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Hypergeometric type

equations and functions



For ay,...,ag,c1,...,cm € C, we define the (generalized)
hypergeometric series of type 1. Fy:

kEm(al akS Cly- -y Cm; 2)
i i
- Cl Cm)]]'

Notice that
(1)if m+ 1 > k, then it is convergent for z € C,
(2)if m+ 1 =k, then it is convergent for |z| < 1;

(3)if m+1 < k, then it is divergent (however sometimes we
can give a meaning to the function 1.Fyy).



The function F’ solves the equation
(a1 4+ 20;) - - - (a, + 20,) F.
Note that this equation is of the order

max(k, m—+1). Below we list all equations and hypergeometric
functions with equations of the order at most 2.



Hypergeometric function or the oF] function

F(a,b;c;z) = § (@nlbln 0.

s n!(c)n

The series is convergent for |z| < 1, it extends to a multivalued

function on a covering of C\{0,1}.
The function is a solution of the
hypergeometric equation

(z(l — )07+ (c— (a+b+1)2)d, — ab) u(z) =0

that is analytic around 0 and equals there 1.



Confluent function or the {F7] function

F(a;c; z) = § W0
n=0

n!(c)n

The series is convergent for all z € C. It defines a solution
analytic around 0 and equal there 1 of the confluent equation

(207 4 (¢ — 2)0, — a)u(z) = 0,



The oF7 function

O
e ) — Co) — L .n
F(—;c¢2z) = F(c z) nZ::() I
The series is convergent for all z € C. It defines a solution
analytic around 0 and equal there 1 of the (/] equation (related

to the Bessel equation)

(207 + ¢d. — Du(z) = 0.



The 9F{ function
For arg z # 0 we define

F(a,b;—;z) = lim F(a,b;c;cz).

C— OO
It extends to an analytic function on the universal cover of

C\{0} with a branch point of an infinite order at 0. It has
the following asymptotic expansion:

— (a)n(b)
F(a,b;—;z)wz DR largz — 7| < — e

n!

n=0
This function has a branch point at zero. Hence it cannot be
defined with a series around zero. It solves the 9 F{) equation

(related to the confluent equation)

(zQag +(—1+(a+b+1)2)0; + ab) u(z) = 0.



Power function or the 1 F{ function

Fla;—2)=(1—-2)"%= § G
n=0

The series is convergent for |z| < 1, it extends to a multivalued
function on a covering of C\{1}. It is a solution of

((z —1)0; — a)u(z) = 0.



Exponential function or the oF{y function

F(——2) = %O%

It solves

(0, — Nu(z) = 0.



Following Nikiforov—Uvarov, we adopt the following terminol-
ogy. Equations of the form

(02002 + 7(2)0: +7) £(2) =0,

where ¢ is a polynomial of degree < 2,

7 is a polynomial of degree < 1,

n is a number,
will be called hypergeometric type equations, and their solutions
—hypergeometric type functions. Ditferential operators of the
form

0(2)07 + 7(2)0; + 1
will be called hypergeometric type operators.
Let us review basic classes of hypergeometric type equations.



(1) The oF or hypergeometric equation

2(1—2)0°+ (c— (a+b+1)2)d, — ab.
(2) The oF{) equation
220° + (=14 (1+a+b)2)d, + ab.
(3) The 1 F} or confluent equation
20° 4 (¢ — 2)d — a.
(4) The oF} equation
20° + ¢d, — 1.



(5) The Gegenbauer equation
(1— 299 — (a+b+1)20, — ab.
(6) The Hermite equation
82 — 220, — 2a.
(7) 2nd order Euler equation
(2282 + bz20, + a) f(z) =0.
(8) 1st order Euler equation for the derivative
20% + ¢0,.
(9) 2nd order equation with constant coefficients

82 + cd, + a.



(5) and (6) are reflection invariant.

(7), (8) and (9) are solvable in elementary functions. There-
fore, it will not be considered in what follows.

The 9Fp and 1 F7] equation are equivalent by a simple substi-
tution, therefore they can be discussed together.

Up to an affine transformation, (5) is a subclass of (1). How-
ever, it has additional properties, therefore it is useful to discuss
it separately.



|dentities for hypergeometric type operators and functions have
a high degree of symmetry. Therefore, it is not surprising that
behind each of these operators there is a group-theoretical struc-
ture.

Each hypergeometric type equation can be obtained by a sep-
aration of variables of a certain 2nd order PDE with constant
coefficients. On the highest level, which we call the extended
space, the symmetries of the equation are very straightforward.
One can introduce the Lie algebra of generalized symmetries of
this PDE. In this Lie algebra we fix a certain maximal commuta-
tive algebra, which we will call the "Cartan algebra”. Operators
that are eigenvectors of the adjoint action of the "Cartan alge-
bra” will be called "root operators’. Elements of the group that
yield automorphisms leaving invariant the "Cartan algebra™ will
be called "Weyl symmetries’.



