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ABSTRACT. According to the Bogoliubov theory the low energy behaviour of the Bose
gas at zero temperature can be described by non-interacting bosonic quasiparticles called
phonons. In this work the damping rate of phonons at low momenta, the so-called Beliaev
damping, is explained and computed with simple arguments involving the Fermi Golden
Rule and Bogoliubov’s quasiparticles.

1. INTRODUCTION

The Bose gas near the zero temperature has curious properties that can be partly
explained from the first principles by a beautiful argument that goes back to Bogoliubov
[5]. In Bogoliubov’s approach the Bose gas at zero temperature can be approximately
described by a gas of weakly interacting quasiparticles. The dispersion relation of these
quasiparticles, that is, their energy in function of the momentum is described by a function
k — ey with an interesting shape. At low momenta these quasiparticles are called phonons

and ex ~ ck, where ¢ > 0 and k := |k|. Thus the low-energy dispersion relation is very
different from the non-interacting, quadratic one. It is responsible for superfluidity of the
Bose gas.

It is easy to see that phonons could be metastable, because the energy-momentum
conservation may not prohibit them to decay into two or more phonons. This decay rate
was first computed in perturbation theory by Beliaev [2], hence the name Beliaev damping.
According to his computation, the imaginary part of the dispersion relation behaves for
small momenta as —cpek®. This implies the exponential decay of phonons with the decay
rate 2cpek®. The Beliaev damping has been observed in experiments, and appears to be
consistent with its theoretical predictions [25] 22].

In our paper we present a systematic derivation of Beliaev damping. Our presentation
differs in several points from similar accounts found in the physics literature. We try to
make all the arguments as transparent as possible, without hiding some of less rigorous
steps. We avoid using diagrammatic techniques, in favor of a mathematically much clearer
picture involving a Bogoliubov transformation and the 2nd order perturbation computa-
tion (the so-called Fermi Golden Rule) applied to what we call the effective Friedrichs
Hamiltonian. We use the grand-canonical picture instead of the canonical one found in a
part of the literature. This is a minor difference; on this level both pictures should lead
to the same final result. We believe that the derivation of Beliaev damping is a beautiful
illustration of methods many-body quantum physics, which is quite convincing even if not
fully rigorous.

In the remaining part of the introduction we provide a brief sketch of the main steps of
Beliaev’s argument. In the main body of our article we discuss these steps in more detail,
indicating which parts can be easily made rigorous.

Let v be a real function satisfying v(z) = v(—z) that decays fast at infinity. (Later we
will need more assumptions on v.) The homogeneous Bose gas of N particles interacting
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with the pair potential v is described by the Hamiltonian and the total momentum

1
HN:—Z2m‘Ai+ Z v(w; — x5), (1)
i=1 v 1<i<j<N
N
Py=>" ~Or,. (2)
i=1

These operators act on Lg((R?’)N ), the space of functions symmetric in the positions of
N 3-dimensional particles. Note that Hy commutes with Py, which expresses the spatial
homogeneity of the system.

We would like to describe Bose gas of positive density in infinite volume. This is difficult
to do in terms of the Hamiltonian acting on the whole space R3. Therefore we replace
and with a system enclosed in a box of size L, and then we take thermodynamic limit.
In order to preserve translation symmetry we consider periodic boundary conditions. They
are not very physical, but it is believed that they should not affect the overall picture in
thermodynamic limit.

Thus v is replaced by its periodized version adapted to the box of size L. The new
Hilbert space is LZ(([—L/2,L/2]*)Y). We will use the same symbols Hy, Py to denote
the Hamiltonian and total momentum in the box. Note that they still commute with one
another.

It is very convenient to consider at the same time all numbers of particles. In order
to control the density, that is L3, we introduce the chemical potential given by a positive
number g > 0, and we use the grand-canonical formalism. It is also convenient to pass
from the position to the momentum representation. Thus we replace Hpy, Py with

) 1
H:= ® (Hy —uN) = /a:’;(—AgC — p)aydx + // dz dyv(z — y)azayaya,
N=0
= (p* — wapapdp + 2L5 Z Z Z )ap kG -K0qlp; (3)
p
P = NEEO Py = /a;ié?xaw dx = zp:pa;ap. (4)

a¥ and a, are the usual creation /annihilation operators for x € [~L/2, L/2]? in the position
representation, commuting to the Dirac delta. ay,, ap are the usual creration/annihilation
operators for p € 27Z3/L in the momentum representation commuting to the Kronecker
delta. H, P act on the bosonic Fock space with the one-particle space LQ([—L /2,L/ 2]3)
in the position representation, and [? (27rZ3 / L) in the momentum representation. H and
P still commute with one another.

Now there comes the main idea of the Bogoliubov approach. At zero temperature, one
expects complete Bose-Einstein condensation. This is expressed by assuming that the
zero mode is populated macroscopically and nonzero modes are only very few. The zero
mode is treated classically, and essentially removed from the picture. One obtains an ap-
proximate Hamiltonian, which does not preserve the number of particles. One argues that
its most important component is the quadratic part which involves operators of the form
axa_x, apa®, and agay, k # 0. It can be diagonalized by a linear transformation which
mixes creation and annihilation operators, called since [5] a Bogoliubov transformation,
and becomes

Hpog = Y exbibi, (5)
k20
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1 o(k)
= —|k|* + =L pulk|2. 6
i \/4| 1+ S e (6)
Thus, the Bogoliubov approximation states that
H =~ Egog + Hpog (7)

where Epqg is a constant, which will not be relevant for our analysis. The operator by is
the creation operator of the quasiparticle with momentum k. It is a linear combination
of ap,a_x. () is sometimes called a Bogoliubov Hamiltonian. It describes independent
quasiparticles with the dispersion relation ex. The Bogoliubov vacuum, annihilated by by
and denoted (2., is its ground state, and can be treated as an approximate ground state
of the many-body system. The Bogoliubov Hamiltonian is still translation invariant: in
fact, it commutes with the total momentum, described (without any approximation) by

P=> kbib. (8)
k£0
It is easy to describe the thermodynamic limit of and : we simply replace the
summation by integration, without changing the dispersion relation:

HBog = /ekbi‘(bk dk, (9)

pP= / Kb by dk. (10)

It is interesting to visualize possible energy-momentum values of the system or, in a
more precise mathematical language, the joint spectrum of the total momentum P and the
Bogoliubov Hamiltonian Hp,s. On the 1-quasiparticle space this joint spectrum is given
by the graph of the function k — ey. On fig. [I] we show a typical form of the dispersion
relation in the low momentum region, marked with the black line. The green line denotes
the bottom of the 2-quasiparticle spectrum, that is the joint spectrum of (Hpog, P) in the
2-quasiparticle sector. The bottom of the full joint spectrum of (Hgog, P) is marked with
a red dashed line.

