Notes on Quantization and Canonical Commutation Relations

Preliminary version

Not for distribution

Jan Dereziński Department of Mathematical Methods in Physics, Warsaw University, Hoża 74, 00-682 Warszawa, Poland, email Jan.Derezinski@fuw.edu.pl June 14, 2000

Contents

0.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 0.2 Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1 Elements of linear algebra 17 1.1 Basic notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.1.1 Linear operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.1.2 Normed spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.1.3 Direct sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.1.4 Linear relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.1.5 General linear group . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.1.6 Inhomogeneous general linear group . . . . . . . . . . . . . . . . . . 19 1.1.7 Vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.2 Elementary structures in vector spaces . . . . . . . . . . . . . . . . . . . . 21 1.2.1 Complex conjugate spaces . . . . . . . . . . . . . . . . . . . . . . . 21 1.2.2 Involutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.2.3 Anti-involutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.2.4 Conjugations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.2.5 Complexification of an anti-involution . . . . . . . . . . . . . . . . . 22 1.3 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.3.1 Dual pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.3.2 Conjugate operators . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.3.3 Sesquilinear dual pairs . . . . . . . . . . . . . . . . . . . . . . . . . 25 1.3.4 Hermitian conjugate operators . . . . . . . . . . . . . . . . . . . . . 25 1.3.5 The dual of a space with antiinvolution . . . . . . . . . . . . . . . . 25 1.4 (Pseudo-)Euclidean spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.4.1 Symmetric forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.4.2 (Pseudo-)orthogonal group . . . . . . . . . . . . . . . . . . . . . . . 27 1.4.3 Real Hilbert spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 1.5 Symplectic spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 1.5.1 Antisymmetric bilinear forms . . . . . . . . . . . . . . . . . . . . . 28 1.5.2 Symplectic group . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 1.5.3 Extensions of the symplectic group . . . . . . . . . . . . . . . . . . 29

1.5.4 Poisson bracket . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 1.6 Canonical symplectic spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 31 1.6.1 Conjugations in a symplectic space . . . . . . . . . . . . . . . . . . 31 1.6.2 Symplectic group in a canonical symplectic space . . . . . . . . . . 31 1.6.3 Point transformations . . . . . . . . . . . . . . . . . . . . . . . . . . 32 1.6.4 Transformations fixing X^′ . . . . . . . . . . . . . . . . . . . . . . . 33 1.6.5 Lagrangian subspaces in a canonical symplectic space . . . . . . . . 33 1.7 (Pseudo-)unitary and (pseudo-)Kähler spaces . . . . . . . . . . . . . . . . . 33 1.7.1 Hermitian forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 1.7.2 (Pseudo-)unitary groups . . . . . . . . . . . . . . . . . . . . . . . . 34 1.7.3 Hilbert spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 1.7.4 Complexification of a real Hilbert space . . . . . . . . . . . . . . . . 35 1.7.5 (Pseudo-)Kähler spaces . . . . . . . . . . . . . . . . . . . . . . . . . 36 1.7.6 Complexification of a Kähler space . . . . . . . . . . . . . . . . . . 37 1.7.7 Unitary group in a Kähler space . . . . . . . . . . . . . . . . . . . . 38 1.7.8 Symplectic group in a Kähler space . . . . . . . . . . . . . . . . . . 39 1.7.9 Positive symplectic transformations in a Kähler space . . . . . . . . 40 1.7.10 Kähler structures in a symplectic space . . . . . . . . . . . . . . . . 41 1.7.11 Unitarization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 1.7.12 Pseudo-Kähler spaces with conjugation . . . . . . . . . . . . . . . . 43 1.7.13 Complexification of a Kähler space with conjugation . . . . . . . . 44 1.8 Tensor products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 1.8.1 Tensor products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 1.8.2 Tensor product of Hilbert spaces . . . . . . . . . . . . . . . . . . . 46 1.8.3 Tensor algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 1.8.4 Tensor algebra over a Hilbert space – full Fock space . . . . . . . . 48 1.9 Symetric tensor product . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 1.9.1 Symmetric tensor product . . . . . . . . . . . . . . . . . . . . . . . 48 1.9.2 Symmetric tensor algebras over a Hilbert space – bosonic Fock space 49 1.9.3 Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 1.9.4 Complex polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . 51 1.10 Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 1.10.1 Gaussian integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 1.10.2 S(X ) and S^′(X ) spaces . . . . . . . . . . . . . . . . . . . . . . . . . 52 1.10.3 Fourier transformation . . . . . . . . . . . . . . . . . . . . . . . . . 53 1.10.4 Convolution operators . . . . . . . . . . . . . . . . . . . . . . . . . 53

2 Canonical commutation relations 54 2.1 Schrödinger representation of CCR . . . . . . . . . . . . . . . . . . . . . . 54 2.1.1 Heisenberg commutation relations . . . . . . . . . . . . . . . . . . . 54 2.1.2 The x, D- and the D, x-quantizations . . . . . . . . . . . . . . . . . 55

2.1.3 Weyl operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 2.1.4 Quadratic forms on S(X ) . . . . . . . . . . . . . . . . . . . . . . . 58 2.1.5 The x, D quantization of distributional symbols . . . . . . . . . . . 58 2.1.6 Point transformations . . . . . . . . . . . . . . . . . . . . . . . . . . 60 2.1.7 Stone–von Neumann theorem . . . . . . . . . . . . . . . . . . . . . 61 2.2 Symplectic theory of CCR’s . . . . . . . . . . . . . . . . . . . . . . . . . . 63 2.2.1 Heisenberg-type representations of CCR . . . . . . . . . . . . . . . 63 2.2.2 Weyl-Wigner quantization . . . . . . . . . . . . . . . . . . . . . . . 64 2.2.3 Abstract definition of the x, D quantization . . . . . . . . . . . . . 65 2.2.4 Weyl-type representations of CCR . . . . . . . . . . . . . . . . . . . 65 2.2.5 Regular representations of CCR . . . . . . . . . . . . . . . . . . . . 66 2.2.6 Field operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 2.2.7 Quadratic forms on G(Y) . . . . . . . . . . . . . . . . . . . . . . . . 68 2.2.8 Weyl-Wigner quantization of distributional symbols . . . . . . . . . 69 2.2.9 Weyl-Wigner quantization in the Schrödinger representation . . . . 70 2.2.10 The parity operator . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 2.2.11 “Prequantization” . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 2.3 General coherent vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 2.3.1 Coherent states transformation . . . . . . . . . . . . . . . . . . . . 73 2.3.2 Contravariant quantization . . . . . . . . . . . . . . . . . . . . . . . 75 2.3.3 Covariant quantization . . . . . . . . . . . . . . . . . . . . . . . . . 76 2.3.4 Connections between various quantizations . . . . . . . . . . . . . . 77 2.4 CCR relations in Fock spaces . . . . . . . . . . . . . . . . . . . . . . . . . 78 2.4.1 Fock representation of CCR . . . . . . . . . . . . . . . . . . . . . . 78 2.4.2 Operators dΓ(·) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 2.4.3 Operators Γ(·) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 2.4.4 Tensor product of Fock spaces . . . . . . . . . . . . . . . . . . . . . 82 2.4.5 Weyl operators and Gaussian coherent vectors . . . . . . . . . . . . 82 2.4.6 Complex wave representation of CCR . . . . . . . . . . . . . . . . . 83 2.4.7 Holomorphic L^2 spaces with a Gaussian weight I . . . . . . . . . . . 84 2.4.8 Holomorphic L^2 spaces with a Gaussian weight II . . . . . . . . . . 85 2.4.9 Abstract approach to creation and annihilation . . . . . . . . . . . 85 2.4.10 Vacua . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 2.4.11 Wick and anti-Wick quantization as the ordering of creation and annihillation operators . . . . . . . . . . . . . . . . . . . . . . . . . 88 2.4.12 Wick and anti-Wick quantization as covariant and contravariant quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 2.4.13 Wick quantization – the operator formalism . . . . . . . . . . . . . 93 2.4.14 The Bargmann kernel of an operator . . . . . . . . . . . . . . . . . 94 2.5 Weighted Schrödinger representations . . . . . . . . . . . . . . . . . . . . . 95 2.5.1 Weighted Schrödinger representations in finite dimension . . . . . . 95

2.5.2 L^2 spaces with a Gaussian weight . . . . . . . . . . . . . . . . . . . 96 2.5.3 Real wave representation . . . . . . . . . . . . . . . . . . . . . . . . 96 2.5.4 Complex wave representation for a symplectic space with conjugation 98 2.5.5 Wick operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 2.6 Translations in phase space . . . . . . . . . . . . . . . . . . . . . . . . . . 102 2.6.1 Translated representations . . . . . . . . . . . . . . . . . . . . . . . 102 2.6.2 Translated Fock representations . . . . . . . . . . . . . . . . . . . . 103 2.6.3 Relative boundedness of field operators . . . . . . . . . . . . . . . . 104 2.6.4 Van Hove model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 2.7 Symplectic covariance of CCR’s . . . . . . . . . . . . . . . . . . . . . . . . 108 2.7.1 Quadratic Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . . 108 2.7.2 Quadratic Hamiltonians in the Schrödinger representation . . . . . 108 2.7.3 Quadratic Hamiltonians in the Fock representation . . . . . . . . . 109 2.7.4 1-parameter groups generated by quadratic Hamiltonians . . . . . . 110 2.7.5 Implementable symplectic transformations . . . . . . . . . . . . . . 111 2.7.6 Unitary equivalence of Fock representations . . . . . . . . . . . . . 112 2.7.7 Implementable symplectic transformations in the Fock representation116 2.7.8 Metaplectic group . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 2.7.9 Metaplectic group in L^2(R) . . . . . . . . . . . . . . . . . . . . . . 118 2.7.10 Metaplectic group in the Fock representation . . . . . . . . . . . . . 119 2.7.11 Metaplectic group in the Schrödinger representation . . . . . . . . . 123 2.7.12 Weyl-Wigner symbols of elements of the metaplectic group . . . . . 124

0.1 Introduction

Canonical commutation relations (abbreviated CCR) most often appear either in the Schrödinger representation or in the Fock representation.

The Schrödinger representation acts in the Hilbert space L^2(R^d). It involves selfadjoint operators x_i, called the position operators, and D_i := −i∇_i, called the momentum operators. They satisfy the identities,

[x_i, x_j ] = 0, [D_i, D_j] = 0, [x_i, D_j ] = iδ_{ij}, i, j = 1, . . . , d, (0.1.1)

called the Heisenberg commutation relations.

The Fock representation acts on the symmetric (=bosonic) Fock space, which we denote Γ_s(C^d). It involves the so-called creation operators a^∗_i and annihillation operators a_i satisfying [a_i, a_j ] = 0, [a^∗_i , a^∗_j ] = 0, [a_i, a^∗_j ] = δ_{ij} , i, j = 1, . . . , d. (0.1.2)

If Ω denotes the vacuum vector, then the annihillation operators satisfy additionally a_iΩ = 0, i = 1, . . . , d. If we identify π^{− d}4 e^{− x2}2 ∈ L^2(R^d) with the vacuum vector Ω, a_i with^{1√}_2 (x_i + ∇_i) a^∗_i with^{1√}_2 (x_i − ∇_i), then we obtain an identification of the Fock space Γ_s(C^d) with the space L^2(R^d). Thus, for the same number of degrees of freedom, the Schrödinger and Fock representations are unitarily equivalent.

Representations of CCR appear in many disguises in quantum mechanics, bosonic quantum field theory and partial differential equations. These notes are devoted to a unified and rigorous description of various mathematical structures that arise in the context of CCR.

It is convenient to introduce the following abstract version of the CCR. Let ϕ_1, . . . ϕ_m be a family of self-adjoint operators on a Hilbert space H. Let ω be a symplectic form in R^m. Then we say that these operators satisfy CCR over (R^m, ω), if

[ϕ_i, ϕ_j] = iω_{ij}. (0.1.3)

The relations (0.1.1) are CCR over the symplectic space R^d ⊕ R^d endowed with the canonical symplectic form. In fact, if we set m = 2d, ϕ_i = x_i, ϕ_{d+i} = D_i, i = 1, . . . , d, then (0.1.1) are an example of (0.1.3).

Likewise, the relations (0.1.2) are CCR over the space C^d endowed with the symplectic structure given by the imaginary part of the scalar product. To see this we need to set m = 2d, ϕ_i =^{1√}_2 (a^∗_i + a_i), ϕ_{d+i} :=^1_i^√_2 (a^∗_i − a_i).

The definition of CCR (0.1.3) is unfortunately not quite satisfactory, because of the problems due to the unboundedness of ϕ_i. One can easily find pathological examples of operators satisfying a version of the formula (0.1.3), but not equivalent to the standard representations of CCR. In order to avoid these examples, it is convenient to use a different definition of CCR. This definition involves the unitary operators W (y) := e^{iϕ(y)}, sometimes called the Weyl operators. One assumes that W (ty) depends strongly continuously on t and the so-called Weyl commutation relations are satisfied:

W (y_1)W (y_2) = e^{− i2 y1ωy2} W (y_1 + y_2). (0.1.4)

It is easy to see that the Weyl commutation relations (0.1.4) imply the Heisenberg commutation relations (0.1.3).

The theory of CCR is closely related to the theory of symplectic spaces. Recall that a symplectic space Y is a real vector space with a nondegenerate antisymmetric form ω.

One can equip Y with an additional structure: 1) A conjugation, that is a linear map κ satisfying

κ^2 = 1, ωκ = −κ^′ω. (0.1.5)

This fixes an isomorphism of Y with the so-called canonical symplectic space X^′ ⊕ X , where X is often called the configuration space and X^′ the momentum space. 2) A Kähler anti-involution (or complex structure), that is a map i such that

i^2 = −1, i^′ω + ωi = 0, ωi ≥ 0. (0.1.6)

A Kähler anti-involution fixes a natural scalar product in Y.

3) A Kähler anti-involution i together with a conjugation κ, satisfying, besides (0.1.5) and (0.1.6) the condition κi + iκ = 0. (0.1.7)

In this case one can identify Y with a space X ⊕ X , where X is a real Euclidean space.

If we fix the structure 1) and the dimension of Y is finite, then we have a natural Schrödinger representation of CCR in the Hilbert space L^2(X ).

If we fix the structure 2), we have a distinguished Fock representation in the bosonic Fock space Γ_s(Z), where Z is the so-called holomorphic subspace of CY. One can also use the closely related complex wave representation (also called the Bargmann-Segal representation), which reperesents the Fock space in a certain Hilbert space of holomorphic functions.

In the case 3) we can define the so-called real wave representation, also called the Qspace representation. In the finite-dimensional case this is nothing else but the Schrödinger representation with the Gaussian weight. In the infinite dimensional case this is a representation acting on the Hilbert space of the Gaussian stochastic process indexed by the vector space X .

In the real wave representation, just as in the Schrödinger representation, position operators have a meaning of multiplication operators. The drawback of the Schrödinger representation is that it does not make sense in an infinite dimension. On the the other hand, the real wave representation can be defined in any dimension, and is used in quantum field theory as a substitute for the Schrödinger representation.

There exists a close relationship between functions on a symplectic space Y^′ and operators on a Hilbert space H. This relationship is one of the main manifestations of the so-called correspondence principle between the classical and quantum mechanics. To formulate this relationship, one needs to introduce a “quantization” – a map that associates an operator to a function on the symplectic space. The inverse of this map will be called a “symbol”. In our notes we will consider a number of different quantizations.

There is one distinguished quantization, which is fixed by the symplectic structure of Y^′. It is called the Weyl-Wigner quantization (or the Weyl quantization). If b is a function on the symplectic space Y, then the Weyl quantization of b will be denoted by Op(b). (Another notation, commonly used in the context of the Schrödinger representation, is b^w(x, D)).

In the context of the Schrödinger representation, two quantizations are especially simple to compute. We call them the x, D- and the D, x-quantizations. The x, D quantization

(also called the Kohn-Nirenberg quantization) amounts to putting all the position opetators to the left and the momentum operators to the right. We will denote it by Op^{x,D}(b). (In the literature, the notation b(x, D) is commonly used).

In the case of a Fock representation it is natural to introduce two other quantizations: the Wick (or normally ordered) quantization, which we denote Op^{a∗,a}(b), and the anti- Wick quantization, which we denote Op^{a,a∗} (b). In the Wick quantization we put all the creation operators to the left of the annihillation operators. In the anti-Wick quantization – the other way around. (The notation often used for the Wick quantization in the literature is : b(ϕ) :).

If we fix a vector ψ_0 ∈ H, then for every v ∈ Y^′ we can define the so-called coherent states associated with the vector ψ_0, by setting ψ_v := W (−ω^{−1}v)ψ_0. The coherent states satisfy the following identity (2π)^{−d} ∫ |ψ_v)(ψ_v |dv = 1. (0.1.8)

Note that if (ρ_i)_{i∈I} is an orthonormal basis, then ∑ i∈I |ρ_i)(ρ_i| = 1. (0.1.9)

The identity (0.1.8) resembles (0.1.9), therefore the family of coherent states has many properties similar to an orthonormal basis.

One can use the coherent states to define two kinds of quantizations: the contravariant quantization Op^{ct}(b) = (2π)^{−d} ∫ b(v)|ψ_v)(ψ_v|dv, and the covariant quantization, most conveniently described by defining the covariant symbol of an operator B to be

s^{cv}_B (v) := (ψ_v|Bψ_v ).

If we consider a Fock representation and if we choose ψ_0 to be the vacuum, then the contravariant quantization coincides with the Wick quantization and the covariant quantization coincides with the anti-Wick quantization.

Quadratic polynomials on a symplectic space form a Lie algebra wrt the Poisson bracket. This Lie algebra is isomorphic to the central extension of the inhomogeneous symplectic Lie algebra. Quadratic polynomials in the field operators ϕ(y) also form a Lie algebra wrt −i[·, ·]. The Weyl quantization gives an isomorphism between these two Lie algebras. This isomorphism plays a key role in the correspondence principle. In fact, it implies that, on the level of quadratic Hamiltonians, the quantum and classical mechanics are essentially identical.

One can ask whether the above described isomorphism of Lie algebras can be lifted to a homomorphism of Lie groups. The answer is somewhat subtle. It can be lifted to a homomorphism of the inhomogeneous symplectic group into the group of ∗-automorphisms of the algebra B(H). However, this homomorphism cannot be lifted to a homomorphism of this group into unitary operators. This is related to the non-trivial homotopy group of the symplectic group. Instead, there exists a double-valued homomorphism (with an ambiguity involving two possible signs), called the metaplectic representation. We present several approaches to the metaplectic representation.

In the Schrödinger representation, elements of the metaplectic group can be described using the so-called generating function of a symplectic transformation – an object well known from the classical mechanics. Note that this observation is at the foundations of the Feynmann path integral method. Unfortunately, not all symplectic transformations have a well defined generating function. Therefore, in the Schrödinger representation not all elements of the metaplectic group have regular integral kernels, which complicates the analysis of the metaplectic group in the Schrödinger representation.

The situation is better in the case of the Fock representation, which is actually the most convenient set-up to prove that the metaplectic representation is double-valued.

The simplest algebraic formulas for the metaplectic group one obtains in the fully symplectic approach – that is using the Weyl quantization. Unfortunately, here again one has exceptional elements of the metaplectic group that do not possess a regular Weyl symbol.

By the Stone-vonNeumann theorem, in the case of a fixed finite number of degrees of freedom, all representations of CCR are isomorphic up to multiplicity. This is no longer true for an infinite number degrees of freedom, where there are many non-equivalent representations. In our notes we present a number of them.

The so-called “coherent state representations” are very close to Fock representations, but in general they do not have a vacuum. A simple physically motivated construction that leads to such representations is the so-called van-Hove model with the infra-red divergence. It is a simple exactly solvable model, which can be viewed as a toy model of quantum field theory. The van Hove model with an ultraviolet divergence is also of interest – it illustrates certain aspects of the ultraviolet renormalization.

If we have two Kähler structures, one can ask when they generate unitarily equivalent Fock representations. The answer to this question is contained in a theorem due to Shale, which we present in our notes.

0.2 Literature

In the mathematical literature the x, D-quantization is attributed to Kohn-Nirenberg [KN], who used it to study elliptic partial differential equations. Following their papers, applications of pseudodifferential operators to PDE’s were developed to a very efficient and sophisticated tool, especially by Beals-Feffermann [BF] and Hörmander [Hö2]. Basic identities for the Kohn-Nirenberg quantization (such as for the superposition of pseudodifferential operators ) can be found in [Hö2].

The Weyl commutation relations appeared in [Weyl]. The Stone-von Neumann theorem 2.1.13 was announced by Stone in 1930, but the first published proof was given by von Neumann a year later [vN]. Different proofs of this theorem exist in the literature ( [BR] vol. 2, Corollary 5.2.15, [Emch], [LV]). The proof given in [BR], for example, is based on the properties of the number operator in a Fock representation.

The CCR were first introduced by Dirac. A textbook presentation of CCR can be found in [Emch] and [BR] vol II, where the reader will find thorough bibliographical notes. The symplectic pont of view applied to CCR seems have been first stressed by I. Segal [Seg1], [Seg2] see also [BSZ] and references therein. The operators ϕ(y) (where y is an element of a symplectic space, without a splitting into “fields” or “positions” and “conjugate fields” or “momenta”) are therefore sometimes called Segal field operators.

The Weyl quantization first appeared (in the context of the Schrödinger representation) in [Weyl]. It seems, however, that it took a long time before its importance was fully realized. It was applied to physics problems by Wigner [Wig] and further studied by Moyall [Moy]. Therefore, sometimes the name the Weyl-Wigner (or Weyl-Wigner- Moyall) quantization is also used. If ψ is a vector, then what we call the Weyl symbol of the projection onto a vector ψ in the literature is often called the Wigner function of ψ.

In the applications to PDE’s, the Weyl quantization seems to have appeared quite late. A paper by Voros [Vor] seems to have drawn the attention of mathematicians to this concept. Then, Hörmander gave a very thorough and rigorous treatment of this concept in [Hö1, Hö2], introducing a very general class of algebras of pseudodifferential operators using the Weyl quantization. The relationship between the Weyl quantization and the parity operator was noted in [Gr] (see also [Der1]). The “prequantization” is a term that belongs to the so-called geometric quantization [GS, Wood, Sn]. There exist many monographs on pseudodifferential operators, which describe basic formulas about the x, D−quantization, sometimes also about the Weyl quantization. Among them let us note [Hö2, Tr, Ta1, Ta2, Ku, Shu, Ro].

A presentation of various quantizations close in the spirit to ours is contained in the monographs by Berezin-Shubin [BS] and Folland [Fol].

Coherent states first appeared in the paper of Schrödinger. A systematic presentation of the covariant and contravariant quantization is due to Berezin [Ber2, BS].

The Fock space was introduced on a formal level by Fock [Fock]. Its rigorous study, including the self-adjointness of field operators, was first given by Cook [Cook]. An attempt to understand quantum field theory in rigorous terms was undertaken by Freiedrichs [Frie1, Frie2] and Segal [Seg2]. Segal stressed the role of what we call a Kähler antiinvolution in defining creation/annihilation operators. The term Wick and anti-Wick quantization seems to be due to Berezin, who studied these quantizations in [Ber3, BS]. The Wick (or normal) ordering is of course much older, it is attributed to Wick [Wick]. The term complex wave representation is due to Segal, see [Seg2, BSZ] and references therein. The first published account of an essentially identical construction was given by Bargmann [Ba1]. This representation (or some minor modification thereof) is also known under the name the Bargmann or Bargmann-Segal representation. Its usefulness for practical computation was stressed and exploited by Berezin in [Ber1] – what we denote ψ^{cw} and B^{cw}, he called the generating functional of ψ and B.

The idea of using a weighted Schrödinger representation to generalize the Schrödinger representation to infinite number of degrees of freedom was studied by Segal, see [Seg2, BSZ] and references therein. The name “real wave representation” is also due to Segal. This representation found its application in constructive quantum field theory, under the name Q-representation, where Q is meant to be a measure space on which the Qrepresentation is defined – see Simon’s monograph [Sim].

The nonequivalence of coherent state representations seem to have been first realized by van Hove [vH] and studied by [Frie1].

The action of the symplectic group on operators on the CCR Hilbert space has been first noted by Segal [Seg1]. It was successfully used by Bogolubov to solve concrete problems of many body quantum physics. The construction of the corresponding unitary representation is attributed to Shale [Sha] and Weil [Weil]. This representation has to use the double covering of the symplectic group, called the metaplectic group. It is called the metaplectic, or sometimes the Shale-Weil representation.

The metaplectic group is closely related to the so-called Maslov index, introduced in [Mas]. A particularly complete treatment of the metaplectic group in the Schrödinger representation and of the Malsov index the reader will find in [LV], see also [Ar1, GS, Hö2, Sou, Ler]. The relationship of the metaplectic group to generating functions of classical mechanics can be traced back to the method of Feynman path integrals.

Our presentation of the metaplectic group in the Fock space follows that of Fowland [Fol] and of Berezin [Ber1]. In particular, Theorem 2.7.27 can be found in [Fol] and [Itz].

The formula for the Weyl-Wigner symbols of elements of the metaplectic group we learned from lectures at the Ecole Polytechnique by M. Bony [Bony].

Bibliography

[AM] Abraham R., Marsden J.E.: Foundations of Mechanics, 2nd ed., Benjamin- Cummings, Reading, Mass. 1978

[Ara1] Araki, H.: On the diagonalization of a bilinear Hamiltonian by a Bogolubov transformation, Publ. RIMS, K. U, 4 (1968) 387-412

[Ara2] Araki, H.: On quasi-free states of CAR and Bogolubov automorphisms, Publ. of RIMS K. U. 6 (1970) 385-442

[AraSh] Araki, H., Shiraishi, M.: On quasifree states of canonical commutation relations (I), Publ. RIMS, K. U. 7 (1971/72) 105-120

[AraY] Araki, H., Yamagami, S.: On quasi-equivalence of quasifree states of the canonical commutation relations (I), Publ. RIMS, K. U. 18 (1979) 283-338

[Ar1] Arnold V. I. About the characteristic class appearing in the quantization condition, Functional analysis and Applications 1.1 (1967) 1-14 (Russian)

[Ar2] Arnold, V.I. Mathematical Methods of Classical Mechanics, Springer, New York 1978

[Bab] Babbill, D.: Certain Hilbert spaces of analytic functions associated with the Heisenberg group, in Studies in Mathematical Physics, Essays in honor of V. Bargmann, E. Lieb, B. Simon and A. Wightman eds, Princeton University Press, 1976

[Ba1] Bargmann, V. On a Hilbert space of analytic functions and an associated integral transform, Part I Comm. Pure Appl. Math., (1989) 187-214

[Ba2] Bargmann, V.L: Group representations on Hilbert spaces of analytic functions, pp 27-63 in Analytic Methods in Mathematical Physics (R. P. Gilbert and R. G. Newton eds.) Gordon and Breach, New York, 1970

[BW] Bates, S., Weinstein, A.: Lectures on the Geometry of Quantization, Berkeley Mathematics Lecture Notes Vol. 8, AMS 1997

[BF] Beals, R. Fefferman, VC.: Spacially inhomogeneous pseudodifferential operators, Comm. Pure Appl. Math. 27 (1974) 1-24 [BSZ] Baez, J.C, Segal, I.E., Zhou, Z.: Introduction to Algebraic and Constructive Quantum Field Theory, Princeton University Press, Princeton 1992 [Ber1] Berezin, F. A. The Method of the Second Quantization, (Russian) 1st ed 1965, 2nd ed. Nauka 1986 [Ber2] Berezin, F. A. Wick and anti-Wick symbols of operators, Math. Sb. 86 (1971) 578-610 [Ber3] Berezin, F. A. Covariant and contravariant symbols of operators, Izv. A. N. USSR, 36 (1972) 1134-1167 [BS] Berezin, F. A., Shubin, M. A. Schrödinger equation, (Russian) Moscow University Publishers 1983 [Bony] Bony, M.: unpublished lecture notes.

[BR] Bratteli, O, Robinson D. W.: Operator Algebras and Quantum Statistical Mechanics, Springer Berlin 1981 [Cook] Cook, J. M. The mathematics of sevcond quantizatio, Trans. Amer. Math. Soc.

74 (1953) 222-245 [Der1] Dereziński J.: Some remarks on Weyl pseudodifferential operators, Journees ”Equations aux derivees partielles” Saint-Jean-de-Monts 1993 [DG] Dereziński J., Gérard, C.: Spectral and scattering theory of spatially cut-off P (ϕ)_2 Hamiltonians, to appear in Comm. Math. Phys.

[Di] Dirac, P. A.. M. Emission and absorption of radiation, Proc. Roy. Soc. London 114 [Du] Duistermaat, J.J. Fourier Integral Operators, Courant Institute Lecture Notes, New York 1974 [Emch] Emch, G.: Algebraic methods in statistical mechanics and quantum field theory, Wiley Interscience 1972 [EK] Evans, D,,Kawahigashi, Y.: Quantum symmetries on operator Algebras, Clarendon Press, Oxford 1998 [Fock] Fock V. Konfigurationsraum und zweite Quantelung, Zeit. für Phys. 75 (1932) 622-647

[Fol] Folland, G. B. Harmonic analysis in phase space, Annals of Mathematics studies 122, Princeton University Press, Princeton 1989 [Fre] Fredenhagen, K. (1977) Implementation of automorphisms and derivations of the CAR algebra, Comm. Math. Phys. 52 (1977) 255-266 [Frie1] Friedrichs, K. O. : Mathematical aspects of quantum theory of fields, Interscience, New York 1953 [Frie2] Friedrichs, K.O.: Perturbation of Spectra in Hilbert Space, AMS, Providence 1965 [Fu] Fuglede, B.: On the relation P Q − QP = −iI, Math. Scand. 20 (1967) 79-88 [GW] Gaarding, L, Wightman, A. S.: Representations of the commutation relations.

Proc. Nat. Acad. Sci USA 40 (1954) 622-626 [Gl1] Glauber, R. J.: Phys. Rev. 130 (1963) 2529 [Gl2] Glauber, R. J..: Coherent and incoherent states of the radiation field, Phys. Rev.

131 (1963) 2766-2788 [GJ] Glimm. J., Jaffe, A.: Quantum Physics. A Functional Integral Point of View, sec.

ed, 1987, Springer New York, Berlin, Heidelberg.

[GS] Guillemin, V, Sternberg, S.: Geometric asymptotics, Math. Surveys 14, AMS 1977 Providence, R.I.

[Gr] Grossmann, A. Parity operator and quantification of δ-functions, Comm. Math.

Phys. 48 (1976) 191-194 [He] Hepp, H.: Theorie de la renormalisation, Berlin, Springer 1968 [HKPS] Hida, T., Kuo, H.-H., Potthof, J. and Streit, L.: White Noise: An Infinite Dimensional Calculus, Kluwer Academic, 1993 [Hö1] Hörmander, L.: The Weyl calculus of pseudodifferential operators, Comm. Pure Appl. Math 32 (1979) 359-443 [Hö2] Hörmander, L.: The analysis of linear partial differential operators, vol IV Springer Verlag (1985) [vH] van Hove, L. Les difficultes de divergences pour un modele particulier de champ quantifié, Physica 18 (1952) 145-59 [Itz] Itzykson, C. Remarks on boson commutation rules, Comm. Math. Phys. 4 (1967) 92-122

[Kl] Klauder, J.: J. Math. Phys. 4 (1963) 1058 [KN] Kohn, J.J., Nirenberg, L. An algebra of pseudo-differential operators, Comm. Pure Appl. Math. 18 (1965) 269-305 [Ku] Kumano-go: Pseudodifferenntial Operators, MIT Press 1981 [Ler] Leray, J. Analyse lagrangienne et mecanique quantique, Publ. Math I.R.M.A., Vol.

25, Strasbourg 1978 [LM] Libermann, P., Marle C.-M.: Symplectic Geometry and Analytical Mechanics, D.

Reidel, Dordrecht 1987 [LV] Lion, G., Vergne, M.: The Weil representation, Maslov index and theta series, Progress in Mathematics 6, Birkhäuser Boston, Basel, Stuttgart 1980 [Lu1] Lundberg, L.-E.: Quasi-free ‘second quantization’, Comm. Math. Phys. 50 (1976) 103-112 [Lu2] Lundberg, L.-E.: Projective representations of infinite-dimensional orthogonal and symplectic groups, Rev. Math. Phys. 6(1994) 1-17 [MaV] Manuceau, F., Verbeure, A.: Quasi-free states of the CCR algebra and Bogolubov transformations, Com. Math. Phys. 9 (1968) 293-302 [Mas] Maslov, V. P. Perturbation theory and asymptotic methods, Moskov. Gos. Univ., Moscow 1965 [Moy] Moyal, J.E., Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949) 99-124 [vN] von Neumann, J. Die Eindeutigkeit der Schrödingerschen Operatoren, Math. Ann.

104 (1931) 570-578 [Ob] Obata, N.: White Noise Calculus and Fock Space, Lecture Notes in Mathematics 1577, Springer 1994 [Per] Perelomov: Generalized Coherent States and their applications, Springer 1986 [PS] Powers, R. T. and Stoermer, E. Free states of the canonical anti-commutastion relations, Comm. Math. Phys. 16 (1970) 1-33 [Ro] Robert, D.: Autour de l’Approximation Semi-Classique [RS] Reed, M., Simon, B.: Methods of Modern Mathematical Physics, vol I and II, 1976, vol. III, 1979, vol. IV, 1978, Academic Press, London

[Seg1] Segal, I. E.: Foundations of the theory of dynamical systems of infinitely many degrees of freedom (I), Mat. Fys. Medd. Danske Vid. Soc. 31, No 12 (1959) 1-39 [Seg2] Segal, I. E.: Mathematical Problems of Relativistic Physics, AMS, Providence 1963 [Sha] Shale D.: Linear symmetries of free boson fields, Trans. Amer. Math. Soc. 103, (1962) 149-167 [ShaSt1] Shale, D., Stinespring, W. F.: States of the Clifford algebr, Ann. of Math. 80 (1964) 365-81 [ShaSt2] Shale, D., Stinespring, W. F.: Spinor representations of the infinite orthogonal groups, J. Math. Mech. 14 (1965) 315-322 [Sch] Schrödinger, E.: Naturwissenschaften 14 (1926) 664 [Sim] Simon, B.: The P (ϕ)_2 Euclidean (Quantum) Field Theory, Princeton University Press, Princeton 1974 [Su] Sudarshan: Phys. Rev. Lett. 10 (1963) 277 [Sn] Śniatycki, J. Geometric Quantization and Quantum Mechanics, Springer-Verlag, New York 1980 [Sou] Souriau J.M. Construction explicite de l’indice de Maslov et applications, Fourth international colloquium on group theoretical methods in physics, University of Nijmegen, 1975 [Shu] Shubin, M. A, Pseudodifferential Operators and Spectral Theory, Nauka 1978 [Ta1] Taylor, M. E. Pseudodifferential Operators, Princeton University Press, Princeton N.J. 1981 [Ta2] Taylor, M. E. Partial Differential Equations, Springer, 1998 [Tr] Treves, F.: Introduction to Pseudodifferential Operators and Fourier Integral Operators, Plenum, New York 1980 [Un] Unterberger, A,. Quantification et analyse pseudo-differencielle , Ann. Sci Ec. Norm.