The parameters of hypergeometric type equation can be inter-
preted as the eigenvalues of elements of the "Cartan algebra™.
The “root operators” and "Weyl symmetries’ commute with the
underlying 2nd order operator and transform the “Cartan alge-
bra” in a simple way. Therefore, after the dimensional reduction
and a change of coordinates they lead to to certain transmu-
tation relations and discrete symmetries for the corresponding
hypergeomentric type equations.



We can distinguish 3 kinds of PDE's with constant coeffi-
cients:

(1) The Helmholtz equation on C™ given by A, +1, whose Lie
algebra of symmetries is the affine orthogonal Lie algebra
C" x so(n);

(2) The Laplace equation on C™ given by A,,, whose Lie alge-
bra of generalized symmetries is the orthogonal Lie algebra
so(n+2). One can derive the generalized symmetries from
the Laplacian A1 9 on the extended space cnt2,

(3) The heat equation on C"@®C given by Ay 420, whose Lie
algebra of generalized symmetries is the so-called Schrodinger
Lie algebra sch(n), One can derive the generalized sym-

metries from the Laplacian A, 14 on the extended space
Cn+4



Separating the variables in these equations usually leads to
differential equations with many variables. Only in a few cases
it leads to ordinary differential equations, which turn out to be
of hypergeometric type. Here is the table of these cases:

Lie dimension of discrete .
PDE . equation
algebra  Cartan algebra symmetries
As+1 C?.s0(2) 1 Zo oF:
Ay s0(6) 3 cube o F:
As s0(5) 2 square  Gegenbauer;
Ao + 204 SCh(Q) 2 Lo X Ly 117 or 9Fy;
A1+ 0s sch(l) 1 7.4 Hermite.



Orthogonal group and Lie algebra



Suppose that
R" >y, x— (ylr) = Zgz,gy z/

is a scalar product on R"™ or C™. Deflne

O(n) = {a € GL(n) - (aylaz) = (yla)}
SO(n) == {a € O(n) : deta=1}.



The Lie algebra gl(n) can be represented by vector fields and
is spanned by yzﬁyj.
The Lie algebra so(n), represented by vector fields on R is
so(n) :={B €gl(n) : Byly) =0}.
Fori,7 =1,...,n, define
' k
Bj j = Z(gj,kyjﬁyk — 9i kY Oy5).
7.k
{Bjj : i<j} spanso(n).



We define

the Laplacian A, = Zgz’jﬁyiﬁyj,
2Y,
1 .
the Casimir operator Cp, = 5 Z gz’kgj’lBi,jBk’l.
i7j7k7l

The above definitions do not depend on the choice of a basis.

Ay, commutes with C" x O(n) and C™ x so(n). C,, commutes

with O(n) and so(n).

Note the identity

<y’y>An = A727, + <n — Z)An + Cn,

where



Suppose that 2m = n. Every scalar product of signature
(m,m) can be expressed in even split coordinates

(yly) = Z 2y _ Y.

Then so(R™) has a basis con5|st|ng of
N;=B_;; = —y_iOy_;, +y;Oy,,
Bij = y—iOy; — y—jOy; il <|jl.
The subalgebra of so(n) spanned by NV; is its Cartan algebra.
B; j are its root operators:

[N, Bij] = —(sgn(i)oy, i +sen(i)oy, ;) B



We have

m
1=1

m
Ch= Y BZ-]-BZ-]-—;NZZ.
i

1<]i]<|j]<m



Suppose that 2m + 1 = n. Every scalar product of signature
(m, m + 1) can be expressed in odd split coordinates

m
ly) =5+ D 2y—ivi.
1=1
Then so(n) has a basis consisting of the basis of so(2m) and
By; = yanj — y—jay()a Jl=1...,m.
The additional roots satisfy

Nk, Boj| = —sgn(j)oy, | Bij-



We have

m
Ap =05+ Y 20y .0y,

1=—1
m
Cn =Y BBy
i[=1

m
2
+ Z BijB—i—j — Z NE.

L<i]<|j|<m 1=l

We will treat the split signature (m,m) and (m, m + 1) and
the split scalar product as the standard one.



Consider the split scalar product in dimension 2m. Permuta-
tions of {1,...,m}U{—1,..., —m} that preserve the pairs
{1,—1},...{—m, m} are orthogonal. They form a group, that
we will denote W (2m). It is isomorphic to Z5" XSy,

The subgroup isomorphic to Z5" consists of elements that pre-
serve each pair (—1,1).