FIGURE 1. Joint spectrum of (Hpog, P) for generic potentials

One can perform an additional step in the Bogoliubov approach. If the potential v has
a very small support, one can argue that % can be approximated by 1. One then usually

says that the interaction is given by contact potentials, which are presented in the position
representation as v(z) = ad(x), where a is a constant, called the scattering length. This,
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however, strictly speaking is not correct. The delta function needs a renormalization to
become a well-defined interaction in the two-body case; in the N-body case the situation
is even more problematic. Anyway, in this approximation, which is valid in the dilute case,
we obtain a simpler dispersion relation

1
=/ 7kl + plk2 (11)

On fig. [2| we show the energy-momentum spectrum corresponding to .

FIGURE 2. Joint spectrum of (Hpeg, P) for contact potentials

The Hamiltonian Hp,g, both with the dispersion relation @ and has remarkable
physical consequences. Note first that the dispersion relation k — e has a linear cusp at
the bottom. It also has a positive critical velocity, that is,

Cerit :=sup{c | ex > ck, keR3} >0. (12)

In other words, the graph k — ey is above k — ccrick. The full joint spectrum o (P, Hpog)
is still above k + cqitk. This is interpreted as one of the most important properties
of superfluidity: a droplet of the Bose gas travelling with velocity less than cgitk has
negligible friction (see e.g. [11]).

Of course, Hp,g yields only an approximate description of the Bose gas. In reality,
one cannot treat the quasiparticles given by by, by as fully independent. In the derivation
of the Bogoliubov Hamiltonian various terms were neglected. In particular, terms of the
third and fourth degree in b, by were dropped. Replacing v by kv we obtain an (artificial)
coupling constant, to be set to 1 at the end. The third order terms are multiplied by \/k
and the quartic terms by k. We argue that the quartic terms are of lower order and can
be dropped. The third order terms have the form

1

Nir Y. ukpbibpbicip + Tiepbictpbibp (13)
k,p.k+p#0
1
+\/? Z Wi bbbk + Wi pb—k—pbibp. (14)
k,p,k+p#0

We will argue (see Section @ that triple creation and triple annihilation terms do not
contribute to the decay of phonons. Thus we drop also .

Let us investigate what happens with the quasiparticle state by {dpoe under the per-
turbation . The state by {dpoe couples only to the 2-quasiparticle sector. By taking



BELIAEV DAMPING IN BOSE GAS 5

thermodynamic limit we can assume that the variable k is continuous. Thus the perturbed
quasiparticle can be described by the space C @& L?(R?) with the Hamiltonian

| (hx|
HF‘ried(k) = |:|hk) ep +€k—p:| ’ (15)
and hyx can be derived from . Hamiltonians similar to this one are well understood.
They are often used as toy models in quantum physics and are sometimes called Friedrichs
Hamiltonians.

It is important to notice that, if we set ¥ = 0, so that the off-diagonal terms in
disappear, the unperturbed quasiparticle energy ey lies inside the continuous spectrum of
2-quasiparticle excitations {ep + ex—p | p € R?}, at least for small momenta. (To be able
to say this we need thermodynamic limit which makes the momentum continuous.) To see
this, note that if k — ey is convex we have a particularly simple expression (cf. Lemma
for the infimum of the 2-quasiparticle spectrum:

igf{ep +ex—p} = 2ex/2. (16)

Now is strictly convex, hence ey lies inside the continuous spectrum of 2-quasiparticle
excitations. The generic dispersion relation @ is convex for small momenta, hence this
property is true at least for small momenta.

Because of that, one can expect that the position of the singularity of the resolvent of
becomes complex—it describes a resonance and not a bound state. This is interpreted
as the unstability of the quasiparticle: its decay rate is twice the imaginary part of the
resonance.

The second order perturbation theory, often called the Fermi Golden Rule, says that in
order to compute the (complex) energy shift of an eigenvalue we need to find the so-called
self-energy ¥y (z), which for z € R in our case is given by the integral

1 hi(p)d
Si(z) = 3/ k(P)dp (17)
(2m) (z —ep —ex—p)
Then Y (ex + i0) should give the energy shift of the eigenvalue ey.
The imaginary part of this shift is much easier to compute. In fact, applying the

Sochocki-Plemelj formula 1’—11-10 = P1 —ind(x) we obtain
) 1
ImXy (ex +10) = 52 / h?(p)d(ex — ep — ex—p) dp. (18)
In Theorem [2| we prove that if ey is given by , then
30(0
ImYy (ef, +10) = —cpak® + O(K%)  as k=0,  cga = %(0) k. (19)
64072

In fact, our result could be also extended to the case of (@, but for the sake of clarity of the
presentation we present the proof only for . Physically means that quasiparticles
are almost stable for small k£ with the lifetime proportional to k~°. (19) is the main result
of our paper.

We remark that our analysis is based on the grand-canonical approach where p is the
chemical potential. One can go back to the canonical picture. To this end one determines
the chemical potential as a function of the density. In the Bogoliubov approximation one
obtains to leading order that p ~ p/v(0). Furthermore, also p ~ py, where pg is the
condensate density, holds to leading order and thus the proportionality constant can be
written as

_ 3
64072pg’
which is the form of this result which is usually stated in the physics literature (|36, 19,
28, [13]).

CBel = (20)



6 J. DEREZINSKI, B. LI, AND M. NAPIORKOWSKI

One could naively expect that the same method gives the correction to the real part of
the dispersion relation. Unfortunately, ReXy(z) obtained from is ill defined because
of the divergence of the integral at large momenta. One can impose a cut-off and try to
renormalize. For instance, one can replace hy(p) by

hie(p) := hi(p)0(A — p — |k — p|), (21)

where 0 is the Heaviside function. (Note that the details of the cutoff are not physically
relevant; is especially convenient for computations, because it respects the natural
symmetry of the problem). The cut-off self-energy

i) = L / ( (his(p))?dp (22)

@ ) —ep—enp)

is well defined.

Let us now try to remove the dependence of the self-energy on the cutoff. The most
satisfactory renormalization scenario would be to find a counterterm ¢ independent of k
so that

lim (Sp(z) — )  exists. (23)
A—o0

An initial positive result suggests that one can hope for a removal of the ultraviolet cutoff
in the self-energy: there exists the limit

I (24(:) - 5(0)). (24)

Unfortunately, ll(in%) EQ(O) = o0, which implies that finding a ¢* such that is true is
—>

impossible. This is the content of Theorem [3] Thus the physical meaning of the quantity
is dubious, because the counterterm Eﬁ(O) depends on the momentum k. We leave
the interpretation of this result open.

One can conclude that perturbation theory around the Bogoliubov Hamiltonian pro-
vides a reasonable method to find the second order imaginary correction to the dispersion
relation. However, by this method we seem not able to compute its real part. This is
not very surprising. It is a general property of Friedrichs Hamiltonians with singular off-
diagonal terms: the imaginary part of the perturbed eigenvalue can be computed much
more reliably than its real part. We describe this briefly in Sections [2] and

The above problem is an indication of the crudeness of the Bogoliubov approximation.
Throwing out the zero mode from the picture (or, which is essentially the same, treating
it as a classical quantity), as well as throwing out higher order terms, is a very violent act
and we should not be surprised by a punishment. By the way, one expects that the true
dispersion relation of phonons goes to zero as k — 0. This is the content of the so called
“Hugenholtz-Pines Theorem” [24], which is a (non-rigorous) argument based on the gauge
invariance. Perturbation theory around the Bogoliubov Hamiltonian is compatible with
this theorem where it comes to the imaginary part. For the real part it fails.

