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The α-attractor T-model

Lϕ = 1
2

∂µϕ ∂µϕ − V (ϕ)

V (ϕ)= Λ4 tanh2n
(

|ϕ|√
6αMPl

)

≃


Λ4 |ϕ|≫MPl

Λ4
∣∣∣∣ ϕ

MPl

∣∣∣∣2n |ϕ|≪MPl
,

where n > 0,
√

6α ≲ 10, Λ ≲ 1.6 × 1016 GeV.

ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ) = 0

H2 = 1
3M2

Pl

[
1
2

ϕ̇2 + V (ϕ)
]

where H ≡ ȧ/a is the Hubble rate.
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ϕ(t) = φ(t) · P(t)

• P(t) is a quasi-periodic, fast-oscillating function,
• φ(t) denotes a slowly-varying envelope:

ρϕ = V (φ) ≃ Λ4
( φ

MPl

)2n

φ̇(t) = − 3
n + 1

Hφ(t) ⇒ φ(a) = φe

(ae
a

) 3
n+1

Ṗ ≃ ± mϕ√
n(2n − 1)

√
1 − |P|2n ⇒ P(a) =

[
I−1
z

( 1
2n

,
1
2

)] 1
2n

where I−1
z (i , j) is an incomplete beta function I−1

z (i , j). The period of
the oscillations, T ,

T =
√

4π

mϕ

√
2n − 1

n

Γ
( 1

2n

)
Γ

(
n+1
2n

) with m2
ϕ ≡ ∂2V (ϕ)

∂ϕ2

∣∣∣∣
ϕ=φ

= 2n(2n−1) Λ4

M2
Pl

(ρϕ

Λ4

)n−1
n

P(t) =
∞∑

k=−∞

Pk e
−ikωt
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Interactions

LDM = −1
4
XµνX

µν + 1
2
m2

XXµX
µ,

Lint = −
{

ghϕMPl ϕ|h|2 + hµν

MPl

[
Tϕ

µν + TDM
µν + T SM

µν

]
+

Cϕ
X m2

X

2MPl
ϕXµX

µ + Ch
X m2

X

2M2
Pl

|h|2XµX
µ

}
,

ϕ
h

h

hµν
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SM

ϕ
ϕ

X

X

hµν

X

X

ϕ
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SM

hµν

X

X

h

h

X

X

h
X

X

SM

SM

h
X

X

4



The Higgs portal

Lint = ghϕMPlϕ|h|2

hi

hi

ϕ

homogeneous, classical
background field

coherently oscillating

ϕ = φ(t) · P(t)

Reheating i.e., energy transfer between the inflaton and the SM sector

1
V

dEg

dt
≡ ρϕΓϕ = g2

hϕM
2
Pl

φ2(t)
8π

3∑
i=0

∞∑
k=1

kω|Pk |2
√

1 −
(

2mhi

kω

)2

, P(t) =
∞∑

k=−∞

Pke
−ikωt

Higgs mass induced by the oscillating inflaton background

m2
h0

=ghϕMPlφ

{
|P| , P(t)>0

2|P| , P(t)<0
vh =

0 , P(t)>0√
|m2

h0
|/(2λh) , P(t)<0

rapidly-oscillating
slowly-varying envelope, ρϕ ≡ V (φ)
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The Higgs portal

m2
h0

=ghϕMPlφ

{
|P| , P(t)>0

2|P| , P(t)<0
vh =

0 , P(t)>0√
|m2

h0
|/(2λh) , P(t)<0
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Kinematic suppression

The inflaton decay rate can be written as

⟨Γϕ⟩ =
g2
hϕ

32π

M2
Pl

mϕ(a)
γh(a),

γh(a) ≃
3∑
i=0

∞∑
k=1

k |Pk |2
〈√

1 −
(

2mhi (a)
kω(a)

)2〉

It turns out that

γh ∝ a
3(3−2n)

1+n

which implies

⟨Γϕ⟩ ∝ a
6−3n
1+n ≡ a−β

effective mass
m2

ϕ(a) = V,ϕϕ|ϕ=φ

ω ∝ mϕ
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The time-averaged Boltzmann equations

ρ̇ϕ+ 6n
n+1

Hρϕ = − ⟨Γϕ⟩ ρϕ

ρ̇SM + 4HρSM =⟨Γϕ→SM SM⟩ρϕ−2⟨EX ⟩SSM−⟨Eh0⟩Dh0

ṅX + 3HnX = Dϕ + Sϕ + SSM + Dh0

with the Hubble rate H2 = 1
3M2

Pl
(ρϕ + ρSM + ρX )
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Non-instantaneous reheating

ρR(a) = 6M2
PlHeΓeϕ

5−3w−2β

[(
ae
a

)β+3(1+w )/2 −
(
ae
a

)4
]ρϕ(a)

H≫Γϕ≃ 3M2
PlH

2
e

(
ae
a

)3(1+w )

Inflation RD epochReheating

ρ ∝ a0

ρ ∝ a−4

ρ ∝ a−3(1+w )

ρ ∝ a−β−3(1+w )/2

Lo
g 1

0
[ρ

/
G

eV
4
]

Log[a]

the dominant term
for β ≤ (n + 4)/(n + 1)

•
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mhi = 0

mhi ̸= 0 β = − 3
2 , ρR ∝ a0

β = 0, ρR ∝ a−3/2

β = 0, ρR ∝ a−2

β = −1, ρR ∝ a−1

T = Tmax
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Gravitational DM production

LDM = −1
4
XµνX

µν + 1
2
m2

XXµX
µ + Lint

Lint = hµν

MPl

(
Tµν

ϕ + Tµν
X + Tµν

SM

)

M. Garny et al., arXiv:1511.03278

Y. Tang et al., arXiv:1708.05138

M. Garny et al., arXiv:1709.09688

Y. Mambrini et al., arXiv:2102.06214

M.R. Haque et al., arXiv:2112.14668

S. Clery et al., arXiv:2112.15214
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Gravitational DM production

Ωgrav
X h2 ≃ mX

ρc

Ngrav(arh)
a3

rh

s0

s(arh)
h2.