TZ'NjTZ-_l — (—1)5iij.
The subgroup isomorphic to Sy, permutes pairs (—2,%). For

m € Sy, the corresponding permutation operator will be de-
noted or. It belongs to O(n) and

O'WN]'()';l = Nﬁj.



We say that a function £ on R" is harmonic if
ApF = 0.
Let eq,...e;. € R" satisfy
(eilej) =0, 1<4,5 <k,
In other words, assume that eq,...,ex span an isotropic sub-
space of R™. Then

F(z) = f({e1l), .. (exl2))

is harmonic.
For instance, consider R™ with a split scalar product (where
n is even or odd). Then for any aq,...,am
— M 0m
Faq,..am == 7 Zm

is harmonic. Besides, it satisfies

NjFOq,...Cvm = ajFOzl,...Ozm-



Suppose that for z = (z, v, Z’) e R" = R2 g R 2
(9,2 ey, 2') = a® +y° + (]7).
Set
Ny = —i(z0y — yOz).

Consider a function f(x,y,2’). We introduce a wave packet
of angular momentum m € Z made out of rotated f:

2T -
EFn(z,y,2) = f(cos ¢px— sin ¢y, sin ¢px+ cos gby)e_lm¢2—¢,
0 T

N1z, y, 7)) = mEp(x,y, 7).



Introduce complex coordinates

— 1( )
241 - :C:|:1 .
! \/§ Y

We will write f(z_1,21,2") = f(z,9,2)), Fm(z_1,21,%2") =
Fin(x,y,2'). The operator N7 and the metric take the familiar
form

Ni =210, | — 2104,
(21, 21,2 |21, 21, 2") = 22121 + (Z|2).

We obtain
Fn(z_1, 21,7 /f Lo 1,721, )T

Ni1Fmn(z_1,21, 2 m(z_1, 21, 2).

—m—1 dr
)

127

where 7y is the closed contour [0, 273 ¢ — T(¢)) = '@,



We again consider R" = R2 @& R" 2 but we change the
signature of the metric. We assume that the scalar product is
given by

(21,21, 2 |21, 21, 2") = 22121 + (Z]2).

We start from a function f(2_121, 2’) that satisfies
T=00

firte y, 12,2 )@ ; = 0.
’7-:
and we set
=3 / for ey, 2, 2y dr
i
2m/ fle ¥z 1,6V, 2 )e Vi,
Then

N1Fo(z_1,21,2") = aFa(2-1, 21, 7).



Assume now that z_1, 21, 2’ are complex variables and f is
holomorphic. The following result summarizes the above con-

structions:
Suppose that 0,1[3 s — 7(s) is a contour on the Riemann

surface of

T > f(T_lz_l,Tzl,z/)T_O‘
that satisfies
_ _7(1)
f(r 12_1,72-1,2’)7 o = 0.
7(0)
Then o :
_ o 4dTr
Fq :_/ f(r 12_1,721,2/)7 a—l__
0 27Tl
solves



Suppose that R" is equipped with a scalar product

(z_1,21,2 |21, 21,2 )n = 22121 + (|2 V0.

Introduce new variables (essentially, polar coordinates for z_1, z1):

z
= \/22_121, U= !

Zom
In the new variables
1 1
Ap =05 +—0z — 2(uau) + A,

() O

172 1 1 1

_ (@ZO + ) _ —(ua _ ) (u@u + —) FA,
220 2 2 2



Therefore, if we set

Ap_1:=05+ Ay o,

1 1
Fi(2, zp,u) = f+(2, zo)ui?zo 2
then
1
N{Fy = :I:iFi,

1 1
202u$?AnFi = Ap_1f+.
Therefore, the n — 1-dimensional Laplace equation A,,_1f =0
is essentially equivalent to the n-dimensional Laplace equation
ApF = 0 restricted to the eigenspace of N = i%.



Conformal invariance of the Laplacian



We say that a manifold Y is pseudo-Riemannian if it is equipped
with a nondegenerate symmetric covariant 2-tensor

Yoy gy =g,

called the metric tensor. We say that a transformation « is

isometric if ag = g. We say that a vector field X is Killing i
Xg=0.



We say that the metric tensor gy is conformally equivalent to
g if there exists a positive function m € C$°(Y) such that

m(y)g(y) = g1(y).

We say that a manifold ) is equipped with a conformal struc-
ture, if it is equipped with an equivalence class of conformally
equivalent metric tensors.

We say that a transformation « is conformal if it preserves
the conformal class. We say that a vector field X is conformal
Killing if

Xg=DMg.