Sup. 21 (1988), 133-158 [VD] Van Daele, A.: Quasi-equivalence of quasi-free states on the Weyl algebra, Comm.

Math. Phys. 21 (1971) 171-191 [VDV] Van Daele, A., Verbeure, A.: Unitary equivalence of Fock representations on the Weyl algebra, Comm. Math. Phys. 20 (1971) 268-278

[Vor] Voros A. An algebra of pseudodifferential operators and the asymptotics of quantum mechanics, J. Func. Anal. (1978) 104-132 [Wal] Wallach, N. R. Symplectic Geometry and Fourier Analysis, Math. Sci. Press, Brookline 1977 [Weyl] Weyl H. The Theory of Groups and Quantum Mechanics, Meuthen, London 1931 [Weil] Weil A. Sur certains groupes d’operateurs unitaires, Acta Math. 111 (1964) 143-211 [Wein] Weinberg, S. The quantum theory of fields, vol. I, Cambridge University Press, 1995 [Wig] Wigner E. On the quantum correction for thermodynamical equilibrium, Phys.

Rev. 40 (1932) 749-759 [Wick] Wick G. C. The evaluation of the collision matrix, Phys. Rev. 80 (1950) 268-272 [Wood] Woodhouse, N.M.J., Geometric Quantization, 2nd ed., Oxford U. Press, Oxford, 1992

Chapter 1

Elements of linear algebra

Many concepts of linear algebra are used in the theory of CCR. Almost all of them are well known and elementary. Nevertheless, they can be sometimes confusing and it is good to have a consistent notation. This chapter presents a systematic review of these concepts and a description of the notation that will be used in our notes.

1.1 Basic notation

1.1.1 Linear operators

We will consider vector spaces over R and over C. The symbol K will denote either R or C.

If V, W are vector spaces, both over K, then L(V, W) denotes the space of K-linear operators from V to W.

We will write^∘L(V, W) for the space of finite rank linear operators from V to W. We will write L(V) for L(V, V).

Let IL(V, W) denote W × L(V, W) acting on V as follows: if (w, a) ∈ IL(V, W) and v ∈ V, then (w, a)v := w + av. IL(V, W) is called the space of affine (inhomogeneous) maps from V to W. We set IL(V) := IL(V, V).

1.1.2 Normed spaces

Let V be a normed space. We define V^{cpl} to be the completion of V.

If V, W are normed spaces, then B(V, W) denotes the space of bounded operators from V to W. We set B(V) := B(V, V).

1.1.3 Direct sums

If (V_i)_{i∈I} is a family of vector spaces, then ∘ ⊕_{i∈I} V_i denotes the algebraic direct sum of the spaces V_i. If V_1, . . . , V_n is a finite family of vector spaces, then we will also use the notation n ⊕_{i=1} V_i

for the direct sum of the spaces V_i. Thus for a finite family of spaces the symbols ⊕ and ∘ ⊕ can be used interchangeably.

If V_i, W_i, i ∈ I are families of vector spaces, and a_i ∈ L(V_i, ), then we define ⊕_{i∈I} a_i ∈ L(^∘⊕_{i∈I} V_i,^∘⊕_{i∈I} W_i). 1.1.4 Linear relations

Let V, W be linear spaces, both over K. Let R(V, W) denote the space of linear relations from V to W, that is linear sebspaces of V ⊕ W.

If a_1 ∈ R(V_1, V) and a_2 ∈ R(V, V_2) one defines the superposition of a_2 and a_1 denoted a_2a_1 ∈ R(V_1, V_2).

If a ∈ R(V, W), one defines

D(a) := {v ∈ V : there exists w ∈ W such that (v, w) ∈ a},

Ran(a) := {w ∈ V : there exists v ∈ V such that (v, w) ∈ a}. One defines also a^{−1} ∈ R(W, V)

If (v_1, w), (v_2, w) ∈ a implies v_1 = v_2, then, by a commonly accepted abuse of terminology, we will say that a is an operator from V to W. (But we will write a ∈ L(V, W) only if D(a) = V). In such a case, instead of (v, w) ∈ a we will write av = w.

1.1.5 General linear group

The general linear group is

Gl(Y) := {r ∈ L(Y) : r^{−1} exists}. ∘ Gl(Y) := {r ∈ Gl(Y) : r − 1 ∈^∘L(Y)} is its subgroup.

If G is a subgroup of Gl(Y), then we will use the notation^∘G :=^∘Gl(Y) ∩ G.

For r ∈^∘Gl(Y) we define det r. ∘ Sl(Y) := {r ∈^∘Gl(Y) : det r = 1} is a subgroup of^∘Gl(Y).

The general linear Lie algebra is gl(Y) := L(Y), equipped with the bracket [a_1, a_2] := a_1a_2 − a_2a_1.^∘gl(Y) :=^∘L(Y) is its subalgebra.

If g is a subalgebra of gl(Y), then we will write^∘g :=^∘gl(Y) ∩ g. For a ∈^∘gl(Y) we define Tra. ∘ sl(Y) := {a ∈^∘gl(Y) : Tra = 0} is a Lie subalgebra of^∘gl(Y).

Theorem 1.1.1^∘Gl(Y) is generated by e^a for a ∈^∘gl(Y) and^∘Sl(Y) is generated by e^a for a ∈^∘sl(Y).

1.1.6 Inhomogeneous general linear group

The inhomogeneous general linear group is IGl(Y) := {(y, r) ∈ IL(Y) : r ∈ Gl(Y)}. equipped with the multiplication (y_2, r_2)(y_1, r_1) = (y_2 + r_2y_1, r_2r_1).

Note that IGl(Y) is isomorphic to a subgroup of Gl(Y ⊕ K): IGl(Y) ∋ (y, r) → [ r y 0 1 ] ∈ Gl(Y ⊕ K). We have 0 → Y → IGl(Y) → Gl(Y) → 0. If G is a subgroup of Gl(Y), then we set IG := {(y, r) ∈ IGl(Y) : r ∈ G}.

Clearly, IG is a subgroup of IGl(Y) and 0 → Y → IG → G → 0. The inhomogeneous general linear Lie algebra is igl(Y) := IL(Y) equipped with the bracket [(y_2, a_2), (y_1, a_1)] = (a_2y_1 − a_1y_2, a_2a_1 − a_1a_2).

Note that igl(Y) is isomorphic to a subalgebra of gl(Y ⊕ K): igl(Y) ∋ (y, a) → [ a y 0 0 ] ∈ gl(Y ⊕ K). We have 0 → Y → igl(Y) → gl(Y) → 0. If g is a subalgebra of gl(Y), then we set ig := {(y, a) ∈ igl(Y) : a ∈ g}. Clearly, 0 → Y → ig → g → 0. 1.1.7 Vector fields

Let Y be a vector space. Let y denote the generic variable in Y. For any f ∈ C^∞(Y, Y), let f(y)∇_y denote the corresponding vector field on Y. Let T (Y) denote the space of vector fields over Y. The vector fields on Y form a Lie algebra with the bracket [f_1(y)∇_y, f_2(y)∇_y] = ( f_1(y)∇_yf_2(y) − f_2(y)∇_yf_1(y) ) ∇_y, f_i(y)∇_y ∈ T (Y). We have the homomorphism igl(Y) ∋ (w, a) → −(w + ay)∇_y ∈ T (Y). If f(y)∇_y ∈ T (Y), then under some conditions, there exists a 1-parameter group R ∋ t ∈ r_t ∈ C^∞(Y, Y) such that ∂_tr_t(y) = f(y). We will then write ( e^{tf(y)∇y} g ) (y) := g(r_t(y)).

For example, if (w, a) ∈ igl(Y) and w ∈ Rana, then e^{−t(w+ay)∇y} g(y) = g(e^{−ta}(y + a^{−1}w) − w).

1.2 Elementary structures in vector spaces

1.2.1 Complex conjugate spaces

Let V be a complex space. Then V will denote another complex space equipped with an antilinear isomorphism V ∋ v → v ∈ V. We will use the convention that V = V and v = v, v ∈ V.

Let V, W be complex spaces, If a ∈ L(V, W), then a ∈ L(V, W) can be identified with a map in L(V, W) as follows: a v := av. Thus L(V, W) can be identified with the space of antilinear maps from V to W, and also with L(V, W).

1.2.2 Involutions

Let Y be a vector space. κ ∈ L(Y) is called an involution if κ^2 = 1. Every involution determines a decomposition Y = Y_κ ⊕ Y_{−κ}, where Y_{±κ} := {y ∈ Y : y = ±κy}. The operators^1_2 (1 ± κ) are the projections onto Y_{±κ}.

Conversely, a decomposition Y = Y_+ ⊕ Y_− determines an involution given by the

matrix κ = [ 1 0 0 −1 ] . Operators commuting with κ are of the form r = [ a 0 0 d ] . 1.2.3 Anti-involutions

We say that i ∈ L(Y) is a anti-involution, if

i^2 = −1.

Remark 1.2.1 Antiinvolutions are often called complex structures.

If Y is a real vector space with an involution i, then for λ + iμ ∈ C, we have two natural complex structures in Y:

(λ + iμ)y := λy + μiy, y ∈ Y, (1.2.1) (λ + iμ)y := λy − μiy, y ∈ Y, (1.2.2) Y converted into a space over C with the multiplication (1.2.1) , which will be denoted Y^C. It will be called the complex form of Y. Y converted into a space over C with the multiplication (1.2.2) , which will be denoted Y^C.

Conversely, any complex space V can be considered a real vector space, called the real form of V and denoted V_R. It is equipped with a map i ∈ L(V_R) (the multiplication by the imaginary unit i).

Let Y, W be real spaces with anti-involutions i_Y , i_W . Then

L(Y^C, W^C) = {a ∈ L(Y, W) : ai_Y = i_W a}.

L(Y^C, W^C) = {a ∈ L(Y, W) : ai_Y = −i_W a}.

1.2.4 Conjugations

Let a space Y be equipped with an anti-involution i ∈ L(Y). We say that κ ∈ L(Y) is a conjugation if it is an involution and iκ = −κi.

Let us write X := Y_κ. Then iX = Y_{−κ}. Thus Y can be identified with X ⊕ X , so that i = [ 0 −1 1 0 ] , κ = [ 1 0 0 −1 ] . Then r ∈ L(X ⊕ X ) commutes with i iff it is of the form r = [ a −b b a ] , (1.2.3)

where a, b ∈ L(X ).

Let X be a real space and let CX denote the (X ⊕ X )^C, with the anti-involution given by [ 0 −1 1 0 ] , which will be denoted simply by i, and the conjugation given by [ 1 0 0 −1 ]

and denoted as CX ∋ v → v ∈ CX . Note that L(CX ), in the representation X ⊕ X , consists of matrices of the form (1.2.3)

Every operator r ∈ L(X ) has a unique extension to a complex linear operator on CY. Usually, this extension will be denoted by the same letter r. Only in the next subsection, it will be denoted Cr ∈ L(CX ).

1.2.5 Complexification of an anti-involution

Assume that a real space Y is equipped with an anti-involution i ∈ L(Y). Thus (CY)_R has two distiguished anti-involutions: the usual i, and also Ci.

Define the subspace Z := {y − iiy : y ∈ Y}. Z will be called the holomorphic subspace of CY. Z := {y + iiy : y ∈ Y} will be called the antiholomorphic subspace of CY. We have CY = Z ⊕ Z and the corresponding projections equal 1_Z :=^1_2 (1 − iCi) and 1_Z :=^1_2 (1 + iCi). On Z we have Ci = i and on Z we have Ci = −i.

If r is a real linear operator on Y, then its extension to CY, denoted Cr, preserves Z iff ri = ir. Then we can define a complex linear operator p on Z by setting

p := Cr | |_Z . (1.2.4)

Note that p = Cr | | |_Z and Cr = p ⊕ p, where we use the decomposition CY = Z ⊕ Z.

The converse construction is as follows. Let Z be a complex vector space. Then we set Y to be the (real) subspace of (Z ⊕ Z)_R given by Y := {(z, z) ∈ Z ⊕ Z : z ∈ Z}. If p ∈ L(Z), then we can define a complex linear operator on Y by setting r(z + z) := pz + pz. In other words, r := (p + p) | |_Y . Clearly, this is the converse construction to (1.2.4).

Let r ∈ L(Y). Using the decomposition CY = Z ⊕ Z we can write Cr as

Cr = [ p q q p ] , where p := 1_Z Cr1_Z ∈ L(Z, Z), q := 1_Z Cr1_Z ∈ L(Z, Z). We have r ∈ L(Y^C) iff

Cr = [ p 0 0 p ] . Suppose that Y is finite dimensional and is equipped with the Lebesgue measure dy.

On (CY)_R (treated as Y ⊕Y) we have a natural Lebesgue measure, which can be denoted, say, dydiy. We claim that this fixes in a natural way a Lebesgue measure on Z_R.

In fact, we have the map Z ∋ z → z ∈ Z. Therefore, given a Lebesgue measure on Z_R, which we temporarily denote by |dz|, we have a Lebesgue measure on Z_R, temporarily denoted |dz|. Now the condition dydiy = |dz||dz| fixes a Lebesgue measure dz| on Z_R.

In what follows, instead of writing |dz|, this Lebesgue measure on Z_R will be denoted (2i)^{−d}dzdz, where d is the (complex) dimension of Z. (To justify this notation, consider the one dimensional case, identify Z with C, then dz = dx + idy, dz = dx − idy, and then dz ∧ dz = i2dx ∧ dy.)

The map Z ∋ z → z + z =: y ∈ Y^C is a linear isomorphism with the inverse Y^C ∋ y →^{1−iCi}_2 y =: z ∈ Z. Note that under this transformation the Lebesgue measure dy is transformed into 2^d times the Lebesgue measure on Z_R, that is into i^{−d}dzdz.

1.3 Duality

1.3.1 Dual pairs

Let (X , X^′) be a pair of vector spaces over K. We say that (X , X^′) is a (bilinear) dual pair if it is equipped with a bilinear map X^′ × X ∋ (ξ, x) → ⟨ξ|x⟩ ∈ K such that ∀x ∈ X , ∃ξ ∈ X^′ ⟨ξ|x⟩ ≠ 0, ∀ξ ∈ X^′, ∃x ∈ X ⟨ξ|x⟩ ≠ 0. We will usually simply write xξ or ξx instead of ⟨ξ|x⟩.

If (X , X^′) is a dual pair, then (X^′, X ) is also a dual pair. We will say that X^′ is a (linear) dual of X .

If (X_i, X^′_i ), i ∈ I is a family of dual pairs, then (_∘ ⊕_{i∈I} X_i,^∘⊕_{i∈I} X^′_i ) is a dual pair.

The space X^{/al} := L(X , K) is called the algebraic dual of X . (X , X^{/al}) is an example of a dual pair. Note that if (X , X^′) is a dual pair, then X^′ is naturally embedded in X^{/al}.

If X is finite dimensional, then up to a natural isomorphism all spaces dual to X coincide with the algebraic dual. In this case, we will denote it simply by X^′.

If X is finite dimensional and {q_1, . . . , q_d} is a basis in X then there exists a unique basis {η_1, . . . , η_d} in X^′ satisfying ⟨η_i, q_j⟩ = δ_{ij} . We say that the basis {η_1, . . . , η_d} is dual to {q_1, . . . , q_d}. Note that a Lebesgue measure on X determines uniquely a Lebesgue measure on X^′.

If X is a Banach space, then (X , B(X , K)) is a dual pair. In this case, one usually reserves the notation X^′ for B(X , K) (the topological dual).

1.3.2 Conjugate operators

Suppose that (X , X^′) and (Y, Y^′) are dual pairs. Let a ∈ R(X , Y). Then a^′inR(Y^′, X^′) is defined as follows (η, ξ) ∈ a^′ ⇔ ( (x, y) ∈ a ⇒ ηy = ξx ) . We have (a^′)^′ = a.

If X , Y are finite dimensional and a ∈ L(X , Y), then a^′ ∈ L(Y^′, X ). The same is true if X^′ and Y^′ are algebraic duals. We have in this case Gl(Y) ∋ r → (r^′)^{−1} ∈ Gl(Y^{/al}), gl(Y) ∋ a → −a^′ ∈ gl(Y^{/al}) are homomorphisms (isomorphisms if Y is finite dimensional).

If X and Y are normed spaces and X^′ and Y^′ are their topological duals, then a ∈ B(X , Y) implies a^′ ∈ B(Y^′, X^′).

1.3.3 Sesquilinear dual pairs

Let (Z, Z^∗) be a pair of vector spaces over C. We say that (Z, Z^∗) is a hermitian dual pair if it is equipped with a map Z^∗ × Z ∋ (ξ, x) → (ξ|x) ∈ C which is antilinear wrt the first component and linear wrt the second component, and such that ∀z ∈ Z, ∃w ∈ Z^∗ (w|z) ≠ 0, ∀w ∈ Z^∗, ∃z ∈ Z (w|z) ≠ 0. Given a complex space Z, linear dual spaces Z^′ and antilinear dual spaces Z^∗ are in a 1-1 correspondence given by Z^′ = Z^∗, or equivalently, Z^∗ = Z^′.

The space Z^{∗al} := L(Z, C), that is the space of all antilinear functionals on Z, is called the algebraic antilinear dual of Z. (Z, Z^{∗al}) is an example of a sesquilinear dual pair.

If Z is finite dimensional, then up to a natural isomorphism all the spaces hermitian dual to Z coincide with the algebraic antilinear dual. In this case, we will denote it simply by Z^∗.

If Z is a Banach space, then (Z, B(Z, C)) is a sesquilinear dual pair. In this case, one usually reserves the notation Z^∗ for B(Z, C) (the topological antilinear dual).

1.3.4 Hermitian conjugate operators

Suppose that (V, V^∗) and (W, W^∗) are sesquilinear dual pairs. Let a ∈ R(V, W). Then a^∗inR(W^∗, V^{′∗}) is defined as follows (η, ξ) ∈ a^∗ ⇔ ( (v, w) ∈ a ⇒ (η|w) = (ξv) ) . Clearly, if Z^′ = Z^∗ and V^′ = V^∗, then a^′ exists in the sense of the dual pairs (Z, Z^′), V, V^′) iff a^∗ exists in the sense of the hermitian dual pairs (Z, Z^∗), (V, V^∗) and a^∗ = a^′ or, equivalently, a^′ = a^∗.

1.3.5 The dual of a space with antiinvolution

Suppose that (Y, i) is a real vector space with an antiinvolution. Let (Y, Y^′) be a dual pair and assume that i^′ ∈ L(Y^′). Clearly, (Y^′, i^′) is a space with an antiinvolution.

Theorem 1.3.1 (Z, (Y^′)^C) and (Z, (Y^′)^C) are dual pairs.

Proof. Let y ∈ CY, v ∈ Y^′. Suppose that y is a linear functional on (Y^′)^C. Then i⟨v|y⟩ = ⟨i^′v|y⟩ = ⟨v|iy⟩.

Thus iy = iy. This means that y ∈ Z. □

Let us remark though that treating Z as the dual of (Y^′)^C leads to a certain apparent paradox, which we describe below.

Suppose that Y is finite dimensional of dimension d, with the Lebesgue measure dy. Recall from Subsection ?? that it leads to a natural Lebesgue measure on Z and on Z. Treating Z and Z as real spaces, we obtain natural Lebesgue measures on Z^′ and on Z^′.

On the other hand, the Lebesgue measure on Y fixes a Lebesgue measure on Y^′. As the set Y^′ equals (Y^′)^C and (Y^′)^C, which by theorem 1.3.1 can be identified with Z^′ and Z^′. But the Lebesgue measure on Y^′ is equal 2^d times the natural Lebesgue measures on Z^′ and on Z^′.

1.4 (Pseudo-)Euclidean spaces

1.4.1 Symmetric forms

Let (Y, Y^′) be a dual pair. Let α ∈ L(Y, Y^′). We will say that α is symmetric iff

y_1αy_2 = y_2αy_2, y_1, y_2 ∈ Y.

The space of α ∈ L(Y, Y^′) that are symmetric will be denoted L_s(Y, Y^′) In other words, L_s(Y, Y^′) = {α ∈ L(Y, Y^′) : α^′ = α}. We say that α ∈ L_s(Y, Y^′) is nondegenerate iff Kerα = {0}. If α is nondegenerate, then (Y, Ranα) is a dual pair. We will usually assume that Y^′ = Ranα. We can then define α^{−1} ∈ L_s(Y^′, Y), which is also nondegenerate.

In the finite dimensional case, where the choice of Y^′ is unique, if α is nondegenerate, then Ranα automatically equals Y^′.

Let Y be a space over R. We will write α > 0 and we will say that α is positive definite if yαy > 0, y ∈ Y, y ≠ 0. Clearly, if α is positive definite, then it is non-degenerate on Y. A symmetric nondegenerate form α is called a pseudo-Euclidean form (scalar product). It is called Euclidean if it is positive.

Let Y be a real space of dimension d < ∞. Every α ∈ L_s(Y, Y^′) can be diagonalized so that on the diagonal n_+ entries equal 1, n_− entries equal −1 and the remaining d − n_− − n_+ = dim Kerα entries are zero. The number inertα := n_+ − n_− is called the inertia of α.

If Y is a space over C, then a nondegenerate symmetric form is called a complex Euclidean form.

1.4.2 (Pseudo-)orthogonal group

Let (Y_1, α_1), (Y_2, α_2) be (pseudo-)Euclidean spaces. Their dual spaces are set to be Y^′_i := α_iY_i.

Let r ∈ L(Y_1, Y_2). We say that r is (pseudo- )orthogonal if r is invertible and (ry)α_2ry = rα_1r, y ∈ Y Theorem 1.4.1 r ∈ L(Y_1, Y_2) is (pseudo-)orthogonal iff r^′ ∈ L(Y^′_2, Y^′_1) and r^′α_2r = α_1, rα^{−1}_1 r^′ = α^{−1}_2 .

Consider now a single (pseudo-)Euclidean space (Y, α), with Y^′ := αY. The set of (pseudo-)orthogonal elements of Gl(Y) forms a group called the (pseudo-)orthogonal group of Y and denoted O(Y).

Theorem 1.4.2 If r ∈^∘O(Y), then det r = ±1. ∘ SO(Y) := {r ∈^∘O(Y) : det r = 1} is a subgroup of^∘O(Y).

Let a ∈ L(Y). We say that a is (pseudo-)self-adjoint if (ay_1)αy_2 = y_1αay_2, y_1, y_2 ∈ Y.

We say that a is (pseudo-)anti-self-adjoint if (ay_1)αy_2 = −y_1αay_2 y_1, y_2 ∈ Y.

Theorem 1.4.3 1) a ∈ L(Y) is (pseudo-)self-adjoint iff a^′ ∈ L(Y^′) and a^′α = αa. 2) a ∈ L(Y) is (pseudo-)anti-self-adjoint iff a^′ ∈ L(Y^′) and a^′α = −αa. The set of (pseudo)-anti-self-adjoint elements of gl(Y) is a Lie algebra called the (pseudo-)orthogonal Lie algebra of Y and denoted o(Y). Theorem 1.4.4 1)^∘o(Y) ⊂^∘sl(Y). 2)^∘O(Y) is generated by e^a for a ∈^∘o(Y). 3) so(Y) equals {bα : b ∈ L_s(Y^′, Y)}

1.4.3 Real Hilbert spaces

If Y, α is a real Euclidean space, then ‖y‖ := √ yαy defines a norm. A complete real Euclidean space is called a real Hilbert space.

If Y, α is a real Hilbert space, then α is an isomorphism of the real Hilbert spaces (Y, α) and (Y^′, α^{−1}). We will thus identify Y and Y^′. We will use the notation y_1 · y_2 or y_1y_2 instead of y_1αy_2 and a^′ instead of αa^′α^{−1}.

The most convenient way to study a real Hilbert space is often to complexify it and then to study the complex Hilbert space with a conjugation (see Subsection ??).

The properties and terminology for real Hilbert spaces is essentially the same as for complex Hilbert spaces. (The exception is that the analogs of orthogonal operators ar unitary operators). Therefore, we refer the reader to the Subsection ??, which treats complex Hilbert spaces for more material on real Hilbert spaces.

1.5 Symplectic spaces

1.5.1 Antisymmetric bilinear forms

Let (Y, Y^′) be a dual pair. Let ω ∈ L(Y, Y^′). We will say that ω is antisymmetric iff

y_1ωy_2 = −y_2ωy_2, y_1, y_2 ∈ Y,

or equivalently yωy = 0, y ∈ Y. The space of ω ∈ L(Y, Y^′) such that ω is antisymmetric will be denoted L_a(Y, Y^′). In other words, L_a(Y, Y^′) = {ω ∈ L(Y, Y^′) : ω^′ = −ω}. A subspace X ⊂ Y is called isotropic iff

y_1ωy_2 = 0, y_1, y_2 ∈ Y.

A maximal isotropic subspace is called Lagrangian.

We say that ω ∈ L_a(Y, Y^′) is nondegenerate iff Kerω = {0}. If ω is nondegenerate, then (Y, Ranω) is a dual pair. Moreover, we can define ω^{−1} ∈ L_a(Y^′, Y), which is also nondegenerate.

In the finite dimensional case, where the choice of Y^′ is unique, if ω is nondegenerate, then Ranω automatically equals Y^′.

A nondegenerate antisymmetric bilinear form is also called a symplectic form.

1.5.2 Symplectic group

Let (Y_i, ω_i) be symplectic spaces. Their dual spaces are set to be Y^′_i := ω_iY_i.

A map r ∈ L(Y_1, Y_2) is called a linear symplectomorphism if it is invertible and (ry_1)ω_2ry_2 = y_1ω_1y_2, y_1, y_2 ∈ Y_1.

Note that r^{−1} = ω^{−1}_1 r^′ω_2. Therefore the definition of a symplectomorphism can be restated as follows:

Theorem 1.5.1 r ∈ L(Y_1, Y_2) is a symplectomorphism iff r^′ ∈ L(Y^′_2, Y^′_1 and 1) r^′ω_2r = ω_1, 2) rω^{−1}_1 r^′ = ω^{−1}_2 .

Proof. ⇒ We check that r^′ = ω_1r^{−1}ω^{−1}_2 is the conjugate of r and satisfies 1) and 2).

⇐ We check that r^{−1} = ω^{−1}_1 r^′ω_2 is the inverse of r. □ We denote by Sp(Y) the group of all linear symplectic maps on Y.

Theorem 1.5.2^∘Sp(Y) ⊂^∘Sl(Y).

The Lie algebra sp(Y) is defined as

sp(Y) := {a ∈ gl(Y) : (ay_1)ωy_2 + y_1ωay_2 = 0, y_1, y_2 ∈ Y}. Theorem 1.5.3 a ∈ sp(Y) iff a^′ ∈ L(Y^′) and a^′ω + ωa = 0. Theorem 1.5.4 1)^∘sp(Y) ⊂^∘sl(Y). 2)^∘Sp(Y) is generated by e^a for a ∈^∘sp(Y). 3) sp(Y) equals {bω : b ∈ L_s(Y^′, Y)}

1.5.3 Extensions of the symplectic group

By HSp(Y) we denote the group K×ISp(Y) = K×Y ×Sp(Y) equipped with the product [(t_1, y_1, r_1), (t_2, y_2, r_2)] = (^1_2 y_1ωy_2, r_1y_2 + y_1, r_1r_2).

We have 0 → K → HSp(Y) → ISp(Y) → 0. 0 → K → K × Y → HSp(Y) → Sp(Y) → 0. K × Y is called the Heisenberg group.

By hsp(Y) we denote the Lie algebra R × Y × sp(Y) equipped with the bracket [(t_1, y_1, a_1), (t_2, y_2, a_2)] = (y_1ωy_2, a_1y_2 − a_2y_1, a_1a_2 − a_2a_1).

Note that 0 → K → hsp(Y) → isp(Y) → 0, 0 → K → K × Y → hsp(Y) → sp(Y) → 0, and hsp(Y) ∋ (t, y, a) → (−t, ωy, ωaω^{−1}) ∈ hsp(Y^′). is an isomorphism of Lie algebras. K × Y is called the Heisenberg Lie algebra.

1.5.4 Poisson bracket

For f, g ∈ C^1(Y^′) we can define the Poisson bracket {f, g}(v) := ∇f(v)ω∇g(v). C^∞(Y^′) equipped with {·, ·} is a Lie algebra. The map C^∞(Y^′) ∋ f → H_f := −(ω∇_vf(v))∇_v ∈ T (Y^′) is a homomorphism of Lie algebras, called the Hamiltonian vector field of f. The function f is called a Hamiltonian of a vector field a(v)∇_v iff a(v)∇_v = H_f .

Note that {f, g} = H_f ∇g.

Let the space of quadratic polynomials on Y^′ be denoted^∘Γ^{≤2}_s (Y) (see Subsection ??). It is a Lie subalgebra of C^∞(Y^′) wrt the Poisson bracket. More precisely, if t_1, t_2 ∈ K, y_1, y_2 ∈ Y, b_1, b_2 ∈^∘Γ^2_s (Y) ≃^∘L_s(Y^′, Y), then

{(t_1 + y_1 +^1_2 b_1), (t_2 + y_2 +^1_2 b_2)} = t + y + b, where t = y_1ωy_2 ∈ K, y = b_1ωy_1 − b_2ωy_2 ∈ Y, b = b_1ωb_2 − b_2ωb_1 ∈^∘L_s(Y^′, Y).

We have the isomorphisms: ∘ Γ^{≤2}_s (Y) ∋ (t + y +^1_2 b) → (t, y, bω) ∈ hsp(Y), ∘ Γ^{≤2}_s (Y) ∋ (t + y +^1_2 b) → (−t, ωy, ωb) ∈ hsp(Y^′). The Hamiltonian vector field of a quadratic polynomial g(v) = t + yv +^1_2 vbv has the form H_g = −(ωy + ωbv)∇_v ∈ T (Y^′), (here, v denotes the variable in Y^′).

1.6 Canonical symplectic spaces

1.6.1 Conjugations in a symplectic space

Let (Y, ω) be a symplectic space. κ ∈ L(Y) is called a conjugation if it is an involution and y_1ωy_2 = −(κy_1)ωκy_2, y_1, y_2 ∈ Y.

Theorem 1.6.1 κ is a conjugation iff κ is an involution and possesses a conjugate κ^′ ∈ L(Y^′) such that κ^′ω = −ωκ. The subspaces Y_κ, Y_{−κ} are Lagrangian. They form a dual pair, by Y_κ ×Y_{−κ} ∋ (ξ, x) → ξωx. They will be denoted X^′ := Y_κ, X := Y_{−κ}. Thus we can identify Y with X^′ ⊕ X so that the symplectic form and the conjugation are given by ω = [ 0 1 −1 0 ] , κ = [ 1 0 0 −1 ] . (1.6.5)

Note that the dual space Y, defined as ωY, is equal to Y^′ = X ⊕ X^′. It is also a symplectic space with a conjugation. Its symplectic form and its conjugation are given by −ω^{−1} = [ 0 1 −1 0 ] , κ^′ = [ 1 0 0 −1 ] . Conversely, if X is a vector space, then X^′ ⊕ X equipped with (1.6.5) is a symplectic space with conjugation. It is often called the canonical symplectic space.

Theorem 1.6.2 Let Y be a finite dimensional symplectic space.

There exists a conjugation in L(Y). In other words, there exists a vector space X such that Y is isomorphic to X^′ ⊕ X .

2) If κ_1, κ_2 ∈ L(Y) are two conjugations, then there exists r ∈ Sp(Y) such that rκ_1r^{−1} = κ_2.

1.6.2 Symplectic group in a canonical symplectic space

Let us assume until the end of this section that Y = X^′ ⊕ X is a canonical symplectic space.

a ∈^( X^′ ⊕ X ) iff a = [ −c^′ α −β c ] , where α ∈ L_s(X , X^′), c ∈ L(X , X ), β ∈ L_s(X^′, X ). X ⊕ X^′ ∋ (x, ξ) → b(x, ξ) = 1 2 xαx + ξcx + 1 2 ξβξ is a Hamiltonian of a.

The Poisson bracket on X ⊕ X^′ equals {f, g} = ∇_xf · ∇_ξg − ∇_ξf · ∇_xg, f, g ∈ C^∞(X ⊕ X^′). Let r ∈ L(X^′ ⊕ X ). We can write r = [ a b c d ] . Recall that r ∈ Sp(X^′ ⊕ X ) iff r^′ ∈ L(X ⊕ X^′) and 1) r^′ωr = ω, 2) rω^{−1}r^′ = ω^{−1}.

Now 1) is equivalent to a^′d − c^′b = 1, c^′a = a^′c, d^′b = b^′d. 2) is equivalent to ad^′ − bc^′ = 1, ab^′ = ba^′, cd^′ = dc^′. If b is invertible, then we have the factorization r = [ a b c d ] = [ 1 0 e 1 ] [ 0 b b^{−1} 0 ] [ 1 0 f 1 ] , where

e = db^{−1} = b^{′−1}d^′ ∈ L_s(X , X^′), f = b^{−1}a = a^′b^{′−1} ∈ L_s(X , X^′). We can then define the so-called generating funtion

X × X ∋ (x_1, x_2) → S(x_1, x_2) := 1 2 x_1ex_1 − (b^{−1}x_2)x_1 + 1 2 x_2fx_2.

Note that if r(ξ_1, x_1) = (ξ_2, x_2), then ∇_{x1} S(x_1, x_2) = ξ_1, ∇_{x2} S(x_1, x_2) = ξ_2.

1.6.3 Point transformations

The set of elements of sp(X^′ ⊕ X ) that commute with the conjugation κ is the image of the following injective homomorphism: gl(X ) ∋ c → [ −c^′ 0 0 c ] ∈ sp(X^′ ⊕ X ). (1.6.6)

X ⊕ X^′ ∋ (x, ξ) → ξcx = xc^′ξ is a Hamiltonian of (1.6.6).

The set of elements of Sp(X^′ ⊕ X ) that commute with the conjugation κ is the image of the following injective homomorphism: Gl(X ) ∋ m → [ (m^′)^{−1} 0 0 m ] ∈ Sp(X^′ ⊕ X ). (1.6.7)

The exponential of (1.6.6) equals (1.6.7) with m = e^c.

1.6.4 Transformations fixing X^′

The set of the elements of sp(X^′ ⊕ X ) that send X^′ to zero is the image of the following injective homomorphism of Lie algebra: L_s(X , X^′) ∋ α → [ 0 α 0 0 ] ∈ sp(X^′ ⊕ X ) (1.6.8)

A Hamiltonian of (1.6.8) is^1_2 xαx.

