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Motivations

The existence of DM has been inferred only from gravitational effects.

S =

∫
d4x
√−g

[
R

2κ2
+ LSM + LDM + Lint

]
,

with κ ≡M−1
Pl =

√
8πGN

LDM = −1

4
XµνX

µν +
1

2
m2
XXµX

µ ,

where Xµν ≡ ∂µXν − ∂νXµ.
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Quantization of a vector field in a curved background

The action for an Abelian vector fields reads:

LDM =

∫
d4x
√−g

(
−1

4
gµαgνβX

µνXαβ +
1

2
m2
XgµνX

µXν

)
.

The background metric is the FLRW:

ds2 = dt2 − a2(t)d~x2.

Extremizing the above action with respect to Xµ one obtains

∂µ(gµρgνσXρσ) +
1√−g(∂µ

√−g)gµρgνσXρσ +m2
Xg

µνXµ = 0,

so that

~∇ · ~̇X −∇2X0 +m2
Xa

2X0 = 0,

~̈X +H ~̇X − 1

a2

[
∇2 ~X − ~∇(~∇ · ~X)

]
+m2

X
~X = ~∇(Ẋ0 +HX0).
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That could be simplified:

~∇ · ~̇X −∇2X0 +m2
Xa

2X0 = 0,

~̈X +H ~̇X − 1

a2
∇2 ~X +m2

X
~X = −2H∇X0.

It is convenient to adopt the Fourier transform

Xµ(t, ~x) =

∫
d3k

(2π)3/2
X̃µ(t,~k)ei

~k·~x ,

where the reality of the Xµ(t, ~x) field implies X̃µ(t,~k) = X̃∗µ(t,−~k).

Then we get

X̃0 =
−i~k · ∂t ~̃X
k2 + a2m2

X

,

∂2
t
~̃X +H∂t ~̃X +

(
k2

a2
+m2

X

)
~̃X = −2~k

~k · ∂t ~̃X
k2 +m2

Xa
2
H.

Note that the X0 is an auxiliary field and has no dynamics.
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The ~̃X can be decomposed in a basis of helicity states:

~̃X(t,~k) =
∑
λ=±,L

~ελ(~k)X̃λ(t,~k),

where X̃± and X̃L denote two transversely-polarized modes and a single longitudinally-
polarized mode, respectively. Then

¨̃X± +H ˙̃X± +

(
k2

a2
+m2

X

)
X̃± = 0,

¨̃XL +H

(
1 +

2k2

k2 + a2m2
X

)
˙̃XL +

(
k2

a2
+m2

X

)
X̃L = 0 .

Switching to the conformal time (dt = a(τ)dτ) we get

X̃ ′′± +

ω2
±︷ ︸︸ ︷(

k2 + a2m2
X

)
X̃± = 0,

X̃ ′′L +
2k2

k2 + a2m2
X

a′

a
X̃ ′L + (k2 + a2m2

X)X̃L = 0 .
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For the longitudinal mode, X̃L, it is convenient to perform a field redefinition

X̃L =

√
k2 + a2m2

X

amX
XL ,

so that
X ′′L + ω2

L(τ)XL = 0,

with

ω2
L(τ) ≡ k2 +m2

Xa
2 − k2

k2 +m2
Xa

2

a′′

a
+ 3

k2m2
Xa
′2

(k2 +m2
Xa

2)2
.

