
q3
i=1 aixi © aixi

x
Õ
i = aimxm ≈∆ x

Õ
i =q3

m=1 aimxm
”ij = 1 i = j 0

i ”= j ”ii = 3 ”ijTjm = Tim
ęi · ęj = ”ij
‘ijk = 1

(ijk) ≠1 (ijk)
0

ęi◊ ęj = ‘ijkęk ą = aięi
ai = ęi · ą b̨ = bięi ą◊ b̨ = ‘ijkaibj ęk

‘ijk‘lmk = ”il”jm ≠ ”im”jl

Tii = T11 + T22 + T33
Tij = ⁄◊”ij + 2µEij

Tii = 3⁄◊ + 2µEii
Tij = 2µEij + ⁄(Ekk)”ij

W = TijEij/2 = µEijEij + ⁄(Ekk)2/2

P = TijTij = 4µ2EijEij + (Ekk)2(4µ⁄+ 3⁄2)

T̂ (–ą+ —b̨) = –T̂ ą+ —T̂ b̨
T̂ ęi = Tjięj Tij = ęi · T̂ ęj

T̂ ę1 = 4ę1+ ę2 T̂ ę2 = 2ę1+3ę3
T̂ ę3 = ≠ę1 + 3ę2 + ę3 Tij

R̂ ◊

x3
bi = Tijaj

[̨b] = [T̂ ][̨a]
T̂ ę1 = 2ę1 ≠ 6ę2 + 4ę3

T̂ ę2 = 3ę1 + 4ę2 ≠ ę3 T̂ ę3 = ≠2ę1 + ę2 + 2ę3
ą = ę1 + 2ę2 + 3ę3 b̨ = T̂ ą

Wij = Tij + Sij
(T̂ Ŝ)ij = TikSkj

T̂
T

ą · (T̂ b̨) = b̨ · (T̂T ą)
(T̂ Ŝ)T = ŜT T̂T (T̂T )T = T̂ TTij = Tji

ą b̨

(̨a¢ b̨)c̨ = ą(̨b · c̨) c̨ ą¢ b̨
¢

(Ŵ )ij = ęi · (̨a ¢ b̨ ęj) = aibj
ęi ¢ ęj

T̂ = Tij ęi ¢ ęj

T̂ T̂
ú

ą b̨

T̂
ú(̨a◊ b̨) = (T̂ ą)◊ (T̂ b̨)

‘ijk‘lmk = ”il”jm ≠ ”im”jl
‘ilm‘jlm = 2”ij ‘ijk‘ijk = 6 ą ◊ (̨b ◊ c̨) =
(̨a · c̨)̨b≠ (̨a · b̨)c̨

T̂

ą

b̨ = m̨(̨a · n̨) m̨ =
Ô
2(ę1 + ę2)/2

n̨ =
Ô
2(≠ę1 + ę2)/2

n̨

r̨

r̨ T̂ r̨ = r̨ ≠ 2(r̨ · n̨)n̨
T̂

n̨ = (ę1 + ę2 + ę3)/
Ô
3

T̂

ą = ę1 + 2ę2 + 3ę3

[ai] =

S

U
1
0
2

T

V [Bij ] =

S

U
2 3 0
0 5 1
0 2 1

T

V [Cij ] =

S

U
0 3 1
1 0 2
2 4 3

T

V .



Dji = Bij ≈∆ [D] = [B]T

bi = Bijaj ≈∆ [b] = [B][a] cj = Bjiai ≈∆
[c] = [B][a] s = Bijaiaj ≈∆ s = [a]T [B][a]
Dik = BijCjk ≈∆ [D] = [B][C]

Dik = BijCkj ≈∆ [D] = [B][C]T

Tr(̨a¢
b̨) = ą · b̨ T̂ = Tij ęi ¢ ęj Tr = Tii

TrT̂T = TrT̂ Tr(ÂB̂) = Tr(B̂Â)

1̂ą = ą [1̂]ij = ”ij
det(T̂ ) T̂ T̂

≠1 = 1̂
Q̂

Q̂
T
Q̂ = 1̂ Q̂

≠1 = Q̂T

ę
Õ
i = Q̂ęi = Qmięm [ę]Õ = [Q̂T ][ę]

Qij = ęi · ęÕj = cos(ęi, ęÕj)

a
Õ
i = Qmiam [̨a]Õ = [Q̂T ][̨a]

