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I Introduction

Setting: FIELD THEORY

ACTION FUNCTIONAL S&EX] . §S[Xa]=0 (LAP)
RIGID SYMMETRIES:
N:GxF >F :(g,0,X,(0)) v (0,9.X;(0)) , Gc2iff(¥),
ie. .Z is a G-space, and

05[9.Xa]=0.

GAUGING

Idea: RICGID LOCAL : G3g-7%, 4()eCy



Problem: OBSTRUCTIONS = GAUGE ANOMALIES

e LOCAL/INFINITESIMAL : non-invariance of S under in-

finitesimal gauge transformations (L homotopic to id)

e GLOBAL/TOPOLOGICAL : non-invariance of
FEYNMAN AMPLITUDES : A[X] = e O1X]

under large gauge transformations (non-homotopic to id)

Remark: The latter lead to destructive interferences of homotopy
sectors within gauge orbits of states when gauge fields rendered
dynamical.

Ramifications:

e powerful selection rules for model building;
o effective field theories with #//G;
e exhaustive construction method for RCFT’s;

e natural incorporation of BCFT’s and CF'T’s over NON-ORIENTABLE
WORLD-SHEETS (key role in susy extensions);

e T-DUALITY/MIRROR SYMMETRY.



II Requisites

(IIo) Rudiments of the field theory

MONO-PHASE ¢-MODEL:

&
Somet. [ X;7] = fE g(dX? »,dX) (to start with)

Problem: WEYL ANOMALY ~ R, (Vi-c(g))
Solution: H e Z3(M) : R, (Vi-c(8)) = 1 Huap Hups (7)) (g_l)ﬁ(s

So[ X57] = Somet [ X5 7] + Sowz[ X, Sowz[X] =1 f X*d'H” .
Aside: WZ term consistent with STh

Problem: It may happen that [H]gqg # 0



In general, we have MULTI-PHASE o-model

e patches ¥; - (M;,g;,...), combine into M :=||; (M;,g;,...);

¢ DEFECT LINES /;; - (Qi},- . .), combine into B = i ;y(Qij, - --),
W/ l1,L2 ¢ Q_>Ma

,,,,, Limins + - -), combine
i : kk+1 |
into J = Lnss Uiy io,..in) Tivsigesins - --), W/ T T, = Q.

Relevance of defects:
e appear naturally in the orbifold o-model (twisted sector);
e describe the most general CFT, incl. BCFT;

e capture symmetries/dualities of the o-model.

B. The missing bits (...) come from 2-CATEGORY B&tb" ().



(ITg) Rudiments of gerbe theory

0. BUNDLE GERBE WITH CONNECTIVE STRUCTURE:

(L7 vLa ML)

TL

g : Y2l

(Y7, B)

Pra

(#,H)
e CURVATURE curv(G) = H e Z3(.%,2n7);

¢ CURVING BeQXYZ) : i ,H=dB;
e CONNECTION vy on L, with curv(Vy) = B - By;
e GROUPOID STRUCTURE  fiz ¢ Loy ® Lpzs) — Lpg)-

Upshot: Sz [X] = Holg(X) = [X*G] e H2 (2, U(1)) 2 U(1)

1. GERBE 1-ISOMORPHISM: D : G —> G,

(Evay&)

TE

YY1 2. F

YY) o F

Y17 x2 Yo F =Y, QJ

/\

e CONNECTION Vg on E, with curv(Vg) = 75 By -7 By;

e COHERENT ISO  « : Ej19® Lyfou] — L1151 ® Epza



D,
2. GERBE 2-ISOMORPHISM: © = g1 $92 )
Dy

i.e. COHERENT ISO ¢ : Ey[;] — Ey[g) over

YYL2Y, .. F
lﬂwlﬂvmg
YIYLQL?Z Xyl,zgz Y2Y1’23Z =: Y1’2Y172§

/ \

YUY, 0.7 Y2Y 0 F

™iY) 07 Y2Y) o F

Y12F
These compose STRICT MONOIDAL 2-CATEGORY B&tbY (%)

e (-cells: gerbes;

e 1-cells: gerbe l-isos (incl. canonical Idg : G =, G), with
assoc. HORIZONTAL COMPOSITION

D0 Dy 3
Pyz0D15 = Gy Go U3

o Hom%ﬁtbv(y)(gl, Go) is a CATEGORY with morphisms

e 2-cells: gerbe 2-isos (incl. canonical idyg, : Idg — Idg),
with assoc. COMPOSITIONS:
D0 Dy 3

peopr = G @ G @ Gs (HORIZONTAL) ;

@ @
Dy 9
SN
N
o,
subject to INTERCHANGE LAW.

pepr = Gi G (VERTICAL).