The set of elements of Sp(X^′ ⊕ X ) that fix elements of X^′ is the image of the following injective homomorphism of groups L_s(X , X^′) ∋ α → [ 1 α 0 1 ] ∈ Sp(X^′ ⊕ X ). (1.6.9)

The exponential of (1.6.8) equals (1.6.9).

1.6.5 Lagrangian subspaces in a canonical symplectic space

Let X_1 be a Lagrangian subspace in X^′ ⊕ X such that X_1 ∩ X^′ = {0}. Then there exists α ∈ L(X , X^′) such that (x, ξ) ∈ X_1, iff ξ = αx.

Lemma 1.6.3 X_1 is Lagrangian iff α is symmetric.

Proof.

0 = (αx_1, x_1)ω(αx_2, x_2) = (αx_2)x_1 − (αx_1)x_2. □ The function X ∋ x → S(x) :=^1_2 xαx is called the generating function of X_1. Note that X_1 = {(∇S(x), x) : x ∈ X }. 1.7 (Pseudo-)unitary and (pseudo-)Kähler spaces

1.7.1 Hermitian forms

Let (Z, Z^∗) be a sesquilinear pair of complex vector space. Let χ ∈ L(Z, Z^∗). We we will call χ a hermitian form, iff

y_1χy_2 = y_2χy_1, y_1, y_2 ∈ Z,

or, equivalently, yχy ∈ R, y ∈ Z.

The space of χ ∈ L(Z, Z^∗) such that χ is hermitian will be denoted L_h(Z, Z^∗). In other words L_h(Z, Z^{∗al}) = {χ ∈ L(Z, Z^∗) : χ = χ^∗}.

We say that χ ∈ L_h(Z, Z^{∗al}) is nondegenerate iff Kerχ = {0}. If χ is nondegenerate, then (Z, Ranχ) is a sesquilinear dual pair. We will usually assume that that Y^∗ = RanY. We can then define χ^{−1} ∈ L_h(Z^∗, Z), which is also nondegenerate.

In the finite dimensional case, where the choice of Z^∗ is unique, if χ is nondegenerate, then Ranχ automatically equals Z^∗.

We write χ > 0 and we say that χ is positive definite if yχy > 0 ⇔ y ∈ Z, y ≠ 0. Clearly, if χ is positive definite, then it is non-degenerate on Z.

A hermitian nondegenerate form χ is called a hermitian scalar product. A space equiped with such a form is called a pseudo-unitary space. It is called a unitary space if the scalar product is positive definite.

1.7.2 (Pseudo-)unitary groups

Let (Z_1, χ_1), (Z_2, χ_2) be (pseudo-)unitary spaces. Set Z^∗_i := χ_iZ_i.

r ∈ L(Z_1, Z_2) is called a (pseudo-)unitary transformation if it is invertible and (ry_1)χ_2ry_2 = y_1χ_1y_2, y_1, y_2 ∈ Z.

Theorem 1.7.1 r is (pseudo-)unitary iff r^∗ ∈ L(Z^∗_2 , Z^∗_1 ) and r^∗χ_2r = χ_1, rχ^{−1}_1 r^∗ = χ^{−1}_2 .

Suppose now that (Z, χ) is a single (pseudo-)unitary space. The set of (pseudo- )unitary elements of Gl(Z) forms a group denoted U(Z) and called the (pseudo-)unitary group of Z.

We say that a ∈ L(Z) is (pseudo-)self-adjoint if (ay_1)χy_2 = y_1χay_2, y_1, y_2 ∈ Z.

We say that a ∈ L(Z) is (pseudo-)anti-self-adjoint if (ay_1)χy_2 = −y_1χay_2, y_1, y_2 ∈ Z.

Theorem 1.7.2 1) a ∈ L(Z) is (pseudo-)self-adjoint iff a^∗ ∈ L(Z^∗) and a^∗χ = χa. 2) a is (pseudo-)anti-self-adjoint iff a^∗ ∈ L(Z^∗) and a^∗χ = −χa. 3) a is anti-(pseudo-)self-adjoint iff ia is (pseudo-)self-adjoint.

The set of (pseudo)-anti-self-adjoint elements of gl(Z) forms a Lie algebra, denoted u(Z) and called the (pseudo)-unitary Lie algebra of Z.

1.7.3 Hilbert spaces

If Z, χ is a unitary space, then ‖y‖ := √ yχy defines a norm. A complete unitary space is called a (complex) Hilbert space.

If Z, χ is a Hilbert space, then χ is an isomorphism of the Hilbert spaces (Z, χ) and (Z^∗, χ^{−1}). We will thus identify Z and Z^∗. We will write (y_1|y_2) instead of y_1χy_2 and a^∗ instead of χa^∗χ^{−1}.

If (V_i)_{i∈I} is a family of Hilbert spaces, then^∘⊕_{i∈I} V_i has the structure of a unitary space. We write ⊕_{i∈I} V_i := (_∘ ⊕_{i∈I} V_i )_{cpl} . Note that Hilbert spaces possess their own terminology concerning unbounded operators (closed, self-adjoint, essentially self-adjoint, symmetric operators, etc.) which at some points differs from the purely algebraic terminology which we use outside of the context of Hilbert spaces.

Theorem 1.7.3 (Spectral Theorem) Let a be a bounded operator such that a^∗ = a. Then there exists a unique *-homomorphism L^∞(σ(a)) ∋ f → f(a) ∈ B(Z) such that f(a) = a if f(x) = x.

Theorem 1.7.4 (Polar decomposition) Suppose that b is a closed operator on Z such that Kerb = {0} and Ranb is dense in Z. Then there exists a unique unitary operator u and a unique positive operator k such that b = wk.

An operator a ∈ B(Z, W) belongs to l^p(Z, W), if Tr(a^∗a)^p2 < ∞. We will write l^p(Z) := l^p(Z, Z).

The set of self-adjoint operators in B(Z) is denoted B_h(Z) and in l^p(Z) by l^p_h(Z).

1.7.4 Complexification of a real Hilbert space

Let (X , ·) be a real Hilbert space. Then (CX , (·|·)) is a complex Hilbert space with the scalar product (x_1 + iy_1|x_2 + iy_2) := x_1x_2 + y_1y_2 + ix_1y_2 − ix_2y_1.

For r ∈ L(X ), let Cr denote its extension to L(CX ). Then

Cr^′ = (Cr)^∗. (1.7.10)

In particular, if r^′ = r, then (Cr)^∗ = Cr. If r ∈ O(X ), then Cr ∈ U(CX ).

Note that in the sequel we will use the same letter to denote the operator r on X and its extension Cr to CX .

1.7.5 (Pseudo-)Kähler spaces

We say that (Y, α, ω, i) is a pseudo-Kähler space if Y is a real vector space, α ∈ L_s(Y, Y^{/al}), ω ∈ L_a(Y, Y^{/al}) are nondegenerate, i is an anti-involution on Y and ωi = α. If α > 0, then we say that it is a Kähler space.

We will use the dual space Y^′ = ωY = αY.

We say that a pair (ω, i) is (pseudo-)Kähler if there exists a (pseudo-)Euclidean form α such that (α, ω, i) is (pseudo-)Kähler. If we are fix ω, then we say that an anti-involution i is (pseudo-)Kähler iff (ω, i) is (pseudo-)Kähler. If we fix an anti-involution i, then we say that a symplectic form ω is (pseudo-)Kähler if (ω, i) is (pseudo-)Kähler.

We introduce similar definitions for the pairs (α, i) and (ω, i).

Theorem 1.7.5 Let ω be a symplectic form.

1) i ∈ Sp(Y) ∩ sp(Y), iff i is a anti-involution such that (ω, i) is pseudo-Kähler. 2) Let i be an anti-involution. The pair (ω, i) is pseudo-Kähler iff one of the following equivalent conditions holds:

(a) ωi is symmetric, or equivalently, i ∈ sp(Y). (b) i ∈ Sp(Y);

Theorem 1.7.6 Let α be a (pseudo-)Euclidean form.

1) i ∈ O(Y) ∩ o(Y), iff i is an antiinvolution such that (α, i) is (pseudo-)Kähler. 2) Let i be an anti-involution. Then the pair (α, i) is (pseudo-)Kähler iff one of the following equivalent conditions holds:

(a) αi is antisymmetric, or equivalently, i ∈ o(Y). (b) i ∈ O(Y);

Theorem 1.7.7 Let α be a (pseudo-)Euclidean form and ω a symplectic form. Then the pair (α, ω) is (pseudo- )Kähler iff

(ω^{−1}α)^2 = −1.

Theorem 1.7.8 1) Let the triple (Y, α, ω, i) be a (pseudo-)Kähler space. Define χ ∈ L(Y, CY^′) by setting

χ := α + iω = ω(i + i) = (−i^′ + i)ω

= α(1 − ii) = (1 + ii^′)α.

(1.7.11)

Then, Ranχ = (Y^C)^′ and (Y^C, χ) is a (pseudo-)unitary space.

2) Let (V, χ) be a (pseudo-)unitary space. Then (V_R, Reχ, Imχ, i) is a (pseudo-)Kähler space.

1.7.6 Complexification of a Kähler space

Consider a Kähler space (Y, ·, ω, i). The space CY has a natural unitary structure determined by the Euclidean structure of Y (see Subsection ??)

((x_1 + iy_1)|(x_2 + iy_2)) = x_1 · x_2 + y_1 · y_2 − iy_1 · x_2 + iy_1 · x_2, x_i, y_i ∈ Y. (1.7.12) i(x + iy) = −y + ix.

Recall from Subsection 1.2.3 that we can introduce the subspaces (determined by the anti-involution i in Y) Z := {y − iiy, y ∈ Y} such that CY = Z ⊕ Z Note that the subspaces Z and Z are complex and orthogonal to one another in terms of the scalar product (1.7.12). The operator i is unitary on CY. If we use the decomposition CY = Z ⊕ Z, then Ci = [ i 0 0 −i ] . The elements of the Kähler structure on Y can be expressed using the scalar product (·|·) and the map i on CY: y_1 · y_2 = (y_1|y_2), y_1, y_2 ∈ Y, y_1ωy_2 = −(y_1|iy_2), y_1, y_2 ∈ Y.

The scalar product · and the symplectic form ω have the unique bilinear extensions to CY. In terms of the scalar product (·|·) they are given by v_1 · v_2 = (v_1|v_2), v_1, v_2 ∈ CY, v_1ωv_2 = −(v_1|iv_2), v_1, v_2 ∈ CY.

Bilinear extensions of (·, ω, i) to Y = Z ⊕ Z are also given by (z_1 + z_2)(w_1 + w_2) := ((z_2|w_1) + (w_2|z_1)), (z + z)ω(w + w) :=^1_i ((z_2|w_1) − (w_2|z_1)), i(z_1 + z_2) := iz_1 − iz_2, z_1, z_2, w_1, w_2 ∈ Z.

Note that both Z and Z are isotropic subspaces for · and ω. Moreover, z_1 · z_2 = (z_1|z_2), z_1, z_2 ∈ Z, z_1ωz_2 = −i(z_1|z_2), z_1, z_2 ∈ Z.

Let Z be a Hilbert space. Set Y = {(z, z) : z ∈ Z}. Then we have a natural identification Z ⊕ Z = CY. Y has a natural Kähler structure: (z + z)(w + w) := 2Re(z|w), (z + z)ω(w + w) := 2Im(z|w), i(z + z) := iz − iz, z, w ∈ Z. The above construction is converse to the construction of Z starting from Y. Remark 1.7.9 We have a natural unitary identification of Y with Z: if y ∈ Y, then we identify it with (z, z) ∈ Z ⊕ Z by z = 1 √ 2 (y − iiy) z = 1 √ 2 (y + iiy), y = 1 √ 2 (z + z) (1.7.13) Note, however, that we will avoid using this identification.

1.7.7 Unitary group in a Kähler space

Note that U(Y^C) = O(Y) ∩ Sp(Y)

= O(Y) ∩ GL(Y^C) = Sp(Y) ∩ GL(Y^C). u(Y^C) = o(Y) ∩ sp(Y) = o(Y) ∩ gl(Y^C) = sp(Y) ∩ gl(Y^C). In what follows we extend transformations from Y to CY and use the decomposition CY = Z ⊕ Z. a ∈ u(Y^C) iff a = [ ih 0 0 −ih ] , with h ∈ B_h(Z).

r ∈ U(Y^C) iff r = [ p 0 0 p ] , with p^∗p = pp^∗ = 1 (in other words, p ∈ U(Z)).

1.7.8 Symplectic group in a Kähler space

We assume that Y is a complete Kähler space.

Recall that a ∈ sp(Y) iff a^′ω + ωa = 0. If we identify Y and Y^′, and retain the notation a^′ for the adjoint of a in the sense of real Hilbert spaces, then this is equivalent to a^′i + ia = 0. If we extend a to CY and use the notation a^∗ for the adjoint of a in the sense of complex Hilbert spaces, then this is equivalent to a^∗i + ia = 0.

In the following matrix notation we will use the decomposition CY = Z ⊕ Z. Theorem 1.7.10 a ∈ sp(Y) ∩ B(Y) iff its extension to CY equals a = [ ih d d ih ] , such that h ∈ B_h(Y), d ∈ B_s(Z, Z).

Recall that r ∈ Sp(Y) ∩ B(Y) iff 1) r^′ωr = ω, 2) rω^{−1}r^′ = ω^{−1}.

In terms of the extension of r to CY, this is equivalent to 1) r^∗ir = i, 2) rir^∗ = i.

Theorem 1.7.11 r ∈ Sp(Y) ∩ B(Y) iff its extension to CY equals

Cr = [ p q q p ] , and the following conditions hold:

conditions implied by 1): p^∗p − q^′q = 1, p^∗q − q^′p = 0, −p^′q + q^∗p = 0, −p^′p + q^∗q = −1. (Note that eg the first column implies the second).

conditions implied by 2): pp^∗ − qq^∗ = 1, pq^′ − qp^′ = 0, qp^∗ − pq^∗ = 0, qq^′ − pp^′ = −1. (Again, the first column implies the second).

Note that we have pp^∗ ≥ 1, p^∗p ≥ 1, hence p^{−1} exists.

Set d = qp^{−1} = (p^∗)^{−1}q^′ ∈ B_s(Z, Z), c = p^{−1}q = q^′(p^∗)^{−1} ∈ B_s(Z, Z).

Then c^∗c < 1, d^∗d < 1, and r = [ 1 d 0 1 ] [ (p^∗)^{−1} 0 0 p ] [ 1 0 c 1 ] . We have the identities:

p = 1_Z r1_Z =^{r+r∗(−1)}_2 1_Z = 1_Z^{r+r∗(−1)}_2 ,

q = 1_Z r1_Z =^{r−r∗(−1)}_2 1_Z = 1_Z^{r−r∗(−1)}_2 , d =^{r∗r−1}_{r∗r+1} 1_Z = 1_Z^{r∗r−1}_{r∗r+1} c =^{r∗r−1}_{r∗r+1} 1_Z = 1_Z^{r∗r−1}_{r∗r+1} Theorem 1.7.12 Let r ∈ Sp(Y) ∩ B(Y). Then there exists a unique k ∈ Sp(Y) ∩ B(Y) and u ∈ U(Y^C) such that k^′ = k, k > 0 and r = vk. v and k are given by the polar decomposition of r.

Proof. Set t := rr^′. Then t^′ = t, t > 0 and t ∈ Sp(Y), which means i^{−1}ti = −t. Take k := √ t. Then k also satisfies k^′ = k, k > 0 and i^{−1}ki = −k.

Set v := rt^{−1}. t is symplectic, hence so is v. v is orthogonal (by the properties of the polar decomposition). Therefore v is unitary. □

1.7.9 Positive symplectic transformations in a Kähler space

a ∈ sp(Y) ∩ B(Y) satisfying a = a^′ is always of the form a = [ 0 d d 0 ] , (1.7.14)

where d ∈ B_s(Z, Z).

If r ∈ Sp(Y) ∩ B(Y) satisfies r = r^′ and r > 0, then for some p ∈ B_h(Z), q ∈ B_s(Z, Z) satisfying p > 0 and p^2 − qq^∗ = 1 we have r = [ p q q^∗ p ] = [ 1 c 0 1 ] [ p^{−1} 0 0 p ] [ 1 0 c^∗ 1 ] .

with c = p^{−1}q = qp^{−1} ∈ B_s(Z, Z), satisfying c^∗c < 1. (1.7.15) p =^{r+r−1}_2 1_Z = 1_Z^{r+r−1}_2 , q =^{r−r−1}_2 1_Z = 1_Z^{r−r−1}_2 , c =^{r2−1}_{r2+1} 1_Z = 1_Z^{r2−1}_{r2+1} .

Conversely, if c satisfies (1.7.15), then it corresponds to a unique r ∈ Sp(Y) ∩ B(Y) satisfying r^′ = r, r > 0, which can be obtained from the formula

r = (1 − c − c)^{12} (1 + c + c)^{− 12} = [ (1 + c^∗c)^{−1} (1 + cc^∗)^{−1}c c^∗(1 + cc^∗)^{−1} (1 + cc^∗)^{−1}

] 1_2 . If a ∈ sp(Y), a^′ = a, then r = e^a belongs to Sp(Y) ∩ B(Y) and satisfies r^′ = r, r > 0.

If a is equal (1.7.14), then r = ch √ d^∗d^{sh√dd∗√}_{dd∗} d d^{∗ sh√dd∗√}_{dd∗} ch √ dd^∗ . 1.7.10 Kähler structures in a symplectic space

Suppose that (Y, ·, ω, i) is a complete Kähler space. Thus i^2 = −1 and i^′ = −i.

Let j be another anti-involution such that (j, ω) is Kähler. This means j^2 = −1, (ij)^′ = ij, ij < 0.

Set k := −ij. Then k = k^′, i^{−1}ki = k^{−1}, k > 0. (1.7.16) Conversely, if k satisfies (1.7.16), and j := ik, then (j, ω) is Kähler.

Note also, that for any t > 0 we can define the power k^t, which will satisfy all the conditions of (1.7.16). In particular, set r := k^12 . Then r satisfies i^{−1}ri = r^{−1}, r^′ = r, r > 0, r^{−1}ir = j.

Thus r is a positive element of the symplectic group intertwining i and j. Theorem 1.7.13 Suppose that j and k are as above. Then there exists an involution κ such that κiκ = −i, κjκ = −j, κkκ = k. (Clearly, two of the above conditions imply the third).

If Ker(i − j) = {0} or, equivalently, Ker(1 − k) = {0}, then there is a canonical choice of κ.

The operator k maps Y_κ and Y_{−κ} into themselves. Set m := k | | |_{Yκ} and identify Y_κ with

Y_{−κ} using i. Then m^′ = m, m > 0 and in the direct sum Y = Y_κ ⊕ Y_{−κ} we have i = [ 0 −1 1 0 ] , j = [ 0 −m m^{−1} 0 ] , k = [ m 0 0 m^{−1} ] .

Proof. Set Y_1 = Ker(k − 1), Y^+ := Ran1_{]1,∞[}(k), Y^− = Ran1_{]0,1[}(k). Y_1 is invariant wrt i, so it can be split as Y^±_1 with iY^+_1 = Y^−_1 . We set Y_{±κ} := Y^±_1 ⊕ Y^±. □

1.7.11 Unitarization

Theorem 1.7.14 Let (Y, ·) be a real Hilbert space.

1) Let a be an essentially anti-self-adjoint operator on Y such that Kera = {0}. Then there exists a unique anti-involution i on Y such that (·, i) is Kähler and −ia = −ai > 0. 2) Let r ∈ O(Y) such that Ker(r ± 1) = {0}. Then there exists a unique anti-involution i and a unique self-adjoint operator c such that (·, i) is Kähler, −1 < c < 1, ci = ic and r = c + i √ 1 − c^2.

Proof. 1) By the polar decomposition, a = bi with b > 0 self-adjoint and i ∈ O(Y). The relation a^′ = −a implies bi = ib.

2) c :=^1_2 (r + r^′) and d :=^1_2 (r − r^′) are self-adjoint and anti-self-adjoint operators with trivial kernels. Clearly, r = c + d and r^′ = c − d. From rr^′ = 1 and r^′r = 1 we obtain c^2 + d^2 = 1. By 1), d = ei = ie for a uniquely determined anti-involution i and a positive self-adjoint e. Hence e = √ 1 − c^2. □

If a is essentially anti-self-adjoint on Y, and Y_1 := Kera^⊥, then a maps D(a) ∩ Y_1 into Y_1, is essentially anti-self-adjoint on D(a) ∩ Y_1 and a | |_{Y1} has a trivial kernel.

Let r ∈ O(Y). Set Y_± := Ker(r ∓ 1) and Y_1 := (Y_− + Y_+)^⊥. Then Y_1 is a subspace invariant wrt r and r | | |_{Y1} has a trivial kernel.

Thus the assumptions on a and r in Theorem 1.7.14 are not really restrictive.

Theorem 1.7.15 Let (Y, ω) be a symplectic space.

1) Let d ∈ L(Y) such that ωd ∈ L_s(Y) and ωd > 0. Let Y_1 be the completion of Y wrt ωd. Let us define the operator d^{−1} with the domain dY. Clearly, d^{−1} is anti-symmetric.

Assume that it is essentially anti-self-adjoint. Then there exists a unique anti-involution i ∈ B(Y_1) such that (ω, i) is Kähler and di = id. 2) Suppose in addition that

y_1ωdy_1 + y_2ωdy_2 > |y_1ωy_2|, y_1, y_2 ∈ Y. (1.7.17)

Then −id ≥^1_2 .

Proof. 1) d^{−1} satisfies the assumptions of Theorem 1.7.14. Hence there exists a unique anti-involution i such that (ωd, i) is Kähler and d^{−1}i = id^{−1} > 0. This implies in particular that di = id.

We have y_1ωiy_2 = y_1ωdd^{−1}y_2 = (d^{−1}iy_2)ωdy_1

= y_2ωdd^{−1}iy_1 = y_2ωiy_1, y_1, y_2 ∈ D(d^{−1}), yωiy = yωdid^{−1}y > 0, y ∈ D(d^{−1}). Therefore, ωi is a Euclidean form. Thus, (ω, i) is Kähler.

2) We set y_1 = y and y_2 = iy in (1.7.17). Then (1.7.17) yields 2yωi(−id)y > yωiy. □ 1.7.12 Pseudo-Kähler spaces with conjugation

Suppose that (X , γ) is a (pseudo-)Euclidean vector space. Then X ⊕ X is naturally a (pseudo-)Kähler space with a conjugation: i = [ 0 −1 1 0 ] , κ = [ 1 0 0 −1 ] ∈ L(X ⊕ X ),

ω = [ 0 1 −1 0 ] ∈ L_a(X ⊕ X ), α = [ γ 0 0 γ ] ∈ L_s(X ⊕ X ). Conversely, suppose that Y is a (pseudo-)Kähler space with a conjugation κ. Let Y = Y_κ ⊕ Y_{−κ} be the corresponding decomposition of Y. Clearly, we have a (pseudo- )Euclidean structure on Y_κ. If we rename Y_κ to be X , then Y is naturally isomorphic to X ⊕ X .

u(X ⊕ X ) consists of matrices a = [ c d −d c ]

satisfying c^′ = c, d^′ = −d. U(X ⊕ X ) consists of matrices r = [ c d −d c ]

satisfying c^′c + d^′d = 1, c^′d − d^′c = 0. 1.7.13 Complexification of a Kähler space with conjugation

Suppose that (X , ·) is a Euclidean space and Y := X ⊕ X is a Kähler space with a conjugation, as described in the previous subsection. We can consider CY and define subspaces Z, Z ⊂ Y, as in Subsection ??.

We have two distinct direct sum decompositions of CY: CY = Z ⊕ Z = CX ⊕ CX . As usual, let 1_Z , 1_Z denote the orthogonal projections from CY onto Z and Z. Recall that^{1+κ}_2 and^{1−κ}_2 are orthogonal projections from CY onto CX ⊕ {0} and {0} ⊕ CX .

Theorem 1.7.16 1_Z^{1±κ√}_2 and 1_Z^{1±κ√}_2 are partial isometries.

1.8 Tensor products

1.8.1 Tensor products

Let V, W be vector spaces over K. Let Z be the vector space over K of finite linear combinations of (v, w) ∈ V × W. Let Z_0 be its subspace of Z spanned by elements of the form (v, w_1 + w_2) − (v, w_1) − (v, w_2), (v_1 + v_2, w) − (v_1, w) − (v_2, w), (λv, w) − λ(v, w), (v, λw) − λ(v, w), where λ ∈ K. Then we define V^∘⊗W := Z/Z_0 – the algebraic tensor product of V and W. If one of the spaces is finite dimensional then we can write ⊗ instead of^∘⊗.

v ⊗ w := [(v, w)] defines the bilinear map V × W ∋ (v, w) → v ⊗ w ∈ V^∘⊗W. If {v_i : i ∈ I} is a Hamel basis of V and {w_j : j ∈ J} is a Hamel basis of W, then {v_i ⊗ w_j : (i, j) ∈ I × J} is a Hamel basis of V × W.

Note that we have natural isomorphisms V ≃ K^∘⊗V ≃ V^∘⊗K and V_1^∘⊗(V_2^∘⊗V_3) ≃ (V_1^∘⊗V_2)^∘⊗V_3. (1.8.18)

(1.8.18) will be denoted simply V_1^∘⊗V_2^∘⊗V_3. The tensor multiplication ⊗ is associative.

If V, W are real vector spaces, then we have the identification C(V ⊗ W) ≃ CV ⊗ CW. If a_1 ∈ L(V_1, W_1) and a_2 ∈ L(V_2, W_2), then there exists a unique a_1⊗a_2 ∈ L(V_1^∘⊗V_2, W_1^∘⊗W_2) such that (a_1 ⊗ a_2)(v_1 ⊗ v_2) := a_1v_1 ⊗ a_2v_2.

Let S^n denote the permutation group of n elements. If σ ∈ S_n, then there exists a unique Θ(σ) ∈ L(V_1^∘⊗ · · ·^∘⊗V_n, V_{σ1}^∘⊗ · · ·^∘⊗V_{σn}) such that Θ(σ)v_1 ⊗ · · · ⊗ v_n := v_{σ1} ⊗ · · · ⊗ v_{σn}. We have the natural identification

L(W, V^{/al}) ≃ (V^∘⊗W)^{/al}.

Thus we have 2 possible notations for a bilinear form a: if v ∈ V, w ∈ cW , then we can write vaw = ⟨a|v ⊗ w⟩. The first expression treats a as an element of L(W, V^{/al}), whereas the second as an element of (V^∘⊗W)^{/al}. Note that in the literature a third notation is often used: a(v, w) – we will not use this notation.

If (V_i, V^′_i) are dual pairs, then ( V_1^∘⊗ · · ·^∘⊗V_n, V^′_1^∘⊗ · · ·^∘⊗V^′_n )

is a dual pair. Thus if ξ ∈ V^′_1^∘⊗ · · ·^∘⊗V^′_n and b ∈ V_1^∘⊗ · · ·^∘⊗V_n, then we have a natural pairing ⟨ξ|b⟩ ∈ K. If ξ ∈ V^′_1^∘⊗ · · ·^∘⊗V^′_m and b ∈ V_1^∘⊗ · · ·^∘⊗V_n, then we define the interior product i(ξ)b as follows. We set i(ξ)b = 0, m > n. If m ≤ n, then i(ξ) ∈ L(V_1^∘⊗ · · ·^∘⊗V_n, V_{m+1}^∘⊗ · · ·^∘⊗V_n) is uniquely determined by the following condition: If b is of the form b = c ⊗ d with c ∈ V_1^∘⊗ · · ·^∘⊗V_m, then i(ξ)b := ⟨ξ|c⟩d ∈ V_{m+1}^∘⊗ · · ·^∘⊗V_n. Theorem 1.8.1 If ξ ∈ V^′_1 ⊗ · · · ⊗ V^′_k, η ∈ V^′_{k+1} ⊗ · · · ⊗ V^′_m and a ∈ V_1 ⊗ · · · ⊗ V_n, then i(ξ ⊗ η)a = i(η)i(ξ)a. 1.8.2 Tensor product of Hilbert spaces

If V, W are Hilbert spaces, then V^∘⊗W has a unique scalar product such that

(v_1 ⊗ w_1|v_2 ⊗ w_2) := (v_1|v_2)(w_1|w_2), v_1, v_2 ∈ V, w_1, w_2 ∈ W.

We set V ⊗ W := (V^∘⊗W)^{cpl} If a_1 ∈ B(V_1, W_1), a_2 ∈ B(V_2, W_2), then a_1 ⊗ a_2 extends to an element of B(V_1 ⊗ V_2, W_1 ⊗ W_2), also denoted a_1 ⊗ a_2.

If σ ∈ S_n and V, . . . V_n are Hilbert spaces, then Θ(σ) extends to unitary operator from V_1 ⊗ · · · ⊗ V_n to V_{σ1} ⊗ · · · ⊗ V_{σn}, also denoted Θ(σ).

If {v_i : i ∈ I} is an orthonormal basis of V and {w_j : j ∈ J} is an orthonormal basis of W, then {v_i ⊗ w_j : (i, j) ∈ I × J} is an orthonormal basis of V ⊗ W.

We have the natural identifications B(W, V) ⊂ (V^∘⊗W)^{∗al}, l^2(W, V) ≃ V ⊗ W. Thus if a ∈ B(W, V), v ∈ V, w ∈ W, we have two notations (v|aw) = (a|v ⊗ w). In the first we treat a as an element of B(W, V), and in the second as an element of (V^∘⊗W)^{∗al}.

1.8.3 Tensor algebra

Fix a vector space V. We will write ∘ Γ^n(V) = V ∘ ⊗n,^∘Γ(V) :=^∘⊕^∞_{n=0}^∘Γ^n(V), where^∘Γ^0(V) denotes K. The element 1 ∈^∘Γ^0(V) is often called the vacuum and denoted Ω.^∘Γ(V) is an associative algebra with the operation ⊗ and the identity Ω.

If p ∈ L(V_1, V_2), then we will use the notation Γ^n(p) := p^{⊗n} ∈ L (_∘ Γ^n(V1),^∘Γ^n(V2) ) , Γ(p) :=^∞⊕_{n=0} Γ^n(p) ∈ L (_∘ Γ(V1),^∘Γ(V2) ) . Likewise, we define, for h ∈ L(V), dΓ^n(h) = n∑ j=0 1^{⊗j}_V ⊗ h ⊗ 1^{⊗(n−j−1)} V ∈ L (_∘ Γ^n(V) ) ,

dΓ(h) :=^∞⊕_{n=0} dΓ^n(h) ∈ L (_∘ Γ(V) ) . The number operator is defined as N = dΓ(1). The parity operator is I := (−1)^N . (1.8.19) Theorem 1.8.2 1) Let h, h_1, h_2 ∈ L(V), p ∈ L(V_1, V_2), p_1 ∈ L(V_1, V), p_2 ∈ L(V, V_1). We then have Γ(e^h) = exp(dΓ(h)), Γ(p_2)Γ(p_1) = Γ(p_2p_1), [dΓ(h_1), dΓ(h_2)] = dΓ([h_1, h_2]).

2) Let a, b ∈^∘Γ(V), h ∈ L(V), p ∈ L(V, V_1). Then Γ(p)(a ⊗ b) = (Γ(p)a) ⊗ (Γ(p)b), [dΓ(h), (a ⊗ b)] = [dΓ(h), a] ⊗ b + a ⊗ [dΓ(h), b], 3) Let b ∈^∘Γ(V), ξ ∈^∘Γ(V^′), p ∈ L(V, V_1). Then Γ(p)i(ξ)b = i(Γ(p^{′−1}ξ))(Γ(p)b), [dΓ(h), i(ξ)b] = −i([dΓ(h^′)ξ])b + i(ξ)[dΓ(h), b],

1.8.4 Tensor algebra over a Hilbert space – full Fock space

Suppose that V is a Hilbert space. We define the Hilbert spaces Γ^n(V) = V^{⊗n} = (_∘ Γ^n(V)

)_{cpl} , Γ(V) = ∞⨁ n=0 Γ^n(V) = (_∘ Γ(V)

)_{cpl} . If ‖p‖ ≤ 1, then Γ(p) extends to a bounded operator of norm 1. If p is unitary, then so is Γ(p). If h is self-adjoint, then Γ(h) and dΓ(h) extend to self-adjoint operators.

1.9 Symetric tensor product

1.9.1 Symmetric tensor product

Let V be a vector space over K.

S^n ∋ σ → Θ(σ) ∈ L(^∘Γ^n(V)) is a representation of the permutation group S^n. We define Θ^n_s := 1 n! ∑ σ∈S^n Θ(σ) ∈ L(^∘Γ^n(V)), Θ_s :=^∞⊕_{n=0} Θ^n_s ∈ L(^∘Γ(V)).

Θ^n_s is a projection in^∘Γ^n(V) and Θ_s is a projection in^∘Γ(V). We set ∘ Γ^n_s (V) := Θ^n_s^∘Γ^n(V), ∘ Γs(V) :=^∘⊕^∞_{n=0}^∘Γ^n_s (V) = Θs^∘Γ(V).

If a, b ∈^∘Γ_s(V), then we define a ⊗_s b := Θ_sa ⊗ b ∈^∘Γ_s(V).

The product ⊗_s is associative and commutative.

If (V, V^′) is a dual pair, then (_∘ Γ^n_s (V),^∘Γ^n_s (V^′) ) and (_∘ Γs(V),^∘Γs(V^′) ) are dual pairs.

For ξ ∈^∘Γ^m_s (V^′) and b ∈^∘Γ^{m+n}_s (V) we define ξ∇b := (m + n)! n! i(ξ)b ∈^∘Γ^n_s (V).

Elements of the form v^{⊗n}, v ∈ V span^∘Γ^n_s (V).

Let {v_i : i ∈ I} be a Hamel basis of V. Let C_0(I, N) denote the set of sequences indexed by I with values in nonnegative integers with all by a finite number of entries zero. For k = (k_i)_{i∈I} ∈ C_0(I, N) set |k| := ∑ i∈I k_i, k! := Π_{i∈I} k_i! and v_k := ⊗_{si∈I} v^{⊗ki}_i . Then

{v_k : k ∈ C_0(I, N), |k| = n} is a Hamel basis of^∘Γ^n_s (V).

Suppose that V is finite dimensional with a basis {v_1, . . . , v_d}. Let {ξ_i : i = 1, . . . , d} be the dual basis in V^′. Then {k!ξ_k : k ∈ C_0(I, N), |k| = n} is the dual basis in^∘Γ^n_s (V^′).

If p ∈ L(V, W), then Γ^n(p) maps^∘Γ^n_s (V) into^∘Γ^n_s (W). Hence Γ(p) maps^∘Γ_s(V) into ∘ Γs(W). We will use the same symbols Γ^n(p) and Γ(p) to denote the corresponding restricted operators.