Consider a pseudo-Euclidean vector space (R”+2, g) of signa-
ture (¢ + 1,p+1).

Vi={zeR" . (z]z) =0, =20}

is the null quadric. Obviously, O(n +2) and so(n + 2) preserve
V.

R”* also preserves on V. Let Y := V/R”™ be the projective
null quadric. We obtain a line bundle

V=)
with the base ) and the fiber R*.



Let V; be an open subset of ) and V; the corresponding open
subset of V. Let

Yizy—=ily) €V

be a section of this bundle. Let g be the metric tensor g
restricted to y;();) transported to V;. Then g, is a metric
tensor on ); of signature (q, p).

The metrics g, and g, on YV1NYs are conformally equivalent.
Thus YV is equipped with a conformal structure.



We have representations
so(n+2)> B~ B°
On+2)>ara’

in conformal Killing vector fields/conformal transformations on

V.



Consider a pseudo-Euclidean space (Rn+2, Gn12) of signature
(g+1, p+1), with the square of a vector (y,r—,74+) € RNH2 —
R" @ R? defined as

<y7 r—, T—F‘ya r—, T—l—>n—|—2 = <y\y>n + 27“_1_7’_.

Thus the pseudo-Euclidean space (R", gy,) of signature (g, p)
is embedded in the pseudo-Euclidean space (R"*2, g,,19)

Recall that V), resp. ) are the null quadric, resp. the projective
null quadric in R™2. Set

Vo={(y,r—,ri) €V : r_#0}, Yy:=Vy/R*.
YV is dense and open in ).



We have a bijection and a section

Y Y
Yy 2 R” 1 &y 1 e V.
_<y’y>n M _<y|y>n
. 2 R” | 2

We have thus embedded R as a dense open subset of the
manifold V.



Consider a Euclidean space (R™*1, g,,.1). Let us embed it in

(R"2, g,,49), so that for (y,7) € R"t @ R = R*H2

<y7 T|y7 T>n+2 — <y‘y>n—|—1 _ T2°

Clearly, the signature of R"*? is (n 4 1, n).
We have a bijection and a section
VEX S H ooy H c V.
1 o 1
Sn
Thus S™ can be identified with V.



Consider now the space R"**2 of signature (g+1,p+ 1), so
that for (¢, %) = (¢o, ..., tq, 0, - .-, Tp)

2

<t_;f‘t_;f> ;:_t%_..._t?]+x%+...+xp.

We have a double covering and a section
R*(p,&) € Y« (p,&) = (p, &) € V.

M
S x SP

We have thus identified V with S x SP/Zs. Its metric tensor is
minus the standard metric tensor on SY plus the standard metric
tensor on SP. Its signature is (q, p).



Let us describe the projective quadric in the lowest dimensions,

where everything is very explicit. We start with dimension n =
1.

Consider R112

with the scalar product
(z]2) = 28 + 22121
We have

VI~ sl ~RU{x} = PR

The Lie algebra so(3) is spanned by
By 1, By -1, Ni.

The Casimir operator is

C3 = 2By 1By 1 — N + N
= 2By _1By1 — Ni — N1



Consider dimension 2. Equip R%T2 with the scalar product
(z]2) = 22121 + 22_929.
We have
V? ~ st xsh,
The Lie algebra so(4) is spanned by
Ny, No, B1o, B1 9, B_19, B_1 9.
lts Casimir operator is

Cy=2B19B 1 _o+2B|_9B 15— Ni — Nj —2N}.



so(4) decomposes into a direct sum of two copies of so(3):
so(4) = so"(3) @ so™ (3),
where so™(3), resp. so~(3) are spanned by
Bio, B_1,—2, N1+ Noj resp. By 9, B_12, Nj — No.

The corresponding Casimir operators are

1
C; = 231723_1’_2 — §(N1 + N2>2 + N1+ No

1
= 2B 1 _9B19— §(N1 + No)? — Ny — Ny,

_ 1
Cy =2B1, 9B 19— §(N1 — No)* + Ny — IV
1
= 2B 1981 9 — §(N1 — No)* — Ny + Vo

Thus
Cy=Cq +C5 .



Inside the associative algebra of differential operators on R*
we have the identity

Cy=Cy
Therefore, represented in the algebra of differential operators
Cy = 4B19B_1 5 — (Ni + Ng)? + 2Ny + 2Ny
= 4B_1 _9B12— ( )" —2N1 — 2N,
— 4Bj 9B 19— (N) - N2>2 +2N1 — 2o
( ) — 2N] + 2N>.

DO



Let n € C. We define A7(V) to be the set of smooth functions
on V homogeneous of degree 1), that is satisfying

flty) =t"fly), t#0, yeV.