Let us now make a few remarks about the literature. The orginal paper of Bogoliubov
[5] was heuristic, however in recent years there have been many rigorous papers justify-
ing Bogoliubov’s approximation in several cases. The first result justifying @ has been
obtained in the mean-field scaling by Seiringer in [35] (see also [26] 17, 20} B32] for re-
lated results). Recently, corresponding results have been obtained in the Gross-Pitaevskii
regime [3| 10, B3] and even beyond [9]. A time-dependent version of Bogoliubov theory has
been successful in describing the dynamics of Bose-Einstein condensates and excitations
thereof (see [30}, 34] for reviews).

As explained above, to describe damping one has to go beyond Bogoliubov theory. In
the mean-field regime this has been done for the ground state energy expansion in [31] 8]
and for the dynamics in [7]. Very recently, the extension of [8] to singular interactions has
been obtained in [6].
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None of the above rigorous papers, with exception of [I7], addressed the energy-momentum
spectrum. In fact, it is very difficult to study rigorously the dispersion relation in ther-
modynamic limit—which is essentially necessary to analyze phonon damping.

The quasiparticle picture of the Bose gas at low temperatures has been confirmed in
experiments. The dispersion relation of “He can be observed in neutron scattering ex-
periments, and is remarkably sharp. It has been measured within a large range of wave
numbers covering not only phonons, but also the so-called maxons and rotons, see e.g.
[21]. In particular, one can see that the dispersion relation is slightly higher than the
2-quasiparticle spectrum for low wave numbers. The quasiparticle picture has also been
confirmed by experiments on Bose Einstein condensates involving alkali atoms. The Beli-
aev damping has been observed in experiments on Bose Einstein condensates. The results
are consistent with theoretical predictions [25, 22]. Note, however, that the precise pre-
diction is difficult to verify experimentally. Bose-Einstein condensates created in labs
are not very large, so it is difficult to probe the large wavelength region.

Let us mention that there exists another phenomenon found in Bose-Einstein conden-
sates, the so-called Landau damping, which involves instability of quasiparticles due to
thermal excitations. The Landau damping is absent at zero temperature and becomes
dominant at higher temperatures. The Beliaev damping occurs at zero temperature, and
for very small temperatures it is still stronger than the Landau damping.

In the physics literature, the damping of phonons was first computed by Beliaev [2].
Lanadu damping has been for the first time computed by Hohenberg and Martin in [23]
(see also [29]). Both these results have been reproduced in [36], also using the formalism
of Feynman diagrams and many-body Green’s functions. In [28] the damping rate was
derived starting from an effective action in the spirit of Popov’s hydrodynamical approach.
[19] repeated the same computation in the time-dependent mean-field approach. In [13]
the mean-field and hydrodynamic approaches were applied to the 2D case. Our derivation
is consistent with the above works, however, in our opinion, avoids some unnecessary
elements obscuring the simple mechanism of the Beliaev damping.

The plan of the paper is as follows. Sections [2] and [3| concern general well-known facts
about about 2nd order perturbation theory of embedded eigenvalues. In Section[d we define
the Bose gas Hamiltonian and describe the Bogoliubov approach in the grand-canonical
setting. In Section [5| we derive heuristically the effective model that we consider. Then,
in Section [6] we discuss the shape of the energy-momentum spectrum and explain why the
contribution from term is irrelevant for the damping rate computation, which is the
main result of the paper is proven in Section [8as Theorem [2] The analysis why computing
the real part of the self-energy fails by the method of this paper is described in Section [0

Acknowledgements. The work of all authors was supported by the Polish-German
NCN-DFG grant Beethoven Classic 3 (project no. 2018/31/G/ST1/01166).

2. FRIEDRICHS HAMILTONIAN

Suppose that H is a Hilbert space with a self-adjoint operator H. Let ¥ € H be a
normalized vector. We can write H ~ C @ K, where C ~ C¥ and K := {W}+. First
assume that ¥ belongs to the domain of H and set

h:=HV, Eo:=(V|HD). (25)

Let K denote H compressed to K. That means, if I : K — H is the embedding, then
K :=TI*HI. Then in terms of C & I we can write

H= [\% (I}y] . (26)
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Operators of this form were studied by Friedrichs in [I§]. Therefore, sometimes they
are referred to as Friedrichs Hamiltonians.
Let z € C. The following identity is a special case of the so-called Feshbach-Schur
formula:
1
Ey+2(2) -2’
2(2) = —(h|(K — 2)7'h). (28)

(P|(H —2)7'0) = (27)

Following a part of the physics literature, we will call 3(z) the self-energy. For further
reference let us rewrite as

1
Y(2) = — F 2
77 B >
and let us describe the full resolvent:
_ 0 0
= =0 ] )

1 1
+ [(K - z)_1|h)] Eo+3(z) — 2 [t

We can apply the above formulas also if ¥ does not belong to the domain of H, but
belongs to its form domain, so that (V|HW) is well defined. Note that Ey and 3(z) are
then uniquely defined by and )

If ¥ does not belong to the form domain of H, then strictly speaking the self-energy is
ill defined. In practice in such situations one often introduces a cutoff Hamiltonian H”,
which in some sense approximates H. Then, setting h* := HAU, E} := (V|HAT), and
denoting by K the operator H® compressed to /C, one can use the cutoff version of the
Feshbach-Schur formula:

(hl(K —2)71].

(UIH =970 = (31)
EA(2) = —(WM(E" = 2)'hh). (32)

The resolvent of the original Hamiltonian H can be retrieved [16] in the limit A — oo:
(H-2)"t= AILHSO(HA — 2L (33)

Note that Eé\ is a sequence of real numbers, typically converging to co. They can be
treated as counterterms renormalizing the self-energy ¥4 (z).

3. FERMI GOLDEN RULE

The meaning of the self-energy is especially clear in perturbation theory. Again, let ¥
be a normalized vector in H. Consider a family of self-adjoint operators Hy = Hg + AV
such that Hy¥ = EyV¥ and (¥|VV¥) = 0. Let h:= V¥ and K, be H) compressed to K.
Thus we can rewrite as

Eo A(hq : (34)

Hy = [Ayh) K\

We extract A\? from the definition of the self-energy, so that and are rewritten as
(U|(Hy — 2)"'0) = (Eo + A% (2) — 2) (35)

Sa(z) == —(h|(Kx — 2) 7 'h) = Zo(z) + O(N). (36)

Now has a pole at
Eo + AXo(Ep +i0) + O(A?). (37)
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This is often formulated as the Fermi Golden Rule: the pole of the resolvent, originally at
an eigenvalue Ey, is shifted in the second order by A2¥o(Eg + i0). This shift can have a
negative imaginary part, and then the eigenvalue disappears. A singularity of the resolvent
with a negative imaginary part is usually called a resonance.