If h ∈ L(V), then dΓ^n(h) maps^∘Γ^n_s (V) into itself. Hence, dΓ(h) maps^∘Γ_s(V) into itself. We will use the same symbols dΓ^n(h) and dΓ(h) to denote the corresponding restricted operators.

We have the identification of^∘Γ_s(V_1)^∘⊗^∘Γ_s(V_2) with^∘Γ_s(V_1 ⊕ V_2) defined as follows: Let a_i ∈^∘Γ_s(V_i) and let j_i be the imbedding of V_i in V_1 ⊕ V_2. Then a_1 ⊗ a_2 is identified with (Γ(j_1)a_1) ⊗_s (Γ(j_2)a_2).

Theorem 1.9.1 1) Let a, b ∈^∘Γ_s(V), ξ, η ∈^∘Γ_s(V^′), ν ∈ V^′. Then (ξ∇)(η∇)b = (ξ ⊗_s η)∇b, ν∇(a ⊗_s b) = (ν∇a) ⊗_s b + a ⊗_s (ν∇b) 2) Let p ∈ L(V, V_1), h ∈ L(V), a, b ∈^∘Γ_s(V). Then

Γ(p)(a ⊗_s b) = (Γ(p)a) ⊗_s (Γ(p)b),

[dΓ(h), (a ⊗_s b)] = [dΓ(h), a] ⊗_s b + a ⊗_s [dΓ(h), b]. 3) Let p ∈ L(V, V_1), h ∈ L(V), b ∈^∘Γ_s(V), ξ ∈^∘Γ_s(V^′). Then Γ(p)c∇b = (Γ(p^{′−1}c)∇(Γ(p)b), [dΓ(h), ξ∇b] = −([dΓ(h^′)ξ])∇b + ξ∇[dΓ(h), b]. 1.9.2 Symmetric tensor algebras over a Hilbert space – bosonic Fock space

If V is a Hilbert space, then Θ^n_s extends to an orthogonal projection in Γ^n(V) and Θ_s extends to an orthogonal projection in Γ(V). We define Hilbert spaces

Γ^n_s (V) = Θ^n_s Γ^n_s (V) = (^∘Γ^n_s (V))^{cpl},

Γ_s(V) =^∞⊕_{n=0} Γ^n_s (V) = (^∘Γ_s(V))^{cpl}.

Let {v_i}_{i∈I} be an orthonormal basis of V. Then { √ k!v_k : k ∈ C_0(I, N), |k| = n} is an orthonormal basis of Γ^n_s (V).

We set Γ^{fin}_s (V) :=^∘⊕^∞_{n=0}Γ^n_s (V), (the space of finite particle vectors).

Note the identifications B_s(V, V) ⊂ (^∘Γ^2_s (V))^{∗al}, l^2_s (V, V) ≃ Γ^2_s (V).

It is convenient to introduce also the space

Γ^{cw}_s (V) := {ψ ∈ Γ_s(V) : (ψ|N!ψ) < ∞},

equipped with the scalar product

(ψ_1|ψ_2)_{cw} := (ψ_1|N!ψ_2).

Clearly, the map Γ_s ∋ ψ → ψ^{cw} := 1 √ N! ψ ∈ Γ^{cw}_s (V)

is unitary.

Remark 1.9.2 Symmetric tensor algebra over a Hilbert space in the context of quantum physics is usually called a bosonic Fock space. Segal uses the name bosonic Fock-Cook space.

In the notation that we adopted we distinguish between the norm (·|·) and the norm (·|·)_{cw}. The subscript cw stands for “complex wave” and is related to the “complex wave representation” which will be described in Subsection ?? – see remark in that subsection.

1.9.3 Polynomials

Let Y be vector space over K and (Y, Y^′) a dual pair. If a ∈^∘Γ_s(Y) and a =^∞ ∑ p=0 a_p with

a_p ∈^∘Γ^p_s (V), then we set Y^′ ∋ v → P_a(v) := ∞∑ p=0 ⟨v^{⊗p}, a_p⟩ ∈ K. Note that P_a ∈ C(Y^′, K).

The operation ⊗_s corresponds to the multiplication of such functions: P_{a⊗sb}(v) = P_a(v)P_b(v), a, b ∈^∘Γ_s(Y). Functions P_a for a ∈^∘Γ_s(Y) are called polynomials on Y^′. In what follows we will write a(v) instead of P_a(v), thus treating^∘Γ_s(Y) as a subspace of C(Y^′, K).

Note that we have the identification

L_s(Y, Y^{/al}) ≃^∘Γ^2_s (Y)^{/al}.

Thus we have three different ways of writing the same thing: vav = ⟨a|v ⊗ v⟩ = a(v). The first expression treats a as an element of L_s(Y, Y^{/al}), the second as an element of ∘ Γ^2_s (Y)^{/al}, and the third as a polynomial.

1.9.4 Complex polynomials

C^∘Γ_s(Y) can be treated as a subspace of C(Y^′, C) = C(Y^′) and will be called the space of complex polynomials on Y^′, as opposed to^∘Γ_s(Y), which will be called real polynomials on Y^′.

If Z is a complex space, then we will call^∘Γ_s(Z) ⊂ C^∘Γ_s(Z^′_R) ⊂ C(Z^′_R) the holomorphic polynomials on Z^′.

If Y is a real vector space, then we have a natural identification

C^∘Γ_s(Y) ≃^∘Γ_s(CY).

This identification corresponds to the analytic continuation of complex polynomials on Y^′ to holomorphic polynomials on (CY)^′.

Now assume that a real vector space Y is equipped with an anti-involution i. Y can be viewed as a complex space in two natural ways: as Y^C and Y^C. Correspondingly, we have the space of holomorphic polynomials on Y^′,^∘Γ_s(Y^C) ⊂ C^∘Γ_s(Y), and antiholomorphic polynomials on Y^′ that is^∘Γ_s(Y^C) ⊂ C^∘Γ_s(Y).

In the usual way we define the subspaces Z and Z of CY, so that CY = Z ⊕ Z. Note that we can identify^∘Γ_s(Y^C) with^∘Γ_s(Z) and^∘Γ_s(Y^C) with^∘Γ(Z).

Recall that we have CY = Z ⊕ Z. Therefore, the holomorphic and antiholomorphic polynomials generate all complex polynomials on Y^′:

C^∘Γ_s(Y) ≃^∘Γ_s(CY) =^∘Γ_s(Z)^∘⊗_s^∘Γ_s(Z).

1.10 Integration

1.10.1 Gaussian integrals

Let X be a finite dimensional real vector space of dimension d with a Lebesgue measure dx. Let α be a positive symmetric form on Y. Then ∫ e^{−xαx}dx = π^{d2} (det α)^{− d2} .

If α is any symmetric form on Y, then ∫ e^{ixαx}dx = π^{d2} e^{iπ4 inertα}(det |α|)^{− d2} .

1.10.2 S(X ) and S^′(X ) spaces

The space of Schwartz functions on X is defined as

S(X ) := {ψ ∈ C^∞(X ) : ∫ |x^α∇^β_x ψ(x)|^2dx < ∞, for any multiindices α, β} . (1.10.20) (In the definition we use an identification of X with R^d, it is clear that S(X ) does not depend on this identification).

Remark 1.10.1 The definition (1.10.20) is equivalwent to

S(X ) = {ψ ∈ C^∞(X ) : |x^α∇^β_xψ(x)| ≤ c_{α,β}, for any multiindeces α, β}. (1.10.21) The definition (1.10.21) is more common in the literature.

S(X ) is a Frechet space with seminorms ‖ψ‖_{α,β} := ( ∫ |x^α∇^β_xψ(x)|^2dx)^12 . Let S^′(X ) denote its (topological) dual. Note that we have the inclusions S(X ) ⊂ L^2(X ) ≃ L^2(X )^∗ ⊂ S^′(X ).

If ψ ∈ S(X ) and f ∈ S(X ), then the action of f on ψ will be denoted as if f were a function, that means ∫ f(x)ψ(x)dx.

1.10.3 Fourier transformation

For f ∈ L^1(X ), the Fourier transform of f is denoted either Ff or f̂, belongs to C_∞(X^′), and is given by the formula f̂(ξ) = ∫ f(x)e^{−ixξ} dξ. It is well known that F extends to a unique bounded operator from L^2(X ) to L^2(X^′). (2π)^{− d}2 F is unitary, and we have the Fourier inversion formula f(x) = (2π)^{−d} ∫ f̂(x)e^{ixξ} dx. The space S(X ) is mapped by F onto S(X^′).

F can be extended to a unique continuous linear map from S^′(X ) onto S^′(X^′). In particular, if f(x) = e^{− 1}2^{xαx}, then f̂(ξ) = (2π)^d2 (det α)^{− d}2 e^{− 1}2^{ξα−1ξ}.

If g(x) = e^i2^{xαx}, then ĝ(ξ) = (2π)^{d2} e^{iπ4 inertα}(det α)^{− d2} e^{− i2 ξα−1ξ}.

1.10.4 Convolution operators

Let D := −i∇_x. Note the identities: f(D)ψ(x) = (2π)^{−d} ∫ e^{i(x−y)ξ} f(ξ)ψ(y)dξdy = (2π)^{−d} ∫ f̂(y − x)ψ(y)dy. For example, e^{−it∇x∇ξ} ψ(x, ξ) = (2πt)^{−d} ∫ e^it^{(x−x1)(ξ−ξ1)}ψ(x_1, ξ_1)dx_1dξ_1.

If Y is a Euclidean space, we can write

e^{− t2 D2} ψ(y) = e^{t2 ∇2y} ψ(y) = (2πt)^{− d2} ∫ e^{− 12t (y−y1)2} ψ(y_1)dy_1. (1.10.22) Sometimes it is convenient in this context to use the decomposition CY = Z ⊕ Z.

Instead of y, ∇_y, one then uses z = 1_Z y, z = 1_Z y, ∇_z = 1_Z ∇_y, ∇_z = 1_Z ∇_y. Note the identities 1 2 y^2 = zz, 1 2 ∇^2_y = ∇_z∇_z, dy = 1 i dzdz. Then (1.10.22) can be rewritten as e^{t∇z ∇z} ψ(z, z) = (2πit)^{−d} ∫ e^{− 1t (z−z1)(z−z1)}dz_1dz_1.

Chapter 2 Canonical commutation relations

2.1 Schrödinger representation of CCR

2.1.1 Heisenberg commutation relations

Let X be a finite dimensional real vector space with a Lebesgue measure dx. Consider the Hilbert space L^2(X , dx) (denoted usually for simplicity L^2(X )).

Define the position operator and the momentum operator: (ηxψ)(x) := ηxψ(x), η ∈ X^′, ψ ∈ D(ηx) := {ψ ∈ L^2(X ) : ∫ |ηx|^2|ψ(x)|^2dx < ∞}, (qDψ)(x) := −iq∇ψ(x), q ∈ X , ψ ∈ D(qD) := {ψ ∈ L^2(X ) : ∫ |q∇_xψ(x)|^2dx < ∞}. ηx and qD are self-adjoint operators.

Theorem 2.1.1 The Schwartz space S(X ) is the intersection of {ψ ∈ L^2(X ) : ψ ∈ D((η_1x) · · · (η_nx)(q_1D) · · · (q_mD))} for η_1 . . . η_n ∈ X^′, q_1 . . . q_m ∈ X . Therefore, S(X ) is the largest subspace of L^2(X ) preserved by the operators ηx and qD.

The operator ηx and qD, viewed as operators on S(X ), satisfy the so-called Heisenberg commutation relation:

[η_1x, η_2x] = [q_1D, q_2D] = 0, [ηx, qD] = iηq.

The algebra of polynomials in x and D, treated as operators on S(X ), will be denoted CCR(X^′ ⊕ X ) ⊂ L(S(X )).

Remark 2.1.2 CCR(X^′ ⊕X ) is sometimes called the Weyl algebra. (There are, however, other objects which are sometimes called by the same name).

2.1.2 The x, D- and the D, x-quantizations

Clearly, if h_1 ∈ C^∘Γ_s(X^′), then h_1(x) is well defined as an operator on S(X ). Such operators form a commutative subalgebra in CCR(X^′ ⊕ X ).

Likewise, if h_2 ∈ C^∘Γ_s(X ), then h_2(D) is well defined as an operator on S(X ). Such operators form another commutative algebra in CCR(X^′ ⊕ X ).

We define the x, D- and the D, x-quantizations as the maps C^∘Γ_s(X^′ ⊕ X ) ∋ h → Op^{x,D}(h) ∈ CCR(X^′ ⊕ X ), C^∘Γ_s(X^′ ⊕ X ) ∋ h → Op^{D,x}(h) ∈ CCR(X^′ ⊕ X ), as follows: if h = h_1 ⊗_s h_2 where h_1 ∈ C^∘Γ_s(X^′), h_2 ∈ C^∘Γ_s(X ), then Op^{x,D}(h) = h_1(x)h_2(D), (2.1.1) Op^{D,x}(h) = h_2(D)h_1(x). (2.1.2) We extend the definition to C^∘Γ_s(X^′ ⊕ X ) by linearity.

Remark 2.1.3 An alternative notation, commonly used in the literature on partial differential equations: Op^{x,D}(h) = h(x, D). The x, D-quantization is sometimes called the Kohn-Nirenberg quantization.

The maps inverse to (2.1.1) and (2.1.2) are denoted CCR(X^′ ⊕ X ) ∋ H → s^{x,D}_H ∈ C^∘Γ_s(X^′ ⊕ X ), (2.1.3) CCR(X^′ ⊕ X ) ∋ H → s^{D,x}_H ∈ C^∘Γ_s(X^′ ⊕ X ). (2.1.4) and are called the x, D- and D, x-symbols of an operator H.

We will treat the ordering x, D as the standard one. Theorem 2.1.4 0) s^{x,D}_1 = 1. 1) If H ∈ CCR(X^′ ⊕ X ), then s^{x,D}_H∗ = s^{D,x}_H (2.1.5) 2) s^{x,D}_{ηx} = η, η ∈ X^′, s^{x,D}_{qD} = q, q ∈ X, (2.1.6) More generally, if f ∈ C^∘Γ_s(X^′) and g ∈ C^∘Γ_s(X ), then Op^{x,D}(f) = f(x), Op^{x,D}(g) = g(D). (2.1.7)

3) If H ∈ CCR(X^′ ⊕ X ), then s^{x,D}_H (x, ξ) = e^{−i∇x∇ξ} s^{D,x}_H (x, ξ) = (2π)^{−d} ∫ X ⊕X^′ e −i(x−x_1)(ξ−ξ_1)sD,x H (x_1, ξ_1)dx_1dξ_1.

(2.1.8)

4) If G, H ∈ CCR(X^′ ⊕ X ), then s^{x,D}_{GH} (x, ξ) = e^{−i∇ξ}1^{∇x1} s^{x,D}_G (x, ξ_1)s^{x,D}_H (x_1, ξ) | | | x = x_1, ξ = ξ_1 = (2π)^{−d} ∫ X ⊕X^′ e −i(x−x_1 )(ξ−ξ_1)sx,D G (x, ξ_1)s^{x,D}_H (x_1, ξ)dx_1dξ_1.

(2.1.9)

The operator e^{−i∇x∇ξ} in (2.1.8) and the similar operator in (2.1.9) can be understood as a sum of differential operators. In the case of this theorem, the sum is finite, because we deal with polynomial symbols.

The integral formula in (2.1.8) and (2.1.9)should be understood in the sense of oscillatory integrals.

Proof. (2.1.8) can be proven by a simple combinatorial argument. (2.1.9) follows easily from (2.1.9).

(2.1.8) and (2.1.9) follow also (in a much larger generality) from integral formulas considered later on (see Subsection ??). □

The following formula is a version of Wick’s theorem. It follows from (2.1.9).

Theorem 2.1.5 Let H_1, . . . , H_n ∈ CCR(X^′ ⊕ X ). Then s^{x,D}_{H1···Hn} (x, ξ) = exp ( − i ∑ i<j ∇_{xi} ∇_{ξj} ) s^{x,D}_{H1} (x_1, ξ_1) · · · s^{x,D}_{Hn} (x_n, ξ_n) | | | x = x_1 = · · · = x_n, ξ = ξ_1 = · · · = ξ_n.

2.1.3 Weyl operators

Let us consider the 1-parameter unitary groups on L^2(X) generated by the position and the momentum operators.

Theorem 2.1.6 Let η ∈ X^′, q ∈ X . We have the so-called Weyl commutation relations

e^{iηx}e^{iqD} = e^{−iηq} e^{iqD}e^{iηx}. (2.1.10)

The operator ηx + qD is essentially self-adjoint on S(X ). For ψ ∈ L^2(X ) we have

e^{i(ηx+qD)}ψ(x) = e^{i2 ηq+iηx}ψ(x + q). (2.1.11)

Moreover, the following identities are true: e^{i(ηx+qD)} = e^i2^{ηq}e^{iηx}e^{iqD} = e^{− i}2^{ηq}e^{iqD}e^{iηx} = e^i2^{ηx}e^{iqD}e^i2^{ηx} = e^i2^{qD}e^{iηx}e^i2^{qD}.

(2.1.12)

Proof. Clearly, we have e^{iqD}ψ(x) = ψ(x + q). This easily implies (2.1.10).

Define U(t) := e^{i2 t2ηq}e^{itηx}e^{itqD}, or U(t)ψ(x) := e^{i2 t2ηq+itηx}ψ(x + tq). We compute ∂_tU(t)ψ = i(ηx + qD)U(t)ψ. Clearly, if ψ ∈ S(X ), then U(t)ψ ∈ S(X ) for all t. Therefore, U(t) = e^{it(ηx+qD)} and S(X ) is a core of ηx + qD. This implies (2.1.11)

The identities (2.1.12) follow from (2.1.11). □ Theorem 2.1.7 If B ∈ B(L^2(X )) commutes with all operators in {e^{iηx}, e^{iqD} : η ∈ X^′, q ∈ X }, then B is proportional to identity. In other words, the set {e^{iηx}, e^{iqD} : η ∈ X^′, q ∈ X } is irreducible in B(L^2(X )).

Proof. L^∞(X ), identified with multiplication operators in L^2(X ), is a maximal abelian algebra in B(L^2(X )). By the Fourier transformation, linear combinations of operators of the form e^{iηx} are weakly dense in L^∞(X ). Hence if B commutes with all operators e^{iηx}, it has to be of the form f(x) with f ∈ L^∞(X ).

We have e^{iqD}f(x)e^{−iqD} = f(x + q). Hence if f(x) commutes with e^{iqD}, then f(x + q) = f(x). If this is the case for all q ∈ X , f has to be constant. □

Theorem 2.1.8 1) Let ψ ∈ L^2(X ). Then ψ ∈ S(X ) iff X^′ ⊕ X ∋ (η, q) → (ψ|e^{iηx}e^{iqD}ψ) (2.1.13) belongs to S(X^′ ⊕ X ). 2) If ψ_1, ψ_2 ∈ S(X ), then X^′ ⊕ X ∋ (η, q) → (ψ_1|e^{iηx}e^{iqD}ψ_2) belongs to S(X^′ ⊕ X ).

Proof. Let us prove 1). (2.1.13) is a partial Fourier transform of the function X ⊕ X ∋ (x, q) → ψ(x)ψ(x + q). Thus (2.1.13) belongs to S(X^′ ⊕ X ) iff ψ(x)ψ(x + q) belongs to S(X ⊕ X ), which is equivalent to ψ ∈ S(X ). □

2.1.4 Quadratic forms on S(X )

We say that H ∈ F^′(X^′ ⊕ X ), if H is a continuous map

S(X ) × S(X ) ∋ (ψ_1, ψ_2) → (ψ_1|Hψ_2) ∈ C,

antilinear wrt the first component and linear wrt the second. F^′(X^′ ⊕ X )) is called the space of (sesquilinear) forms on S(X ) and can be regarded as a natural extension of B(L^2(X )). It can be viewed as the “space of noncommutative tempered distributions on X ⊕ X^′”.

By the Schwartz theorem, if H ∈ F^′(X^′ ⊕ X ), there exists a tempered distribution H(x_1, x_2) ∈ S^′(X ⊕ X ) such that

(ψ_1|Hψ_2) = ∫ ψ_1(x_1)H(x_1, x_2)ψ_2(x_2)dx_1dx_2.

H(x_1, x_2) will be called the distributional kernel of H. We have a bijection between F^′(X^′ ⊕ X ) and S^′(X ⊕ X ) given by the distributional kernel.

Note that CCR(X^′ ⊕ X ) ⊂ F^′(X^′ ⊕ X ). In addition, F^′(X^′ ⊕ X ) is a module over CCR(X^′ ⊕ X ).

Note that H ∈ l^2(L^2(X )) iff H(x_1, x_2) belongs to L^2(X ⊕ X ). Moreover, if H, G ∈ l^2(L^2(X )), then TrH^∗G = ∫ X ∫ X H(x_2, x_1)G(x_1, x_2)dx_1dx_2.

2.1.5 The x, D quantization of distributional symbols

If h ∈ S^′(X ⊕ X^′), then we define the elements of F^′(X^′ ⊕ X ), Op^{x,D}(h) and Op^{D,x}(h), whose distributional kernels are equal

Op^{x,D}(h)(x_1, x_2) = (2π)^{−d} ∫ X^′ h(x1, ξ)e i(x_1−x_2)ξ dξ,

Op^{D,x}(h)(x_1, x_2) = (2π)^{−d} ∫ X^′ h(x2, ξ)e i(x_1−x_2)ξ dξ.

(2.1.14)

Theorem 2.1.9 1) For h ∈ C^∘Γ_s(X^′ ⊕ X ) ⊂ S^′(X ⊕ X^′), the above definition coincides with (2.1.1) and (2.1.2). 2) The maps S^′(X ⊕ X^′) ∋ h → Op^{x,D}(h) ∈ F^′(X^′ ⊕ X ), S^′(X ⊕ X^′) ∋ h → Op^{D,x}(h) ∈ F^′(X^′ ⊕ X ) are bijective, and if their inverses (symbols) are denoted as in (2.1.3) and (2.1.4), then for H ∈ F^′(X^′ ⊕ X ) we have s^{x,D}_H (x, ξ) = ∫ X H(x, x − y)e^{−iξy}dy, s^{D,x}_H (x, ξ) = ∫ X H(x + y, x)e^{−iξy}dy. (2.1.15)

3) The formulas (2.1.5) and (2.1.8) are true.

4) The formula (2.1.9) is true for instance if either G ∈ F^′(X^′ ⊕ X ) and H ∈ CCR(X^′ ⊕ X ), or the other way around.

5) (2.1.9) is also true if the Fourier transforms of s^{x,D}_G and s^{x,D}_H belong to L^1(X ⊕ X^′). (In this case, G and H are bounded). 6) If f ∈ S^′(X ), g ∈ S^′(X^′), then (2.1.7) is true. 7) If h ∈ S^′(X ⊕ X^′), then e^{iqD}Op^{x,D}(h)e^{−iqD} = Op^{x,D}(h(· + q, ·)), e^{iηx}Op^{x,D}(h)e^{−iηx} = Op^{x,D}(h(·, · − η)). 8) We have H ∈ HS(L^2(X )) iff s^{x,D}_H ∈ L^2(X ⊕ X^′) and iff s^{D,x}_H ∈ L^2(X ⊕ X^′). Mreover, TrH^∗G = (2π)^{−d} ∫ X ⊕X^′ s^{x,D}_H (x, ξ)s^{x,D}_G (x, ξ)dxdξ = (2π)^{−d} ∫ X ⊕X^′ s^{D,x}_H (x, ξ)s^{D,x}_G (x, ξ)dxdξ.

Proof. 2) follows from (2.1.14) by the inversion of the Fourier transform. (2.1.8) follows by combining the first formula of (2.1.14) with the second formula of (2.1.15).

5) follows from the formula Op^{x,D}(h) = (2π)^{−2d} ∫ X^′⊕X ĥ(η, q)e^{iηx}e^{iqD}dηdq. (2.1.16) □ Example 2.1.10 Fix a Euclidean structure in X . Consider the projection P_0 onto the normalized vector ψ_0 = π^{− d4} e^{− 12 x2} .

The integral kernel of P_0 equals P_0(x, y) = π^{− d2} e^{− 12 x2− 12 y2} .

Its x, D- and D, x-symbols equal s^{x,D}_{P0} (x, ξ) = 2^{d2} e^{− 12 x2− 12 ξ2−ixξ}, s^{D,x}_{P0} (x, ξ) = 2^{d2} e^{− 12 x2− 12 ξ2+ixξ}.

2.1.6 Point transformations

Recall that if h, g ∈ C^∞(X ⊕ X^′) then the Poisson bracket of h and g is defined as {h, g} = ∇_xh∇_ξg − ∇_ξh∇_xg ∈ C^∞(X ⊕ X^′). Let h ∈ S^′(X ⊕ X^′). If η ∈ X^′ and q ∈ X , then clearly, [ηx, Op^{x,D}(h)] = iOp^{x,D}(η∇_ξh) = iOp^{x,D}({ηx, h}), [qD, Op^{x,D}(h)] = −iOp^{x,D}(q∇_xh) = iOp^{x,D}({qξ, h}). (2.1.17)

Let b ∈ gl(X ) ≃ X ⊗ X^′ ≃ X ⊗_s X^′. Clearly, b can be identified with the function X × X^′ ∋ (x, ξ) → xc^′ξ = ξcx. We have Op^{x,D}(c) = xc^′D. Note that [xc^′D, Op^{x,D}(h)] = −iOp^{x,D}(xc^′∇_xh − ξc∇_ξh) = iOp^{x,D}({c, h}). (2.1.18) We can summarize (2.1.17) and (2.1.18) as follows: Theorem 2.1.11 If h ∈ S^′(X ⊕ X^′) and g ∈ R ⊕ X^′ ⊕ X ⊕ (X^′ ⊗_s X ) ⊂^∘Γ^{≤2}_s (X^′ ⊕ X ), then [Op^{x,D}(g), Op^{x,D}(h)] = iOp^{x,D}({g, h}). Let m ∈ Gl(X_1, X_2). We define m_∗ ∈ B(L^2(X_1, X_2)) by setting m_∗ψ(x) = ψ(m^{−1}x), x ∈ X_1. The following (straightforward) theorem expresses the covariance of the x, D muantization wrt the point transformations.

Theorem 2.1.12 1) Let m_1 ∈ GL(X_1, X ) and m_2 ∈ Gl(X , X_2). then (m_2m_1)_∗ = m_{2∗}m_{1∗}, 2) Let m ∈ Gl(X_1, X_2) and h ∈ S^′(X_1, X^′_1). Then m_∗Op^{x,D}(h)m^{−1}_∗ = Op^{x,D}(h(m^{−1}·, m^′·)), 3) Let c ∈ gl(X ). Then e^{ixc′D} = (e^{−c})_∗.

2.1.7 Stone–von Neumann theorem

Theorem 2.1.13 (Stone–von Neumann theorem) Suppose that X is a finite dimensional vector space and we are given a pair of strongly continuous unitary representations of the abelian groups X^′ and X in a Hilbert space H X^′ ∋ η → V (η) ∈ U(H), X ∋ q → T (q) ∈ U(H), satisfying the Weyl commutation relations V (η)T (q) = e^{−iηq} T (q)V (η). Then there exists a Hilbert space K and a unitary operator U : L^2(X ) ⊗ K → H such that V (η)U = Ue^{iηx} ⊗ 1_K, T (q)U = Ue^{iqD} ⊗ 1_K.

Proof. Step 1. Clearly, the groups V (η) and T (q) can be written as V (η) = e^{iηxπ} , T (q) = e^{iqDπ} , for some vectors of self-adjoint operators x_π and D_π. We can define P_0 := (2π)^{−d} ∫ e^{− 1}4^{η2− 1}4^{q2+ i}2^{ηq}e^{iηxπ} e^{iqDπ} dηdq = (2π)^{−d} ∫ e^{− 1}4^{η2− 1}4^{q2− i}2^{ηq}e^{iqDπ} e^{iηxπ} dηdq, and K := RanP_0. We check that P^∗_0 = P_0, P^2_0 = P_0.

Step 2. First check that if f ∈ L^1(X ), then π^{d2} P_0e^{x2π} f(x_π)P_0 = P_0 ∫ f(x)dx. (2.1.19) Next we show that there exists a unique isometric operator U : L^2(X ) ⊗ K → H such that Uψ ⊗ ρ := π^{d4} e^{12 x2π} ψ(x_π)ρ, ψ ∈ L^2(X ), ρ ∈ K.

To verify that U is isometric, we compute: (Uψ_1 ⊗ ρ_1|Uψ_2 ⊗ ρ_2) = π^d2 (ρ_1|e^{x2π} ψ_1(x_π)ψ_2(x_π)ρ_2) = π^d2 (ρ_1|P_0e^{x2π} ψ_1(x_π)ψ_2(x_π)P_0ρ_2) = (ρ_1|ρ_2)(ψ_1|ψ_2), where in the last step we used (2.1.19).

Step 3. We prove that U intertwines the CCR relations. To this end, using the explicit integral formula for P_0, we first obtain e^{iqDπ} P_0 = e^{−qxπ − 1}2^{q2} P_0. (2.1.20) Thus, for ρ ∈ K, e^{iqDπ} ρ = e^{−qxπ − 12 q2} ρ. Hence, e^{iqDπ} Uψ ⊗ ρ = π^d4 e^{iqDπ} e^12^{x2π} ψ(x_π)ρ = π^d4 e^12^{(xπ +q)2} ψ(x_π + q)e^{iqDπ} ρ = π^d4 e^12^{x2π} ψ(x_π + q)ρ = U(e^{iqD}ψ) ⊗ ρ.

It is easier to check that U intertwines the position operators: e^{iηxπ} Uψ ⊗ ρ = π^{d4} e^{iηxπ} e^{12 x2π} ψ(x_π)ρ = Ue^{iηxπ} ψ ⊗ ρ.

Step 5. Finally, let us show that U is surjective. Clearly, if ρ ∈ K, then Uπ^{− d}4 e^{− 1}2^{x2} ⊗ρ = ρ. Hence K ⊂ RanU. Thus, using the intertwining property of U, it is enough to show that {e^{iηxπ} e^{iqDπ} ρ : η ∈ X^′, q ∈ X , ρ ∈ K} (2.1.21) spans H.

Let ζ ∈ H. Set f(η, q) := (ζ|e^{iηxπ} e^{iqDπ} ζ). Assume that ζ is orthogonal to (2.1.21). Then

0 = (ζ|e^{iηxπ} e^{iqDπ} P_0e^{−iηxπ} e^{−iqDπ} ζ) = (2π)^{−d} ∫ dq_1dη_1f(η_1q_1)e^{− 14 η2− 14 q2+ i2 ηq}e^{iη1 q−iηq1} .

By the properties of the Fourier transformation, f(η, q) = 0 almost everywhere. But (η, q) → f(η, q) is a continuous function and f(0, 0) = (2π)^{−d}‖ζ‖^2. So ζ = 0. □

2.2 Symplectic theory of CCR’s

2.2.1 Heisenberg-type representations of CCR

Let Y be a real vector space with an antisymmetric form ω. Let D be a unitary space. We say that a linear map Y ∋ y → ϕ_π(y) ∈ L(D) (2.2.22) is a Heisenberg-type representation of CCR over Y in D iff ϕ_π(y) are symmetric operators satisfing [ϕ_π(y_1), ϕ_π(y_2)] = iy_1ωy_2, y_1, y_2 ∈ Y. (2.2.23) Remark 2.2.1 If we treat Y ⊕ R as the Heisenberg algebra and if L(D) is equipped with the bracket^1_i [·, ·], then the condition (2.2.23) is equivalent to Y ⊕ R ∋ (y, t) → ϕ_π(y) + t1_D ∈ L(D) being a homomorphism of Lie algebras.

By complex linearity we can extend the definition of ϕ_π(y) to CY, by setting ϕ_π(y_1 + iy_2) := ϕ_π(y_1) + iϕ_π(y_2), y_1, y_2 ∈ Y.

Thus we have ϕ_π(w)^∗ = ϕ_π(w), w ∈ CY. The algebra of complex polynomials in ϕ_π(y), y ∈ Y, treated as a subalgebra of L(D), will be denoted CCR_π(Y).

Remark 2.2.2 CCR_π(Y) is sometimes called the (abstract) Weyl algebra. Example 2.2.3 Consider the symplectic space X^′ ⊕ X , where X is a real vector space of dimension d and the symplectic form is given by (η_1, q_1)ω(η_2, q_2) = η_1q_2 − η_2q_1.

The map X^′ ⊕ X ∋ (η, q) → ηx + qD ∈ L(S(X )) is a Heisenberg-type representation of CCR, which is a version of the Schrödinger representation.

2.2.2 Weyl-Wigner quantization

Let y_1, . . . , y_n ∈ Y. We define

Op_π(y_1 ⊗_s · · · ⊗_s y_n) := 1 n! ∑ σ∈S_n ϕ_π(y_{σ1}) · · · ϕ_π(y_{σn}). (2.2.24)

The map extends uniquely to a linear map

C^∘Γ_s(Y) ∋ h → Op_π(Y) ∈ CCR_π(h) ⊂ L(D). (2.2.25)

Let h_1, h_2 ∈ C^∘Γ_s(Y). We define the Weyl-Wigner-Moyall product # h_1#h_2(v) := exp

(_i

2 ∇_{v1} ω∇_{v2} ) h_1(v_1)h_2(v_2) | | |_{v=v1=v2} = π^{−2d}(det ω)^{−1} ∫ Y^′ ∫ Y^′ e^{2i(v−v1 )ω−1(v−v2 )}h_1(v_1)h_2(v_2)dv_1dv_2.

(2.2.26)

(The first formula can be interpreted as a finite sum of differential operators. The integral formula is valid as an oscillatory integral, if Y is a finite dimensional symplectic space of dimension 2d).

Theorem 2.2.4 0) 1 = Op_π(1). 1) If h ∈ C^∘Γ_s(Y), then Op_π(h) = Op_π(h)^∗.

2) If y ∈ CY, then Op_π(y) = ϕ_π(y).

More generally, if X is an isotropic subspace Y, then the operators ϕ_π(y), y ∈ X commute with one another, and it makes sense, at least for g ∈ C^∘Γ_s(X ), (polynomials in the X^′ variables) to use the notation g(ϕ_π) for functions of ϕ_π. We then have Op_π(g) = g(ϕ_π).

3) If h_1, h_2 ∈ C^∘Γ_s(Y), then the following formula for the product is valid: Op_π(h_1#h_2) = Op_π(h_1)Op_π(h_2),

4) If h ∈ C^∘Γ_s(Y) and y ∈ CY, then 1 2 (ϕ_π(y)Op_π(h) + Op_π(h)ϕ_π(y)) = Op_π(y ⊗_s h).