Clearly, B € so(n +2), resp. a € O(n + 2) preserve A"(V).
We will denote by B®" resp. a®" the restriction of B, resp.
a to A(V). Thus we have representations

so(n+2) > B — B>
On+2)3a— o'



Let Yy C Y be open and Vy := R*)).
Let v be a section based on ). We then have an obvious

map ¢ AT(Vy) — C%°(d):
(k) (y) = Ek(1(y), y € .

™' is bijective and we can introduce its inverse, denoted
GV,

(@7"f) (sv(w)) = s"f(y), s€C™, ye.



We can transport so(R™2) and O(R"*?) on Yp:
BV = VBN,
QT = .
We thus obtain representations

soln+2)3> B — B
On+2)3>a— ol



The following theorem apparently goes back to Dirac. We
find it curious because it allows in some situations to restrict a
second order differential operator to a submanifold.

Theorem. Let Q C R™2 be an open conical set. Let
K € C°°(§2) be homogeneous of degree 1 — & such that

K = 0.

YN

Then

K‘ _0.
Bt VO



Let k € Al_%(V). Let {2 be a conical neighborhood of V),
K € C°°(£2) be homogeneous of degree 1 — % and

k= K|
V
(We can always find such €2 and K). We set
A ok = An+2K|V.

By the previous theorem the above definition does not depend
on the choice of €2 and K and A, 19K is homogeneous of
degree —1 — 5. We have thus defined a map

AS 5 ATV = ATIT2(Y).



Obviously,

BApy2 = ApioB, B € so(R"2),
alpy2 = Apioa, o€ OR™?).

n
Restricting this to A'™2(V) we obtain
o,—1—5 o,1— +2
B 2 n+2 — n+ZB 27 B € so(R"™),
o,—1-2 o o,1-2 n—+2



In the first proof of Dirac’'s Theorem, we use the decompo-
sition R"T2 = R™ @ R2 We denote the square of a vector,
the Laplacian, the Casimir, resp. the generator of dilations on
R™2 by Ryi9, Apso, Cpao, resp. Apio. Similarly, we de-
note the square of a vector, the Laplacian, the Casimir, resp.
the generator of dilations on R" by R, Ay, Cp, resp. A;,. We
will also write

Nm_l_l = 7“_|_87n+ - T_ar_.



We have

Rn+2 = Ry + 2T+T_,
An+2 — An + 28T+a7“_7
Apio=Ap+1r30r +1_0pr_.
Using the identities
2 2
poee (13- (1) v
4T+T_ar+ar_ — (T+ar+ _|_ T—ar_)2 — N?%”L—Fl’

we obtain



RTLATL—I—Q — RnAn _|_ (Rn_|_2 — 2T+T_)28r+ar_

o (102 (31)

+ Ry 920y, 0p — (r40r, +7-0r )+ N2y

— Rn+225)7“+ Or_

+(An — 1+ g — 14 0r, — r_ﬁr_) (An+2 — 1+ g)

n 2
—(5—1) +Cp+ N2



All operators in the last line can be restricted to V. The
n

operator A, 19— 1+ 4 vanishes on functions in A'T2(Q). The
operator Ry, 1220y, Or_ is zero when restricted to V.

Corollary

n 2 9
Rnd\j 4o = —(5—1) +Cn+ N1



In the second proof of Dirac’'s Theorem we use the decompo-
sition R™2 = R @y R. We denote the square of a vector,

the Laplacian, the Casimir, resp. the generator of dilations on
R by Ryi1, Aptq, Chat, resp. Api1. We have

An+2 — An+1 =+ Ta?”a
2
An—i—Q — An—l—l + 87“-



We use the following identity
Rpi18ni2 = Ry1iDpi1 + (Rpio — r7)0;

= Cunt (Ane 21)2 ()

+Rasadh — (0 —3) + (5)

— Ry,.002 + (An+1 + g _ 7“074) (An+2 + g _ 1)
T

_(5_1)2+C”“

n n
Ry 1Ay 9 = — (5 — 1)§ + Cnt1.

Corollary.



Below we sum up information about conformal symmetries on
the level of the extended space R and the space R™. We
will use the subscript fl, for flat.

We will use the split coordinates,

(z|z) = Zz_jzj, 2 e R"?
]
Wly) = y_jy;, yeR™
J
As a rule, it an operator does not depend on 1, we will omit n.