Resonances describe metastable states. A rigorous meaning of a resonance is provided
by the following version of the weak coupling limit ([12], see also [14}, [15])

lim (W] exp (= ixz(Hx — Eo)) | @) = e =000, (38)

If the perturbation is singular, so that ¥ does not belong to the domain of V', then
Yo(z) is in general ill defined and may lose its meaning. Strictly speaking, one then
needs to introduce a cutoff on the perturbation and a counterterm, and only then to apply
the appropriately modified Fermi Golden Rule.

Note that it is enough to consider real counterterms. Therefore, if we know that the
renormalized energy is close to Ey, then we can still expect that gives a correct
prediction for the imaginary part of the resonance. In other words, the imaginary part of

the singularity of the resolvent (Hy — z)~ ! is

MNImX(Ep 4 i0) + O(N?), (39)

where we do not need to cut off the perturbation.

In practice, we start from a singular expression of the form To make it well-defined
we need to choose a cutoff and counterterms. These choices will not affect the imaginary
part of the resonance, however in principle, one can add an arbitrary real constant to
a counterterm, which will affect the real part of the resonance. Therefore, for singular
perturbations it may be more difficult to predict the real part of the resonance.

4. BOSE GAS AND BOGOLIUBOV ANSATZ

We consider a homogeneous Bose gas of N particles with a two-body potential described
by a function v : R* — R whose Fourier transform d(k) = [;; v(z)e ™ dx is non-negative
and rotation invariant. In the grand canonical setting and the momentum representation
such a system is governed by the (second quantized) Hamiltonian

k2
H = /( )akakdk+ /dp/dq/dkv ap— kg +kOpq; (40)

where o > 0 is the chemical potential and a;,/ax the creation/annihilation operators for
particles of mode k. It acts on the bosonic Fock space F = I'y (LQ(R?’)), and for each N it
leaves invariant its N-particle sector L2 ((R3)N ) Recall that the creation and annihilation
operators satisfy the canonical commutation relation (CCR):

[ap’ aq] =0= [ap7 a’q] [CLp, ] - 6(p Cl) (41)

where [, ] is the usual commutator. We introduce the coupling constant £ > 0 mostly for
bookkeeping purposes; note that in the introduction we set kK = 1.

For the reasons explained in the introduction, we replace the infinite space R® by the
torus [—L/2, L/2]® with periodic boundary conditions. In the momentum representation
the Hamiltonian becomes

k2 . K N
H= Z (2 - ,u,) ayag + YF Z O(k)ap_10q4k0paq- (42)
ke2nZ3 /L p,a,ke2rZ3 /L

Note that v is the same function as in , however it is now sampled only on the lattice
2773 /L. The commutation relation involve now the Kronecker delta:

[ap,aq] = 0= [%7 aq] [ap, a;';] = 0p,q- (43)
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Let us now pass to the quasiparticle representation. To this end we follow the well-
known grand-canonical version of the Bogoliubov approach (see e.g. [11]). It involves two
unitary transformations.

The first one is a Weyl transformation that introduces a macroscopic occupation of the
zero-momentum mode, the Bose-Einstein condensate. (In the canonical version Bogoli-
ubov approach this corresponds to the c-number substitution [27].) To this end, for a € C,
we introduce the Weyl operator of the mode k =0

W, = exp(—aag + @ap). (44)
Then
WiaWea = ay — &k =: Gy
The new annihilation operators with tildes kill the “new vacuum” €, = WZQ). We express

our Hamiltonian in terms of ay, ax. To simplify the notation, in what follows we drop the
tildes and we obtain

K0(0) k9(0) .
o= —pla+ el + (0 - ) ad + aao)

2 k(D D
+ Z <k2 —u+ ((k)[;_(o))’aQ> x + Z 2L3 aka*_k + dzaka_k)

k

R ~ — % * %
+ I Z 0(ky) (aak1+k2ak1ak2 + aaklakQak1+k2)

ki,k2
K .
+ ﬁ Z (5(1{1 + k2 — k3 — k4)v(k2 — k3)af(1a1*{2ak3ak4.
ki,k2 ks ka
Note that we have <(0)
(QlHQ0) = —plaf® + 573 | 4,
and we choose o = :6—%8), so that ), minimizes this expectation value. This leads to
H= H71H0+H2 + kHs + kHy, (45)
2L3
HO = ——=
206(0)’
, k? pok) . .
1, = g 5 s X i) (" + ).

1 \//j * *
) Z \/A— (0541 01cr Qe + U, Oy Oy 11c5)
L ko 1)

1 A~ * *
Hy = E Z (5(1{1 + ko — k3 — k4)’l}(k2 — kg)aklakQakgam.
ki,ka,k3 ks

We extract from the above Hamiltonian all terms containing only non-zero modes:

H, = g(a*2 + a3+ 2a8a0) + H5™,
exc k? /w uo(k) N
Hy™ = gé:o 5 T axax + Z %(0) (aga’y +axax); (46)

1 -y * *
H3 = m Z MU(O)(GO + ao)akak

L3/2 Z ((ag + ao)agax + apaga®y + ajaxa_x) + H5,
k;éO
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HEXC .— 1 Z @(kl)\//j

3 3/2 ~
L2 ke datiezo VO(0)

(a;1+k2akl ak2 + a’l*{l aigakl+k2) ) (47)
1 ~ * % * *
Hy = ﬁU(O) (aoaoaoao + 2 kééo aoaoakak>

1
+ 973 Z 0(k)(apagaka—_k + apaoaxa™ . + 2a5a0ayak)

k20
1 ~ k* k * *
+= Y (k) (a§ag, i, 0 0k, + a0af, Ak, ax 1) + HE
ki,ka,ki+k27#0
1 ~ * *
HXXC = ﬁ Z 5(1{1 + ko — ks — k4)v(k2 — kg)aklakQak3ak4. (48)

ki,ka k3, ka#0

We are going to apply a Bogoliubov transformation

UBog := €xp (Z P (apa™, — aka—k)) ) (49)
k40
which transforms non-zero mode operators ay, ax into quasi-particle operators by, by:
bk = UbogaxUpes = oxax + 1ka’y,
b = UbogUpog = Okay + k@ —k; (50)
where
JarBra i B«
Ok — 5 == )
k Ners e V2ex,

k
1 o(k)
=/ =1k + Brlk|?, Br:=—2u.
ex \/4| |* + Bilk|?, k @(O)H

The inverse relation is
ax = okbk — by,
* *
ay = O'kbk — ’kafk-

It is well known that diagonalizes H5*¢ in terms of the quasi-particle operators:

HSXC = EBog + HBog; (51)
where
1 1 o(k)
EBog == —= Z <lk|2 + == ek) , (52)
2 e 2 0(0)
Hpog := Y _ exbiby. (53)
k#0