Theorem 2.2.5 If h_1, . . . , h_n ∈ C^∘Γ_s(Y), then the following version of the Wick theorem for the Weyl-Wigner quantization is true

h_1# · · · #h_n(v) = exp(^i_2 ∑ i<j ∇_{vi} ω∇_{vj} )h_1(v_1) · · · h_n(v_n) | | |_{v=v1 =···=vn} . Suppose that Op_π(h) = 0 implies h = 0 (which will be satisfied in our applications).

Then the map (2.2.25) is injective. In this case one can define its inverse, which will be called the Weyl-Wigner symbol of the operator H, denoted

CCR_π(Y) ∋ H → s_H ∈ C^∘Γ_s(Y).

Remark 2.2.6 The Weyl-Wigner quantization is usually called the Weyl quantization, especially in the mathematical literature devoted to PDE’s, in the context of the Schrödinger representation. On the other hand, if ψ ∈ H, then the Weyl-Wigner symbol of the orthogonal projection onto ψ is often called the Wigner function of ψ – especially in the physics literature. Our terminology is a compromise of those two names.

2.2.3 Abstract definition of the x, D quantization

Suppose that (X , X^′) is a dual pair of real vector spaces. Suppose that Y = X^′ ⊕ X is equipped with the canonical symplectic form ω. Let X^′ ⊕ X ∋ (η, q) → ϕ(η, q) ∈ L(D) be a Heisenberg-type reperesentation of CCR. Then operators ϕ(η, 0), η ∈ X^′, commute with one another. So do the operators ϕ(0, q), q ∈ X . Let us rename them ηx := ϕ(η, 0), qD := ϕ(0, q). Then one can introduce the x, D and D, x quantizations for symbols in^∘Γ_s(X^′ ⊕X ) exactly as it was done in Subsection ??.

2.2.4 Weyl-type representations of CCR

Let H be a Hilbert space. We say that a map Y ∋ y → W_π(y) ∈ U(H) (2.2.27) is a Weyl-type representation of CCR relations over Y in H if

W_π(y_1)W_π(y_2) = e^{− i}2^{y1ωy2} W_π(y_1 + y_2). (2.2.28)

Remark 2.2.7 If we treat Y ⊕ R as the Heisenberg group, then (2.2.28) is equivalent to Y ⊕ R ∋ (y, t) → W_π(y)e^{−it} ∈ U(H) being a homomorphism of groups.

Note that (2.2.27) implies

W^∗_π (y) = W_π(−y), W_π(0) = 1,

W_π(y_1)W_π(y_2) = e^{−iy1 ωy2} W_π(y_2)W_π(y_1),

W_π(t_1y)W_π(t_2y) = W ((t_1 + t_2)y), t_1, t_2 ∈ R.

(2.2.29)

We say that a subset K ⊂ H is cyclic if Span{W_π(y)ψ : ψ ∈ K, y ∈ Y} is dense in H. We say that ψ_0 ∈ H is cyclic if Span{W_π(y)ψ_0 : y ∈ Y} is dense in H.

We say that the representation Y ∋ y → W_π(y) ∈ U(H) is irreducible if H ∈ B(H) and [W_π(y), H] = 0 implies that H is proportional to identity. Clearly, in the case of an irreducible representation, all the nonzero vectors in H are cyclic.

If we have representations of CCR over Y_1 and Y_2 in spaces H_1 and H_2, then Y_1 ⊕Y_2 ∋ (y_1, y_2) → W_{π1} (y_1) ⊗ W_{π2} (y_2) is representation of CCR over Y_1 ⊕ Y_2 in H_1 ⊗ H_2.

2.2.5 Regular representations of CCR

A Weyl-type representation of CCR (2.2.27) is called a regular representation of CCR, if

R ∋ t → W_π(ty) is strongly continuous for any y ∈ Y. (2.2.30)

Example 2.2.8 Consider the symplectic space X^′ ⊕ X , as in Example 2.2.3. Then it follows from Theorem 2.1.12 that the map X^′ ⊕ X ∋ (η, q) → e^{i(ηx+qD)} ∈ U(L^2(X )) is an irreducible regular representation of CCR over X^′⊕X in L^2(X ), called the Schrödinger representation.

Below we restate the Stone–von Neumann Theorem (Theorem 2.1.13) adapting it to the context of regular representations of CCR. It will say that up to a multiplicity all regular representations of CCR over a finite dimensional symplectic space are isomorphic to the Schrödinger representation.

Theorem 2.2.9 (Stone–von Neumann theorem) Suppose that Y is a finite dimensional symplectic space. Let Y ∋ y → W_π(y) ∈ U(H) be a regular representation of CCR over Y in H. Choose an isomorphism of Y with X^′ ⊕ X (which is always possible). Then there exists a Hilbert space K and a unitary operator U : L^2(X ) ⊗ K → H such that W_π(η, q)U = Ue^{i(ηx+qD)} ⊗ 1_K.

2.2.6 Field operators

From now on we assume that we are given a regular representation Y ∋ y → W_π(y) ∈ U(H). By (2.2.29) and (2.2.30), R ∋ t → W_π(ty) is a strongly continuous unitary group. By the Stone theorem, for any y ∈ Y, we can define its self-adjoint generator

ϕ_π(y) := −i d dt W_π(ty) | | |_{t=0}. ϕ_π(y) will be called the field operator corresponding to y ∈ Y.

Remark 2.2.10 Sometimes, the operators ϕ_π(y) are called Segal field operators.

Let Y be of any dimension. If Y_0 is a subspace of Y we define G(Y_0) ⊂ H to be the intersection of

D(ϕ_π(y_1) · · · ϕ_π(y_n)), y_1, . . . , y_n ∈ Y_0, n = 1, 2 . . . (2.2.31)

G(Y_0) has a natural structure of a Fréchet space with the seminorms given by ψ → ‖ϕ_π(y_1) · ϕ_π(y_n)ψ‖.

Theorem 2.2.11 Let Y_0 be a subspace of Y.

1) Y_0 ∋ y → ϕ_π(y) ∈ L(G(Y_0)) is a Heisenberg-type representation of CCR over Y_0; 2) If Y_0 is finite dimensional, then G(Y_0) is dense in H;

3) If Y_0 is finite dimensional, ω is nondegenerate on Y_0 and ψ_1, ψ_2 ∈ G(Y_0), then the function Y_0 ∋ y → (ψ_1|W_π(y)ψ_2) belongs to S(Y_0).

Proof. 1) is immediate.

To show 2) it is enough to consider two cases. Case I. ω = 0 on Y_0. 2) follows by the spectral theorem.

Case II. ω is nondegenerate on Y_0. Then, for some vector space X , we can identify Y_0 with X^′ ⊕ X with the canonical symplectic form, and by Theorem 2.2.9 there exists a unitary map U : L^2(X ) ⊗ K → H such that W_π(y)U = W (y) ⊗ 1_KU, y ∈ Y_0 where W (y) denote the Weyl operators in the Schrödinger representation. Now we know from Theorem 2.1.1 that UG(Y_0) = S(X ) ⊗ K, (2.2.32)

which is clearly dense in L^2(X ) ⊗ K.

In general, Y_0 is a direct sum of two symplecticaly orthogonal subspaces corresponding to the Case I and Case II.

3) follows from (2.2.32) and Theorem 2.1.8 2). □

Lemma 2.2.12 For any y, y_1 ∈ Y, W_π(y) leaves invariant D(ϕ_π(y_1)) and [ϕ_π(y), W_π(y_1)] = y_1ωyW_π(y_1). (2.2.33)

Theorem 2.2.13 Let y_1, y_2 ∈ Y. 1) Let ψ_1, ψ_2 ∈ D(ϕ_π(y_1)) ∩ D(ϕ_π(y_2)). Then (ϕ_π(y_1)ψ_1|ϕ_π(y_2)ψ_2) − (ϕ_π(y_2)ψ_1|ϕ_π(y_1)ψ_2) = iy_1ωy_2(ψ_1|ψ_2).

2) ϕ_π(y_1 + iy_2) is a closed operator on the domain D(ϕ_π(y_1 + iy_2)) := D(ϕ_π(y_1)) ∩ D(ϕ_π(y_2)).

Proof. By differentiating wrt t_1 and t_2 and setting t_1 = t_2 = 0 the identity (W_π(t_1y_1)ψ_1|W_π(t_2y_2)ψ_2) = e^{−it1 t2y1ωy2} (W_π(t_2y_2)ψ_1|W_π(t_1y_1)ψ_2) we obtain 1).

Next, using 1), for ψ ∈ D(ϕ_π(y_1)) ∩ D(ϕ_π(y_2)) we can write

‖ϕ_π(y_1 + iy_2)ψ‖^2 = ‖ϕ_π(y_1)ψ‖^2 + ‖ϕ_π(y_2)ψ‖^2 − y_1ωy_2‖ψ‖^2.

We know that ϕ_π(y_1) and ϕ_π(y_2) are self-adjoint, hence closed. Hence D(ϕ_π(y_1)) and D(ϕ_π(y_2)) are complete in the graph norms. Hence so is D(ϕ_π(y_1)) ∩ D(ϕ_π(y_2)) in the intersection norm. □

2.2.7 Quadratic forms on G(Y)

We say that H ∈ F^′_π(Y) if H is a continuous map G_π(Y) × G_π(Y) ∋ (ψ_1, ψ_2) → (ψ_1|Hψ_2) ∈ C, antilinear wrt the first component and linear wrt the second. F^′_π(Y) is called the space of (sesquilinear) forms on G_π(Y) and can be regarded as a natural extension of B(H). It can be viewed as the “space of noncommutative tempered distributions on Y^′”.

Note that CCR_π(Y) ⊂ F^′(Y). In addition, F^′_π(Y) is a left and right module over CCR_π(Y).

2.2.8 Weyl-Wigner quantization of distributional symbols

Now assume that Y is a finite dimensional symplectic space of dimension 2d. Suppose that Y ∋ y → W_π(y) ∈ U(H) is a regular irreducible representation of CCR.

Recall that for a function h ∈ S^′(Y^′) the Fourier transform of h, denoted ĥ ∈ S^′(Y), satisfies h(v) = (2π)^{−2d} ∫ Y ĥ(y)e^{iyv}dy, v ∈ Y^′. We can extend the definition of the Weyl-Wigner quantization to S^′(Y^′) as follows.

We know from Theorem 2.2.11 3) that if ψ_1, ψ_2 ∈ G(Y), then Y ∋ y → (ψ_1|W_π(y)ψ_2) is a Schwartz function. Therefore, if h ∈ S^′(Y^′), then Op_π(h) ∈ F^′_π(Y) can be defined by the formula

(ψ_1|Op_π(h)ψ_2) := (2π)^{−2d} ∫ Y ĥ(y)(ψ_1|W_π(y)ψ_2)dy

= (2π)^{−2d} ∫ Y ∫ Y^′ h(v)(ψ1|Wπ(y)ψ2)e −ivy dydv, ψ 1, ψ_2 ∈ G(Y). (2.2.34)

Theorem 2.2.14 1) If h ∈ C^∘Γ_s(Y), then the definition (2.2.24) coincides with (2.2.34); 2) W_π(y) = Op_π(e^{iy}). More generally, if X is an isotropic subspace of Y, then X ∋ q → ϕ_π(q) is a vector of commuting self-adjoint operators. Then if f ∈ S^′(X^′) ⊂ S^′(Y^′),

f(ϕ_π) = Op_π(f).

3) If g ∈ C^∘Γ_s(Y), h ∈ S^′(Y^′), then

Op_π(h)^∗ = Op_π(h),

Op_π(g)Op_π(h) = Op_π(g#h).

4) W_π(−ω^{−1}v)Op_π(h)W_π(ω^{−1}v) = Op_π(h(· − v)). 5) The map S^′(Y^′) ∋ h → Op_π(h) ∈ F^′_π(Y)

is bijective. Its inverse, called the Weyl-Wigner symbol and denoted F^′_π(Y) ∋ H → s_H ∈ S^′(Y^′), is thus well defined.

6) We have H ∈ l^2(H) iff s_H ∈ L^2(Y) and

TrH^∗G = (2π)^{−d} ∫ s_H (v)s_G(v)dv.

Proof. To prove 1), it is enough to consider y_0 ∈ Y and h = y^n_0 , because such tensors span CΓ^n_s (Y). The Fourier transform of h (viewed as a function on Y^′) equals ĥ = (2π)^{2d}i^n(y_0∇_y)^nδ_0. Hence

Op_π(h) = (−i)^n(y_0∇_y)^nW_π(y) | | |_{y=0} = ϕ_π(y_0)^n.

To prove 5) and 6) it is convenient to use the Schrödinger representation, considered in the next subsection. □

In what follows, we will often drop the subscript π if we deal with a fixed representation.

2.2.9 Weyl-Wigner quantization in the Schrödinger representation

Let X be a finite dimensional vector space. Consider the Schrödinger representation X ⊕ X^′ ∋ (η, q) → e^{i(ηx+qD)} ∈ U(L^2(X )). Let Op(·) denote the Weyl-Wigner quantization of h in the Schrödinger representation.

Theorem 2.2.15 1) Let h ∈ S^′(X ⊕ X^′). The distributional kernel of Op(h) can be computed as follows:

Op(h)(x, y) = (2π)^{−d} ∫ X^′ h((x + y)/2, ξ)e^{i(x−y)ξ}dξ. (2.2.35)

2) Let H ∈ F^′(X^′ ⊕ X ). The symbol can be obtained from the distributional kernel by the formula s_H (x, ξ) = ∫ X H(x +^y_2 , x −^y_2 )e^{−iξy}dy.

3) The relationship between the x, D-symbol and the Weyl-Wigner symbol is as follows:

s^{x,D}_H (x, ξ) = e^{− i}2^{∇x∇ξ} s_H (x, ξ) = π^{−d} ∫ X ⊕X^′ e^{−i2(x−x1 )(ξ−ξ1)}s_H (x_1, ξ_1)dx_1dξ_1.

Proof. Let us prove 1). It is enough to check (2.2.35) for h(x, ξ) := e^{i(ηx+qξ)}. We know that Op(h) = W (η, q) = e^{i(ηx+qD)} = e^{i2 ηx}e^{iqD}e^{i2 ηx},

which has the integral kernel H(x, y) = (2π)^{−d} ∫ X^′ e^{i2 η(x+y)}e^{iqξ+iξ(x−y)}dξ. □

Remark 2.2.16 In the context of the Schrödinger representation the Weyl quantization of h is often denoted by h^w(x, D) instead of Op(h).

Example 2.2.17 Let P_0 be the operator considered in Example 2.1.10 (the orthogonal projection onto π^{− d}4 e^{− 1}2^{x2} ). Then s_{P0} (x, ξ) = 2^de^{−x2−ξ2} .

Exercise Compute the Weyl-Wigner symbol of the operators ( (D − A(x))^2 + V (x) ) , ( (D − A(x))^2 + V (x)

)_2 . 2.2.10 The parity operator

Let Y be a finite dimensional symplectic space of dimension 2d. Suppose that Y ∋ y → W (y) ∈ U(H) is a regular representation of CCR.

Let δ_v denote the deltafunction at v ∈ Y^′. Define I = Op(π^dδ_0). (2.2.36) Theorem 2.2.18 1) I is self-adjoint and I^2 = 1. 2) In the Schrödinger representation Iψ(x) = ψ(−x). (2.2.37) Proof. Let us show 2) first. The distributional kernel of I equals I(x, y) = 2^{−d} ∫ δ(^{x+y}_2 , ξ)e^{i(x−y)ξ} dξ = 2^{−d}δ(^{x+y}_2 ) = δ(x + y).

This proves 2). 1) follows immediately from 2). □

Define also I_v = Op(π^dδ_v) = W (ω^{−1}v)IW (−ω^{−1}v).

Theorem 2.2.19 1) If h ∈ L^1(Y^′), then Op(h) is a compact operator. In terms of an absolutely norm convergent integral we can write

Op(h) = π^{−d} ∫ I_vh(v)dv. (2.2.38)

We have ‖Op(h)‖ ≤ π^{−d}‖h‖_1. (2.2.39)

2) If H is trace class then s_H ∈ C_∞(Y^′) and

s_H (v) = 2^dTrI_vH, (2.2.40) |s_H | ≤ 2^dTr|H|. Proof. The formula (2.2.38) follows from the definition (2.2.34) and gives the estimate (2.2.39).

Let h ∈ L^1. We can approximate h with h_n ∈ L^1 ∩L^2 in the norm L^1. By the estimate (2.2.39) we have Op(h_n) → Op(h) in norm. We know that operators with L^2 symbols are Hilbert-Schmidt, hence compact. Therefore, the operators Op(h_n) are compact. Hence, so is Op(h). This ends the proof of 1).

Let us prove 2). Let g ∈ L^2 ∩ L^1 and let H be trace class. Then H is also Hilbert- Schmidt, and using first Theorem 2.2.14 6), then (2.2.38), and finally the trace class property of H we obtain (2π)^{−d} ∫ g(v)s_H (v)dv = TrOp(g)^∗H = π^{−d}Tr ( ∫ g(v)I_vdvH) = (2π)^{−d} ∫ g(v)2^dTrI_vHdv. This proves the identity (2.2.40) for almost all v.

Using the fact that v → I_v is strongly continuous and H is trace class we see that 2^dTrI_vH is continuous. Using w− lim_{v→∞} I_v = 0 and the trace class property of H we conclude that lim_{v→∞} 2^dTrI_vH = 0. □

2.2.11 “Prequantization”

Le Y be a finite dimensional space with an antisymmetric form ω. There exists a method to construct a representation of CCR in a fully ω-invariant way.

We define two maps

Y ∋ y → W_+(y) = e^{i(yv− 12 yωDv )} ∈ U(L^2(Y^′)),

Y ∋ y → W_−(y) = e^{i(yv+ 12 yωDv )} ∈ U(L^2(Y^′)).

Then it is easy to see that the first map is a regular representation of CCR over (Y, ω) and the second is a regular representation of CCR over (Y, −ω). They commute with one another. For h ∈ S^′(Y^′) let

Op_±(h) := (2π)^{−2d} ∫ ĥ(y)W_±(y)dy be the corresponding Weyl-Wigner quantizations of h.

We can also define the usual Schrödinger representation over Y ⊕ Y^′ equpped with the canonical form: Y ⊕ Y^′ ∋ (y, ζ) → W (y, ζ) := e^{i(yv+ζDv )} ∈ U(L^2(Y^′)). The corresponding Weyl-Wigner quantization will be denoted Op(g), where g ∈ S^′(Y^′ ⊕ Y). The relationship between these two quantizations is as follows: If h ∈ S^′(Y^′), we define h_± ∈ S^′(Y^′ ⊕ Y) by setting h_±(v, y) := h(v ∓^1_2 ωy).

Then Op_±(h) = Op(h_±).

2.3 General coherent vectors

2.3.1 Coherent states transformation

We assume that Y is a finite dimensional symplectic space of dimension 2d. Let Y ∋ y → W (y) ∈ U(H) be an irreducible regular representation of CCR. Let ψ_0 ∈ H a fixed normalized vector. We define the family of coherent vectors associated with the vector ψ_0 by setting ψ_v := W (−ω^{−1}v)ψ_0, v ∈ Y^′.

The orthogonal projection onto the coherent vector ψ_v will be denoted

P_v := W (−ω^{−1}v)P_0W (ω^{−1}v).

Remark 2.3.1 Let us mention an additional assumption on ψ_0, which sometimes is imposed. One can demand that, for any y ∈ Y, ψ_0 ∈ D(ϕ(y)) and

(ψ_0|ϕ(y)ψ_0) = 0.

This assumption implies that ψ_v ∈ D(ϕ(y)) and (ψ_v|ϕ(y)ψ_v) = vy, v ∈ Y^′. Thus the state given by the coherent vector ψ_v can be viewed as localized in the phase space at v ∈ Y^′.

Note however, that we will not use the above assumption in this section.

We also define the coherent states transformation to be H ∋ ρ → T ρ(v) := (2π)^{− d2} (ψ_v|ρ), v ∈ Y^′. Remark 2.3.2 The coherent state representation is sometimes also called the FBI transformation, for Fourier, Bros and Iagolnitzer.

Example 2.3.3 Assume for the moment that Y = X^′ ⊕X and H = L^2(X ). Consider the Schrödinger representation X ⊕ X^′ ∋ (η, q) → e^{i(ηx+qD)} ∈ U(L^2(X )). Fix a normalized vector ψ_{(0,0)} ∈ L^2(X ). Let (q, η) ∈ Y^′ = X ⊕ X^′. The coherent states are then given by ψ_{(q,η)}(x) = e^{i(−qD+ηx)}ψ_{(0,0)} = e^{iηx− i2 qη}ψ_{(0,0)}(x − q), (2.3.41) P_{(q,η)}(x_1, x_2) = ψ_{(0,0)}(x_1 − q)ψ_{0,0)}(x_2 − q)e^{i(x1−x2)η}. (2.3.42) Remark 2.3.4 Some authors, working in the Schrödinger representation, define a slightly different class of coherent vectors:

ψ̃_{(q,η)}(x) = e^{iηx}ψ_{(0,0)}(x − q), (2.3.43) The definitions (2.3.41) and (2.3.43) lead to the same family of projections (2.3.42), so in practice it does not matter much which definition is used. The advantage of the definition (2.3.41) is its symplectic invariance. Proposition 2.3.5 1) (2π)^{−d} ∫ P_vdv = 1. (2.3.44) 2) T is an isometric map from H into L^2(Y^′).

3) T intertwines the basic representation with a certain representation of CCR in L^2(Y^′) similar to the “prequantization”: e^{iy( 12 v−ωDv )}T = T W (y), y ∈ Y. Proof. To prove 1), we use the Schrödinger representation and the formula (2.3.42). Let ρ ∈ L^2(X ). ∫ X ⊕X^′ (ρ|P(q,η)ρ)dqdη = ∫ X ⊕X^′ ∫ X ∫ X ρ(x_1)ψ_0(x_1 − q)ψ_0(x_2 − q)e^{i(x1−x2)η} ρ(x_2)dx_1dx_2dqdη = (2π)^d ∫ X ⊕X^′ ρ(x)ψ0(x − q)ψ0(x − q)ρ(x)dxdq = (2π) d‖ρ‖^2‖ψ_0‖^2. 2) follows immediately from 1).

To prove 3) we compute:

(T W (y)ρ)(v) = (ψ_0|W (ω^{−1}v)W (y)ρ) = e^i2^{yv}(ψ_0|W (ω^{−1}(v + ωy))ρ) = e^i2^{yv}e^{i(ωy)Dv} (ψ_0|W (ω^{−1}v)ρ) = ( e^{iy( 1}2^{v−ωDv )}T ρ ) (v). □

2.3.2 Contravariant quantization

Let M^1(Y^′) denote the space of complex measures of bounded variation on Y^′. Note that M^1(Y^′) can be viewed as a Banach space and contains L^1(Y^′) as its subspace. In our notation we will treat elements of M^1(Y^′) as if they were functions.

L^∞(Y^′) denotes the set of h ∈ L^∞(Y^′) such that lim_{|v|→∞} h(v) = 0. As we will see from the following theorem, if h ∈ L^∞(Y^′) + M^1(Y^′), then the following formula defines a bounded operator, which we will call the contravariant quantization of h: Op^{ct}(h) := (2π)^{−d} ∫ h(v)P_vdv = T^∗h(v)T. (In the second line, h(v) has the meaning of the multiplication operator).

Theorem 2.3.6 0) Op^{ct}(1) = 1_H. 1) Op^{ct}(h)^∗ = Op^{ct}(h). 2) If v ∈ Y^′, then

W (−ω^{−1}v)Op^{ct}(h)W (ω^{−1}v) = Op^{ct}(h(· − v)).

3) If h is real valued measurable, then

ess infh ≤ Op(h) ≤ ess suph. (2.3.45)

Hence, if h ∈ L^∞(Y^′), then Op^{ct}(h) is bounded and

‖Op^{ct}(h)‖ ≤ ‖h‖_∞, (2.3.46)

4) Let h ≥ 0. Then Op^{ct}(h) ≥ 0. Moreover, h ∈ M^1(Y^′) iff Op^{ct}(h) ∈ l^1(H) and

TrOp^{ct}(h) = (2π)^{−d} ∫ h(v)dv. (2.3.47)

5) If h ∈ M^1(Y^′), then Op^{ct}(h) ∈ l^1(H) and (2.3.47) is true. 6) Suppose that h ∈ L^∞(Y^′) + M^1(Y^′). Then Op^{ct}(h) is compact.

Proof. 2) follows from W (−ω^{−1}v)P_wW (ω^{−1}v) = P_{w+v}. (2.3.45) follows immediately from (2.3.44). Applying (2.3.45) to Re(e^{iα}h) we obtain that the numerical range of Op^{ct}(h) is contained in the ball of radius ‖h‖_∞. This implies (2.3.46). 4) follows from TrP_v = 1. To show 5) we use 4) and the decomposition h = h_1 + ih_2 − h_3 − ih_3, where h_i ∈ M^1 and h_i ≥ 0.

If the map L^∞ ∪ L^1(Y^′) ∋ h → Op^{ct}(h) = H ∈ B(H)

is injective, then we can define its inverse called the contravariant symbol of the operator H, which will be denoted s^{ct}_H .

2.3.3 Covariant quantization

Let H ∈ B(H). Then we define its covariant symbol by s^{cv}_H (v) := TrP_vH = (ψ_0|W (ω^{−1}v)HW (−ω^{−1}v)ψ_0), v ∈ Y^′. Theorem 2.3.7 0) s^{cv}_{1H} = 1. 1) s^{cv}_H∗ = s^{cv}_H .

2) If H = Op^{cv}(h), H_v := W (−ω^{−1}v)Op^{cv}(h)W (ω^{−1}v), then s_{Hv} = s_H (· − v).

3) If H ∈ B(H), then s^{cv}_H ∈ C(Y^′) ∩ L^∞(Y^′) and ‖s^{cv}_H ‖_∞ ≤ ‖H‖. (2.3.48) 4) Let H ≥ 0. Then s^{cv}_H ≥ 0. Moreover, H ∈ l^1(H) iff s^{cv}_H ∈ L^1(Y^′) and TrH = (2π)^{−d} ∫ s^{cv}_H (v)dv. (2.3.49) 5) If H ∈ l^1(H), then s^{cv}_H ∈ L^1(Y^′) and (2.3.49) is true. 6) If H is compact, then s^{cv}_H ∈ C_∞(Y^′).

Proof. Let us show 3). The inequality (2.3.48) is immediate. Moreover, v → W (ω^{−1}v)HW (−ω^{−1}v) is strongly continuous. Hence v → s_H (v) is continuous. To prove 6) we note that ψ_v goes weakly to zero as |v| → ∞. Hence, for compact H, s_H (v) → 0 as |v| → ∞.

To show 4) we use (2.3.44) and apply the trace to the identity H = (2π)^{−d} ∫ Y^′ H^{12} P_vH^{12} dv.

To prove 5) we note that if H ∈ l^1(H), then we can decompose it as H = H_1 + iH_2 − H_3 − iH_4, with H_i ≥ 0, H_i ∈ l^1(H). □

If the map B(H) ∋ H → s^{cv}_H = h ∈ C(Y^′) ∩ L^∞(Y^′) is injective, then its inverse will be called the covariant quantization of the symbol h and will be denoted Op^{cv}(h).

2.3.4 Connections between various quantizations

Let v, w ∈ Y^′. Clearly, T ψ_w(v) = (2π)^{− d2} (ψ_{v−w}|ψ_0),

s^{cv}_{Pw} (v) = |(ψ_{w−v}|ψ_0)|^2, s_{Pw} (v) = 2^d(ψ_{w−v}|Iψ_{w−v}), s^{ct}_{Pw} (v) = (2π)^dδ(v − w).

Theorem 2.3.8 Set k_1(v) := (2π)^{−d}s_{P0} (v) = (π)^{−d}(ψ_v |Iψ_v), k_2(v) := (2π)^{−d}s^{cv}_{P0} (v) = (2π)^{−d}|(ψ_v|ψ_0)|^2.

Then k_2(v) = ∫ k_1(v − v_1)k_1(v_1)dv_1. (2.3.50) Proof. Using (2.2.40) and (2.2.38) we obtain P_0 = π^{−d} ∫ s_{P0} (w)I_wdw, s_{P0} (v − w) = 2^dTrI_{w−v}P_0 = 2^dTrI_wP_v.

Hence s^{cv}_{P0} (v) = TrP_0P_v = π^{−d}Tr ∫ s_{P0} (w)I_wP_vdw = (2π)^{−d} ∫ s_{P0} (w)s_{P0} (v − w)dw. □ Define the integral operators K Kψ(v) := ∫ k_1(v − v_1)ψ(v_1)dv_1.

Then (2.3.50) means that K^2ψ(v) := ∫ k_2(v − v_1)ψ(v_1)dv_1.

We have the following relations between various symbols of an operator H: s^{cv}_H (v) = ∫ s^{ct}_H (v_1)k_2(v − v_1)dv_1, or s^{cv}_H = K^2s^{ct}_H ;

s^{cv}_H (v) = ∫ s_H (v_1)k_1(v − v_1)dv_1, or s^{cv}_H = Ks_H ;

s_H (v) = ∫ s^{ct}_H (v_1)k_1(v − v_1)dv_1 or s_H = Ks^{ct}_H .

Example 2.3.9 In the context of the Schrödinger representation, the most common choice for ψ_0 is ψ_{(0,0)}(x) = π^{d4} e^{− 12 x2} .

The corresponding coherent states are called Gaussian or Glauber’s coherent states and are equal to ψ_{(q,η)}(x) = π^{− d4} e^{iηx− i2 qη−(x−q)2} . The corresponding integral kernels k_1, k_2 and the operators K, K^2 are equal k_1(x, ξ) = π^{−d}e^{−x2−ξ2} , K = e^{14 ∇2x+ 14 ∇2ξ} , k_2(x, ξ) = (2π)^{−d}e^{− 1}2^{x2− 1}2^{ξ2} , K^2 = e^{12 ∇2x+ 12 ∇2ξ} .

We will say more about Gaussian coherent states in Section ??, because they appear naturally in the context of the Fock representation.

2.4 CCR relations in Fock spaces

2.4.1 Fock representation of CCR

Let Z be a Hilbert space. Recall that in Subsection 1.9.1 we defined the Fock space over Z, denoted Γ_s(Z), and its finite particle subspace, Γ^{fin}_s (Z).

If z ∈ Z, we define the creation operator z(a^∗) ∈ L(Γ^{fin}_s (Z)), by setting z(a^∗)ρ := √ n + 1z ⊗_s ρ, ρ ∈ Γ^n_s (Z).

We also define the annihilation operator z(a) ∈ L(Γ^{fin}_s (Z)) by setting z(a) := (z(a^∗))^∗ .

These operators satisfy the commutation relations [z_1(a), z_2(a)] = 0, [z_1(a^∗), z_2(a^∗)] = 0, [z_1(a), z_2(a^∗)] = (z_1|z_2), z_1, z_2 ∈ Z.

Remark 2.4.1 In the mathematical literature another notation for creation/annihillation operators is more common. For z ∈ Z, one writes a^∗(z) instead of z(a^∗), a(z) instead of z(a).

Thus, in particular, a(z) depends antilinearly on z.

In the physical literature one usually assumes that Z = L^2(Q) for some measure space Q and so z ∈ Z can be represented as functions Q ∋ q → z(q). One introduces “operator valued distributions” Q ∋ q → a^∗(q), a(q). One writes ∫ z(q)a^∗(q)dq instead of z(a^∗), ∫ z(q)a(q)dq instead of z(a).

Note that the notation that we adopted is close to the “physical” one (it is independent, however, of the non-canonical and cumbersome identification of Z and L^2(Q)).

In our notation one treats z(a^∗) and z(a) as (linear) functions of the vectors of commuting operators a^∗ and a respectively. In particular, if f ∈^∘Γ_s(Z), then we have natural extensions of this notation to nonlinear functions: f(a^∗), f(a). Let Y = {(z, z) : z ∈ Z} ⊂ Z ⊕ Z. (2.4.51) Y will be treated as a Kähler space. For z, w ∈ Z the corresponding Euclidean form, symplecting form and anti-involution are defined as follows (z + z)(w + w) := 2Re(z|w), (z + z)ω(w + w) := 2Im(z|w), i(z + z) := iz − iz.

Recall that Z ⊕ Z can be identified with CY. The Euclidean form ·, the symplectic form ω and the antiinvolution i can be extended by linearity to CY: (z_1 + z_2)(w_1 + w_2) := (z_2|w_1) + (w_2|z_1), (z_1 + z_2)ω(w_1 + w_2) :=^1_i ((z_2|w_1) − (w_2|z_1)), i(z_1 + z_2) := iz_1 − iz_2, where z_1, z_2, w_1, w_2 ∈ Z.

For y = (z_1, z_2) ∈ Z ⊕ Z we define ϕ(y) := z_1(a^∗) + z_2(a).

Lemma 2.4.2 For y ∈ Y, ϕ(y) is a symmetric operator. Moreover, [ϕ(y_1), ϕ(y_2)] = iy_1ωy_2, y_1, y_2 ∈ CY. (2.4.52) In other words, the map Y ∋ y → ϕ(y) ∈ L(Γ^{fin}_s (Z)) is a Heisenberg-type representation of CCR.

Proof. To show (2.4.52), we compute

[ϕ(z_1 + z_2), ϕ(w_1 + w_2)] = [z_1(a^∗), w_2(a)] + [z_2(a), w_1(a^∗)]

= −(w_2|z_1) + (z_2|w_1) = i(z_1 + z_2)ω(w_1 + w_2). □ Theorem 2.4.3 1) For y ∈ CY, Γ^{fin}_s (Z) is an invariant subspace of entire analytic vectors for ϕ(y).

2) For y ∈ Y, ϕ(y) is essentially self-adjoint on Γ^{fin}_s (Z). In what follows, ϕ(y) will denote the corresponding self-adjoint operator and W (y) := e^{iϕ(y)}. 3) If y_1, y_2 ∈ CY and ψ ∈ Γ^{fin}_s (Z), then the relationship

e^{iϕ(y1 )}e^{iϕ(y2 )}ψ = e^{− i2 y1ωy2} e^{iϕ(y1 +y2)}ψ (2.4.53)

holds, where e^{iϕ(y)} is defined in terms of the power series and all the series involved in (2.4.53) are absolutely convergent.

4) The map Y ∋ y → W (y) ∈ U(Γ_s(Z)) is a regular irreducible representation of CCR. 5) The parity operator, defined in (1.8.19) as I = (−1)^N , coincides with the parity operator defined in (2.2.36).

6) Let Y_0 be a finite dimensional i-invariant subspace of Y. Let Z_0 be the corresponding subspace of Z. Let p_0 ∈ B(Z) be the orthogonal projection onto Z_0. Then the space G(Y_0) defined in (2.2.31) equals

G(Y_0) = ∞⋂ n=1 D(dΓ(p_0)^n).