Cartan algebra of so(n + 2)

Cartan operators of so(R"), i =1,...,m:
N; = —Z_ié’z_i + Ziazz-,
fl
Generator of dilations:

Nm—l—l — _Z—m—laz_m_l +Zm+1azm+1>
flg  _ , _
Nyl = D widy, =1 = An—n
1



Root operators
Roots of so(R"™), |i| < |j]
Bi,j — Z_Z'azj — Z_jé’zi,
i _ . .
Bz‘,j = y—zayj — Y—jOy;-
Generators of translations, 7| < n,
Bm+1,] — Z—m—lazj o Z—j62m+17
fl _
Bm—l—l,j - MYy
Generators of special conformal transformations, |j| < n:

B—m—l,j = Zm+1c9zj — Z_jag_m_l,

fl,
B—gz—l,j <Z/|y>ayj T Y—j Z YiOy; — NY—j.
1€l

|
2



Weyl symmetries.

We will write K for a function on RT2 and f for a function
on R".

Reflection:
0K (z0,...) = K(—20,...),
0 fWo, ) = fl=yo,...).
Flips, 1 =1,...,m:

TiK( .z z50) = K(o 2525, 0,

Tﬁf(,y_],yj,) = f(y],y_j,)

Inversion:

Tm—HK(- ey f—m—1, Zm+1> — K( <oy Am+1 Z—m—l);

o - ()1



Permutations, m € Sy,

orK (... 2, 25,...) K(...,Z_Wj,zﬂj,...),

ng(...,y_j,yj,...) = [l y=mj Y- )-



Special conformal transformations, j = 1,...,m:

<] >K< Z_j,Zj,...,Z—m—lazm—f—l)
— K( y F—m— 1>Zm—|—17°°°7z—j’zj)’
fl,
O'<j7zn_|_1>f(y—lay17”'7y—j7yj7"'>
y-1 L
_ 77 f( — —u )

Y—j Y—j  Y—j 2y

Laplacian

Apio = Zazia

?2—1—2 o Zayzay i n'



We have the representations

so(n+2) 3 B — B
O(n+2)>a s ol

They yield a generalized symmetry:

—2—n 2—n
Bh=r A, = ABY T, Be so(n + 2),

. =2=n q.2=n
a2 Ap=Apa 2, a€eOn+2).



Laplacian in 4 dimensions

and the hypergeometric equation



We consider the extended space RY with the split coordinates
2_1,%],%_9,29,2_3, 23
and the scalar product given by
(z|2) = 22121 + 22_929 + 22_323.
Lie algebra so(6). Cartan algebra:
N| = —2_10,_; + 2105,
No = —2_90, , + 290,
N3 = —2_30, 4+ 230;.



Root operators:

B o9 _ 1= 7528,2_1 — Zlaz_ga

~»

By =290 — 210z
By 1 =290, | — 2105,
B_91 =200 — 210+ _,;

B_3 9 =230, — 290;_,,
B39 = 230z — 220

~

B3 _9 = 2_30; 5 — 290z,
B—3 2 — 23822 — Z—Qaz_g;

B—3 —1 = 233,2_1 - Zlaz_ga
B3 1 = 230z — 210z

~»

B3 1 = 2_30, | — 210z,



Weyl symmetries.

0193K (21,21, 29, 22, 23, 23) =
0_19-3K(2_1,21,2—9, 29,23, 23) =
01-2-3K(2_1,21,2-9, 22,23, 23) =
0_1-93K(2_1,21,2-9,%9,2-3,23) =

0013K (221, 21, 29, 22, 23, 23) =
0_21_3K(Z y R1y =25 22y #—35 < 3) —
02_1_3K(Z y A1y #—2y 22y Z—35 < 3) —
0_2_13K(Z y R1y =25 22y #—35 < 3) —

0301 K (21, 21,29, 29,23, 23) =
0_321K(2_1, 21,29, 29,23, 23) =
039 1K(2_1,21,2-9,29,2_3,23) =
0_3_21K(Z 1, <Rly =25 225 <—3; 23)

Z—1y Rl #—2, %2, -3, %3);
R1yR—1,R2—2,%92,R3,Z—3);
Z—1,%1y <2y #—2,~#—35<3);
Z—1y 71y #—2, 22, #3y #—3);
Z—2y Ry #—1, %1, ~—-35%3);
Ry #—25 #—15 <1, 23y #—3
Z—2y %25 21y #—1, %3y #—3);
Ry 2=y %]y ~2—1,~2—35,%3);
L3y %3y f—2,%2,~4—1,~1);
3y #—3y #—2y 2y #1, ~#—1);
L3y %3y %2y #—2, %1, ~—1);
3y #—3y %2y #—2, #—1,%1);

)
)
23)
)
23)
)
)
23)
21)
)
)
)