Quantization:

~̂XL(τ, ~x) =

∫
d3k

(2π)3/2

{
~εL(~k)â~kX̃L(τ,~k)ei

~k·~x + ~εL(~k)â†~k
X̃ ∗L(τ,~k)e−i

~k·~x
}
,

~̂X±(τ, ~x) =

∫
d3k

(2π)3/2

{
~ε±(~k)b̂~k,±X̃±(τ,~k)ei

~k·~x + ~ε ∗± (~k)b̂†~k,±
X̃ ∗±(τ,~k)e−i

~k·~x
}
.

and
[ ~̂XL(τ, ~x), ~̂ΠL(τ, ~y)] = iδ(3)(~x− ~y),

[ ~̂X±(τ, ~x), ~̂Π±(τ, ~y)] = iδ(3)(~x− ~y),

The Indian Association for the Cultivation of Science (IACS), December 11th 2019, Kolkata, India



with

[â~k, â
†
~k′

] = δ(3)(~k − ~k′)

[b̂~k,λ, b̂
†
~k′,λ′

] = δλλ′δ
(3)(~k − ~k′)

Note that the Wronskian:

W [v, v∗] ≡ v′v∗ − v′∗v

is time-independent and normalized as follows

W [X̃L, X̃ ∗L] = W [X̃±, X̃ ∗±] = −i. (1)

To solve equations of motion for the two transversely-polarized mode and the single
longitudinally-polarized mode we impose the Bunch-Davies initial conditions:

lim
τ→−∞

X̃L(τ,~k) =
1√
2k
e−ikτ , lim

τ→−∞
X̃±(τ,~k) =

1√
2k
e−ikτ .
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Gravitational production of dark matter

The action for the vector DM in a background metric ḡµν is given by

LDM =

∫
d4x
√−ḡ

(
−1

4
ḡµαḡνβX

µνXαβ − 1

2
m2
X ḡµνX

µXν

)
,

where the background metric is of the FLRW form with the line element

ds2 = dt2 − a2(t)d~x2.

The energy-momentum tensor

Tµν =
2√−ḡ

δ(
√−ḡLDM)

δḡµν
,

one can find the energy density of the vector DM as

ρX = T00 =
1

2a2
(| ~̇X −∇X0|2+

1

a2
|~∇× ~X|2 + a2m2

XX
2
0 +m2

X
~X2) .
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〈ρL〉=
1

2π2a4

∫
dkk2

[
|X̃ ′L|2+

(
X̃ ′LX̃ ∗L+X̃ ′∗L X̃L

)
+
A′(τ)

A(τ)

(
A′(τ)2

A2(τ)
+k2+a2m2

X

)
|X̃L|2

]
,

〈ρ±〉=
1

2π2a4

∫
dkk2

[
|X ′±|2 +

(
k2 + a2m2

X

)
|X±|2

]
,

where 〈ρL〉 ≡ 〈0| : ρ̂L : |0〉 and 〈ρ±〉 ≡ 〈0| : ρ̂± : |0〉 and

A(τ) ≡
√
k2 + a2(τ)m2

X

a(τ)mX
.

Equations of motion for longitudinal and transversely polarized Fourier modes:

X̃ ′′L + ω2
L(τ)X̃L = 0, X ′′± + ω2

±(τ)X± = 0,

where the time-dependent frequencies are given by

ω2
L(τ) = k2 + a2m2

X −
k2

k2 + a2m2
X

(
a′′

a
− 3a2m2

X

k2 + a2m2
X

a′2

a2

)
,

ω2
±(τ) = k2 + a2m2

X.
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Figure 1: Scaling of the energy density as a function of the scale factor for heavy
DM i.e HRH<mX. The main contribution to the total energy density comes from the
mode k∗≡a(τ :H=mX)mX. Here ke ≡ aeHe, km ≡ aemX and kRH ≡ aRHHRH.
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• For vector DM mass HRH<mX<HI,

d〈nL(τ :H=mX)〉
d ln k

=
1

8π2


H

2(3w2+3w+2)
(w+1)(3w+1)

I m
2

1+w
X

(ae
k

)3(1−w)
(1+3w)

, for k∗<k<ke,

H
2(1+3w)
3(1+w)

I m
1−3w

3(1+w)

X

(
k

ae

)2

, for k < k∗.