We also express H$* in terms of quasiparticles:

ngc _ 1 Z M(A(kl,kQ) +A*(k17k2>7

L3 ki ko rkozzo V 0(0)
A(ki,k2) = Ok, Ok, Ok, +ko e, Uiy Uy ks — Viey Ty Oy ko Dy DKy ke ks
— Yk Yk Ok +ka Uy D—a Dy 1k T+ Vi Voo Tk +ieo Ok 0—keo ke, ko
— Ok;0kyVk; +ko bl*q bf(g btkl —ky — Vk10kyVki+ko bl*<2 b*fklfkg b_kl
+ Ok, Yk Vki+ko bikq bikl —ko b*kz — Yk Yk Yk +ko bikl —ko b*k1 b*kQ .
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H = H5Y + 5, 54
Hexe Z Vi (ky)

S LS/Q\/@(UklakzakﬁrkzbfqbinkﬁkQ — Vi1 Oks Ok +ko Dy D11 Ok 1
1,k2,k1+ko#0
_7k17k20'k1+kzbl*<1 b—kzbk1+k2 - 7k10k2/)/k1+k2b1*(2bik1—ka—kl
+0'k1’Yk2’Yk1+k2b1t1 b*—k1—k2b—k2 - 7k17k2’7k1+k2bik1—k2b—k1 b—k2
F0k; Tk Ol +e Dley 1 Dler Dlea. — Vet Ok ke +1e2 07 16, Oy 416, Do

* * *
—Vk1 Vi Ok1 +ka D1, Ok ko Oki — Vs Tk Yy +ko 0k, Blp UKy — ko
* * *
+0k1 Tko Vk1+ko bka bk1 b—kl—kz — Tk Tk Yk +ko bfkl b7k2 b—kl—kz) )

Hexe Z \/ﬁ@(kl)

32 = W (Vkl Tk2 Ok +ko b*kl b*kz bk1+k2 — Ok ko Vki+ko bl*q b;g b*—kl—kg

ki,ko ki+ko#0
* * *
Y% Vi Oy +ka 01y Dk, Ok +kp — Ty ey Vi -+ ke Dy b—kl—kz)-

We could also compute Hy, but we will not need it.

5. EFFECTIVE FRIEDRICHS HAMILTONIAN

Let Qpog := UgOgQa be the quasiparticle vacuum. Introduce the space F*¢ consisting
of the Bogoliubov vacuum and quasiparticle excitations, and its n-quasiparticle sector:

FX = Spand{bl*q T bl*(nQBog ‘ kla R kn # 07 n= 07 17 s }7
F&¢ = Span{by, - - b Qpog | ki, ..., kn # 0}.

The most “violent” approximation that we are going to make is compressing the Hamil-
tonian H into the space Fe*¢. We also drop the uninteresting constant x~'Hy and the
(somewhat more interesting) constant Epos. Thus we introduce the ezcitation Hamilton-

ian
JJEXC . Jexck (H _ Iﬂi_lH() . EBog)IeXC7
where 1°*¢ denotes the embedding of F°*¢ in F. Thus H®*° is an operator on F*¢ and
H®™® = Hpog + VKHS + KHC, (55)

where H§* and H{*¢ are defined in and

We make two more approximations. We drop xH,4, which is of higher order in x than
VkH3. We also drop Hj 2, which involves 3-quasiparticle creation/annihilation operators,
and does not contribute to the damping rate (see Section |§| for a justification). Thus H*¢
is replaced with

HT .= Hpog + VEHSY. (56)

To make our following discussion consistent with Sect. [3| about the Fermi Golden Rule,
we introduce a new coupling constant

= k. (57)
Let k # 0. Clearly, by Qps is an eigenstate of H ff for A = 0. We would like to compute
the self-energy for the vector by Q0p,s and the Hamiltonian H eff,
-1

(biQBog‘(z — Heﬁ)flbiQBog)
Introduce the subspaces of F*¢ and F.*° with the total momentum k:

F¢(k) := Span{b}, - - - b Qpog, ki +--k,=k, ky,....k, #0, n=0,1,...},

Fe(k) = Spand{b]*(1 - by, QBog, ki +---k, =k, ky,...,k, #0}.

)\2E‘f(ﬁ(z) =

+ 2z — ex. (58)
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b Qpog is contained in the space F**(k), which is preserved by H°T. Let H°T(k) denote
the operator H° restricted to F*¢(k). Thus we can restrict ourselves to the fiber space
Fe*¢(k) and the fiber Hamiltonian H°¥ (k). In particular, in we can replace H°T with
H (k).

For our analysis it is enough to know only H°¥ (or H*%(k)) compressed to F*¢(k) @
F5*¢(k). Note that the one-quasiparticle state b} |Qpog) spans Fi*¢(k), and F5*°(k) is
spanned by bi‘;bl*(_pQBog with p,k — p # 0. We compute

(biQBOg’HeﬂbiQBOg) = €k,

(B b pBog | HMD5 b, QBog) = €p + ex—p

* ok efl 7 * )‘
(0 bic—pS2mog | H* biBog) = —575/c(P), (59)
* € * 7%k )‘
(V05 [H 0 bie_pQBos) = T375/c(P) (60)
with
0% (k
hk(p) = 2 Mv(())) (Up')/fk’)/pfk + Ok—pY-Kk7p + TpOk—pOk (61)

— Yp9—-kOp—k — Yk—p0—kOp — '7p7k—p’Yk>-

The Hamiltonian H*¥ compressed to F*¢(k)@F5*(k) will be called the effective Friedrichs
Hamiltonian (for volume L3 and momentum k). It is denoted HE, (k) and given by

HEak) =] ora (k| (62)
Fried ﬁ’hk) €p+ek—p )
eXC XC 2 2 3
on  FE(k) @ FEOk) ~ Cal (fz \{o,k}), (63)

where we explicitly introduced a reference to the volume L? in the notation. Thus we end
up in a situation described in Section According to the Fermi Golden Rule (37) we
want to compute

2
e =gy 3 kP (64

)
p.k—p#0 (2 = ep —exp)

Unfortunately, the sum is divergent. To cure the divergence we can introduce a
cut-off. The cut-off is to a large extent arbitrary. It is convenient to use |p|+ |k — p| < A.

Thus we replace , and with

HEA e |, (i (65)
Fried Hzlhi) eptexp|’

hig(P) = h(P)L{jp|4k—p|<a} (P), (66)
A 2
Zﬁ’A(Z) = % Z (z _Zl;(l_))ek_p)' (67)

p.k—p7#0

The functions p + ep, hi(p), his (p) are well defined for all p € R?\ {0}, and not only
for 2%23 \ {0,k}. The expression can be interpreted as the Riemann sum converging

as L — oo to the integral
1 hit(p)?d
(2m)° ) (2 —ep —ex—p)
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We can also introduce the infinite volume effective Friedrichs Hamiltonian
o = | o, ARl T
H Alhy) ep +ex—p (69)
on CoL*R?),

The Fermi Golden Rule predicts that Z{{\(ek +i0) describes the energy shift of the eigen-

value of the infinite volume cut-off Hamiltonian HZ, ;(k). Unfortunately, in our case

Alim ReX{ (ex + i0) is infinite. However, we will see that Tm¥{ (ey + i0) is finite and for
—00

large A is independent of A. Physically it describes the decay of the quasiparticle at
momentum k.