N N N N N N N o /N /N /. —~



0312K (221, 21, 29, 29, 23, 23) =K (2_3,23, 21, 21, 22, 22),
0_31-92K(2_1,21,2-9, 20, 2_3, 23) =K (23, 2_3, 21, 21, 22, 2_2),
03-1-9K (21, 21,29, 29,23, 23) =K (2_3, 23, 21, 21, 22, 2—2),
0_3-19K (21,21, 229,29, 2_3, 23) =K (23,23, 21, 21, -9, 22),

0931 K (21, 21, 29, 20, 23, 23) =K (29, 29,23, 23, 21, 21),
093 1K (2_1,21,2-9,29,2_3, 23) =K (20, 29, 2_3, 23, 21, 2_1),
093 1K (21, 21,29, 29,2_3, 23) =K (2_9, 29, 23, 2_3, 21, 2_1),
0_9_31K(2_1,21,2-9, 29, 2_3, 23) =K (29, 2_9, 23, 23, 21, 21),

o132 (21, 21, 29, 20, 23, 23) =K (21, 21, 23, 23, 22, 22),
0_13-9K (21,21, 29,29, 23, 23) =K (21,21, 23, 23, 22, 2_2),
o1-3-92K (21,21, 229,29, 23, 23) =K (2_1, 21, 23, -3, 22, 2_9),
0_1-39K(2-1,21,2-9,29,2_3, 23) =K (21,21, 23, 23, 29, 29).



Laplacian.
Ag =20, 10z +20; 0z +20; 30z,
We have

BAg = A¢B, B € s0(6),
alg = Nga, « € O(6).



Consider the section of the null quadric
V2= {z e RY : 22 121422 929422 523 = 01\{(0,0,0,0,0,0)}
given by equations
4=2(z_121+ 2_929) = —2232_3.

We will call it the spherical section, because it coincides with

S3(4) x S1(—4).



Let us use the coordinates

r=+/2(z_121+2_929), w P ——
Z1 <2

Z_1%21

Uy = 7 U2 = 7
VZ—1721 + Z2—2%9 VZ—1721 + Z2—2%9
<3
D= \/_2232—3 Uz = _z_g :

The null quadric in these coordinates is given by 12 = p*. We
will restrict ourselves to the sheet r = p. The generator of
dilations is

The spherical section is given by the condition 7% = 4.



Lie algebra so(6). Cartan operators:
sph
Nlp — u1 aul ;
sph
sz — u2 8u2 ;
sph

Roots:
BT, = uyusd,
1
S —— ((1 — w)wdy + (1 — w) NP — ngph) ,
’ U1U2
B = o (L= w)d, = N
Uz

Uu
By = =2 (wd, + N
1



1 o

BSPSh 772 — U2u3 (waw + §(N1Sph _|_ Nsph + N;ph . n)) 7

s 1 w-1) | S S
Bg?gh’n B u— (w(w o 1)810 + ( )(Nlph + N;ph — ngh _ 77) + N2ph) ,
2U3 2

B <wa 2 S (P 4 Nt 77)> ,
S U w — 1 5 . . .
Bbph n_ ( Nsph Nsph . Nsph . _ Sph)

u1u3 wiw 2 ( 2 3 7]) Nl 7
B = ( w—1)0 (Nsph NP — N3P — 77)> ,

B — (w (= 1) + 5 (NP NP NP ) — prh) .



Weyl symmetries.

153 ’nf(w Uy, Uz, U3) =

sph,n
0 19-3

sph,n
01_9-3

sph,n
0_1_93

(w, u1, uz, u3)

(w, uy, uz, uz) =

(w, uy, uz, uz) =

0213’77f(w Uy, Uz, U3) =

sph,n
0 91-3

sph,n
O2-1-3

sph,n
0 913

(w, uy, ug, uz) =
(waul7u27u3> =

(w, uy, uz, u3) =

0351 nf(w Ui, Uz, U3) =(\/—_w)77

Sph,n
0 321

sph,n
O3-2-1

sph 7
0_3-21

(U% Uy, U2, U3)

(wJ ul? U/27 u3) -

(W,U1,U2;U3) =

(w7 ul? u27 u3) 9

w 1
w7_7u27_ )
Uq Uus
l—w 1
w, Uy, — ],
U9 Uus
w 1—w
w7_ 7u3 )
Uul U9
- w7u2?u17u3) 9
1 —w 1
1_w7 7u17_ 9
U2 Uus