In particular, if the space Y is finite dimensional, then G(Y) = ∞⋂ n=1 D(N^n).

Proof. If ψ ∈ Γ^m_s (Z), then ‖ϕ(y)^nψ‖ ≤ (_{(n+m)!} m! ) 1_2 ( √ 2‖y‖)^n‖ψ‖. (2.4.54) This proves 1).

2) follows from 1) and the Nelson theorem.

3) follows by explicit computations using (2.4.52). Moreover, we use (2.4.54) to control the absolute convergence of the series.

4) follows from 3) if we note, that for y_1, y_2 ∈ Y both sides of (2.4.53) extend to unitary operators, so (2.4.53) is valid on the whole space Γ_s(Z). □

Remark 2.4.4 Note that the formula (2.4.53) is a special case of the so-called Baker- Campbell formula, which says the following: if A, B are operators such that [A, B] commutes with A and B, then e^Ae^B = e^{12 [A,B]}e^{A+B} (2.4.55)

If we are given a Hilbert space Z and Y is the Kähler space defined as in (2.4.51), then the representation of CCR Y ∋ y → W (y) ∈ U(Γ_s(Z)) described in Theorem 2.4.3 4) will be called the Fock representation.

2.4.2 Operators dΓ(·)

If h is a closed operator on Z, then we can define the closed operator dΓ(h) on Γ_s(Z). Let us note its properties related to the representation of CCR: Theorem 2.4.5 1) Let h denote a closed operator on Z. Let z ∈ D(h) ⊂ Z. Then

[dΓ(h), z(a^∗)] = (hz)(a^∗), [dΓ(h), z(a)] = −(h^∗z)(a), W (z + z)dΓ(h)W (−z − z) = dΓ(h) − i(hz)(a^∗) + i(h^∗z)(a) + (z|hz).

2) Assume that h is self-adjoint. Then 1) can be reformulated as follows. Set g := h + h, which can be treated as a self-adjoint operator on Y, commuting with i. Let y ∈ D(g) ⊂ Y. Then [dΓ(h), iϕ(y)] = ϕ(igy), W (y)dΓ(h)W (−y) = dΓ(h) − ϕ(igy) +^1_2 (y|gy).

2.4.3 Operators Γ(·)

Let Z_i, i = 1, 2 be Hilbert spaces. Let p ∈ B(Z_1, Z_2) with ‖p‖ ≤ 1. Recall that we can define Γ(p) ∈ B(Γ_s(Z_1), Γ_s(Z_2)). The Γ functor has the following properties related to the representation of CCR:

Theorem 2.4.6 1) Let z_1 ∈ Z_1, z_2 ∈ Z_2. Let p ∈ B(Z_1, Z_2), ‖p‖ ≤ 1. Then

Γ(p)z_1(a^∗) = pz_1(a^∗)Γ(q),

Γ(p)(p^∗z_2)(a) = z_2(a)Γ(p).

2) Assume that p is isometric, that is p^∗p = 1. Then 1) can be reformulated as follows. Set r := p + p, which can be treated as an isometric operator on Y, commuting with i. Let y_1 ∈ Y_1. Then Γ(p)ϕ(y_1) = ϕ(ry_1)Γ(p).

If p is unitary, then Γ(p)ϕ(y_1)Γ(p^{−1}) = ϕ(ry_1).

2.4.4 Tensor product of Fock spaces

Let Z_i, i = 1, 2 be two Hilbert spaces. Let i_1, i_2 denote the injections of Z_1, Z_2 into Z_1 ⊕ Z_2. We define U : Γ_s(Z_1) ⊗ Γ_s(Z_2) → Γ_s(Z_1 ⊕ Z_2) as follows:

Uψ_1 ⊗ ψ_2 := √ (n + m)! n!m! (Γ(i_1)ψ_1) ⊗_s (Γ(i_2)ψ_2) , ψ_1 ∈ Γ^n_s (Z_1), ψ_2 ∈ Γ^m_s (Z_2). (2.4.1)

Proposition 2.4.7 i) U is unitary ii) UΩ_1 ⊗ Ω_2 = Ω iii) W (y_1 ⊕ y_2)U = UW (y_1) ⊗ W (y_2), ϕ(y_1 ⊕ y_2)U = U(ϕ(y_1) ⊗ 1 + 1 ⊗ ϕ(y_2)), y_1 ∈ Y_1, y_2 ∈ Y_2. iv) dΓ(h_1 ⊕ h_2)U = U(dΓ(h_1) ⊗ 1 + 1 ⊗ dΓ(h_2)), h_i ∈ B(Z_i). (2.4.2) UΓ(p_1) ⊗ Γ(p_2) = Γ(p_1 ⊕ p_2)U, p_i ∈ B(Z_i).

2.4.5 Weyl operators and Gaussian coherent vectors

Theorem 2.4.8 1) If z ∈ Z, then e^{iz(a∗)} and e^{iz(a)} are closable operators with the domains D ( e^{iz(a∗ )} ) = D ( e^{12 ϕ(iz−iz)} ) , D ( e^{iz(a)} ) = D ( e^{− 12 ϕ(iz−iz)} ) , 2) In the sense of quadratic forms, we can write W (z + z) = e^{− 12 |z|2} e^{iz(a∗)}e^{iz(a)}, z ∈ Z. (2.4.3) Proof. To show 1) we use the Baker-Campbell formula (2.4.55): e^{−iz(a)}e^{iz(a∗)} = e^{12 |z|2} e^{ϕ(iz−iz)}, e^{−iz(a∗)}e^{iz(a)} = e^{− 12 |z|2} e^{−ϕ(iz−iz)}.

2) also follows from (2.4.55). □ Recall that in ?? we defined the coherent vectors associated with a given normalized vector ψ_0 by the formula ψ_v := W (−ω^{−1}v)ψ_0, v ∈ Y^′. (2.4.4)

If Y is a Kähler space, we can identify Y^′ with Y. An arbitrary element of Y can be written as y = w + w for w ∈ Z. Moreover, ω^{−1} can be identified with i. We have i(w + w) = iw − iw. Thus, in (2.4.4), instead of W (−ω^{−1}v) we can write W (−iw + iw) with w ∈ Z. Note that by (2.4.3) we have

W (−iw + iw) = e^{− 12 |w|2} e^{w(a∗)}e^{−w(a)}. (2.4.5)

The coherent vectors defined using ψ_0 = Ω will be called Glauber’s or the Gaussian coherent vectors. To simplify the notation, we will write Ω_w instead of ψ_{w+w}, where w ∈ Z. Using (2.4.5) we can write

Ω_w = W (−iw + iw))Ω = e^{− 1}2^{|w|2} e^{w(a∗)}Ω

= e^{− 1}2^{|w|2 ∞} ∑ n=0 w^{⊗n} √ n! . We will also write P_w instead of P_{w+w}, so that P_w is the orthogonal projection onto Ω_w and P_w = W (−iw + iw)P_0W (iw − iw).

Recall that 1 = (2πi)^{−d} ∫ P_wdwdw. The corresponding FBI transformation – the Gaussian FBI transformation – is thus equal to T ρ(w + w) = (2π)^d2 (Ω_w|ρ) = (2π)^d2 e^{− 1}2^{|w|2 ∞} ∑ n=0 (w^{⊗n}|ρ) √ n! . (2.4.6)

Theorem 2.4.9 We have z(a)Ω_w = (w|z)Ω_w.

Therefore, (Ω_w|z(a^∗)Ω_w) = (w|z), (Ω_w|z(a)Ω_w) = (z|w), z ∈ Z, and hence (Ω_w|ϕ(y)Ω_w) = y(w + w), y ∈ Y. 2.4.6 Complex wave representation of CCR

Recall that in Subsection ?? we defined the space Γ^{cw}_s (Z) and the unitary map (the “complex wave transform”)

Γ_s(Z) ∋ ρ → ρ^{cw} := 1 √ N! ρ ∈ Γ^{cw}_s (Z).

In terms of creation operators, its inverse can be written as

Γ^{cw}_s (Z) ∋ ρ → ρ(a^∗)Ω ∈ Γ_s(Z).

Many algebraic properties of CCR have a simpler expression in the complex wave space:

(z(a^∗)ρ)^{cw} = z ⊗_s ρ^{cw}, (z(a)ρ)^{cw} = z∇ρ^{cw}, z ∈ Z.

The space Γ^{cw}_s (Z) has a convenient interpretation as a Hilbert space of holomorphic functions on Z. This interpretation will be described in the following subsection.

2.4.7 Holomorphic L^2 spaces with a Gaussian weight I

Let Z be a (complex) Hilbert space. Let Z_R denote its real form. Note the identifications: Z^′ = Z, Z^′ = Z, Z_R = (Z)_R. The generic variable in Z will be w.

If Z is finite dimensional of dimension d, there is a natural Lebesgue measure on Z_R, which we denote (2i)^{−d}dwdw.

As in Subsection ??, we can define the usual L^2 space with the Gaussian weight L^2(Z_R, e^{−|w|2} (2πi)^{−d}dwdw).

Recall that the space of analytic polynomials on Z = Z^′ is a subspace of all complex polynomials on Z_R. Thus we have ∘ Γs(Z) ⊂ C^∘Γs(ZR) ⊂ L^2(ZR, e^{−|w|2} (2πi)^{−d}dwdw).

More precisely, ρ^{cw} ∈^∘Γ_s(Z) is identified with the polynomial Z ∋ w → ρ^{cw}(w) := ∑_∞ n=0(w^{⊗n}|ρ^{cw}) = ∑_∞ n=0 1√ n! (w^{⊗n}|ρ) = e^12^{|w|2} (Ω_w|ρ).

(2.4.7)

We define L^2_C(Z, e^{−|w|2} (2πi)^{−d}dwdw) to be the closed subspace of L^2(Z_R, e^{−|w|2} (2πi)^{−d}dwdw) spanned by^∘Γ_s(Z).

Theorem 2.4.10 (2.4.7) extends to a unique unitary map Γ^{cw}_s (Z) ∋ ψ → ψ(·) ∈ L^2_C(Z, e^{−|w|2} (2πi)^{−d}dwdw).

Thus if ρ_1, ρ_2 ∈ Γ_s(Z), then (ρ_1|ρ_2) = (ρ^{cw}_1 |ρ^{cw}_2 )_{cw} = (2πi)^{−d} ∫ e^{−|w|2} ρ^{cw}_1 (w)ρ^{cw}_2 (w)dwdw, (2.4.8) Proof. Let us choose an orthonormal basis in Z. Then one can reduce the problem to the one-dimensional case and assume that Z = C. Then it is enough to show that (2πi)^{−1} ∫ C e^{−|w|2} w^nw^mdwdw = n!δ_{n,m}. □ Remark 2.4.11 The map Γ_s(Z)ρ → ρ^{cw}(·) ∈ L^2_C(Z, e^{−|w|2} (2πi)^{−d}dwdw) is sometimes called the Bargmann or Bargmann-Segal transform. Segal calls it the complex wave representation. Berezin calls it the generating functional.

2.4.8 Holomorphic L^2 spaces with a Gaussian weight II

Let Y be the complete Kähler space associated to Z, as in Subsection ??. Let v denote the generic variable of Y and let dv be the Lebesguwe measure on Y.

Recall that Y can be treated as a complex space in two ways: as Y^C and Y^C. Correspondingly, the space L^2(Y, (2π)^{−d}e^{− 1}2^{v2} dv) has two subspaces of functions holomorphic in two distinct senses: L^2_C(Y^C, (2π)^{−d}e^{− 1}2^{v2} dv) and L^2_C(Y^C, (2π)^{−d}e^{− 1}2^{v2} dv).

Theorem 2.4.12 1) The pointwise multiplication extends to a unitary map

L^2_C(Y^C, (2π)^{−d}e^{− 12 v2} dv) ⊗ L^2_C(Y^C, (2π)^{−d}e^{− 12 v2} dv) → L^2(Y, (2π)^{−d}e^{− 12 v2} dv).

2) The map

L^2_C(Z, e^{−|w|2} (2πi)^{−d}dwdw) ∋ f → f(1_Z ·) ∈ L^2_C(Y^C, (2π)^{−d}e^{− 12 v2} dv)

is unitary.

Proof. To see 2) note that if v ∈ Y and w = 1_Z v, then^1_2 v^2 = |w|^2. Moreover, for a finite dimensional space Y_1 ⊂ Y, the Lebesgue measure on Y_1, denoted dv_1, is transformed to 2^d times the Lebesgue measure on Z_1, that is i^{−d}dw_1dw_1. □

By (2.4.6) the complex wave transform is closely related to the Gaussian FBI transform:

T ρ(w + w) = (2π)^{− d2} ρ^{cw}(w)e^{− 12 |w|2} , ρ ∈ Γ_s(Z), w ∈ Z.

Note that the formula for the scalar product in terms of the space of holomorphic functions (2.4.8) follows from the properties of the FBI transformation.

In fact, recall that under the map Y ∋ v → w :=^1_2 (v − iiv) ∈ Z we have v^2 = 2|w|^2. Therefore, the Lebesgue measure on Y, denoted dv, transforms into 2^d times the Lebesgue measure on Z, which, as we recall, we denote by (2i)^{−d}dwdw. Therefore, the measure dv is transformed into i^{−d}dwdw.

We know that the FBI transform is isometric. Therefore,

‖ρ‖^2 = ∫ |T ρ(v)|^2dv = ∫ |T ρ(w + w)|^{2 dwdw}_{id} = (2πi)^{−d} ∫ |ρ^{cw}(w)|^2e^{−|w|2} dwdw, which proves (2.4.8).

2.4.9 Abstract approach to creation and annihilation

Creation and annihillation operators can be defined in an abstract way, for a general representation of CCR, not necessarily acting in a Fock space. In this and the next subsection we adopt this point of view.

Clearly, to this end one needs to endow a symplectic space with some additional structure. In our approach we assume that this additional structure is the Kähler structure.

Thus, let (Y, ·, ω, i) be a Kähler space. As usual, let Z and Z denote the corresponding holomorphic and antiholomorphic subspaces of CY.

Suppose that Y ∋ y → ϕ_π(y) ∈ L(D) is a Heisenberg type representation of CCR. For z ∈ Z we will write

z(a^∗_π) := ϕ_π(z), z(a_π) := ϕ_π(z).

Recall that Z, Z are Lagrangian subspaces of CY. Hence, we have two commutative subalgebras in Op_π(Y): the creation algebra generated by z(a^∗_π) and the annihilation algebra generated by z(a_π), where z ∈ Z. Clearly,

Op_π(f) = f(a^∗_π),

Op_π(f) = f(a_π), f ∈^∘Γ_s(Z).

Remark 2.4.13 Various authors used different additional structures in a symplectic space (Y, ω), when they want to define creation and annihillation operators. We use a Kähler structure, that is we add a Euclidean form · and an antiinvolution i so that (·, ω, i) is Kähler. Clearly, it is sufficient to add just a Kähler antiinvolution i, which determines the Euclidean form uniquely). This choice is made by Segal (under the name of a “complex structure compatible with ω”).

Other formalism is used by Araki. He starts with a complex symplectic space W endowed with an antilinear symplectic involution Γ and a “basis projection” P satisfying Γ^2 = 1, ΓP Γ = 1 − P , P^′ωP = 0, P^2 = P . We have the following dictionary between our and Araki’s formalism: W is our CY, Γ(w) is our w, P is our 1_Z . Araki calls it “the self-dual formalism”.

2.4.10 Vacua

Suppose that we are given a regular representation of CCR over a Kähler space: Y ∋ y → W_π(y) ∈ U(H). We define the space of vacua K_π := {ψ ∈ H | z(a_π)ψ = 0, z ∈ Z}. Theorem 2.4.14 1) K_π is a closed subspace of H. 2) K_π is contained in the set of analytic vectors of ϕ_π(y), y ∈ Y. 3) If ψ ∈ K_π and ψ is normalized, then (ψ|ϕ_π(y)^2ψ) =^1_2 y^2 and

(ψ|W_π(y)ψ) = exp(−y^2/4). (2.4.9)

Proof. Recall that by Theorem ??, the annihillation operators are closed. Therefore, K_π is closed as the intersection of null spaces of closed operators, which proves 1).

To prove 2) we will show 3).

Clearly, K_π ⊂ D(ϕ_π(y)), hence for ψ ∈ K_π, t ∈ R, S(t) := (ψ|W_π(ty)ψ) is continuously differentiable. Let z :=^1_2 (y − iiy). We have d dt S(t) = i(ψ|ϕ_π(y)W_π(ty)ψ) = i(z(a_π)ψ|W_π(ty)ψ) + i(ψ|W_π(ty)z(a_π)ψ) −^1_2 ty^2(ψ|W_π(ty)ψ) = −^1_2 ty^2S(t).

Using S(0) = 1, we get S(t) = exp(−t^2y^2/4),

which shows (2.4.9). By (2.4.9), t → W_π(ty)ψ extends to an analytic function around the real axis, and hence the spectral theorem implies that ψ is an analytic vector for ϕ_π(y). □ Example 2.4.15 Let X be a finite dimensional real Hilbert space of dimension d. Consider the Kähler space X ⊕X as in Subsection ??. Consider the corresponding Schrödinger representation in L^2(X ). Then π^{− d}4 e^{− 1}2^{x2} is a normalized vacuum.

Theorem 2.4.16 Suppose that Y is a Kähler space. Let Z be the corresponding holomorphic subspace of CY and Y ∋ y → W (y) ∈ U(Γ_s(Z)) the corresponding Fock representation. Let Y ∋ y → W_π(y) ∈ U(H) be an arbitrary representation of CCR. There exists a unique operator U : K ⊗ Γ_s(Z) → H satisfying Uρ ⊗ Ω = ρ, ρ ∈ K, U1_K ⊗ W (y) = W_π(y)U, y ∈ Y. (2.4.10)

U is isometric. If the space of vacua K for the representation π is cyclic, then U is unitary.

Proof. We set

Uρ ⊗ z_1 ⊗_s · · · ⊗_s z_n := 1 √ n! z_1(a^∗) · · · z_n(a^∗)ρ, z_1, . . . z_n ∈ Z, ρ ∈ K. □

2.4.11 Wick and anti-Wick quantization as the ordering of creation and annihillation operators

Suppose that Y is a Kähler space and Y ∋ y → ϕ_π(y) ∈ L(D) is a Heisenberg type representation of CCR.

We define two quantizations: C^∘Γ_s(Y) ∋ b → Op^{a∗,a}_π (b) ∈ CCR(Y),

C^∘Γ_s(Y) ∋ b → Op^{a,a∗}_π (b) ∈ CCR(Y).

(2.4.11)

as follows. Clearly, C^∘Γ_s(Y) =^∘Γ_s(CY) =^∘Γ_s(Z)^∘⊗_s^∘Γ_s(Z). If b_1, b_2 ∈^∘Γ_s(Z), then we set Op^{a∗,a}(b_1 ⊗_s b_2) := Op(b_1)Op(b_2) = b_1(a^∗)b_2(a), Op^{a,a∗} (b_1 ⊗_s b_2) := Op(b_2)Op(b_1) = b_2(a)b_1(a^∗).

The inverse maps to (2.4.11) (if they can be defined), called the Wick and anti-Wick symbols of the operator, will be denoted by CCR(Y) ∋ B → s^{a∗,a}_B ∈ C^∘Γ_s(Y),

CCR(Y) ∋ B → s^{a,a∗}_B ∈ C^∘Γ_s(Y).

The Wick and anti-Wick symbols of operators in CCR(Y) belong to CΓ_s(Y), which we usually identify with a subspace of C(Y) (reacall that Y^′ is identified with Y). They are polynomials, so by analyticity they can be extended to CY. We will often use this analytic extensions. When describing the analytically continued Wick symbols, we will identify CY with Z ⊕Z and we will denote them by s^{a∗,a}_B (w_1, w_2). In the case of anti-Wick symbols, we will identify CY with Z ⊕ Z and their analytic extensions will be denoted by s^{a,a∗}_B (w_1, w_2). The relationship between the symbols on Y and on CY is given by s^{a∗,a}_B (w + w) = s^{a∗,a}_B (w, w), s^{a,a∗}_B (w + w) = s^{a,a∗}_B (w, w), w ∈ Z. Remark 2.4.17 In the literature one can find various notations for the Wick and anti- Wick quantizations. A coomon notation is : b(ϕ) : instead of Op^{a∗,a}(b).

Often the space Z is assumed to be of the form Z = C^n and then the polynomial b can be written as ∑ α,β b_{α,β}w^αw^β (where α, β are multiindices). One introduces operators a^∗_i , a_i, i = 1, . . . , n. Then one can write ∑ α,β b_{α,β} (a^∗)^αa^β instead of Op^{a∗,a}(b),

∑ α,β b_{α,β} a^β(a^∗)^α instead of Op^{a,a∗} (b),

which is the most straightforward, but often somewhat heavy notation for the Wick and ant-Wick quantization

Gerard and the author used the notation

W ick(b) instead of Op^{a∗,a}(b).

Note also that the Wick ordering is often called the normal ordering.

The following formulas are analogous to the corresponding formulas of the x, D and D, x quantization:

Theorem 2.4.18 0) s^{a∗,a}_1 = 1, s^{a,a∗}_1 = 1,

1) If B ∈ CCR(Y), then s^{a,a∗}_B∗ = s^{a,a∗}_B , s^{a∗,a}_B∗ = s^{a∗,a}_B . 2) If B ∈ CCR(Y), then

s^{a∗,a}_B (w_0, w_2) = e^{∇w}0^{∇w2} s^{a,a∗}_B (w_2, w_0)

= (2πi)^{−d} ∫ e^{−(w2−w1)(w0−w1)}s^{a,a∗}_B (w_1, w_1)dw_1dw_1.

3) If B_1, B_2 ∈ CCR(Y), then

s^{a∗,a}_{B1 B2} (w_0, w_2) = e^{∇w1 ∇w}1 s^{a∗,a}_{B1} (w_0, w_1)s^{a∗,a}_{B2} (w_1, w_2) | | | w_1 = w_2 w_1 = w_0 = (2πi)^{−d} ∫ e^{−(w0−w1)(w2−w1)}s^{a∗,a}_{B1} (w_0, w_1)s^{a∗,a}_{B2} (w_1, w_2)dw_1dw_1;

s^{a,a∗}_{B1B2} (w_0, w_2) = e^{−∇w}1^{∇w1} s^{a,a∗}_{B1} (w_0, w_1)s^{a,a∗}_{B2} (w_1, w_2) | | | w_1 = w_0 w_1 = w_2

(Note that the exponents of differential operators in the above formulas can be understood as finite sums of differential operators, since here we consider polynomial symbols. Note also that in the expression for the anti-Wick symbol of a product of two operators there is no integral formula).

The following theorem gives the connection between the Weyl and the Wick and the anti-Wick quantizations. We express these connections using two alternative notations – either we treat the symbols as functions of a variable v ∈ Y, or we treat them as functions of the variables w_1 ∈ Z and w_2 ∈ Z.

Theorem 2.4.19 Let B ∈ CCR(Y).

1) We can express the Wick symbol of B in terms of its Weyl-Wigner symbol as follows: s^{a∗,a}_B (v) = e^14^{∇2v} s_B (v) = π^{−d} ∫ e^{−(v−v1 )2} s_B (v_1)dv_1, s^{a∗,a}_B (w_0, w_2) = e^{12 ∇w}0^{∇w2} s_B (w_0, w_2) = (πi)^{−d} ∫ e^{−2(w0−w1)(w2−w1)}s_B (w_1 + w_1)dw_1dw_1;

2) We can express the Weyl-Wigner symbol of B in terms of its anti-Wick symbol as follows:

s_B (v) = e^14^{∇2v} s^{a,a∗}_B (v) = π^{−d} ∫ e^{−(v−v1 )2} s^{a,a∗}_B (v_1)dv_1, s_B (w_0, w_2) = e^{12 ∇w0 ∇w}2 s^{a,a∗}_B (w_0, w_2) = (πi)^{−d} ∫ e^{−2(w0−w1)(w2−w1)}s^{a,a∗}_B (w_1 + w_1)dw_1dw_1.

Proof. Let b_1, b_2 ∈^∘Γ_s(Z), b = b_1 ⊗_s b_2, B = Op^{a∗,a}(b) = b_1(a^∗)b_2(a), s^{a∗,a}_B (w, w) = b_1(w)b_2(w).

We first use (2.2.26) and then by b_1(v) = b_1(w) | | w=1_Z v, b2(v) = b1(w) | | w=1_Z v, 1Z ∇v = ∇w, 1_Z ∇_v = ∇_w, we obtain s_B (v) = exp

(_i

2 ∇_{v1} ω∇_{v2} ) b_1(v_1)b_2(v_2) | | v=v_1=v_2

= exp

(_i

2 ∇_{w1} ω∇_{w2} ) b_1(w_1)b_2(w_2) | |_{1Z v=w1, 1Z v=w2} = exp

(_i 2 ∇_wω∇_w ) s^{a∗,a}_B (w, w) | | |_{v=w+w}. Then we use i∇_wω∇_w = −∇_w∇_w = −^1_2 ∇^2_v. This implies 1). The proof of 2) is similar. □

Theorem 2.4.20 Let z ∈ Z, y ∈ Y, b ∈ C^∘Γ_s(Y). Then Op^{a∗,a}(z) = z(a^∗), Op^{a∗,a}(z) = z(a), Op^{a∗,a}(y) = ϕ(y), Op^{a∗,a}(z ⊗_s b) = z(a^∗)Op^{a∗,a}(b), Op^{a∗,a}(z ⊗_s b) = Op^{a∗,a}(b)z(a), [Op^{a∗,a}(b), z(a^∗)] = Op^{a∗,a}(z∇b), [z(a), Op^{a∗,a}(b)] = Op^{a∗,a}(z∇b).

2.4.12 Wick and anti-Wick quantization as covariant and contravariant quantization

Suppose that Y is a Kähler space and Y ∋ y → W (y) ∈ U(Γ_s(Z)) is the corresponding Fock representation. We consider the Gausssian coherent vectors Ω_w and the corresponding projections P_w, w ∈ Z.

Theorem 2.4.21 1) Let B ∈ CCR(Y). Then for all w ∈ Z, Ω_w ∈ D(B)and s^{a∗,a}_B (w + w) = (Ω_w|BΩ_w), w ∈ Z. (2.4.12) 2) Let b ∈ C^∘Γ_s(Y). Let the dimension of Z be finite. Then Op^{a,a∗} (b) = (2πi)^{−d} ∫ b(w + w)P_wdwdw. (2.4.13) (The integral should be understood in terms of a quadratic form on G(Y)). Proof. Let b_1, b_2 ∈^∘Γ_s(Z). Set b := b_1 ⊗_s b_2 ∈ C^∘Γ_s(Y).

Then (Ω_w|Op^{a∗,a}(b)Ω_w) = (Ω_w|b_1(a^∗)b_2(a)Ω_w) = (Ω|W (iw − iw)b_1(a^∗)b_2(a)W (−iw + iw)Ω) = (Ω|b_1(a^∗ + w)b_2(a + w)Ω) = b_1(w)b_2(w) = b(w + w).

This proves (2.4.12).

Op^{a,a∗} (b) = b_2(a)b_1(a^∗) = (2πi)^{−d} ∫ b_2(a)P_wb_1(a^∗)dwdw = (2πi)^{−d} ∫ W (iw − iw)b_2(a + w)P_0b_1(a^∗ + w)W (−iw + iw)dwdw = (2πi)^{−d} ∫ b_2(w)b_1(w)P_wdwdw = (2πi)^{−d} ∫ b(w + w)P_wdwdw. This proves (2.4.13). □

Remark 2.4.22 Theorem 2.4.21 1) says that the Wick symbol coincides with the covariant symbol defined with help of Gaussian coherent states. Thus (2.4.12) can be denoted s^{cv}_B (w + w), using the notation of Subsection ??. (Strictly speaking, however, operators in

CCR(Y) are usually unbounded, so they do not belong to the class considered in Subsection ??).

Theorem 2.4.21 2) says that the anti-Wick quantization coincides with the contravariant quantization for Glauber’s coherent states. Thus (2.4.13) can be denoted Op^{ct}(b), using the notation of Subsection ??. (Strictly speaking, however, functions in C^∘Γ_s(Y) usually do not belong to M^1(Y) + L^∞(Y), so they do not belong to the class considered in Subsection ??).

So far we defined the Wick symbols only for operators in CCR(Y). Motivated by Theorem 2.4.21 1), we extend the definition of the Wick symbol to a much larger class of operators. We will say that a (possibly unbounded) quadratic form B has the Wick symbol if for any w ∈ Z, Ω_w belongs to the domain of B, and then we set

s_B(w + w) = (Ω_w|BΩ_w) = e^{−|w|2 ∞} ∑ n,m=0 1√ n! (w^{⊗n}|Bw^{⊗m})^{1√}_{m!} . (2.4.14)

Its analytic extension to Z ⊕ Z is given by

s_B (w_1, w_2) = e^{−w1w2 ∞} ∑ n,m=0 1√ n! (w^{⊗n}_1 |Bw^{⊗m}_2 )^{1√}_{m!}

= e^{−w1w2+ 1}2^{|w1|2+ 1}2^{|w2|2} (Ω_{w1} |BΩ_{w2} )..

Likewise, the anti-Wick quantization can be defined for a large class of symbols including polynomials C^∘Γ(Y), bounded functions and measures of bounded variation.

Example 2.4.23 The anti-Wick, Weyl and Wick symbols of P_0 (the projection onto Ω) are given below (compare with Examples 2.1.10 and 2.2.17).

s^{a,a∗}_{P0} (w, w) = (2π)^dδ_0,

s_{P0} (w, w) = 2^de^{−2|w|2} , s^{a∗,a}_{P0} (w, w) = e^{−|w|2} , Theorem 2.4.24 Let h ∈ B(Z), p ∈ B(Z). Then dΓ(h) and Γ(p) possess the Wick symbol and s_{dΓ(h)}(w, w) = (w|hw), s_{Γ(p)}(w, w) = e^{−|w|2+(w|pw)}.

2.4.13 Wick quantization – the operator formalism

Let Θ^n_s denote the orthogonal projection from Γ_s(Z) onto Γ^n_s (Z). For b ∈ B(Γ_s(Z)) set b_{n,m} := Θ^n_s BΘ^m_s . Let

B^{fin}(Γ_s(Z)) = {b ∈ B(Γ_s(Z)) : there exists n_0 such that b_{n,m} = 0 for n, m > n_0}. Theorem 2.4.25 Let b ∈ B^{fin}(Γ_s(Z)). Define a a quadratic form on Γ^{fin}_s (Z)), by setting (ρ|Bψ) = ∞∑ n,m=0 min(m,n) ∑ k=0 √ n!m! k! (ρ|b_{n−k,m−k} ⊗ 1^{⊗k}_Z ψ), ρ, ψ ∈ Γ^{fin}_s (Z). (2.4.15) Then the Wick symbol of B (as defined in the previous subsection) equals s^{a∗,a}_B (w + w) = ∞∑ n,m=0 (w^{⊗n}|bw^{⊗m}). Proof. Using (2.4.14) we obtain

s_B (w + w)e^{|w|2} =^∞ ∑ n,m=0 1√ n! (w^{⊗n}|Bw^{⊗m})^{1√}_{m!} =^∞ ∑ n,m=0 min(n,m) ∑ k=0 1 k! (w^{⊗n}|b_{n−k,m−k} ⊗ 1^{⊗k}_Z w^{⊗m}) =^∞ ∑ n,m=0 min(n,m) ∑ k=0 1 k! |w|^{2k}(w^{⊗(n−k)}|b_{n−k,m−k}w^{⊗(m−k)}) =^∞ ∑ n,m=0 ∞∑ k=0 1 k! |w|^{2k}(w^{⊗n}|b_{n,m}w^{⊗m}) =^∞ ∑ n,m=0 (w^{⊗n}|b_{n,m}w^{⊗m})e^{|w|2} . Motivated by the above theorem, we introduce the following definition: if b ∈ B^{fin}(Γ_s(Z)), then its Wick quantization is the quadratic form on Γ^{fin}_s (Z) equal to (ρ|Op^{a∗,a}(b)ψ) = ∞∑ n,m=0 min(m,n) ∑ k=0 √ n!m! k! (ρ|b_{n−k,m−k} ⊗ 1^{⊗k}_Z ψ), ρ, ψ ∈ Γ^{fin}_s (Z). (2.4.16) We will often identify b ∈ B^{fin}(Γ_s(Z)) with a function on Y by the formula Y ∋ (w + w) → b(w + w) := ∞∑ n,m=0 (w^{⊗n}|bw^{⊗m}), (2.4.17) or with its analytic continuation

CY = Z ⊕ Z ∋ (w_1 + w_2) → b(w_1 + w_2) := ∞∑ n,m=0 (w^{⊗n}_1 |bw^{⊗m}_2 ), (2.4.18) Note that if we use the identification (2.4.17) and b ∈ C^∘Γ_s(Z), then Op^{a∗,a}(b) as defined in Subsection ?? coincides with Op^{a∗,a}(b) as defined in (2.4.16).

In the following identities it is convenient to use the new, more general definition of the Wick quantization.

Theorem 2.4.26 In the following identities b ∈ B^{fin}(Γ_s(Z)), h ∈ B(Z) = B(Γ^1_s (Z)) ⊂ B^{fin}(Γ_s(Z)), p ∈ B(Z_1, Z). Op^{a∗,a}(h) = dΓ(h), [dΓ(h), Op^{a∗,a}(b)] = Op^{a∗,a}(hb − bh^∗), Γ(p)Op^{a∗,a}(bΓ(p)) = Op^{a∗,a}(Γ(p)b)Γ(p), Γ(p)Op^{a∗,a}(b) = Op^{a∗,a}(Γ(p)bΓ(p^∗))Γ(p), if p is isometric, Γ(p)Op^{a∗,a}(b)Γ(p^∗) = Op^{a∗,a}(Γ(p)bΓ(p^∗)) if p is unitary.

The following theorem describes the special class of particle preserving operators. Theorem 2.4.27 If b = b_{m,m} ∈ B(Γ^m_s (Z), then (ρ|Op(b)ψ) = ∞∑ n=m n! (n − m)! (ρ|b ⊗ 1^{(n−m)}_Z ψ) = ∑ (i_1,...,i_m) b^n_{i1,...,im} , where the sum runs over all m-tuples of distinct elements of {1, . . . , n}. The operators b^n_{i1,...,im} ∈ B(Γ^n_s (Z)) are defined as follows:

b^n_{i1,...,im} := Θ(σ)b ⊗ 1^{⊗(n−m)}_Z Θ(σ)^{−1} ∈ B(Γ^n_s (Z)) where σ ∈ S_n is any permutation that transforms (1, . . . , m) onto (i_1, . . . , i_m).