6. THE SHAPE OF THE QUASIPARTICLE SPECTRUM

If k — ey is a dispersion relation of quasiparticles, then the infimum of the n-quasiparticle
spectrum is

inf{ep, +---ep, [ P1 + - +pn =k} (70)
Sometimes, it is possible to compute exactly, as shown in the following lemma.

Lemma 1. Let k — ey be a convex function. Then
igf{ep +ex-—p} = 2ek/2- (71)
In particular,
igf{ep +ex_pt < ex. (72)
If in addition k — ey is a strictly convex function, then

i]gf{ep +ex_p} <ex, k#O0. (73)

Proof. The left hand side of is called infimal involution and is often denoted as
ele(k) := inf{ep + ex_p}- (74)
P

Since ey is a convex function so is elJe(k) [I, Chapter 12| and it satisfies
(ele)* =e* +e* =2¢* (75)
where e* denotes the Legendre—Fenchel transform of e. Hence

igf{ep +ex—p} = ele(k) = (elle)™ (k) = (2¢")" (k) = 2ex /9
which proves . Now follows from convexity. Indeed,

2ep/2 = 2¢p/210/2 < Cp-
]

Now ey in is strictly convex. Therefore, is true, and so the dispersion relation
is embedded inside the 2-quasiparticle spectrum.

If ey is given by , then it is strictly convex for small k. Therefore, the dispersion
relation is embedded inside the 2-quasiparticle spectrum at least for small momenta. The
same is true for the cutoff effective Friedrichs Hamiltonian Hﬁied for large enough A.

The Hamiltonian H®* couples by Qpog with 4-quasiparticle states through Hg%'. The
bottom of 4-quasiparticle spectrum lies below the dispersion relation (in fact, if it is
given by , it is equal to 4ey /4 < ex). However, H5 does not couple by Qpog to all
possible 4-quasiparticle states with the total momentum k, but only to states of the form
bp, bp, bp, b€ )Bog With p1 4+ p2 + p3 = 0. Their energy is

ek + ep, + €p, + €p; > ex. (76)
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Thus the state b (g, is situated at the boundary of the energy-momentum spectrum
and the only coupling is through p; = p2 = p3 = 0. Before going to the thermodynamic
limit this is excluded, because on the excited space all momenta are different from zero.

Assuming that this effect survives the thermodynamic limit, we expect that the term H$%

does not lead to damping and we therefore drop it from Hé\ried, even though in terms of
the coupling parameter « this term is of the same order as HgY*, which we keep in our

analysis.

7. COMPUTING THE SELF-ENERGY

In the remaining part of our paper, the main goal will be to compute approximately the
3-dimensional integral . To do this efficiently it is important to choose a convenient
coordinate system.

Let us introduce the notation k = |k|, p = |p|, [ = |1], where 1 = k—p. One could try to
compute using the spherical coordinates for p with respect to the axis determined by
k. This means using p = |p|, w = cos 8, ¢, so that p = (pv/'1 — w? cos ¢, pv/'1 — w? sin ¢, pw).
The self-energy in these coordinates is

2r hA d dwd
s P ™
(2m)3 (z — ep el(p,w))

where, with abuse of notation, h{: (p, w) is the function hﬁ(p) in the variables p, w, ¢. The
variable ¢ can be easily integrated out. hﬁ(p) depends only on k,p,l and can be

rewritten as
EA / / hA p7 p7 )))2p2 dpdw
(2m)? —Clpw)

The coordinates p,w are not convenient because they break the natural symmetry
p — k — p of the system. Instead of p,w it is much better to use the variables p,l. Note
the constraints

EA

lp—1| <k, (78)
E<p+l1, (79)
that follow from the triangle inequality. We have w = %. The Jacobian is easily
computed:
2 pl Lo o
dpdw = —dpdl = — dp* di*.
prdpdw ="-dpdl = dp (80)
Let us make another change of variables:
t t—
t=p+l, s=p-1; p= ;S, = 28; (81)
2 _ g2
D = tds.
dp* dI? dtd 82

The limits of integration following from the constraints and are very easy to
impose:
(R (t,8))2(t% — s?)

EA
8k: Z—€t+s — e s)’

dt

(83)

Another choice of variables can also be useful. If k& +— e is an increasing function,

which is always the case for small k, but also for the important case of constant Z((lg)), we
can use the variables u := e, and w := ¢;. Set
dk?
fler) = —- (84)

deg
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Thus we change the variables

—d 2di? = —kf(u)f(w)duzdw2.

4k
wu_]/%mwwwmwww
k%)= (2m)2 4k(z —u — w) ’
We then perform a further change of variable
r=u+w, Y=u-—w, u_w—i—y w_x—y
- ) — =W - 9 9 - 9 )
2 _ .2
du?dw? =2 "Y 4z dy.

Now we can write
Ay L (hp (2, 9)* F(FF(5FD) (2 — y?) dy da
Ek(z)gﬂ_zk// 24(2_1) )

where the limits of integration are somewhat more difficult to describe.

When (( )) is a constant, so that

)
€k:k‘\/ﬂ+z» k2:2(\/6%+ﬂzfﬂ)a

we can compute the function f:

We also have

2 4 2 4
B+ 5+ pk? . B+ — /5 + pk?
3 k = .
20/ 5 4 k2 20/ 5L 4 k2

8. DAMPING RATE

O =

The following theorem is the main result of this paper.

(85)

(88)

(89)

Theorem 2. Suppose that the dispersion relation is given by . Then ImEﬁ does not

depend on A for large A and we have

KS.

: . 30(0
Algrolo ImEﬁ(ek +10) = —cpak® + O(K®) as k—0, CRel = 6405‘(‘2),11
Proof of Theorem[3. To prove Theorem [2] we will use the variables z, y:
(hix 2)dyd
S8 (e +10) = . // (z,9))*(2? —y*) dy da .
k (ex — x +1i0)/(z + y)? +4u2\/:p— )2+ 4p?
It follows from and the Sochocki-Plemelj formula that
Eﬁ(ek +i0) = ReX{ (e + 10) + ilmX4 (eg, + 10),
(hix( %) dyd
ReSik (e +10) = // (2,9)*(2* — y*) dy dz
k (e — ) a:—i—y) +4u2\/x— 2 4 4p?
(hi( —y“)d(ex —x)dyd
TS (ex +10) = —— // (z,9)) y*)d(ex x) y dz
8mk V(e +y)?+ 4u2\/ 2 4 4p2

(hi(ex,y))?(ef — )dy
87r2k Ve + )2 + 4%/ (e — y)? +4p?