Ωgrav
X h2 = Ω(obs)

X h2 = 0.1198 ± 0.0012

For the n=2 case,
Ωgrav
X h2 does not depend on ghϕ

For the n=2/3 case,
Ωgrav
X h2 does not depend on mX

for heavy DM
Light DM particles are dominantly
produced from the inflaton

Heavy DM particles are produced
by the freeze-in from the SM sector
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Summary

• The α-attractor T-model potential for the inflaton field has been
adopted:

V (ϕ)= Λ4 tanh2n
(

|ϕ|√
6αMPl

)
≃


Λ4 |ϕ|≫MPl

Λ4
∣∣∣∣ ϕ

MPl

∣∣∣∣2n |ϕ|≪MPl
,

• The reheating has been triggered by

Lint = ghϕMPlϕ|h|2

• It has been shown that both duration of reheating and evolution
of radiation energy density, ρR, are sensitive to the shape of the
inflaton potential (n).

• The role of kinematical suppression emerging from Lint has
been investigated. It has been shown that the non-zero mass of
the Higgs boson leads to the elongation of the reheating period,
changes the ρR(a) and T (a) evolution, and favors reduced Tmax.
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Summary

• It has been shown that purely gravitational perturbative
production of DM is possible.

• Purely gravitation perturbative reheating needs to be
investigated.
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Problems to consider

1. Classical inflaton background (condensate)

ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ) = 0

H2 = 1
3M2

Pl

[
1
2

ϕ̇2 + V (ϕ)
]

Assume:
V (ϕ, h) = Vϕ(ϕ) + Vh(h) + ghϕMPlϕ|h|2+λhϕϕ2|h|2

⇓

ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ, h) = 0

ḧ + 3Hḣ + V,h(ϕ, h) = 0

H2 = 1
3M2

Pl

[ 1
2

ϕ̇2 + 1
2
ḣ2 + V (ϕ, h)︸ ︷︷ ︸

ρϕ+ρh

]

Then
ϕ(t) = ϕ̄(t) + δϕ(x), h(t) = h̄(t) + δh(x)

with ϕ̄(t), h̄(t) being classical homogeneous background while
δϕ(x), δh(t) are quantum fluctuations (ϕ̄(t), h̄(t) → Tµν) 20



2 Choice of the background metric: Minkowski versus FRWL?

gµν(x) = ḡµν(x) + hµν

MPl
(x) ḡµν(x) =

{
ηµν

gFLRW
µν (t)

• graviton propagator
• contractions
• scalar, fermion and vector propagators
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3 Renormalization of Tµν

The equation of motion for longitudinally-polarized modes

X̃ ′′
L + ω2

L(τ )X̃L = 0

where the time-dependent frequency ω2
L reads

ω2
L(τ ) ≡ k2 + m2

Xa
2 − k2

k2 + m2
Xa

2
a

′′

a
+ 3

k2m2
Xa

′2

(k2 + m2
Xa

2)2

For max[amX , aHI ] ≪ k

dρL

d ln k
= k3

4π2a4

{
k

2
+

(
k4

(k2 + a2m2
X )2

a2H2
I + k2 + a2m2

X

)
1
2k

}
= k4

4π2a4 +
k2

(
H2

I + m2
X

)
8π2a2 − H2

I m
2
X

4π2 + 3a2H2
I m

4
X

8π2k2 + O
(
k−4)

The first three terms are divergent in the limit k → ∞.
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Cristian Moreno-Pulido and J. Sola Peracaula, "Running vacuum in
quantum field theory in curved space-time: renormalizing ρvac
without ∼ m4 terms", Eur. Phys. J. C (2020) 80:692

• adiabatic regularization procedure (ARP) introducing a scale M

• subtraction prescription (equivalent to subtraction of the
Minkowski result)

• The cut-off:
k < Λ ≡ aeHI
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4 Kolb’s paper
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S (2)
ϕ→XX = ρϕ

M2
Pl

∑
k

P2n
k MV (k)(2π)4δ(kω − p0

1 − p0
2)δ(3)(p⃗1 + p⃗2),

⇓

• No interference between k and k ′ ̸= k .
• However, periodicity of P(t) is approximate.
• The decomposition of ϕ(t) = φ(t) · P(t) is not unique.
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5 Bogoliubov versus Boltzmann. =⇒ Kunio Kaneta
6 Thermal corrections to V (ϕ, h).
7 RGE corrections to parameters of V (ϕ, h).
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Limits on ghϕ

• Perturbativity (hiϕ → hiϕ)

ghϕ <∼

(
Λ2

ϕMPl

)
,

• The inflationary dynamics is dominated by the cosmological
constant term ∼ Λ4 therefore

ghϕ <∼
√

λh

(
Λ2

ϕMPl

)
,

• If mh0 >3HI/2 the Higgs field fluctuations during inflation are
strongly suppressed ensuring stability (J. R. Espinosa, et al. ,
[arXiv:1505.04825]), therefore

ghϕ >∼
3
4

√
6α

(
Λ2

ϕMPl

)2 (
ϕ

M

)
.

6 · 10−11 <∼ ghϕ <∼ 3 · 10−6
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