
t-channel singularities

Bohdan GRZADKOWSKI

University of Warsaw

• Conditions

• SM examples

• Earlier regularization attempts

• Cosmology - medium regularization

• Summary

⋄ BG, Micha l Iglicki, Stanis law Mrówczyński, ”t-channel singularities in cosmology
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• For an elastic scattering m1 = m3 and m2 = m4 and t < 0, so there is t-channel
singularity.

•
t-channel singularity appears iff exactly one particle in the initial and in the
final state is unstable and the other is stable⋆.
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⋆ A special case of the Coleman-Norton theorem, ”Singularities in the Physical Region”, Il Nuovo Cimento vol. XXXVIII,

no 1, 1965, p. 438.
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SM examples
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† Hadron binary processes e.g πN⋆ → N⋆π: R. F. Peierls, ”Possible Mechanism for the Pion-Nucleon Second

Resonance”, Phys. Rev. Lett. 6, 641 (1961).

∗ νeW
+ → W+νe: M. Nowakowski and A. Pilaftsis, ”On Gauge Invariance of Breit-Wigner Propagators”, Z. Phys. C

60, 121 (1993).
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Figure 1: The total cross section σZe→eZ.
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Earlier regularization attempts

The Breit-Wigner propagator

iΠ iΠ iΠ

p p p p M ∼ i
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, ImΠ(M2) = MΓ

Problem: for a stable mediator Γ = 0

t-channel singularities emerge when some initial or final states are unstable,
therefore indeed one can expect some difficulties since the corresponding

asymptotic states do not exist and the perturbative expansion is jeopardized.
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Complex mass of unstable particles
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in the rest-frame of particle 1:

eim1t → eim1t−Γ1t = eim̃1t, m̃1 ≡ m1

(
1 + i

Γ1

m1

)
after Lorentz boost:

p1 → p̃1 ≡ p1

(
1 + i

Γ1

m1

)

• Conclusion: t is complex⋆, so t ̸= m2, however, it turns out that the complex
momentum is not conserved.

• Quantized free unstable particles† =⇒ incorrect relativistic elongation of lifetime

⋆ Ilia Ginzburg, ”Initial Particle Instability in Muon Collisions”, Nucl. Phys. B Proc. Suppl. 51, 85 (1996).

† Hideji Kita and Yoko Kawai, ”Quantized Free Unstable Particle Field”, Progress of Theoretical Physics, Vol. 31, No. 2,

1964.
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Finite beam width⋆
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Figure 2: t-channel singularity in µ+µ− → W+W− ⋆ → W+e−ν̄e∫
dt

|t−M2 + iε|2 →
∫

dt

(t−Π−M2 + iε)(t+Π−M2 − iε)

where Π ∝ 1/a where a−1 ∼ beam width.

• Conclusion: the strategy is not applicable in cosmological context.

⋆ K. Melnikov and V. G. Serbo, ”New type of beam size effect and the W boson production at µ+µ− colliders”, Phys.

Rev. Lett. 76, 3263 (1996), C. Dams and R. Kleiss, ”Muon colliders, Monte Carlo and gauge invariance”, Eur. Phys. J. C

29, 11 (2003)
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Cosmology - medium regularization
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• Non-zero imaginary part of Φ-self-energy emerges as a result of thermal
interactions with medium of particles in thermal equilibrium (Keldysh-Schwinger
formalism)
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where Ep ≡
√
p⃗2 +m2 and f(Ep, T ) is the Bose-Einstein distribution function

f(Ep, T ) = (eβEp − 1)−1 with β ≡ 1/T .
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• Effective thermal width emerges: Γeff(|p⃗|, T ) ≡ M−1Σ(|p⃗|, T ).
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Summary

• Conditions for the t-channel singularity to appear have been formulated.

• The singular Standard Model process Ze− → e−Z has been discussed in detail.

• It has been argued that the medium naturally regulates the singularity as particles
become quasi-particles with a finite width.

• The singularities appear naturally in multicomponent dark matter scenarios, e.g.,
in the vector-fermion model, so they could be adopted in models of strongly
interacting dark matter.
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Backup slides

Bohdan Grzadkowski, University of Warsaw, CORFU2021, Workshop on the Standard Model and Beyond, August 31st, 2021



Ze− → e−Z: the total cross-section

Note that in the limit me → 0 the t-channel divergence appears at t = 0,
s1 = 2m2

Z and s2 = ∞.
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µ+µ− collisions
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Figure 3: t-channel singularity in µ+µ− → W+W− ⋆ → W+e−ν̄e
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