• For vector DM mass HRME<mX<HRH,

d〈nL(τ :H=mX)〉
d ln k

=
1

8π2



m
3/2
X H

3(w+3)
2(3w+1)

I γ
1−3w
1+w

(ae
k

)3(1−w)
1+3w

, for kRH<k<ke,

m
3/2
X H

5/2
I γ

−1+3w
3(1+w)

(ae
k

)
, for k∗ < k < kRH,

HIγ
2(1−3w)
3(1+w)

(
k

ae

)2

, for k < k∗.

γ ≡
√
HRH

HI
and p = wρ
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Note that the number density per ln frequency has a peak structure if and only
if w ∈ (−1

3, 1). In this case, d〈nL(H = mX)〉/d ln k is dominated by modes with
k = k∗≡a(τ :H=mX)mX and ke ≡ aeHI.
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Figure 2: The energy density momentum distribution for different values of the
equation-of state parameter w, for mX > HRH, k∗≡a(τ :H=mX)mX.
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Figure 3: The energy density momentum distribution for different values of the
equation-of state parameter w, for mX < HRH, k∗≡a(τ :H=mX)mX.
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Finally the DM present-day relic abundance can be calculated as,

ΩXh
2 = T∗

s0h
2

4ρcκ−2

n∗
mX

=
1

8π2

(
45

128π2g∗(TRH)

)1/4
s0h

2

κ−3/2ρc

×


(

1

2
+

1 + 3w

3(1− w)

)
γ1/2H

9/4
I m

1/4
X , HRH<mX<HI(

3

2
H2
Im

1/2
X +

1 + 3w

3(1− w)
H

3/2
I mXγ

−1

)
, HRME<mX<HRH

(4)

where s0 =2970 cm−3, ρc=1.054×10−5h2 GeVcm−3, κ−1 =MPl=2.435×1018 GeV
and Ωobs

X h2 = 0.1198 ± 0.002. Furthermore, we assume that g∗(TRH) ' 106, i.e. no
extra d.o.f. beyond the SM.
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Figure 4: Relations between the Hubble rate at the end of inflation HI and vector DM
mass mX that reproduces the observed relic abundance ΩDMh

2 for the gravitational
production only.
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Reheating and perturbative production of dark matter

S =

∫
d4x
√−g

[
R

2κ2
+ LSM + LDM + Lint

]
=

∫
d4xLeff,

Leff = L(4)
SM + L(4)

DM + L(5)
int + L(6)

int +O(κ3) for gµν = ηµν + κhµν

L(4)
DM = −1

4
XµνX

µν +
1

2
m2
XXµX

µ ,

L(5)
int =

κ

2
hµν
[
T SM
µν + TDM

µν

]
,

L(6)
int =

κ2

2
CXm2

X|H|2XµX
µ ← CXκ2(DµΦ)∗(DµΦ)H†H

κ
graviton

κ

SM

SM

X

X

H†

H

κ2

X

X
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Amplitudes for the annihilation of SM particles (with spin i=0, 1/2, 1 before SSB,
i.e. mi=0) to VDM squared and summed over all spins read

∑
spins

|M0→1|2 =
κ4

16s2

[
3(m2

X − t)2(m2
X − s− t)2 + 4C2

Xs
2
(

12m4
X − 4m2

Xs+ s2
)

+ 4CXs
(

6m6
X − 5m4

Xs− 12m4
Xt+m2

Xs
2 + 4m2

Xst+ 6m2
Xt

2 + s2t+ st2
)]
,

∑
spins

|M1/2→1|2 =− κ4

32s2

[
12m8

X − 12m6
X(s+ 4t) +m4

X

(
5s2 + 48st+ 72t2

)
− 2m2

X

(
2s3 + 11s2t+ 30st2 + 24t3

)
+ t(s+ t)

(
5s2 + 12st+ 12t2

) ]
,

∑
spins

|M1→1|2 =
κ4

8s2

[(
m4
X − 2m2

Xt+ s2 + st+ t2
)(

3m4
X − 6m2

Xt+ s2 + 3st+ 3t2
)]
,
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The freeze-in:

σ(s)1→1 =
κ4

7680π
√
s
√
s− 4m2

X

[
6[40CX(6CX − 1) + 3]m4

X+

2[40CX(1− 6CX) + 3]m2
Xs+ [20CX(6CX − 1) + 3]s2

]
,

σ(s)1/2→1 =
κ4
(
48m4

X + 56m2
Xs+ 13s2

)
15360π

√
s (s− 4m2

X)
,

σ(s)1→1 =
κ4
(
48m4

X + 56m2
Xs+ 13s2

)
3840π

√
s
√
s− 4m2

X

.
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The corresponding thermally averaged cross sections:

〈σv〉1→1 =
κ4

23040πK2
2(mX/T )

{
K2

2

(mX

T

) [
6
(
m2
X + 4T 2

)
+ 160T 2CX (6CX − 1)

]
+

+mXK1

(mX

T

) [
mX (40 (6CX − 1) CX + 9)K1

(mX

T

)
+

+ 4T (20 (6CX − 1) CX + 3)K2

(mX

T

)]}

〈σv〉1/2→1 =
κ4

11520πK2
2(mX/T )

{
K2

2

(mX

T

) [
9m2

X + 26T 2
]

+

+mXK1

(mX

T

) [
11mX + 13TK2

(mX

T

)]}

〈σv〉1→1 =
κ4

2880πK2
2(mX/T )

{
K2

2

(mX

T

) [
9m2

X + 26T 2
]

+

+mXK1

(mX

T

) [
11mX + 13TK2

(mX

T

)]}
= 4 〈σv〉1/2→0
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The total cross-section for the vector DM production can be written as a sum of
those three contributions from all the SM particles as,

〈σv〉 = N0 〈σv〉0→1 +N1/2 〈σv〉1/2→1 +N1 〈σv〉1→1 ,

where N0 = 4, N1/2 = 45, and N1 = 12 denote numbers of degrees of freedom (before
SSB).

Inflaton decay to DM

Lφint = −CφXκ
m2
X

2
φXµX

µ ← CφXκ(DµΦ)∗(DµΦ)φ

⇓

Γφ→XX =
κ2C2

φX

128πmφ

√
1− 4

m2
X

m2
φ

(
m4
φ − 4m2

Xm
2
φ + 12m4

X

)
,
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The time evolution of the energy density ρi and number density ni of each
considered species is encoded in the following system of three coupled Boltzmann
equations

ρ̇φ + 3(1 + w)Hρφ = −
(
〈ΓφR〉+ 〈ΓφX〉

)
ρφ ,

ρ̇R + 4HρR = 〈ΓφR〉ρφ + 2〈EX〉〈σ|v|〉
(
n2
X − n̄2

X

)
,

ṅX + 3HnX = 〈ΓφX〉
ρφ
mφ
− 〈σ|v|〉

(
n2
X − n̄2

X

)
,

H2 =
κ2

3
(ρφ + ρX + ρR) ,

where n̄X denotes the equilibrium number density of the vector DM Xµ, while w
parametrizes the equation of state of the inflaton field.
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We introduce rescaled dimensionless variables to solve the above Boltzmann
equations,

Φ = ρφ
a3(1+w)

T 4
RH

, R = ρR
a4

T 4
RH

, NX = nX
a3

T 3
RH

.

It is convenient to use the scale factor, rather than time:

da

aH
= dt.

The Hubble parameter expressed in terms of the new variables is given by

H2 =
κ2

3

T 4
RH

a3

[
Φa−3w +Ra−1 +NX

〈EX〉
TRH

]
.