(91)

(92)
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Our starting point is the expression . Obviously, we first need to establish the
integration limits in y. Recall that y = e, — ¢; but under the additional constraint that
er = ep + € which comes from the constraint §(z — ex) in . It follows immediately
that —ey <y < eg. Thus, for A large enough, Im¥ (ej, + i0) will not depend on A.

Let us first compute (hy(z,y))%. For further reference we will keep z as a variable.
Recall we assume 0(k) = 0(0). From the definition of hy(p) we get

2}“;5;)()0) = ok(opo1 — 01 — op) + Wlopn + 01 — W N)-
:2\7;%<\/ u2+u2—|—u\/ “’2+M2+w_\/\/m+w\/\/W—u
—\/ u2+;ﬂ+u\/\/m_w>
e (VW [V - VT o Vi
Vi wf/VaE e - ) )
:212<Uk\/(A1+$+y)(A2+$—y))—7k\/(A1—y;—y)(Az_x+y)
2¢\/x4 —y
+(%—0’1§)\/(A1—:c—y)(Az%—ﬂc—y))+(7k:—crk)\/(Al+x+y)(AQ_;H_y)))7
(97)
where

A=A y) =V +y)2+4p?,  Ayi=As(z,y) = V(v —y)2+4p? (98)
Therefore the integrand in becomes
(7 (=, ))*(2* - y°)
V(@ +y)? +4p2/ (o —y)? + 4p2

_ /ﬁfz (Uk\/(Al +a+y)(A2+2—y)) = wV (A -2 —y) (A — 2 +y)

(99)

2
+m—ak>¢<A1—x—y)(Az+x—y>>+<%—ak>¢<A1+x+y><Az—x+y>>) |

0(0
- /jlv(fl) <01% (84142 + (z + y) Az + (z — y) A1 — (2% — y°) — 4u(Ar + Az + 22) + 84)
142

+7% (34142 — (w4 y)As — (z —y) A1 — (2% — y?) — dp(A1 + Ay — 22) + 84%)

+ 2047k (4p Ay + 4pAs — 2A1 Ag + 2(z% — %) — 12u2) > (100)
Thus

ex 12 2 .9
—er V(@ y)? 4P/ (z —y)? + 4p?

. €L — + Yy 8,[1,33

— d 2 2 _y 2 n(TTY T _

19 (0) / . y< (307 + 37i — dorw) + (0% — i) L A A4,

2 .9
2 2 Tt =y 9 A1+ Ay 2, 9 2 1

o2 4 4 _ i _

+ (=% — Vi + 40k k) e (o — Vi) e + 8u (o, + Vi 30'mk)A1A2

(102)
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The integrals involving iiy and - (where Ay = A; and A_ = Aj) can be computed
explicitly. Setting z = ey, this implies

ck ep Ty /ek ep Yy 2
dy—-EEY [T gy =2/ +e2 2y, 103
/ Ax(er,y) <\/(ek +y)? 4+ 4p? (103)

—€k —€k

/ek d 1 /ek q 1 log ex tal1g e% (104)
—ep Axlery) e, Vier Ty)2 +4u? 1 w2
This yields
Ck M (x, y)? (22 — 4?)
/ dy< (il )l (@ > (105)
ey V@ + )2+ 42/ (z —y)? + 4p

— 2 €L 6%
= ud(0) | 2 (30% + 37k — dowvk) e + 4\/p? + e — A — 8u(oy, — 1,)* log ;4‘ 1+E

ek _ 2_4 2 2 _ .2 -8 8 2(+2 2_3
+/M7(0)/ dy< (o orvk + i) (€ yi} AM€k+ pe(og + 7, Uk:’Yk)) (106)
142

—ep

where two types of integrals, namely

/<4iﬁdy“d /(mZJd% (107)

still appear as they cannot be computed explicitly.
Since we are interested in the expansion in ey (which is small, as k is small) we write

ver+u?+er \er+n?—ep (108)

O = 2€k ; Ve = 2€k ’
which gives
e +u
1
of + 0 = TRV = 50 (109)
Then ((106]) equals to

2
~ e e
/mm2@&%%—%mwwmmud—w—wm—wﬁ%—f+1+§

5(0 " d — (o} — 4okys + ) (ef — y*) — Buey, + 81> (o} + 74 — 30wYk)
+ p0(0) Y A A,

—eg

2,2
\ e TH —H e e?
wo(0) Q(BW—QM)JrQ(%/uanez—Qu)—8ue—log ;kJr 1+l7]§
k
\/e + p? —2,u/
0 d
e y<A1A2>

— po(
< < 02\/ek+,u —3u ekd 1
120(0)ey, — 81 5(0) 5o /ek vl 14

2 1—1 2
— 10(0) | 100/ Ten/) T 7T — s — sp X leR/mH L=y fen %N (110)
er/ 1 I It
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W /ek (AlA;)

€k/ﬂ

€k

— pd(0) <8M€k 4P 2/ (ex/11)* + —3)> /k dy( !

—ep

A1A2>

We expand (110) up to order O(e). A tedious computation yields

4
Sey,

2

e
110) = uo(0) | 2u + £ -
pi(0) (20 + %+ 5

41€f
1200

0(e§)> :

We shall now deal with the terms (111)) and (112)). To this end we write

A Ay = /42 + (e + )2/ 4p2 + (e

y)?

2u

)y

2
er —y
( 2p >

2 2

er+vy
4241+ -k
u\/+ 2,0

2
L(a=
442

= 4*\/1+Q
1 1 1
42 (14 20,— 202+ —03 4
s < + 2@1 8@1 + 16Q1> +0(QY)
where ,
Q ':ei+y2+ e%_yQ
T 4p?
Then
Lo L i grai-qh+oe)
AjAy  42(14 Q) Ap2 SR 2
where ) ) )
s R
Q2 : 2@1 8Q1+ 16@1-
This leads to
L1 g ey gyt 9y’ oyt 9yt S
A1As  4p? 16pt  64u8  256p% 16p*  16pS  256u8  64uS 25648 2568
where 1 + t9 = 7. In turn
e 1 dy— s 19626 B 13e;8 0(el)
—ep, A1A2 2u GM 240N 280N
and 2 2 3 5 7
€k e — e e 11le
kY k k k 3
dy = % — O .
/_ L AA, YT 32 T 100 T 2806 T (k)

This implies

e e} 11¢8
111) = —pd(0) [ =25 + —5 — —k ) 1 O(e}
and . .
4e? 3e 2e
112) = —pud(0) ( 2p+ & b — 25 )+ 0(e
@) = o) (20-+ 52 + oy~ 26 )+ Ofe)
Combining (125)), (126]) and (113]) we obtain
1 /e’“ (i (ers 9))* (el — y2)
8k ) View+y)? + 42/ (ex — y)? + 4p?

