(3), the Hermitean form A and the bilinear form
B are invariant with respect to the action of this group. Moreover, for k + [ even, from (24)
and (28) there follows the transformation law of multivectors formed from pairs of spinors,

Ay (V(@)5,7(a)t) =
Ay, (5, t)Rle(a_l) . RZ’;(a—l).

Consider SpinO(V, g) and assume that either V' is complex of dimension > 2 or real with
k or I > 2. There then are two unit orthogonal vectors e, ey € V such that (6162)2 = —1.
The vector u(t) = e; cost 4 epsint is obtained from e; by rotation in the plane span{e;, ey}
by the angle ¢ € R. The curve t — eju(t), 0 < ¢t < 7, connects the elements 1 and
—1 of Spin®(V, g). Its image in SO°(V,g), i.e. the curve ¢t — Ad(eju(t)), 0 < t < m, is
closed: Ad(1) = Ad(—1). This fact is often expressed by saying that “a spinor undergoing
a rotation by 27 changes sign”. There is no homomorphism—not even a continuous map—
f:S0°V, g) — Spin®(V, g) such that Adof = id.
Spin¢ groups
For the purposes of physics, to describe charged fermions, and in the theory of the Seiberg—
Witten invariants, one needs the spin® groups that are spinorial extensions of the real or-
thogonal groups by the group U; of ‘phase factors’. Assume V to be real and g of signature
(k,1) so that the sequence (29) can be written as

1—7Zy — Spinkvl — SO, — 1.

22



Define the action of Zy = {1, —1} in Spin,,; x U; so that (~1)(a, 2) = (—a, —z). The quotient
(Spiny; x Uy)/Zy = Sping; yields the extensions

1 — Uy — Sping; — SOx; — 1

and
1 — Spin,; — Sping; — U; — 1.

For example, Sping = SU, and Spin; = Us.

Spin groups in dimensions < 6

The connected components of spin groups associated with orthogonal spaces of dimension
< 6 are isomorphic to classical groups. They can be explicitly described starting from the
following observations.

Consider the four-dimensional vector space (of twistors) 7" over K, with a volume element
vol € A*T. The six-dimensional vector space V = A?T has a scalar product g defined by
g(u,v)vol = 2u A v for u,v € V. The quadratic form g(u,u) is the Pfaffian, Pf(u). If
u € V is represented by the corresponding isomorphism 7% — T and a € End7T, then
Pf(aua*) = detaPf(u). The last formula shows Spin’(V,g) = SL(T) so that Sping(C) =
SL4(C). For K =R, the Pfaffian is of signature (3,3) so that Sping; = SLy(R). A non-null
vector v € V defines a symplectic form on T*. The five-dimensional vector space v+ C V
is invariant with respect to the symplectic group Sp(T*,v) = Spin”(v*, Pf [v*). This shows
Spins(C) = Sp,(C) and Sping3 = Sp,(R). Spin groups for other signatures in real dimensions
6 and 5 are obtained by considering appropriate real subspaces of C® and C?, respectively.
For example, (6) is used to show Spin{ ; = SL(H).

Spin groups in dimensions 4 and lower are similarly obtained from the observation that det
is a quadratic form on the four-dimensional space K (2) and C/°(K(2),det) = K(2)® K(2).

The complex spin groups

Spin,(C) = C*,

Sping(C) = SLy(C),

Spin, (C) = SLy(C) x SLy(C),
Spin;(C) = Spy(C),

Sping(C) = SL4(C).
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The real, compact spin groups

Spin, = Uy,

Sping = SUs,

Spin, = SUsy x SUy,
Spin; = Sp,(H),
Sping = SUy .

The groups Sping’l forl<k<landk+1<6

Spin(l),l =R,

Spin(i2 = SLy(R),

Spin{ 3 = SLy(C),

Sping , = SL(R) x SLy(R),
Spin(l)A = Spy,1 (H),

Sping,g = Spy(R),

Spin{ 5 = SLy(H),

Spin%4 = SUgp,

Sping,3 = SL4(R).
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