ą = 2ę1
90

T
Õ
ij = QmiQnjTmn [T̂ ]Õ = [Q̂T ][T̂ ][Q̂]

ę
Õ
i = Q̂ęi
–
Õ = –

a
Õ
i = Qmiam

T
Õ
ij = QmiQnjTmn

T
Õ
ijk = QmiQnjQrkTmnr

T
Õ
ijk = det(Q̂)QmiQjnQkrTmnr

T̂
T = T̂ Tij = Tji

T̂
T = ≠T̂ Tij = ≠Tji

T̂ = T̂S + T̂A T̂
S(A) =

(T̂ ± T̂T )/2

t̨
A

ą

T̂
A
ą = t̨A ◊ ą

t̨
A = ≠‘ijkTjkęi/2

[T̂ ] =

Q

a
1 2 3
4 2 1
1 1 1

R

b

ą = ę1 + ę3
T̂
A
ą = t̨A ◊ ą
m̨

R̂ q̨

R̂

m̨

T̂ ą =
⁄ą

T̂ n̨i = ⁄in̨i n̨ T̂

⁄1 ”= ⁄2 n̨1 n̨2

det(Tij≠⁄”ij) = 0 ≈∆ ⁄3≠I1⁄2+I2⁄≠I3 = 0
I1 = trT̂ = ⁄1 + ⁄2 + ⁄3 I2 = [(trT̂ )2 ≠ tr(T̂ 2)]/2 =
⁄1⁄2 + ⁄1⁄3 + ⁄2⁄3 I3 = detT̂ = ⁄1⁄2⁄3

⁄i

±1

”ij

‘ijk ”ik”lm

‘ikl‘mnl

det(Tij ≠ ⁄”ij) = 0 ≈∆
⁄
3 ≠ I1⁄2 + I2⁄ ≠ I3 = 0 I1 = trT̂
I2 = [(trT̂ )2 ≠ tr(T̂ 2)]/2 I3 = detT̂

◊

m̨

r̨

r̨

R̂r̨ = (1≠ cos ◊)(m̨ · r̨)m̨+cos ◊r̨+ sin ◊m̨◊ r̨ R̂

R̂ = (1 ≠ cos◊)(m̨ ¢ m̨) + sin ◊Ê
Ê

m̨

ą b̨

ąT̂ b̨≠ ąT̂ ą = ≠2T̂A(̨a◊ b̨)

”i–1 i–2 · · · ”i–n≠1 i–n –1...–n
1...n

‘i–1 i–2 i–3 ”i–4 i–5 · · · ”i–n≠1 i–n



T̂
Õ

T̂

„

– cos2 „+ — sin2 „ = (–+ —)/2 + ((–≠ —)/2) cos 2„
ą b̨ c̨ T̂

ą
2
ą · b̨ ą · (̨b ◊ c̨)

(̨a ◊ b̨)2 ąT̂ ą ąT̂ b̨

T̂ = T̂ (t)
dT̂ /dt = limÂæ0(T̂ (t + Ât) ≠ T̂ (t))/Ât
– = –(t) ą = ą(t) d(–T̂ )/dt = (d–/dt)T̂+–(dT̂ /dt)
d(T̂ Ŝ)/dt = (dT̂ /dt)Ŝ + T̂ (dŜ/dt) d(T̂ ą/dt) =
(dT̂ /dt)̨a+ T̂ (dą/dt) d(T̂T )/dt = (dT̂ /dt)T

Q̂(t)
(dQ̂/dt)Q̂T

R̂(t)
dr̨/dt = Ę̂ ◊ r̨

Ę̂

(dR̂/dt)R̂T

„ = „(r̨)
„ r̨ æ r̨ + dr̨ d„ = „(r̨ +
dr̨) ≠ „(r̨) = Ǫ̀„ · dr̨ Ǫ̀„
„ Ǫ̀„ =
(ˆ„/ˆxi)ęi

v̨ = v̨(r̨) dv̨ =
v̨(r̨ + dr̨) ≠ v̨r̨) = (Ǫ̀v̨)dr̨ (Ǫ̀v̨) = (Ǫ̀ ¢ v̨)