Xtras:
e there exist distinguished TRIVIAL GERBEs = 2-forms:
I,=(%,w,F xC,m), m((z,2)® (x,2")) = (x,2z-2")

e smooth maps [ : . — % give rise to PULLBACK (2-
JFUNCTORS f* : B&tb" (F,) - BGtbY (F)).

e neat description in terms of Deligne hypercohomology H? (35 : D(Z)fg),
i.e. cohomology of Cech-extended DELIGNE COMPLEX

o idlog d 2
D) 0-U(1), —2% 01(7) L 0()
e there exists TRANSGRESSION FUNCTOR
T H*(#,D(2)%) > H (LF,D(1); »)

e we have

Proposition 1. The following holds true in B&tbY (F):

(1) Given G, a=1,2 with curv(Gy) = curv(Gsy), there exist

lnz

Go—>D®G, curv(D) =0,
and G1 2 Gy iff D I.
(2) Given ¥, :G =N H, o=1,2, there exist
Uy =—= Bun ' (D) ® ¥, curv(D) =0,

where Bun : Bung (F) = End(1y) is the canonical equiv-
alence of categories, and 12 Dy iff D = Jy.

(3) Given v, : ¥ —— =, a=1,2, there exists

Py =d® 1y, de O (m(F),U(1)) .



Definition 2. STRING BACKGROUND B = (M, B,J):
(1) TARGET M = (M,g,G) with smooth metric TARGET
SPACE (M,g), and bundle gerbe G ;

(2) G-BI-BRANE B = (Q, t1, t2,w, ®) with smooth G-BI-BRANE
WORLD-VOLUME (@, G-BI-BRANE CURVATURE
w € Q?(Q), smooth maps 1,19 : Q — M, and

o : LIQiQQ@Iw;

(3) collection J = (I3, J1, T, ---) of n~-VALENT (G, B)-INTER-
BI-BRANES

_ 21,2 23 n-1n nl.,_12 _23 n-1n _nl,
jn_(Tnasn yEn s Ep 2 En T T ey Ty y Ty 79071)

consisting of:

(a) smooth (G, B)-IBB WORLD-VOLUMES 7T,,;

(b) ORIENTATION MAPS 5. 1) {-1,1};
(¢) smooth maps 7"
Lgﬁlkowklk ﬁkﬂowkk” =k keZnZ,

where L{l = Lgl 1= LQ, LII := 19 and L5 =11

: T, > @ subject to constraints

k k+1 (ﬂ_k k+1) w,
g3 ® ]wl L
/ \
PP ®id | P> @id
G2 Iw};”/ Yn \ :
\ /
D2 op" ! @ id
g}z gl ® le R AT o

=Mu@QuT is termed TARGET SPACE of ‘B.



Upshot: The many uses of B:

e determines FEYNMAN AMPLITUDE

X)) =exp (-5 [ (@5, dX)) - Holga,, (X|T)

as 2DECORATED HOLONOMY for NETWORK-FIELD
CONFIGURATIONS (X |T).

e through transgression, induces PRE-QUANTUM BUNDLE
Co Ly —PH), [eurv(Vew)ag = [ g,

for (pre-)SYMPLECTIC FORM QY on (N-TWISTED)
PHASE SPACE P{") (derived in GKST formalism).
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IIT Rigid symmetries of the multi-phase o-model

(ITIi) The infinitesimal picture

Consider #¢ = (VA 2, ) e X(F) subject to ALIGNMENT
Lo+ oK = M(%/‘LQ(Q) , 7T7]§’f+1T"¢%/ = Q‘%/‘Wﬁ’k”(Tn) .

Under their (local) flows & : .% - F,

14
dt

:_%fz(gﬂf%g)(dxmdxmfEX*(wJH)HfF(X|F)*(wM).

A XN Gl [(& 0 X IT):7]
Proposition 3. 77 engenders RIGID SYMMETRY iff

gM%gIO, Me%/_lH:—d/i, IiEQl(m),

Q:%/_Iw-l-AQKJ:—d]{?, k‘EQO(Q) ATnkIO,

1 1\*
where Aq= 15— ii and O, = Ty 5 (nH)

The above combine into o-SYMMETRIC SECTION
R=("X erH ok "x)ecl,(EF)
of GENERALISED TANGENT BUNDLES
EZ =(TMeT M)u(TQa (QxR))uTT - .F,
on which there exists (H,w; Ag)-TW. BRACKET STRUCTURE
(Eg;, [-, .]](HW?AQ)’(.’ .)J’@Ty) :

generalising (T.%,[-,-]) and CLOSING ON T',(E%).

11



(H,w; Ag)-TW. BRACKET (of 0; = ("% & vy, %% @ f;," %))

[V, By [HB|y = [, ] @ (Lyvs — Lyvr — 3d( 202 = V5 J01) + 1500, H)

[[5131 D ](H7W§AQ)|Q

[, 95) @ (L fo = Lrpfr+ 1 25 Sw+ 5 (1 3 Agua = o 1 Aguy))

[0, Vs H(H’W;AQ”TH (791, " 4] .