We can also rewrite Boltzmann equations as follows

dΦ

da
= −〈Γ

φ
R〉+ 〈ΓφX〉
aH

Φ,

dR
da

=
〈ΓφR〉
H

Φa−3w +
〈σv〉
Ha3

2〈EX〉T 2
RH

(
N 2
X − N̄ 2

X

)
(5)

dNX
da

=
〈ΓφX〉
H

TRH

mφ
Φa−(1+3w) − 〈σv〉

Ha4

(
N 2
X − N̄ 2

X

)
.
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We adopt the following assumptions:

(i) For the inflaton decay, the dominant decay channel is φ→RR, while φ→XX

is sub-dominant, i.e. ΓφR� ΓφX, so that the standard cosmology is not affected
substantially,

(ii) During the reheating, i.e. period between H−1
I and Γφ −1

R the dominant part of
the total energy density was in the form of the inflaton field.

(iii) The reheating period is followed by the RD epoch during which the total energy
density is dominated by the ρR.

The second assumption allows us to fix the initial conditions for the set of new
variables,

ΦI =
3H2

I

κ2T 4
RH

, RI = 0, NXI = 0.
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Temperature – scale factor relation

R =
π2g∗(TRH)

30γ2


2

5− 3w

(
a

5
2(1−3w/5) − 1

)
, for w 6= 5

3

ln a, for w =
5

3

with γ ≡
√

HRH
HI

.

The temperature of the system is related to radiation energy density R as follows

T =

(
30

π2g∗(T )

)1/4

TRHR1/4a−1.

Therefore, we can express the temperature in terms of the scale factor as,

T (a) =

(
90

π2g∗(T )

)1
4
√
γHI

κ



(
2

5− 3w

)1
4 (
a−

3
2(1+w) − a−4

)1
4
, for w 6= 5

3
,

(
ln a

a4

)1
4

, for w =
5

3
.
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The Hubble rate – scale factor relation

H(a) =


HIa

−3
2(1+w), for a < aRH

HRH

(aRH

a

)2

, for a > aRH

DM relic abundance

(i) the DM production dominated by annihilation of SM particles in the thermal bath,
i.e. via annihilation freeze-in mechanism,

(ii) the DM mostly produced through inflaton decays.

(i)
dN FI

X

da
' 〈σ|v|〉

Ha4
N̄ FI
X ,

N FI
X∞ '

1

T 3
RH

∫ aRH

1

da
a2

H(a)
〈σv〉n̄2

X +
1

T 3
RH

∫ af

aRH

da
a2

H(a)
〈σv〉n̄2

X,
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(ii)

dN φ
X

da
= 3
〈ΓφX〉HI

κ2mφ
T−3

RH a
1
2(1−3w),

N φ
XRH

=
C2
φX

64π(1− w)

(
π2g∗(TRH)

90

)3/4
√

1− 4
m2
X

m2
φ

(
m4
φ − 4m2

Xm
2
φ + 12m4

X

)
× κ3/2

γ3H
1/2
I m2

φ

(
a

3
2(1−w)
RH − 1

)
.

⇓

ΩXh
2 =

45

2π2g∗(TRH)

s0h
2

ρc
γ

4
1+wmXNX(T0).
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Figure 5: Relations between the Hubble rate at the end of inflation HI and vector
DM mass mX that reproduces the observed relic abundance ΩDMh

2 for the freeze-in
through the dim-6 operator.

Figure 6: Relations between the Hubble rate at the end of inflation HI and vector
DM mass mX that reproduces the observed relic abundance ΩDMh

2 for the inflaton
decay through the dim-5 operator.
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Summary

• Evidence for DM is only of gravitational origin.

• DM that interacts with the SM exclusively through gravity is a viable option
consistent with the observed DM abundance.

• DM production mechanisms:

– non-perturbative - gravitational production,
– perturbative - freeze-in via graviton exchange or dim-6 Planck mass suppressed

effective operator, inflaton decays to DM pairs via dim-5 Planck mass suppressed
effective operator.

have been discussed.

• Effects of modified equation of state during reheating have been discussed.
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Figure 7: Comparison of the gravitational production, the inflaton decay and dim-6
operator annihilation. The observed relic abundance ΩDMh

2 is reproduced. For solid
and dashed lines we used CX = 10−3, 10 and Cφ = 10−3, 10−5, respectively.
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