(Ǫ̀v̨)ij = ˆvi/ˆxj

divv̨ = tr((Ǫ̀v̨)) = ˆvi/ˆxi
ą

(divT̂ ) · ą = div(T̂T ą)≠tr(T̂T (Ǫ̀ą))
divT̂ = (ˆTim/ˆxm)ęi

div(–T̂ ) = T̂ (Ǫ̀–) + –(divT̂ )
rotv̨ = 2Ę̂

Ę̂

Ǫ̀v̨
rotv̨ = ‘ijk(ˆvj/ˆxk)ęi

dęr = d◊ę◊ dę◊ = ≠d◊ęr dr̨ = dręr + rd◊ę◊
Ǫ̀f = (ˆf/ˆr)ęr +

(1/r)(ˆf/ˆ◊)ę◊

[Ǫ̀v̨] =
3
ˆvr
ˆr

1
r (
ˆvr
ˆ◊ ≠ v◊)

ˆv◊
ˆr

1
r (
ˆv◊
ˆ◊ ≠ vr)

4
.

divv̨ = ˆvr/ˆr +
(1/r)(ˆv◊/ˆ◊ + vr)

rotv̨ = (ˆv◊/ˆr + v◊/r ≠
(1/r)(ˆvr/ˆ◊))ę3

(divT̂ ) · ą = div(T̂T ą) ≠
tr(T̂T (Ǫ̀ą)) ą = ęr
(divT̂ )r = ˆTrr/ˆr + (1/r)ˆTr◊/ˆ◊ + (Trr ≠ T◊◊)/r

ą = ę◊ (divT̂ )◊ = ˆT◊r/ˆr +
(1/r)ˆT◊◊/ˆ◊ + (T◊r + Tr◊)/r

„ = x1x2 + x3
n̨ „ = const

(2, 1, 0)

„ ą v̨ ų

T̂

Ǫ̀ · („ą) = „Ò · ą+ ą ·Ò„
Ǫ̀ ◊ („ą) = (Ǫ̀„)◊ ą+ „Ǫ̀ ◊ ą
Ǫ̀ ◊ (Ǫ̀ ◊ ą) = Ǫ̀(Ǫ̀ · ą)≠ Ǫ̀2ą
Ǫ̀ · (v̨ ◊ ų) = ų · (Ǫ̀ ◊ v̨)≠ v̨ · (Ǫ̀ ◊ ų)
div („T̂ ) = T̂ (Ǫ̀„) + „divT̂

„ v̨

T̂ Ǫ̀„ Ǫ̀v̨ divv̨ rotv̨ divT̂

„ v̨

T̂ Ǫ̀„ Ǫ̀v̨ divv̨ rotv̨ divT̂

x̨ = X̨ + X1kę1
X̨ = (X1, X2, X3)
dX̨1 = dS1(ę1 + ę2)/

Ô
2 dX̨2 = dS2(≠ę1 + ę2)/

Ô
2
X̨

dx̨1 dx̨2 dX̨1 dX̨2



k = 10≠4

3000 3

fl ≥ 2700 ≠ 3200 3

Tmax ≥ 200≠290 fl ≥ 2650≠2750 3

Tmax ≥ 100≠ 200

Ti ęi T̂

[T̂ ] =

Q

a
T11 T12 0
T12 T22 0
0 0 0

R

b

T11 = T22 = 0 T12 = 1000

u1 = kX22 u2 = u3 = 0
(0, 0) (1, 0) (1, 1) (0, 1)

x̨ dX̨1 = dX1ę1 dX̨2 = dX2ę2
ęi

k

u1 = k(2X1 + X22 )
u2 = k(X21 ≠ X22 ) u3 = 0 k = 10≠4

dX̨1 = dX1ę1 dX̨2 = dX2ę2
X̨ = ę1 ≠ ę2

P̨ Y1 Y2

T11 = ≠‡

(EY )eff = T11/E11
(EY )eff = EY (1 ≠ ‹)/(1 ≠ 2‹)(1 + ‹) ‹

uzz = ≠y/R = Tzz/E
uxx = uyy = ≠(‹/E)Tzz ux = ‹xy/R

uy = z2/2R+ ‹(y2 ≠ x2)/2R uz = ≠yz/R
R

f̨ = ≠g(r/R)ęr
f̨ + µǪ̀2ų + (⁄ + µ)Ǫ̀(Ǫ̀ų) = 0

Ǫ̀2ų = Ǫ̀(Ǫ̀ų) ≠ Ǫ̀ ◊ Ǫ̀ų ų = ur(r)ęr ur(r = 0)
Trr(r = R) = 0

ur(r) = ≠(gflR/10)((1 + ‹)(1 ≠ 2‹)/E(1 ≠ ‹))r((3 ≠
‹)/(1 + ‹)≠ r2/R2)