19

(111)

(112)

(113)

(114)

(115)

(116)
(117)

(118)

(119)

(120)

(121)

+0(e}ly*
(122)

(123)

(124)

(125)

(126)

)
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_u@(o)<5 41> P 300) &

(127)

167k \12 120 640m2pt k-

This yields (91). O

9. RENORMALIZATION OF THE FULL SELF-ENERGY

In this section we will try to make sense of the real part of the energy shift. We will
see that it is much more problematic. Actually, our result will be negative: The Fermi
Golden Rule starting from the Bogoliubov approximation does not allow us to compute
the energy shift of the dispersion relation.

We start with a seemingly positive result, which may suggest that one can hope for a
removal of the ultraviolet cutoff in the self-energy:

Theorem 3. For k # 0, the cutoff self-energy at z = 0, that is ZQ(O), is finite. Moreover,
for Imz > 0 there exists the limit

Siz) = lim (S() - S4(0). (128)
—00
One can also take the limit of (128) on the real line:
Sk(ex +i0) := lim (S (ex +1i0) — Z(0)) = lim Sy (ex + ie). (129)
A—o0 e\

What is the physical meaning of ¥y (z) and Xy (e 4 i0)? Probably none. The coun-
terterm Y4(0) depends on k. We conclude that the quantity ReXi"(ey + i0) probably
has little to with the real energy shift as we do not see how one can justify that we are
using the “right” counterterm. Indeed, in principle, one could add to this counterterm an
arbitrary function of k.

If one could find a k-independent counterterm ¢ such that

Uit (2) = Jim (ZR(z) — ) (130)

exists, then imposing X7 (0 4 10) = 0 one could hope that X" (ex + i0) yields the real
part of the energy shift. Unfortunately, the next theorem excludes this possibility.

Theorem 4. We have

lim 22 (0) = —o0. (131)
k—0

Proof of Theorem[3. In this section we will use the variables ¢ := p+ [ and s := p — [ for
integration. Recall from (83| . ) that in these variables

(hp(p,1)?pl
»i dt . 132
k( 27r / / Sk:z—ep—el) (132)

Hence,
h2 (p,1)pl
R(0) = dt ’ 1
27r / / 8k: (ep + el) (133)
Note that for some ¢ > 0, we have

ept+e>clp+l)=ct (134)

Let k # 0. Using (134) we see that ({133)) is an integral of a continuous function over a
compact region, hence finite.
Subtracting (133]) from (132]) we obtain

zh? (p, )pl

A
dt
(2 — €p — el)(ep +€)

Si(2) — 2k (0) =

; (135)
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2

For small ¢ the integrand is bounded, using again (134). For large ¢t we have e, ~ %,

e ~ % Moreover, h(p, 1) is bounded. Therefore, the integrand of (135]) behaves as ¢~2.
Hence it is integrable for large ¢t and we can take the limit A — oo obtaining

SR (z) r = lim (S(2) — 2(0)) (136)
A—o0
1 [ k h2(p, 1)pl
_ 2/ dt/ ds 2hi(p, Up : (137)
2m)? Ji ko Bk(z—ep—e)(ep t+er)
This ends the proof of the theorem. O

Before we show Theorem 4] we prove some lemmas.

Lemma 5. For small p,l, we have

£ L_ o 138
M T 9 (s%), (138)
pl t 2
—_—— = 0(s%), 139
epe| 4621 () (139)
2
Tpo/Epe] — U%e% = 0(s?), (140)
Wyl — vier = O(s) (141)
Proof. We can assume that s > 0.
2 2 _1 2 2 _3
=G +u) (5 +n) 2 qg=pk+%) (& +n) =00 (142)
Therefore,
2er —ep—e = / . (3 \v|)et+ dv = O(ts?),
3
and hence

is O(s?), which proves (138§)).
Next, set f(p) := %. We have

d, o =2 2 AP -2
dp (p) (p2—|—4,u)% O(p), dpz ( ) (p2+4lu)g O(l) (143)
Hence
2
L =TI - 1(3)° (144)

- /0 (5-0) (/" +0)f(5—v) =20 (5 +0) /(5 —v) + F(5 +0) f"(5 = v)) dv,

which is O(s?), which proves (139)).
We check that the Oth, 1st and 2nd derivatives of

1 2 1
Opvep = \/5\/1)2 +u A+t (145)
Y Ry (146)
Tp\/€p V2V 2 M g T HD

are bounded. Then we argue as in (144}, proving (140) and (141)). O
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Lemma 6.

2 A 2

¢
i [ / (9501 = % 7)°Pl_ / dt
k—0 8k(ep + €1) 0

where the right hand side is a finite positive number.
Proof. We have

(opor —wp)’pl
8k(ep + ;) 8~8/<:e%

(7901 = 1) /epei + e )l

- 8k(ep + €1)epey <(Jp0l WN)VEpeL = e%))

e

[STEN

N < pl >
8k(ep +e1) \eper  4e3
2

¢ e 1
+32k6% (ep +e 5)

646£ ’
2

(147)

(148)

(149)

(150)

(151)

By Lemmathe terms in the big brackets on the right of (149)), (150) and (151]) are O(s?).
The terms in (150)), (151)) on the left are all %O(t). The most singular in ¢ term is the one

on the left of (I49) and it is of order $O(¢t~1). Therefore,

/ dt/ (op01 — %p1)?p pl 12
8k ep + 61) 6465

_ -1 3)_ A —17.2y _ 21y
_/k dt/_kdsO(t ) _/k A0t~ K2) = Ok Ink) —

Proof of Theorem . Recall . We have

hx 1 1
& = (0% +76) (001 — W) + 5 (0% = W) (Opor + W0 — 207 —
2y/uo(0) 2 2

Thus, using , we obtain

2

/M)(O

(0p01 — 1) Pl
dt p p
=(ok + %) / / 2k(ep + €)

+2 / dt / 45 {7p7t = W )(Opo1 + Yo — 207 — 2901

2k(ep + 1)

A k 2
-2 -2 l
+(o% —’ch)2/ dt/ dS(UpUl + W — 2057 — 27p01)°p
k _

2k(ep + €)

(152)

(153)

0

(154)

(155)
(156)
(157)

(158)

where we used that or,% — 7,% = 1. Since A is fixed we are only interested in the small ¢

region. Since k is small too, this implies also p and [ are small. For such we have

(o +w)?>>Ck™, C>0
(ok —)* = O(k )

~

UpUl ’Yp’Yl \/17 O ):O(t>7

(0001 + 1 — 20,7 — 27p01)V/pl = O(1



BELIAEV DAMPING IN BOSE GAS 23

1
—— =0@™h. (163)
ep + €
By Lemma [6] and (159),
|([156)| > C1&k7 — +oc. (164)

By (161), (162) and (163),

A k
1
y\gc/k dt/kdsk—>C’A as k — 0. (165)

Here Cj is a constant depending on A (which is fixed). By (160), (162) and (163)),

A k
1
(38| < Ck:/ dt/ ds < CklIn(k)] -0, (166)
k —k

Hence ([155)) converges to +00. O
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