2.4.14 The Bargmann kernel of an operator

In the context of the complex wave representation, instead of an operator B on Γ_s(Z), it is often more convenient to use the operator

B^{cw} := 1 √ N! B 1 √ N! . Using the identification (2.4.18), it can be viewed as an analytic function on Z ⊕ Z, sometimes called the Bargmann kernel of the operator B:

Z ⊕ Z ∋ (w_1, w_2) → B^{cw}(w_1, w_2) :=^∞ ∑ n,m=0 (w^{⊗n}_1^{1√}_{n!} |B^{1√}_{m!} w^{⊗m}_2 ) = (e^{w1(a∗)}Ω|Be^{w2(a∗)}Ω).

Theorem 2.4.28 1) The relationship between the Bargmann kernel and the Wick symbol of an operator B on Γ_s(Z) is given by the following identity: B^{cw}(w_1, w_2) = e^{w1w2} s^{a∗,a}_B (w_1, w_2) = e^{12 |w1|2+ 12 |w2|2} (Ω_{w1} |BΩ_{w2} ).

2) Let ρ ∈ Γ_s(Z), B, B_1, B_2 ∈ B(Γ_s(Z)). Then (Bρ)^{cw}(w_1) = (2πi)^{−d} ∫ B^{cw}(w_1, w_2)e^{|w2|2} ρ^{cw}(w_2)dw_2dw_2,

(B_1B_2)^{cw}(w_0, w_2) = (2πi)^{−d} ∫ B^{cw}(w_0, w_1)e^{|w1|2} B^{cw}(w_1, w_2)dw_1dw_1.

Proof. 1) follows immediately from (2.3.44). To prove 2) we also use (2.3.44), which implies (Ω_{w1} |Bρ) = (2πi)^{−d} ∫ (Ω_{w1} |BΩ_{w2} )(Ω_{w2} |ρ)dw_2dw_2, (Ω_{w0} |B_1B_2Ω_{w2} ) = (2πi)^{−d} ∫ (Ω_{w0} |B_1Ω_{w1} )(Ω_{w1} |B_2Ω_{w2} )dw_1dw_1.

2.5 Weighted Schrödinger representations

2.5.1 Weighted Schrödinger representations in finite dimension

Suppose that X is finite dimensional vector space. Fix m ∈ L^2(X ) such that m ≠ 0 almost everywhere. Defien the measure dμ(x) = |m|^2(x)dx. Then L^2(X , dμ) ∋ ψ → Uψ = m(x)ψ ∈ L^2(X , dx) is a unitary operator such that U1 = m.

The following theorem is obvious: Theorem 2.5.1 X^′ ⊕ X ∋ (η, q) → U^∗e^{iηx+iqD} U = e^{iηx+iqD+qm−1 (x)∇m(x)} ∈ U(L^2(X , dμ)) is a regular irreducible representation of CCR.

Remark 2.5.2 Set V (x) := −^1_2 m^{−1}(x)Δm(x). Then (−^1_2 Δ+V (x))m = 0. The Schrödinger operator −^1_2 Δ + V (x) in the L^2(X , dμ) representation looks like U^∗ ( − 1 2 Δ + V (x) ) U = − 1 2 Δ − m^{−1}(x)∇m(x)∇. It is called the Dirichlet form. 1 is its eigenstate.

2.5.2 L^2 spaces with a Gaussian weight

Suppose that X is a finite dimensional Euclidean space of dimension d. We will identify X with X^′. Its Lebesgue measure will be denoted dx. Then π^{− d}2 e^{−x2} dx is a probabilistic measure on X . Consider the space L^2(X , π^{− d}2 e^{−x2} dx).

Theorem 2.5.3 The space of polynomials, that is C^∘Γ_s(X ), is dense in L^2(X , π^{− d}2 e^{−x2} dx).

Suppose now that X is a real Hilbert space of an arbitrary dimension. In C^∘Γ_s(X ) we introduce the scalar product as follows. If ρ, ψ ∈ C^∘Γ_s(X ), then there exists a finite dimensional subspace X_1 of X such that d_1 = dim X_1 and ρ, ψ ∈ C^∘Γ_s(X_1). We then put (ρ|ψ) := π^{− d12} ∫ X_1

ρ(x_1)ψ(x_1)e^{−x21} dx_1. (2.5.19)

Note that the definition (2.5.19) does not depend on the choice of the subspace X_1.

Thus C^∘Γ_s(X ) is endowed with a unitary structure. The completion of C^∘Γ_s(X ) in the corresponding norm is denoted L^2(X , π^{− d}2 e^{−x2} dx). (In this notation the number d = dim X has just a symbolic meaning if d is infinite).

Remark 2.5.4 The space L^2(X , π^{− d}2 e^{−x2} dx) is used in the probability theory as the Hilbert space of the Gaussian stochastic process indexed by X . In the context of constructive field theory it is sometimes called L^2(Q) where Q is an appropriate measure space whose existence follows by abstract arguments.

2.5.3 Real wave representation

Suppose now that X is a real Hilbert space of an arbitrary dimension. Recall that X ⊕X is naturally a Kähler space with conjugation, where the anti-involution i and the conjugation κ are given by i = [ 0 −1 1 0 ] , κ = [ 1 0 0 −1 ] . Note also that we can write X instead of X^′.

Theorem 2.5.5 Let X be a real Hilbert space of an arbitrary dimension. For (η, q) ∈ X ⊕ X , ηx_{rw} + qD_{rw} := ηx + q^1_i (∇_x − x) = e^12^{x2} (ηx + qD)e^{− 1}2^{x2} can be defined as a self-adjoint operator on L^2(X , π^{− d}2 e^{−x2} dx).

X ⊕ X ∋ (η, q) → e^{i(ηxrw +qDrw)} ∈ U(L^2(X , π^{− d2} e^{−x2} dx)) is an irreducible regular representation of CCR. Moreover, the family of operators {e^{iηxrw} : η ∈ X } generates a maximal von Neumann algebra in B(L^2(X , π^{− d}2 e^{−x2} dx)). The same is true concerning the family {e^{iqDrw} : q ∈ X }. The Weyl commutation relations are satisfied:

e^{iηxrw} e^{iqDrw} = e^{−iηq} e^{iqDrw} e^{iηxrw} .

1 is a normalized vacuum for the above Kähler structure.

Remark 2.5.6 If the dimension of X is finite, then the real wave representation is a special case of a weighted Schrödinger representation considered in Subsection ?? with m(x) = π^{− d4} e^{− 12 x2} , (2.5.20) (2.5.20) is the pointwise positive ground state of H = −^1_2 Δ +^1_2 x^2 −^1_2 . The Dirichlet form for (2.5.20) in the Hilbert space L^2(X , π^{− 1}2^de^{−x2} dx) equals − 1 2 Δ + x∇. Theorem 2.5.7 Let z ∈ Z ⊂ CX ⊕ CX . In the real wave representation the creation and annihillation operators are equal z(a^∗_{rw}) =^{1+κ}_2 z(2x − ∇_x) = −e^{x2 1+κ}_2 z∇_xe^{−x2} , z(a_{rw}) =^{1+κ}_2 z∇_x.

(2.5.21)

Proof. 1) An arbitrary z ∈ Z is of the form z = (η, −iη) for some η ∈ CX . We then have η =^{1+κ}_2 z. Therefore, z(a^∗_{rw}) = ηx − iη(D + ix) = η(2x − ∇_x) = (^{1+κ}_2 z)(2x − ∇_x) = −e^{x2 1+κ}_2 z∇_xe^{−x2} .

Likewise, z = (η, iη), and therefore z(a_{rw}) = ηx + iη(D + ix) = η∇_x = (^{1+κ}_2 z)∇_x. □ For many purposes it is actually more convenient to consider a slightly different version of a real wave representation. The main difference is rescaling the Gaussian weight. This representation, denoted X ⊕ X ∋ (η, q) → e^{i(ηxrw1 +qDrw1)} ∈ U(L^2(X , (2π)^{− d2} e^{− 12 x2} dx)), is defined as ηx_{rw1} + qD_{rw1} =^{1√}_2 ηx +^{√2}_i ∇_x −^1_i^√_2 x.

The corresponding creation and annihillation operators are equal z(a^∗_{rw1}) =^{1+κ√}_2 z(x − ∇_x) = −e^12^{x2 1+κ√}_2 z∇_xe^{− 1}2^{x2} , z(a_{rw1}) =^{1+κ√}_2 z∇_x.

(2.5.22)

1 is again a normalized vacuum.

Clearly, L^2(X , (2π)^{− d2} e^{− 12 x2} dx) ∋ f → f( √ 2·) ∈ L^2(X , π^{− d2} e^{−x2} dx), intertwines the representation ϕ_{rw} and ϕ_{rw1}.

Remark 2.5.8 If the dimension of X is finite, then the representation ϕ_{rw1} corresponds to m_1(x) = (2π)^{− d4} e^{− 14 x2} , (2.5.23) the pointwise positive ground state of H =^1_2 (−Δ +^1_4 x^2 −^1_2 ). Thus we lose the symmetry between the positions and momenta.

2.5.4 Complex wave representation for a symplectic space with conjugation

Suppose now that X is a real Hilbert space. Equip X ⊕ X with the Kähler structure as above. Consider the complex wave representation defined in Subsection ?? and denoted X ⊕ X ∋ (η, q) → e^{iϕcw (η,q)} ∈ U(Γ^{cw}_s (Z)), where we have the identification Γ^{cw}_s (Z) ≃ L^2(Z, (2πi)^{− d2} e^{−|w|2} dwdw).

Recall also that the creation/annihillation operators are equal z(a^∗_{cw}) = zw, z(a_{cw}) = z∇_w.

Since our symplectic space is equipped with a conjugation, we can define the position and momentum operators in the complex wave representation: ηx_{cw} := ϕ(η, 0), qD_{cw} := ϕ_{cw}(0, q), η, q ∈ CX .

Theorem 2.5.9 Let η, q ∈ CX . In the complex wave representation, the position and the momentum operators are equal ηx_{cw} = 1_Z η(∇_w + κw) = e^{−wκw}(1_Z η)∇_we^{wκw} qD_{cw} = 1_Z η(∇_w − κw) = e^{wκw}(1_Z q)∇_we^{−wκw}.

(2.5.24)

Proof. Set y = (η, q) ∈ C(X ⊕ X ) and compute in the complex wave representation ϕ_{rw}(y) = (1_Z y)(a^∗) + (1_Z y)(a) = (1_Z y)w + (1_Z y)∇_w = (1_Z κy)κw + (1_Z y)∇_w = e^{−wκw}(1_Z η)∇_we^{wκw} + e^{wκw}(1_Z q)∇_we^{−wκw}. □ One should admit, that the above form of the complex wave representation is somewhat confusing – two distinct conjugations and two distinct antiinvolutions are used! Therefore, it is common in the literature to use a somewhat modified version of a complex wave representation, which we describe below.

We replace the space Z by CX . Its generic (complex) element will be called x and the Lebesgue measure on CX_R will be denoted (2i)^{−1}dxdx. We will use the identification Γ^{cw}_s (CX ) ≃ L^2(Z, (2πi)^{− d2} e^{−|x|2} dxdx).

We define the following regular representation of CCR: X ⊕ X ∋ (η, q) → e^{iηxrw1 +qDrw1} ∈ U(Γ^{cw}_s (CX )), by setting ηx_{cw1} := η^{1√}_2 (∇_x + x) = η^{1√}_2 e^{− 1}2^{x2} ∇_xe^12^{x2} , qD_{cw1} := q^1_i^√_2 (∇_x − x) = q^1_i^√_2 e^12^{x2} ∇_xe^{− 1}2^{x2} .

The creation and annihillation operators for z ∈ Z are now equal to

z(a^∗_{cw1}) =

1 + κ √ 2 zx, z(a_{cw1}) =

1 + κ √ 2 z∇_x. The representations y → e^{iϕcw (y)} and y → e^{iϕcw1 (y)} are intertwined by the unitary operator Γ(^{1+κ√}_2 ) : Γ^{cw}_s (Z) → Γ^{cw}_s (CY), with the inverse Γ( √ 21_Z ) : Γ^{cw}_s (CX ) → Γ^{cw}_s (CZ).

2.5.5 Wick operation

Let X be a real Hilbert space.

Theorem 2.5.10 Let ψ ∈ C^∘Γ_s(X ), t ∈ C\{0}. Then e^{t2 ∇2x} ψ(x) = e^{− 12t x2} ψ(t∇_x)e^{12t x2} . (2.5.25) Proof. Assume for the moment that t > 0. We have

e^t2^{∇2x} ψ(x) = (2πt)^{− d}2 ∫ e^{− 1}2t^{(x−y)2} ψ(y)dy = (2πt)^{− d}2 e^{− 1}2t^{x2} ψ(t∇_x) ∫ e^{− 1}t^{xy− 1}2t^{y2} dy = (2πt)^{− d}2 e^{− 1}2t^{x2} ψ(t∇_x)e^12t^{x2} ∫ e^12t^{(x−y)2} dy = e^{− 1}2t^{x2} ψ(t∇_x)e^12t^{x2} .

For arbitrary t ≠ 0 the identity (2.5.25) follows by analytic continuation. □ For ψ ∈ C^∘Γ_s(X ) define the “Wick operation” : ψ(x) := e^{− 12 ∇2x} ψ(x) = e^{12 x2} ψ(−∇_x)e^{− 12 x2} ∈ C^∘Γ_s(X ).

The range of the map ψ →: ψ : is C^∘Γ_s(X ). If ρ(x) =: ψ(x) :, then ψ(x) = e^{12 ∇2x} ρ(x) = e^{− 12 x2} ρ(∇_x)e^{12 x2} ∈ C^∘Γ_s(X ).

Theorem 2.5.11 The map ψ →: ψ : extends to a unitary map CΓ^{cw}_s (X ) ∋ ψ →: ψ :∈ L^2(X , (2π)^{− d2} e^{− 12 x2} dx).

It intertwines the representations of CCR:

: e^{iηxcw1 +qDcw1} ψ := e^{iηxrw1 +qDrw1} : ψ :, ψ ∈ CΓ^{cw}_s (X ) ≃ Γ^{cw}_s (CX ).

Proof. To prove this theorem one can choose an othonormal basis in X and reduce the problem to 1 dimension.

Thus assume that X = R and introduce the operators a^∗ =^x_2 − ∇_x, a =^x_2 + ∇_x on L^2(R) and the vector Ω = (2π)^{− 1}4 e^{− 1}4^{x2} . They satisfy [a, a^∗] = 1, aΩ = 0, ‖Ω‖ = 1.

CΓ^{cw}_s (R) has an orthogonal basis given by monomials x^n normed by the condition ‖x^n‖^2 = n!. Now : x^n : e^{− 1}4^{x2} = e^14^{x2} (−∇_x)^ne^{− 1}2^{x2} = (^x_2 − ∇_x)^ne^{− 1}4^{x2} = (2π)^14 (a^∗)^nΩ).

Properties of representations of CCR imply that ((a^∗)^nΩ|(a^∗)^mΩ) = δ_{n,m}n!. □

Remark 2.5.12 The Wick operation for monomials is the same as the Gramm-Schmidt orthogonalization procedure with the weight e^{− 1}2^{x2} . In the case of a single variable, the polynomials : x^n : are rescaled Hermite polynomials. More precisely, if one adopts the following definition of Hermite polynomials

e^{2xt−t2} = ∞∑ n=0 t^n n! H_n(x), then : x^n := √ 2^nH_n(^{x√}_2 ).

Theorem 2.5.13 If ρ ∈ C^∘Γ_s(X ), then

(2π)^{− d2} ∫ ρ(x)e^{− 12 x2} dx = ( e^{12 ∇2x} ρ ) (0). (2.5.26)

Proof. We treat ρ as an element of CΓ^{cw}_s (X ). We can write ρ(x) =: ψ(x) :=: e^12^{∇2x} ρ(x) : . By Theorem 2.5.11

(2π)^{− d2} ∫ : ψ(x) : e^{− 12 x2} dx = (1| : ψ :)_{L2(X ,(2π)−} d_{2 e−} 1_{2 x}2_{dx)} = (Ω|ψ)_{cw} = ψ(0). (2.5.27)

Note that the right hand side of (2.5.26) can be expanded in a finite sum and leads to the well known sum over all possible “pairings”. This is the simplest version of what is usually called the Wick theorem.

A more complicated version of the Wick theorem, leading to a graphical interpretation in terms of diagrams is given below.

Theorem 2.5.14 Let ψ_1, . . . , ψ_n ∈ C^∘Γ_s(X ). Then

: ψ_1(x) : · · · : ψ_n(x) :=: exp ( ∑ i<j ∇_{xi} ∇_{xj} ) ψ_1(x_1) · · · ψ_n(x_n) | |_{x=x1=···=xn} : . (2.5.28)

(2π)^{− d2} ∫ : ψ_1(x) : · · · : ψ_n(x) : e^{− 12 x2} dx = exp ( ∑ i<j ∇_{xi} ∇_{xj} ) ψ_1(x_1) · · · ψ_n(x_n) | |_{0=x1=···=xn} . (2.5.29)

Proof. Let us prove (2.5.28).

: ψ_1(x) : · · · : ψ_n(x) :

= e^{− 12 ∇2x}1 ψ_1(x_1) · · · e^{− 1}2^{∇2xn} ψ_n(x_n) | | x=x_1=···=x_n =: e^12^{∇2x} ( e^{− 12 ∇2x}1 ψ_1(x_1) · · · e^{− 1}2^{∇2xn} ψ_n(x_n) | | |_{x=x1=···=xn} ) : =: e^{12 (∇x1 +···+∇xn )2− 12 ∇2x}1^{−···− 12 ∇2xn} ψ_1(x_1) · · · ψ_n(x_n) | | x=x_1=···=x_n : .

In the last step we used ∇_x = ∇_{x1} + · · · + ∇_{xn} .

(2.5.29) follows from (2.5.28) by (2.5.27). □ For completeness, let us describe the unitary operator intertwining ϕ_{cw} and ϕ_{rw}. It is also a version of the Wick operation and we will denote it also by double dots.

For ψ ∈^∘Γ_s(Z) we define : ψ(x) := e^{x2} ( Γ(^{1+κ}_2 )ψ ) (−∇_x)e^{−x2} = e^{− 1}4^{∇2x} Γ(^{1+κ}_2 )ψ(x), (2.5.30)

The range of (2.5.30) equals C^∘Γ_s(X ). To describe the inverse of (2.5.30), let ρ(x) =: ψ(x) :∈ C^∘Γ_s(X ). Then ψ(w) = e^{−wκw} (Γ(1_Z )ρ) (∇_w)e^{wκw} = e^{∇w κ∇w} Γ(1_Z )ρ(w). (2.5.31) Theorem 2.5.15 The map ψ →: ψ : extends to a unitary map Γ^{cw}_s (Z) ∋ ψ →: ψ :∈ L^2(X , 2π^{− d2} e^{−x2} dx).

It intertwines the representations of CCR: : e^{iηxcw +qDcw} ψ := e^{iηxrw +qDrw} : ψ :, ψ ∈ Γ^{cw}_s (Z).

Proof. Let us show (2.5.30). It follows from (2.5.21) that, for ψ ∈^∘Γ_s(Z), in the real wave representation we have ψ(a^∗_{rw}) = e^{x2} ( Γ(^{1+κ}_2 )ψ ) (−∇_x)e^{−x2} . (2.5.32) But the vacuum both in the complex and real wave representations is 1.

Let us show (2.5.31). By (2.5.24), if ρ ∈ C^∘Γ_s(X ), in the complex wave representation we have ρ(x_{cw}) = e^{−wκw} (Γ(1_Z )ρ) (∇_w)e^{wκw} .

Again, we use that the vacuum is 1. □

2.6 Translations in phase space

2.6.1 Translated representations

Let Y be a space with an antisymmetric form ω. Let Y ∋ y → W (y) ∈ U(H) be a representation of CCR.

Let v ∈ Y^{/al}. Then Y ∋ y → W_v(y) := W (y)e^{ivy} ∈ U(H) (2.6.33) is also a representation of CCR. We say that this representation is the translation of the representation y → W (y) by v. Note that the quantization wrt the new representation is related to the old quantization by the relation Op_v(h) = Op(h(· − v)).

Clearly, if we first translate our representation by v_1 and then by v_2, then we obtain the original representation translated by v_1 + v_2.

Theorem 2.6.1 If v ∈ ωY, (which is a subspace of Y^{/al}), then y → W_v(y) and y → W (y) are unitarily equivalent: W_v(y) = W (ω^{−1}v)W (y)W (−ω^{−1}v).

2.6.2 Translated Fock representations

Theorem 2.6.2 Suppose that Y_0 is a Kähler space. Let Y be its completion and Z the holomorphic subspace of CY. Let Y ∋ y → W (y) ∈ U(Γ_s(Z)) be the corresponding Fock representation of CCR and Ω the its vacuum, which, as we recall, satisfies (Ω|W (y)Ω) = e^{− 14 y2} Let v ∈ Y^{/al}_0 and consider the representation of CCR Y_0 ∋ y → W_v(y) := W (y)e^{ivy} ∈ U(Γ_s(Z)).

Then the following conditions are equivalent: 1) There exists a unitary operator U_v ∈ U(Γ_s(Z)) such that U_vW (y) = W_v(y)U_v, y ∈ Y_0;

2) v ∈ Y. 2.3.49 Proof. 1)⇐2) follows from Theorem 2.6.1.

1)⇒2). First note that for y ∈ Y_0, in the representation y → W_v(y), the field operators are given by ϕ_v(y) = ϕ(y) + yv.

Let Z_0 denote the holomorphic subspace of CY_0 (which is a dense subspace of Z). We have v = w + w for some w ∈ Z^{/al}_0 For z ∈ Z_0, the annihillation operators in the translated representation are given by z(a_v) = z(a) + (z|w). Suppose that 1) holds. Then there exists a vacuum for the annihilation operators a_v, that means a vector Ω_w ∈ Γ_s(Z) such that

z(a_v )Ω_v = 0, z ∈ Z_0.

Both Ω and Ω_w are analytic vectors for z(a_v) (for Ω_w this follows from Theorem ??, for Ω this is obvious). Therefore, the second identity below is justified:

0 = (Ω|z_n(a_v) · · · z_1(a_v)Ω_w) = (z_1(a^∗_v) · · · z_n(a^∗_v)Ω|Ω_w), z_1, . . . , z_n ∈ Z_0.

By induction, this implies that if λ = (Ω|Ω_w), then

(z_1(a^∗) · · · z_n(a^∗)Ω|Ω_w) = (−1)^nλ(z_1|w) · · · (z_n|w).

In particular, for z ∈ Z_0, this gives the following formula for the 1-particle component of Ω_v: (z|Ω_w) = −λ(z|w), z ∈ Z_0. This can be extended to a bounded functional on Z only if either w ∈ Z or λ = 0. But w ∈ Z iff v ∈ Y. □ Remark 2.6.3 Clearly, if v ∈ Y, and hence w ∈ Z, then Ω_w are the familiar Gaussian coherent vector.

2.6.3 Relative boundedness of field operators

Let Y_0 be a dense subspace of Y. Let Z_0 be the corresponding holomorphic subspace of Z (which is dense in Z). Clearly, Y is naturally embedded in Y^{/al}_0 and Z is naturally embedded in Z^{/al}_0 .

Let z ∈ Z^{/al}_0 . Then z(a) can be defined as an operator with domain, say,^∘Γ_s(Z_0). z(a^∗) can be defined as a quadratic form with domain^∘Γ_s(Z_0).

Likewise, if y ∈ Y^{/al}, Then ϕ(y) can be defined as a quadratic form with domain ∘ Γs(Z0).

Let h be a postive operator on Z. Then for α ≥ 0, D(h^α) is a subspace of Z equal to (1 + h)^{−α}Z with the natural structure of a Hilbert space. It is natural to denote the space of continuous functionals on D(h^α) by (1 + h)^αZ. It is clearly a subspace of Z^{/al} containing Z.

Theorem 2.6.4 Let h be a positive operator on Z. 1) For z ∈ (1 + h)^12 Z we have ‖z(a)ψ‖^2 ≤ (z|h^{−1}z)(ψ|dΓ(h)ψ). 2) For z ∈ Z we have ‖z(a^∗)ψ‖^2 ≤ ‖z‖^2‖ψ‖^2 + (z|h^{−1}z)(ψ|dΓ(h)ψ). 3) Let z ∈ (1 + h)^12 Z. Then for any ϵ > 0, we have |(ψ|ϕ(z + z)ψ)| ≤ ϵ(z|h^{−1}z)(ψ|dΓ(h)ψ) + ϵ^{−1}‖ψ‖^2, (2.6.34) ‖ϕ(z + z)ψ‖ ≤ (|z| + ϵ^{−1}(z|h^{−1}z)^{12} )‖ψ‖ + ϵ‖dΓ(h)ψ‖. (2.6.35) 4) −(z|h^{−1}z) ≤ dΓ(h) + ϕ(z + z). Proof. First we show 1), which implies 2). From 1) we obtain |(ψ|ϕ(z + z)ψ)| ≤ 2‖ψ‖(z|h^{−1}z)^{12} (ψ|dΓ(h)ψ)^{12} , which implies 3) and 4). □

2.6.4 Van Hove model

Consider an operator on Γ_s(Z), given (at least formally) by the expression H = dΓ(h) + ϕ(z + z), where h is a self-adjoint operator on Z and z ∈ Z (or is in some sense affilliated to Z). The ultraviolet problem Suppose that h is unbounded and h ≥ c > 0. 1) z ∈ Z. ϕ(z + z) is a relatively bounded perturbation of N, hence also of dΓ(h). Therefore, H is a well defined operator bounded from below, with the domain D(dΓ(h)).

Let us define the “dressing operator” U := W (−ih^{−1}z + ih^{−1}z). Then UdΓ(h)U^∗ = dΓ(h) − ϕ(z + z) + (z|h^{−1}z), (2.6.36) Uϕ(z + z)U^∗ = ϕ(z + z) − 2(z|h^{−1}z) =: ϕ^{as}(z + z), z ∈ Z, (2.6.37) and hence UHU^∗ = dΓ(h) − (z|h^{−1}z), (2.6.38)

As a consequence of (2.6.38), H possesses a unique ground state (this means, the infimum of the spectrum of H is its non-degenerate eigenvalue).

2) z ∈ h^12 Z\Z

By (2.6.34), ϕ(z +z) is a densely defined quadratic form relatively bounded wrt dΓ(h). H is a well defined semibounded operator with the form domain D(dΓ(h)^12 ).

The dressing operator U is well defined. The relations (2.6.36), (2.6.38) and (2.6.37) hold. By (2.6.38), H possesses a unique ground state. 3) z ∈ hZ\h^12 Z. ϕ(z +z) is not relatively form bounded wrt dΓ(h). H is not well defined. But U is well defined and one can define the “renormalized Hamiltonian” H^{ren} := U^∗dΓ(h)U +C, where C is an arbitrary constant. Then (2.6.37) is still true, H^{ren} is a semibounded operator with a unique ground state.

The infrared problem

Suppose that h is bounded and h ≥ 0. 1) z ∈ hZ. By Theorem 2.6.35), ϕ(z + z) is a relatively bounded perturbation of dΓ(h) with the infinitesimal bound. Therefore, H is well defined with the domain D(dΓ(h)) and bounded from below. U is well defined, (2.6.36), (2.6.38) and (2.6.37) are satisfied. By (2.6.38), the operator H has a unique ground state. 2) z ∈ h^12 Z\hZ. By Theorem 2.6.4 3), ϕ(z + z) is a relatively bounded perturbation of dΓ(h) with an infinitesimal bound. Therefore, H is well defined with the domain D(dΓ(h)) and bounded from below. U is not defined, thus (2.6.36), (2.6.38), (2.6.37) do not make sense. For z_i ∈ h^12 Z, e^{iϕas(z1+z1)} are well defined but yield a representation of CCR which is not equivalent to the Fock representation. As we will show below, H has no ground states and the infimum of H equals −(z|h^{−1}z).

Theorem 2.6.5 Assume z ∈ h^12 Z\hZ. Then the operator H satisfies σ(H) = [−(z|h^{−1}z), ∞[, −(z|h^{−1}z) ∉ σ_{pp}(H). Proof. Step 1) For any n define Z_n := 1_[ 1_{n ,∞[}(h)Z, h_n := 1_[ 1_{n ,∞[}(h)h, z_n := 1_[ 1_{n ,∞[}(h)v, H_n := dΓ(h_n) + ϕ(z_n + z_n), U_n := W (−ih^{−1}z_n + ih^{−1}_n z). Then U_nH_nU^∗_n = dΓ(h_n) − (z_n|h^{−1}z_n). Hence σ(H_n) = [−(z_n|h^{−1}z_n), ∞[. (2.6.39)

All the groundstates of H_n satisfy the conditions (w(a) − (w|h^{−1}z_n))ψ = 0, w ∈ Z. (2.6.40) For further use let us write down the following corrollary of (2.6.40) (w(a) − (w|h^{−1}z))ψ = 0, w ∈ Z_n. (2.6.41) Step 2) Likewise, set h^⊥_n := h − h_n, z^⊥_n := z − z_n, H^⊥_n := dΓ(h^⊥_n ) + ϕ(z^⊥_n + z^⊥_n ). By Theorem 2.6.4 4), H^⊥_n ≥ −(z^⊥_n |h^{−1}z^⊥_n ). (2.6.42) Step 3) We have D(H^⊥_n ) = D(dΓ(h^⊥_n )) ∋ Ω. Hence inf H^⊥_n ≤ (Ω|H^⊥_n Ω) = 0. (2.6.43) Step 4) Γ_s(Z) can be identified with Γ_s(Z^⊥_n ) ⊗ Γ_s(Z_n) and H = H^⊥_n ⊗ 1 + 1 ⊗ H_n. (2.6.44) Therefore, σ(H) = σ(H^⊥_n ) + σ(H_n). (2.6.45) It follows from (2.6.39), (2.6.42), (2.6.43) and (2.6.45) that [−(z|h^{−1}z), ∞[⊂ σ(H) ⊂ [−(z_n|h^{−1}z_n), ∞[, where we used (z^⊥_n |h^{−1}z^⊥_n ) + (z_n|h^{−1}z_n) = (z|h^{−1}z). Step 5) We have lim_{n→∞}(z^⊥_n |h^{−1}z^⊥_n ) = 0.

Hence σ(H) = [−(z|h^{−1}z), ∞[. Step 6) Let ψ ∈ Γ_s(Z) be a non-zero ground state of H. This means Hψ = −(z|h^{−1}z)ψ. By (2.6.44), ψ has to be a ground state of 1 ⊗ H_n for any n. By (2.6.41), for w ∈^∞ ⋃ n=1 Z_n (w(a) − (w|h^{−1}z))ψ = 0. But^∞ ⋃ n=1 Z_n is dense in Z and hence Theorem 2.3.49 implies that h^{−1}z ∈ Z. □

2.7 Symplectic covariance of CCR’s

2.7.1 Quadratic Hamiltonians

Let (Y, ω) be a space with an antisymmetric form. Let us recall that the Poisson bracket is defined for f, g ∈ C^∞(Y^′) as {f, g}(v) := ∇f(v)ω∇_vg(v). Recall that for f ∈ C^∞(Y^′), H_f := −ω∇f(v). We have {f, g} = H_f g(v). In particular, if g(v) =^1_2 vbv + yv, for b ∈ L_s(Y, Y^′), y ∈ Y, then H_g = −ω(bv + y).

Let Y ∋ y → ϕ(y) ∈ L(D) be a Heisenberg-type representation of CCR. Let^∘Γ^{≤n}_s (Y) = ⊕^n_{j=0}^∘Γ^n(Y). Let CCR^{≤n} denote the family of polynomials in ϕ(y) of degree at most n.

Theorem 2.7.1 1) For g ∈ C^∘Γ_s^{≤2}(Y), f ∈ C^∘Γ_s(Y) we have −i[Op(g), Op(f)] = Op({g, f}). 2) The map C^∘Γ^{≤2}_s (Y) ∋ g → Op(g) ∈ CCR^{≤2}(Y) is a ∗-isomorphism of Lie algebras, where C^∘Γ^{≤2}_s (Y) is eqipped with the Poisson bracket {·, ·} and CCR^{≤2}(Y) is equipped with the bracket −i[·, ·]. 3) If g, f ∈ C^∘Γ^{≤2}_s (Y), then [ad_{Op(g)}, ad_{Op(f)}] = ad_{Op({g,f})} (2.7.46) where ad_G ∈ L(CCR(Y)) is defined as ad_GF := [G, F ].

Proof. 1) follows from the definition of the Weyl-Wigner-Moyall product. 2) and 3) follow immediately from 1). □

2.7.2 Quadratic Hamiltonians in the Schrödinger representation

Suppose that the X is a vector space and space Y = X^′ ⊕ X is eqipped with the canonical symplectic form.

Any b ∈ C^∘Γ^2_s (Y) is of the form X ⊕ X^′ ∋ (x, ξ) → b(x, ξ) = 1 2 xαx + ξcx + 1 2 ξβξ, where α ∈^∘L_s(X , X^′), β ∈^∘L_s(X^′, X ) and c ∈^∘L(X ). We have Op^{x,D}(b) =^1_2 xαx + xc^′D +^1_2 DβD, Op(b) = Op^{x,D}(b) +^i_2 Trc.

2.7.3 Quadratic Hamiltonians in the Fock representation

Suppose that Y is a complete Kähler space. Let T ∋ y → W (y) ∈ U(Γ_s(Z)) be the corresponding Fock representation. Every b ∈ C^∘Γ^2_s (Y) is of the form CY ∋ (w, w) → b(w, w) = 1 2 wd_1w + whw + 1 2 wd_2w, (2.7.47)

where d_1, d_2 ∈^∘L_s(Z, Z), h ∈^∘L(Z). We have Op^{a∗,a}(b) =^1_2 ad_1a + a^∗ha +^1_2 a^∗d_2a^∗, Op(b) = Op^{a∗,a}(b) +^1_2 Trh.

(2.7.48)

Remark 2.7.2 Note that we have identifications^∘L_s(Z, Z) ≃^∘Γ^2_s Z. Thus we have at least three possible notations for the same operators: Op^{a∗,a}(d_1) = d_1(a) = ad_1a, Op^{a∗,a}(d_2) = d_2(a^∗) = a^∗d_2a^∗.

Likewise, we have the following notations Op^{a∗,a}(h) = dΓ(h) = a^∗ha. In this section, in general we will adopt the last notation.

Clearly, d_1, d_2 and h do not have to be of finite rank for the above operators to be defined. Theorem 2.7.3 1) If d ∈ l^2_s (Z, Z) ≃ Γ^2_s (Z), then ada and a^∗da^∗ with the domain Γ^{fin}_s (Z) are closable operators.