fl

h

g̨ = (0, 0,≠g)
z = 0

R l

q „

F̨ =
s
TzzdSz ęz = ≠(E/R)

s
ydS = 0

M̨ = ≠(EI/R)ęx I =
s
y
2
dS

Mb = ≠Mx = EI/R =
EIŸ Ÿ EI

I = 4ab3/3 I = fiab3/4
I = fi(b4 ≠ a4)/4

2a = 2, 54
2b = 3, 36 1

75

25 25 E > 130 ≠ 150MPa
1 ≠ 40 · 10≠24Nm2

2R ¥ 0, 4 ≠ 3nm
2R ¥ 1, 4 ≠ 100nm 2R ¥ 250nm
EMWNT ¥ 103GPa ESWNT ¥ 100GPa
EAl = 70GPa Estal = 210GPa Eplastik = 1GPa
Ediament = 1000GPa

a

a = 0.5≠ 2mm
Tg = Ea/R R > aE/Tg Mb < fia

3
Tg/4

Rg ¥ 0, 25≠ 1m

dE/dl = EI/2R2 =M2b /2EI

|dy(z)/dz| π 1
dFy/dz = ≠Ky dFz/dz =

≠Kz dMx/dz = Fy
Mx = ≠EId2y/dz2 K =

EId
4
y/dz

4
y(z) = a + bz + cz2 + dz3 +

Kz
4
/24EI

p

R1 R2
p1

p2

5cali
10911 ± 40m p.p.m.



Fn = n2fiEI/L2

fl

p = Cfl6/5

G

M

fl = fl0 = const

r l

M

fl fl1

l

E I



L

h

2–

fl1 fl0 > fl1
fl1/fl0

2–

x1 = X1 + ktX2

x2 = X2

x3 = X3,

xi Xi

k

s
≠1

T (x̨) = Á(x1 + x2)
Á K/m

Ę̂ =
Êę3

v̨ = (x1, x2, x3)/(· + t)
· s

R0

R(t)
R(t = 0) = R0

p(t) = pŒ + fl(Rd2R/dt2 + (3/2)(dR/dt)2).

E

t = 0
Rf

x1 = X1

x2 = X2 + (sinfit/T )(sinfiX1/L)

x3 = X3.

T L

t = 0
(0, 0, 0) (1, 0, 0)

t = 1/2 1 3/2

I) v̨(x̨) =
x1ę1 + x2ę2
x
2
1 + x22

, II) v̨(x̨) =
≠x2ę1 + x1ę2
x
2
1 + x22

,

T (x̨) = Á(x21 + x22)

(1, 1, 0)

a

fl

p0

‰
d x = 0



R

ˆ
2Ó
ˆr2
+
1
r

ˆÓ
ˆr
+
1
r2
ˆ
2Ó
ˆ◊
= 0

Ó ≥ Ur cos ◊, dla r æŒ

ˆÓ
ˆr
= 0, dla r = R,

fl0

E =
1
2
ȧ
2 ≠GM +M0

a
=
4fi
3
Ga
2(flc ≠ (fl+ fl0)),

M0 = (4/3)fifl0a3 fl
flc

Ė

Ḣ +H2 = ≠4fi
3
G(fl≠ 2fl0).

2fl0 > fl
fl0 < flc/3

2fl0 < fl < flc

ä < 0

R

h r π R

A0v0 = Av
Ai

fl1
l

fl0 fl1 > fl0


u = (≠y, x, 0)

p = patm

p/fl+ 12u
2 + gz

z = const≠ 
2

2g
(x2 + y2).

h R

r π R

R h

÷

Uęx



t◊ = 0
r = a

Ô =
1
2
U(r2 ≠ ar) sin2 ◊,

tr = 3÷Ua≠1 cos ◊

F = 4fi÷Ua.

Âp L

fl0Q

R

R =
Âp
fl0Q
.

d

W L –

L

Âp
g̨

‹ Âp

p0
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