Physical interpretation: On PE,N), (pre-)symplectic form reads

N
* *
ev’H |+ T W
) ,/1;:1 Sk Plom

05" =Dy an (MT*C““S%N)M T OG0 fg
and we find NOETHER MAP
N To(EF) - Ty (EMOPIY) + g 250 by
for can. lifts Zx of ats(8) and NOETHER HAMILTONIANS
hee C*(PYIR) ¢ 25200 = —Shg.

The latter are in INVOLUTION with respect to Q((,N)—TW. VINO-
GRADOV BRACKET

(20 fi. 20 L1V =[21. 23] @ (2i(f) - 22(h) + 212 21 000).

Proposition 4.

At (T (E2), [ 1039) » (0 (EWPYV). [ 18

1s a homomorphism of Lie algebras over R.

Comments: (H,w; Ag)-twisted bracket structure
e restricts to Courant algebroid H-twisted & la Severa Weinstein;

e admits a natural gerbe-theoretic interpretation.
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(ITIg) The global picture

In what follows, we shall also ultimately deal with "integrated”
rigid symmetries.

Definition 5. LIE GROUPOID Gr = (Ob Gr, Mor Gr, s,t,1d, Inv, o)
consists of

e smooth OBJECT SET Ob Gr;
e smooth ARROW SET Mor Gr;

e smooth STRUCTURE MAPS:

— SOURCE s : Mor Gr - ObGr (surj. subm.);

— TARGET ¢t : Mor Gr - ObGr (surj. subm.);

— UNIT Id : ObGr - Mor Gr : m ~ Id,;;

— INVERSE Inv : MorGr - MorGr : ¢ = ¢ !=Inv(9q);

— MULTIPLICATION o : Mor Grgx; Mor Gr - Mor Gr :
— 7 - 7
(g, h)—goh;

subject to consistency constraints:

—

(i) s(Goh)=s(h), t(Toh)=t(T);

(iv) ig?l) =1(g), t(g") =5(q), gog=Idyg) g 'og =
()’

N.B. A (Lie) groupoid is a small category, and a Lie group is a Lie
groupoid with a singleton as object set.
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Relation to the infinitesimal picture shall be established through

Definition 6. LIE ALGEBROID &t = (V,[,-],at#) over smooth
BASE % consists of

e vector bundle my : V - &
e Lie bracket [-,-] on I'(V);
e ANCHOR (bundle map) otz : V > T.7#

with the following properties:

(i) induced map I'(atz) : I'(V) - I'(T.%) is a Lie-algebra ho-
momorphism;

(ii) Leibniz identity (for all X, Y e (V) and f e C>*(%,R))

(X, fY]=FIX Y]+ T(ar)(X)(N)Y .
v

and

Definition 7. Let Gr = (ObGr,Mor Gr, s,t,1d,Inv,0) be a Lie
groupoid,

Re : s '({H(D)) = s ({s(T)}) : Ko Ro(W)=hoT,

and X (MorGr) = { 7 « F(kerds) | dR(?) =¥ } space
of right Gr-invariant vector fields on Mor Gr. TANGENT ALGE-
BROID of Gr is gt = (Id*kerds, [, -], ar(onan) )- Anchor aronan
induces map df o7 between spaces of sections, defined in terms of

canonical vector-space isomorphism

i : D(Id"kerds) — X3

mv

(Mor Gr),

and Lie bracket is the unique bracket on I'(Id*kerds) for which
¢ is an isomorphism of Lie algebras.

v
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In the case of interest, we encounter ACTION GROUPOID
GxZ = (F,G x .F pry, 7, 1d, Inv, o)
with structure maps
I, = (e,m), (g, m) = (g, g.m) |
(h,g.m) e (g,m) = (h-g,m).

Its tangent algebroid, termed ACTION ALGEBROID, is
dimg g
gxF = ( 9?1 Cw(ﬁ,R)%A,[-,-]g@,aTy) ,
with Lie bracket
(AN Ra, 1P B g = fapc N 1P Bo+ (Loasy i — L a0, NP) B
and anchor

atg(Ha)="2].
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A taste of the stuff to come. ..
Idea:

enter gauge field

gz P x g; reduction of DOF count P X ﬁ ~ g;

)y

for P — X arbitrary principal G-bundle with principal G-connection
AeQ(P)®g, g=LieG

Sketch of construction:

Step 1. Finding consistent coupling between 8 and A.

Problem: Minimal-coupling recipe fails in general.

Step 2. Lifting geometric G-action from % to B.

Problem: Obstructions to equivariantisation.

Step 3. Descending coupled string background from Px.# to associ-
ated bundle Pxg.#, and subsequently (whenever admissible)
to coset (P xg .%#)/G.

Problem: None, ”miraculously”!

Guiding principle: The Principle of Categorial Descent.
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