2) If h is is a closed operator on Z, then a^∗ha with the domain^∘Γ_s(D(h) is closable. 3) Suppose that d ∈ l^2_s (Z, Z) ≃ Γ^2_s (Z) and h ∈ B_h(Z) (h is bounded and self-adjoint). Op^{a∗,a}(b) = i 2 ada + a^∗ha − i 2 a^∗da^∗ (2.7.49) In particular, (2.7.49) is essentially self-adjoint on Γ^{fin}_s (Z).

Proof. To show 3) we check that Γ^{fin}_s (Z) is an invariant subspace of analytic vectors of (2.7.49). □

If b is of the form (2.7.47) with d_1, d_2 ∈ Γ^2_s (Z) and h ∈ l^1(Z), then we define the Weyl-Wigner quantization of b by the formula

Op(h) = 1 2 ad_1a + a^∗ha + 1 2 a^∗d_2a^∗ + 1 2 Trh. Clearly, this definition is an extension of the usual definition of the Weyl-Wigner quantization for the symbols in C^∘Γ^2_s (Y).

2.7.4 1-parameter groups generated by quadratic Hamiltonians

Let (Y, ω) be a space with an antisymmetric form. Let Y ∋ y → W(y) ∈ U(H) be a regular representation of CCR.

Theorem 2.7.4 Let g ∈^∘Γ^{≤2}_s (Y). Let Y_1 ⊂ Y be a finite dimensional subspace, such that g ∈^∘Γ^{≤2}_s (Y_1). Then Op(g) is essentially self-adjoint on G(Y_1) and if f ∈ S^′(Y^′_1), then

e^{−iOp(g)}Op(f)e^{iOp(g)} = Op(e^{Hg} f). (2.7.50)

Proof. It suffices to assume that Y is finite dimensional and the form ω symplectic. Then the representation Y ∋ y → W (y) ∈ U(H) is unitarily equivalent to the Fock representation in Γ_s(Z), so it is sufficient to consider the latter.

Just as in the proof of Theorem 2.7.3, we show that Γ^{fin}_s (Z) is an invariant subspace of analytic vectors for Op(g). Therefore, Op(g) is essentially self-adjoint on Γ^{fin}_s (Z).

Clearly, S(Y^′) ∋ f → e^{tHg} f ∈ S(Y^′) (2.7.51) is a 1-parameter group with respect to t ∈ R. We have d dt e^{tHg} f | | |_{t=0} = H_gf.

Therefore, d dt Op(e^{tHg} f)) | | t=0 = Op(H_gf).

Let F(Y) denote the set of operators of the form Op(f) with f ∈ S(Y^′). Then

F(Y) ∋ Op(f) → e^{−itOp(g)}Op(f)e^{itOp(g)} ∈ F(Y) (2.7.52) is a 1-parameter group with respect to t ∈ R. By Theorem 2.7.1 1) d dt e^{−itOp(g)}Op(f)e^{itOp(g)} | |_{t=0} = −i[Op(g), Op(f)]

= Op({g, f}) = Op(H_gf).

Therefore, (2.7.51) equals (2.7.52). Hence (2.7.50) holds for f ∈ S(Y).

By duality, we extend (2.7.50) to f ∈ S^′(Y^′). □

In particular, if b ∈^∘Γ^2_s (Y), then

e^{−iOp( 12 b)}Op(f)e^{iOp( 12 b)} = Op(h(e^{−ωb}·)),

or equivalently e^{−iOp( 12 b)}W (y)e^{iOp( 12 b)} = W (e^{bω}y), y ∈ Y.

2.7.5 Implementable symplectic transformations

Let (Y, ω) be a symplectic space. Let Y ∋ y → W_π(y) ∈ U(H) be a regular representation of CCR.

If r ∈ Sp(Y), then Y ∋ y → W_π(ry) ∈ U(H) is also a representation of CCR. We say that an operator A ∈ B(H) intertwines a map r ∈ Sp(Y) if AW_π(y) = W_π(ry)A. If U is a unitary map that intertwines r ∈ Sp(Y), then we say that U implements r. We say that r ∈ Sp(Y) is implementable if there exists U ∈ U(H) implementing r. The set of implementable symplectic transformations forms a group.

Theorem 2.7.5 1) If Y is finite dimensional, then all the transformations r ∈ Sp(Y) are implementable.

2) All the elements of^∘Sp(Y) are implementable. Moreover, operators of the form e^{−iOpπ (b)}

for b ∈^∘L_s(Y^′, Y) ≃^∘Γ^2_s (Y) implement the map e^{bω} ∈^∘Sp(Y).

3) If the representation y → W_π(y) is irreducible and r ∈ Sp(Y), then the set of operators intertwining r equals either {0} or {λU : λ ∈ C} for some U ∈ U(H).

Proof. 1) follows by the Stone – von-Neumann Theorem. It follows also from 2).

By Theorem ??, we know that the group^∘Sp(Y) is generated by elements of the form

e^{bω} for b ∈^∘L_s(Y^′, Y) ≃^∘Γ^2_s (Y). Thus 2) follows by Theorem 2.7.4.

To prove 3), assume that A ∈ B(H) intertwines r. Then A^∗ intertwines r^{−1}, and hence both AA^∗ and A^∗A commute with W_π(y), y ∈ Y. By the irreducibility, AA^∗ = λ_1 and A^∗A = λ_2, for some λ_1, λ_2 ∈ R. Now

λ^2_1 = AA^∗AA^∗ = Aλ_2A^∗ = λ_2λ_1. (2.7.53)

If λ_1 = 0, then A = 0 and hence λ_2 = 0. Therefore, (2.7.53) implies λ_1 = λ_2, which means that A is proportional to a unitary operator.

If we have two operators A_1, A_2 ∈ B(H) intertwining r, then a similar argument shows that A_1A^∗_2 is proportional to identity. This means that A_1 is proportional to A_2. □

2.7.6 Unitary equivalence of Fock representations

Let (Y, ·, ω, i) be a complete Kähler space. Let j ∈ B(Y) be an anti-involution such that (ω, j) is Kähler. That means

j^2 = −1, (ij)^′ = ij, ij ≤ 0.

Recall from Subsection ?? that if we set k := −ij ∈ B(Y), then we obtain a second Kähler structure (Y, ·k, ω, j). Recall that k satisfies

k = k^′, i^{−1}ki = k^{−1}, k > 0. (2.7.54)

Recall also that one can define

c := 1_Z (1 − k)(1 + k)^{−1} = (1 − k)(1 + k)^{−1}1_Z ∈ B(Z, Z) (2.7.55)

satisfying c^′ = c, c^∗c < 1. (2.7.56)

One can retrieve k from c by

k = (1 − c − c)(1 + c + c)^{−1} = [ (1 + c^∗c)^{−1} (1 + cc^∗)^{−1}c c^∗(1 + cc^∗)^{−1} (1 + cc^∗)^{−1} ] . (2.7.57)

Proposition 2.7.6 The following statements are equivalent: 1) i − j ∈ l^2(Y), 2) 1 − k ∈ l^2(Y), 3) c ∈ l^2(Z, Z).

Proof. The identity −i(i − j) = 1 − k and i ∈ O(Y) imply the equivalence of 1) and 2).

(2.7.55) and the boundedness of (1 + k)^{−1} imply 2)⇒3).

Clearly, c^∗c < 1_Z and c ∈ l^2(Z, Z) imply that (1 − c^∗c)^{−1} and (1 − cc^∗)^{−1} are bounded. Hence 3)⇒2) follows from (2.7.57). □

Theorem 2.7.7 Let Z be Z_j be the holomorphic subspaces of CY corresponding to the Kähler anti-involutions i and j. Let Y ∋ y → W (y) ∈ U(Γ_s(Z)) and Y ∋ y → W_j(y) ∈ U(Γ_s(Z_j)) be the corresponding Fock representations of CCR. Then the following statements are equivalent.

1) There exists a unitary operator U : Γ_s(Z) → Γ_s(Z_j) such that UW (y) = W_j(y)U. 2) i − j is Hilbert-Schmidt (or any of the equivalent conditions of Proposition 2.7.6 holds).

Remark 2.7.8 The Hilbert-Schmidt property in condition 2) uses the real scalar product on Y that belongs to the Kähler structure (·, ω, i). Therefore, condition 2) may seem not symmetric wrt the anti-involutions i and j. Nevertheless, if the condition 2) is satisfied, then the scalar products · and ·k are related with the operator k, which is bounded with a bounded inverse, hence the set of Hilbert-Schmidt operators wrt the scalar products · and ·k coincide.

Let c ∈ Γ^2_s (Z) ≃ l^2_s (Z, Z). Recall that c(a^∗) = a^∗ca^∗ is a well defined closed operator with domain containing Γ^{fin}_s (Z).

Note that c^∗c is trace class, so det(1 − c^∗c) is well defined. If we assume also that c^∗c < 1, then det(1 − c^∗c) > 0.

Lemma 2.7.9 1) Suppose that, if c ∈ l^2_s (Z, Z) and c^∗c < 1. Then Ω_c := det(1 − c^∗c)^{14} e^{− 12 a∗ca∗} Ω.

defines a normalized vector in Γ_s(Z).

2) Suppose that c is a densely defined operator from Z to Z such that c^′ = c. Suppose that there exists ψ ∈ Γ_s(Z) satisfying (z(a) + cz(a^∗))ψ = 0, z ∈ D(c) ⊂ Z. Then c ∈ l^2_s (Z, Z) and c^∗c < 1. Moreover, ψ is proportional to Ω_c. Proof. We have

0 = (Ω|(z_1(a) + cz_1(a^∗)) · · · (z_n(a) + cz_n(a^∗))ψ) = ((z_n(a^∗) + c^∗z_n(a)) · · · (z_1(a^∗) + c^∗z_1(a))Ω|ψ), z_1, . . . , z_n ∈ D(c).

By induction this shows that if λ := (Ω|ψ), then (z_1(a^∗) · · · z_{2m+1}(a^∗)Ω|ψ) = 0, (z_1(a^∗) · · · z_{2m}(a^∗)Ω|ψ) = λ(−1)^{m (2m)!}_{2mm!} ⟨z_1 ⊗_s · · · ⊗_s z_{2m}|c^{⊗sm}⟩, where in the last expression we treat c as an element of^∘Γ^2_s (Z)^{/al} In particular, for z_1, z_2 ∈ D(c), this gives the following formula for the 2-particle component of ψ:

(z_1 ⊗_s z_2|ψ) = −λ⟨z_1 ⊗_s z_2|c⟩ = −λ(z_1|cz_2), (2.7.58)

where in the first line we treat c as an element of^∘Γ^2_s (Z)^{/al} and in the second line as an operator from Z to Z. (2.7.58) can be extended to a bounded functional on Γ^2_s (Z) only if either λ = 0 or c ∈ Γ^2_s (Z). Now, c ∈ Γ^2_s (Z) is equivalent to c ∈ l^2_s (Z, Z).

Thus

ψ_{2m} = λ(−1)^m √ (2m)! 2^mm!

c^{⊗sm} = (−1)^m 1 2^mm!

(a^∗ca^∗)^mΩ, ψ_{2m+1} = 0, m = 0, 1, . . . .

For what follows, we can assume λ = 1.

Since c^∗c is trace class, we can find an orthonormal basis {z_i, : i ∈ I} such that c^∗cz_i = λ_iz_i. Using the corresponding basis in Γ_s(Z), (see ??), we obtain ‖ψ‖^2 = Π_{i∈I}^∞ ∑ m=0 (2m)!λ^m_i 2^{2m}(m!)^2 = Π_{i∈I}^∞ ∑ m=0 1 m! ( − λ_i)^m(−^1_2 )(−^3_2 )(−m +^1_2 ) = Π_{i∈I} ( 1 − λ_i )_− 1_2

= det ( 1 − c^∗c )_− 1_2 . .

This shows that the vector Ω_c is normalized.

If for some i ∈ I, λ_i ≥ 1, then the above series is divergent and the vector ψ is nonnormalizable. This shows the necessity of the condition c^∗c < 1. □

Theorem 2.7.10 1) Let c ∈ B(Z, Z) satisfy (2.7.55) and let j be the Kähler antiinvolution determined by c as in the beginning of this subsection. Then Ω_c is the unique vector satisfying the following conditions:

a) ‖Ω_c‖ = 1, b) (Ω_c|Ω) > 0, c) Ω_c is a vacuum for j.

2) The statement 1c) is equivalent to

(z(a) + cz(a^∗))Ω_c = 0, z ∈ Z. (2.7.59)

3) By Theorem 1.7.13 we can find a conjugation κ ∈ B(Y) such that, if we use the

decomposition Y = Y_κ ⊕ Y_{−κ}, then i = [ 0 −1 1 0 ] , k = [ m 0 0 m^{−1} ] , where m ∈ L_s(Y_κ),

m > 0. In the corresponding Schrödinger representation (or real wave representation)

Ω_c = π^{− d4} (det m)^{14} e^{− 12 xmx}.

Proof. We know that every element of Z_j is of the form (1 + ij)y_1 for some y_1 ∈ Y. But since (1 + k) is bounded, every element of Y is of the form y_1 = (1 + k)^{−1}y. Now

(1 + ij)(1 + k)^{−1}y = (1 + iik)(1 + k)^{−1}y

= (1_Z + 1_Z (1 − k)(1 + k)^{−1}) (1 + k)^{−1}y = z + cz, where z = 1_Z (1 + k)^{−1}y ∈ Z. Hence every element of Z_j is of the form z + cz. This implies the equivalence of 3) and 2c). Therefore, it follows from Lemma 2.7.9 that Ω_c is a vacuum for j.

We know from Lemma 2.7.9 that ‖Ω_c‖ = 1. (Ω_c|Ω) > 0 is obvious. Since the space of the vacua for j is 1-dimensional, the conditions a), b) and c) specify a unique vector. □

Proof of Theorem 2.7.7 1)⇐2). If 2) is satisfied, then the Hilbert space contains the vector Ω_c, which by Theorem 2.7.10 1) is a vacuum for the anti-involution j. Moreover, the representation Y ∋ y → W_j(y) ∈ U(Γ_s(Z)) is irreducible. Therefore, every non-zero vector of Γ_s(Z), in particular Ω_c, is cyclic. Hence we can apply Theorem 2.4.16.

1)⇒2). Assume 1). Then there exists a vacuum ψ ∈ Γ_s(Z) for the anti-involution j. By Theorem 2.7.10 2), this means that

(z(a) + cz(a^∗))ψ = 0.

By Lemma 2.7.9 such a vector exists only if c ∈ l^2(Z, Z). By Proposition 2.7.6, this means that i − j is Hilbert-Schmidt. □

Remark 2.7.11 The proof of the unitary equivalence of ∋ y → W (y) and ∋ y → W_j(y) that we gave follows the proof contained in the book of Berezin (based on formulas known already to Friedrichs). The original proof given by Shale is different – it uses Theorem 1.7.13 to find a conjugation adapted to the pair of antiinvolutions i and j, and then the appropriate real wave representation. The advantage of Berezin’s proof is that it uses only canonically defined objects (the above mentioned conjugation is not always uniquely determined).

Theorem 2.7.12 Let c_1, c_2 ∈ B(Z, Z) satisfy (2.7.55). Then (Ω_{c1} |Ω_{c2} ) = det(1 − c^∗_1c_1)^{14} det(1 − c^∗_2c_2)^{14} det(1 − c^∗_1c_2)^{− 12} .

Proof. It suffices to assume that Z is finite dimensional. In the complex wave representation, e^{− 1}2^{a∗ca∗} Ω equals e^{− 1}2^{wcw}. We will use the formula (2.4.8). We first use the integral over Z and then we change the coordinates to w → v := w + w ∈ Y:

(e^{− 1}2^{a∗c1a∗} Ω|e^{− 1}2^{a∗c2a∗} Ω) = (2πi)^{−d} ∫ Z e^{−|w|2} e^12^{wc1w}e^12^{wc2w}dzdw = (2π)^{−d} ∫ Y e^{− 1}2^{v2} e^12^{vc1v}e^12^{vc2v}dv

= det^{− 12} [ 1 −c_1 −c_2 1 ] = det^{− 12} (1 − c_1c_2).

(Recall that c = c^′ ∈ L(Z, Z), c = c^∗ ∈ L(Z, Z), and we use the decomposition CY = Z ⊕ Z in the matrix above). □

2.7.7 Implementable symplectic transformations in the Fock representation

We consider a complete Kähler space (Y, ·, ω, i). Let r ∈ Sp(Y) ∩ B(Y). Recall that treating CY as the direct sum Z ⊕ Z we can write r as r = [ p q q p ] , where p ∈ L(Z, Z), q ∈ L(Z, Z) satisfy p^∗p − q^′q = 1, p^′q − q^∗p = 0, pp^∗ − qq^∗ = 1, pq^′ − qp^′ = 0. We have pp^∗ ≥ 1, p^∗p ≥ 1, hence p^{−1} exists.

We define the operators c, d ∈ L_s(Z, Z) c := p^{−1}q = q^∗(p^∗)^{−1}, d := qp^{−1} = (p^∗)^{−1}q^′.

Proposition 2.7.13 Let r ∈ Sp(Y) ∩ B(Y). The following conditions are equivalent:

0) i − rir^{−1} ∈ l^2(Y), 1) ri − ir ∈ l^2(Y), 2) Trq^∗q < ∞, 3) Tr(pp^∗ − 1) < ∞, 4) d ∈ l^2(Z, Z), 5) c ∈ l^2(Z, Z). Define Sp_2(Y) to be the set of r ∈ Sp(Y) ∩ B(Y) satisfying the above conditions. Then Sp_2(Y) is a group.

Proof. 0)⇔ 1) is obvious.

We have ri − ir = [ 0 −2iq 2iq 0 ] , (ri − ir)^∗ = [ 0 −2iq^′ 2iq^∗ 0 ]

Hence

Tr(ri − ir)^∗(ri − ir) = 4Tr [ q^′q 0 0 q^∗q ]

= 4(Trq^′q + Trq^∗q) = 8Trq^∗q = 8Tr(p^∗p − 1).

This implies 1)⇔2)⇔3).

d = (p^∗)^{−1}q^′ and the boundedness of (p^∗)^{−1} implies 3)⇒4). qq^′ = d^∗d(1 − d^∗d)^{−1} implies 4)⇒ 3).

The proof of the equivalence of 3)⇔5) is similar. □ Consider now the Fock representation Y ∋ y → W (y) ∈ U(Γ_s(Z)).

Theorem 2.7.14 1) Let r ∈ Sp(Y) ∩ B(Y). Then the following conditions are equivalent:

a) There exists U ∈ U(Γ_s(Z)) such that UW (y) = W (ry)U, y ∈ Y. (2.7.60) b) r ∈ Sp_2(Y) 2) If the above conditions are satisfied, define

U^i_r = | det pp^∗|^{− 14} e^{− 12 a∗da∗} Γ((p^∗)^{−1})e^{12 aca}.

Then U^i_r is is the unique unitary operator satisfying (2.7.60) and

(Ω|U^i_rΩ) > 0. (2.7.61) c) Sp_2(Y) ∋ r → [U^i_r] ∈ U(H)/U(1) is a homomorphism of groups. (Above, we use the notation [U] = {λU : λ ∈ C, |λ| = 1}).

Proof. Y ∋ y → W (ry) ∈ U(Γ_s(Z)) is an irreducible representation of CCR and the vector Ω is its vaccum for the Kähler antiinvolution j := rir^{−1}. By Theorem 2.4.16, it is unitarily equivalent to the Fock representation Y ∋ y → W_j(y) ∈ U(Γ_s(Z_j)). By Theorem 2.7.7, its unitary equivalence to the Fock representation Y ∋ y → W (y) ∈ U(Γ_s(Z)) is equivalent to b). This shows 1).

The proof of 2) will be given later on. 3) is an immediate consequence of 2). □

2.7.8 Metaplectic group

Let (Y, ω) be a finite dimensional symplectic space and Y ∈ y → W(y) ∈ U(H) a regular irreducible representation of CCR.

Definition 2.7.15 The metaplectic group Mp(Y) is defined as the subgroup of U(H) generated by operators of the form e^{iOp(b)} for b ∈ Γ^2_s (Y).

Theorem 2.7.16 For any U ∈ Mp(Y) there exists a unique r_U ∈ Sp(Y) such that UW(y) = W(r_U y)U, y ∈ Y. The map Mp(Y) ∋ U → r_U ∈ Sp(Y) (2.7.62) is a surjective homomorphism whose kernel consists of {1, −1}. The group Mp(Y) is connected.

Proof. The existence of a surjective homomorphism (2.7.62) follows from Theorem 2.7.4 (see Theorem 2.7.5 2)). It is more difficult to show the kernel of this homorphism is {1, −1}. We will prove it in the section devoted to the metaplectic group in the Fock representation. □

Remark 2.7.17 The surjectivity of (2.7.62) means that, for any r ∈ Sp(Y) there exist exactly two U ∈ Mp(Y), differing by a sign, which implement r.

Remark 2.7.18 It is easy to prove that the homotopy group of Sp(Y) is Z. Thus, for any n = 1, 2, . . . , ∞ the group Sp(Y) has a uniquely defined n-fold covering Sp^{(n)}(Y), which is also a Lie group. The group Mp(Y) is isomorphic to Sp^{(2)}(Y).

2.7.9 Metaplectic group in L^2(R)

This subsection has an illustrative character.

Let us consider the Schrödinger representation in L^2(R) over R ⊕ R. We will describe some examples of subgroups of the metaplectic group Mp(R ⊕ R) ⊂ U(L^2(R)).

Example 2.7.19 Let b(x, ξ) = xξ. Then Op(b) =^1_2 (xD + Dx), and the following operators belong to the metaplectic group:

e^{−itOp(b)}ψ(x) = e^{− 12 t}ψ(e^{−t}x).

Example 2.7.20 The multiplication operator e^{− i}2^{tx2} is an element of the metaplectic group.

Example 2.7.21 The operator e^{− i}2^{tD2} is an element of the metaplectic group. Its integral kernel equals (2πit)^{− 12} e^{i2 (x−y)2t} .

Example 2.7.22 Let b(x, ξ) :=^1_2 ξ^2 +^1_2 x^2. Then Op(b) =^1_2 D^2 +^1_2 x^2.

First note that e^{−tOp(b)} has the Weyl symbol w(t, x, ξ) = (ch^t_2 )^{−1} exp(−th^t_2 (x^2 + ξ^2)), and the integral kernel W (−t, x, y) = π^{− 12} (sht)^{− 12} exp ( −(x^2 + y^2)cht + 2xy 2sht ) . e^{−itOp(b)} has the Weyl symbol w(it, x, ξ) = (cos^t_2 )^{−1} exp ( −i tg^t_2 (x^2 + ξ^2) ) . the integral kernel

W (it, x, y) = π^{− 12} | sin t|^{− 12} e^{− iπ4} e^{− iπ2 [ tπ ]} exp ( −(x^2 + y^2) cos t + 2xy 2i sin t )

Above, [c] denotes the integral part of c.

Note that W (it + 2iπ, x, y) = −W (it, x, y) Note the special cases: W (0, x, y) = δ(x − y), W (^{iπ}_2 , x, y) = (2π)^{− 1}2 e^{− iπ}4 e^{−ixy}, W (iπ, x, y) = e^{− iπ}2 δ(x + y), W (^{i3π}_2 , x, y) = (2π)^{− 1}2 e^{− i3π}4 e^{ixy},

2.7.10 Metaplectic group in the Fock representation

Let Y be a complete Kähler space. Consider the Fock representation Y ∋ y → W (y) ∈ U(Γ_s(Z)).

Definition 2.7.23 The metaplectic group of Y, denoted Mp(Y) is the subgroup of U(Γ_s(Z)) generated by e^{iOp(b)} with b ∈ Γ^2(Y) of the form Y ∋ (w, w) → b(w, w) = i 2 wdw + whw − i 2 wdw, where d ∈ Γ^2_s (Z) and h ∈ l^1_h(Z).

(Note that Theorem 2.7.3 and (2.7.48) imply that Op(b) is a well defined self-adjoint operator).

Lemma 2.7.24 Let v ∈ U(Y^C), which means that v = [ u 0 0 u ] , with u ∈ U(Z), then (det u)^{12} Γ(u) (2.7.63) (where both signs of the square root are possible) belongs to Mp(Y) and implements v. Proof. Let h ∈ l^1(Z). Then e^{iOp(h)} = e^{i2 Trh}e^{iOpa∗,a(h)} = det e^{i2 h}e^{idΓ(h)} = (det e^{ih})^{12} Γ(e^{ih}).

Setting u = e^{ih} proves the lemma. □

Lemma 2.7.25 Let d ∈ Γ^2_s (Z) ≃ l^2_s (Z, Z). Recall that Op(d) = a^∗da^∗ and Op(d) = ada are densely defined closable operators. e^{− 1}2^{a∗da∗} and e^12^{ada} are densely defined closable operator iff d^∗d < 1 and we have e^{− 12 a∗da∗} z(a)e^{12 a∗da∗} = z(a) + (dz)(a^∗), z ∈ Z. (2.7.64) e^{12 ada}z(a^∗)e^{− 12 ada} = z(a^∗) − (dz)(a), z ∈ Z. (2.7.65) Lemma 2.7.26 1) Let r ∈ Sp(Y) satisfy r = r^′, r > 0, which as we know is equivalent to r = [ p q q^∗ p ] = [ 1 c 0 1 ] [ p^{−1} 0 0 p ] [ 1 0 c^∗ 1 ] , for some p ∈ L_h(Z), q ∈ L_s(Z, Z) satisfying p > 0 and p^2 − qq^∗ = 1 and c = p^{−1}q = qp^{−1} ∈ L_s(Z, Z). Then exp(−^1_2 a^∗ca^∗) det p^{− 1}2 Γ(p^{−1}) exp(^1_2 aca) (2.7.66) belongs to Mp(Y) and and implements r. 2) Choose a conjugation κ as in Theorem 1.7.13 and identify Y with X ⊕ X so that for m ∈ L_s(X ), m > 0. r = [ m^{−1} 0 0 m ] . Then the operator (2.7.66) in the Schrödinger representation on L^2(X ) (or, appropriately interpreted, in the real wave reperesentation) equals (det m)^{− 1}2 m_∗.

Proof. Let d ∈ Γ^2_s (Z) ≃ l^2_s (Z, Z). Then Op(^i_2 (d − d)) = Op^{a∗,a}(^i_2 (d − d)) =^i_2 (a^∗da^∗ − ada). (2.7.67) is essentiallyself-adjoint on Γ^{fin}_s (Z). We have

e^{iOp( i}2^{(d−d))}

= exp ( −^1_2 a^∗d^{th√d∗d√}_{d∗d} a^∗ )( det ch √ d^∗d )_− 1_2 Γ ( ch √ d^∗d )_{−1} exp (_1 2 ad^{∗ th√dd∗√}_{dd∗} a ) . (2.7.68)

Setting p = ch √ d^∗d and c = d^{th√d∗d√}_{d∗d} gives 1).

Note that the most convenient way of computing (2.7.68) is probably using the Schrödinger representation, as in 2). □ Proof of Theorem 2.7.14. Recall that

Γ(p)z(a^∗)Γ(p^{−1}) = pz(a^∗), Γ(p)z(a)Γ(p^{−1}) = (p^∗)^{−1}z(a), z ∈ Z (2.7.69) Set V := e^{− 1}2^{a∗da∗} Γ((p^∗)^{−1})e^12^{aca}. Using (2.7.69), (2.7.64) and (2.7.65), we check that V implements r. In fact,

V z(a^∗) = ( ((p^∗)^{−1}z − dpcz)(a^∗) + (pcz)(a) ) V = (pz(a^∗) + qz(a)) V, V z(a) = ((pz)(a) + (dpz)(a^∗)) V = (qz(a) + pz(a)) V. Hence V ϕ(y) = ϕ(ry)V, y ∈ Y, and thus (2.7.60) is satisfied.

The map Y ∋ y → W (ry) ∈ U(Γ_s(Z)) is an irreducible representation of CCR. Hence any operator V satisfying (2.7.60) is proportional to a unitary operator. Now V Ω = e^{− 12 a∗da∗} Ω. Hence, using Theorem 2.7.10 and (??) we obtain

‖V Ω‖^2 = det(1 − d^∗d)^{− 12} = (det pp^∗)^{− 12} .

Hence U^i_r = (det pp^∗)^{− 1}4 V is unitary. (Ω|U^i_rΩ) = (det pp^∗)^{− 1}2 > 0, hence U^i_r satisfies also the condition (2.7.61). Since there is a strong inequality in this condition, it fixes the choice of U^i_r uniquely. □

Theorem 2.7.27 Define Sp_1(Y) to be the set of r ∈ Sp(Y) satisfying 1 − p ∈ l^1(Z). For r ∈ Sp_1(Y), define

U_r = ±(det p^∗)^{− 12} e^{− 12 a∗da∗} Γ((p^∗)^{−1})e^{12 aca}. (2.7.70)

(Here U_r denotes a pair of operators differing by a sign). Then 1) Sp_1(Y) is a subgroup of Sp(Y).

2) U_r ∈ U(H)\{1 − 1} and U_rW (y) = W (ry)U_r. 3) The following map is a group homomorphism. Sp_1(Y) ∋ r → U_r ∈ U(H)/{1, −1} (2.7.71) 4) The range of (2.7.71) is Mp(Y)/{1, −1}.

Proof. Let us prove 1). It follows from 1 − p ∈ l^1(Z), that 1 − p^∗p ∈ l^1(Z). But q^∗q = p^∗p − 1. Hence q ∈ l^2(Z, Z). Hence also c, d ∈ l^2(Z, Z).

Let r_1, r_2 ∈ Sp_1(Y). Let p_i, q_i, c_i, d_i be defined as usual from r_i for i = 1, 2. Let r = r_1r_2 and define p, q, c, d the usual way. We have

p = p_1p_2 + q_1q_2 = p_1(1 + c_1d^∗_2)p_2.

We have 1 − p_1, 1 − p_2, c_1d^∗_2 ∈ l^1(Z). Hence 1 − p ∈ l^1(Z). This proves 1) The operators U_r differ by a phase factor from U^i_r from Theorem 2.7.14. Therefore they are unitary and implement r. This proves 2).

Let us prove 3). We know that

(Ω|U_{r1r2} Ω) = ±(det p^∗)^{− 12} = ± (det(p_1p_2 + q_1q_2)^∗)^{− 12} . (2.7.72)

Moreover,

(Ω|U_{r1} U_{r2} Ω) = (e^12^{a∗c1a∗} Ω|e^{− 1}2^{a∗d2a∗} Ω)(det p^∗_1)^{− 1}2 (det p^∗_2)^{− 1}2

= det(1 + d_2c^∗_1)^{− 1}2 (det p^∗_1)^{− 1}2 (det p^∗_2)^{− 1}2

= (det(p_1p_2 + q_1q_2)^∗)^{− 1}2 .

Hence (Ω|U_{r1} U_{r2} Ω) = ±(Ω|U_{r1 r2} Ω).

We know that U_{r1} U_{r2} and U_{r1r2} implement r_1r_2 and the representation is irreducible. Hence U_{r1} U_{r2} = ±U_{r1r2} . This ends the proof of 3).

Then we note that any r ∈ Sp(Y) can be written as r = vr_0, where v ∈ U(Y^C) and r_0 is positive and self-adjoint. By Example 2.7.24, U_v belongs to Mp(Y). By example 2.7.26, U_{r0} ∈ Mp(Y). This proves 4). □

2.7.11 Metaplectic group in the Schrödinger representation

Let X be a finite dimensional vector space. We consider the Schrödinger representation of CCR over X^′ ⊕ X .

Lemma 2.7.28 If m ∈ Gl(X ) with det m > 0, then (det m)^{− 12} m_∗ ∈ Mp(X^′ ⊕ X ) implements [ (m^′)^{−1} 0 0 m ] ∈ Sp(X^′ ⊕ X ). Proof. Let c ∈ X ⊗_s X^′ ≃ X ⊗ X^′ ≃ gl(X ). Recall that Op(c) = xc^′D + i 2 Trc. Thus e^{iOp(c)} = e^{− 12 Trc}e^{iOpx,D (c)} = det e^{− 12 c}e^{−c}_∗ .

Lemma 2.7.29 Let α ∈ L_s(X , X^′). Then e^i2^{xαx} ∈ Mp(X^′ ⊕ X ).

Lemma 2.7.30 Likewise, if β ∈ L_s(X^′, X ). Then e^i2^{DβD} ∈ Mp(X^′ ⊕ X ). Its integral kernel equals (2πi)^{− d2} (det β)^{− 12} e^{− i2 (x1−x2)β−1(x1−x2)}.

Let us now describe the case of an (almost) arbitrary r ∈ Sp(X^′ ⊕ X ). We can write r = [ a b c d ] . Recall that if b is invertible, then we can define e = db^{−1} = b^{′−1}d^′ ∈ L_s(X , X^′), f = b^{−1}a = a^′b^{′−1} ∈ L_s(X , X^′), and the so-called generating funtion X × X ∋ (x_1, x_2) → S(x_1, x_2) := 1 2 x_1ex_1 − (b^{−1}x_2)x_1 + 1 2 x_2fx_2.

Theorem 2.7.31 Let r ∈ Sp(X^′ ⊕ X ) be such that b is invertible. Then the operators U_r ∈ Mp(X^′ ⊕ X ) implementing r have the integral kernel equal to U_r(x_1, x_2) = ±(2πi)^{− 12 d} √ det ∇_{x1} ∇_{x2} Se^{iS(x1,x2)}.

2.7.12 Weyl-Wigner symbols of elements of the metaplectic group

Assume that Y is finite dimensional. We fix a regular representation of CCR over Y.

Let r ∈ Sp(Y). Assume that r + 1 is invertible. Then we can define γ := (r − 1)(r + 1)^{−1}ω^{−1} ∈ L_s(Y^′, Y) ≃ Γ^2_s (Y).

Theorem 2.7.32 Let r ∈ Sp(Y) such that r + 1 is invertible. Then the elements of Mp(Y) implementing r have the form U_r = ± det(1 + γω)^{12} Op(e^{iγ} ).

Proof. Instead of proving the theorem we will check a weaker statement – that the above defined operators implement r and are unitary.

Using Op(e^{iγ} )ϕ(y) = 1 2 Op(i^{−1}{e^{iγ} , y}) + Op(e^{iγ} y),

ϕ(ry)Op(e^{iγ} ) = 1 2 Op(i{ry, e^{iγ}}) + Op(e^{iγ} ry), we get y + γωy = ry − γωry. Thus Op(e^{iγ} ) implements r.

Next we compute that Op(e^{−iγ} )Op(e^{iγ} ) has the symbol π^{−d} ∫ e^{−iv1 γv1+iv2γv2 +2iv1ω−1v+2ivω−1 v2−2iv1 ω−1v2} dv_1dv_2 = (2π)^{−d} ∫ e^{−itγs−itω−1 s+2isω−1v}dtds = det(γ + ω^{−1})^{−1} = det(γω + 1)^{−1}.

Thus ± det(1 + γω)^12 Op(e^{iγ} ) are unitary. □