(w—1)vV-w wu
wug WUy TV/—w



3o f (w,un, 1wz, u) =(V = 1) f 1 —w \/w -1 \/w —T \/w ~ 1)
Vw—1 u Vuw —1
I, ) 1
O'S_p31Z2 (w7 u17u27u3) f 1 —w’ — 1)’LL3 w—1 U2 ) ’
) )" ug  wyw—1 yVw—1
oo f(w, uy, ug, usz) : f l—w yVw—1 (w—1Du’  u ’
o f(w, u, ug, ug) =(Vw —1)" f w_l ol |
“a’ 19 , U, U2, U3 1 —w’ —1)U3 (w—l)ul’ w—1)"
w — us U1
o35 f (w, ur, s, uz) = Vow)'f w \/—w V—w' /= )
Sp%ﬁl (0. 01y, ) = nf w — —1)vV-w us \/—w)
y W1, U2, W WUy \/ 31 7

sph,n

09 31 (w’UhUQ,'U/?,) W —’U) wus ’ Uy

oSPh 77 w— 1 (w — )" —wyTw W ;
B (wyun,u,ug) = (V—w)'f |

2 wU3 \V —w

g &

h,
oty f (W, w1, ua, ug) =(

=
—

Uus Uz
1

(-
V' (=
V(=
(-
(%
(%
nf<w us \/_\/_>
'
=
e
Vs (
V(5

h, 77 w vw—1 43 i
O_S_plng (w7 Uy, Uz, U3) f w — — 1)U1 w — ]-’ U2 ) 7
) 77 w vw —1 \/w —1
o757 o f (w, ur, ug, ug) =(Vw — 1) f w—1 \/7 (1—wug™  uy ’
sphn 77 w w\/wf ﬁ w2
~1-392 (w7 Uy, U2, u3> f w — — 1)“1 (1 - ,U~)>u37 w — 1 .



Laplacian:
After the change of coordinates we obtain

1
ANFtT@wﬂ—u%ﬂ—4“HJWXw—D+O+A@wﬁ%

— (Ny + No+ 172+ (r9,)% + zr@T)

1

+ 5 (N3 = (p0p)°)

Next we use p? = 12 and rd, + pd, = —1 to obtain

1
Ag = 2(410(1 —w)d2, — 4((1 4+ ND)(w — 1)+(1 + N3)w) Dy

— (NY + N3 +1)% + (N5)?



Finally, we restrict to the spherical section, which amounts to
setting r? =4,

Azph: w(l—w)@%u—((1+leph)(w—1)+(1+N§ph)w)5’w
_ i(prthNSph +1)% + i(NSSph)Q.

We have the generalized symmetries
BSph’_gAzph — A%phBSph’_l, B € s0(6),
P TIATPR — ASPh s e O(6).



Let us make an ansatz
f(ula uz,u3, w ) _ ul ugugF( >
Clearly,
h h h
N —af, NS =Bf, NS = puf
Therefore, on functions of this form we have
A6p U7 uﬁugF( ) = uj ugugb]:aﬁyﬂ(w,ﬁw)F(w),
where
Fopp(w, 0n) =w(l —w)dy — (1 +a)(w — 1) + (1 + B)w)dy
1 2, 1 9
_ 1 -
et B+ 1)+ u
is the well-known 9] hypergeometric operator



The root operators of so(6) lead to the following transmutation
relations:

az]:a,ﬁ,u
= Fot1,84+1,u0-,
(2(1 = 2)0. 4+ (1 — 2)a — 208) Fu gy
= Fa-rp-u(z(1 = 2)0: + (1 = 2)a — 20),
(1 =2)0: = B)Fapu
= Far1,-1u((1 = 2)0; = B),

(Zaz + @)}—a,ﬂ,u
-/—_‘afl,ﬁJrl,u(Zaz + Oé>;



Sat Bt 1)) Fas,
= Fapiun (0. + %(oz + B+ ut 1)),
[Lea] (z(1—z)az+%(1—z)(aw—uﬂ)—ﬁ) Foiu
= z}"a,ﬁ_lvu_l(z(l—z)&fr%(1—2)(oz+ﬁ—,u+1)—5>a
(z@z+%(@+5—ﬂ+1)>2fa,ﬂ,u
= 2F o 41, -1 (z@z—l—%(oz-l—ﬁ—u—l—l),
(z(z—l)@z—%(1—Z)(a+ﬂ+u+1)+ﬁ) 2Fa.pu
= 2Fsrpn (2D (12t Bat 1))
((z— 1)0. + ;(04+5+u+ 1))(1 2)Fa B

= (1—2) a+1ﬁu+l<3_1 @+5+M+1)

(z@z +

((1 2)0, —%z(omtﬁ ,u+1)+oz>(1 2)Fo By

= (1—2)Fac1pu 1<zl za——z (a+p— ,u+1)+oz>
((2—1)az+% +B-pt 1)1z aw

= (1= 2)Far1,p,u- 1< OH'B M‘|‘1)>
( (z—1)0, —|—1z (a+S+p+1) —a)(l aﬂu

= (1—2)Fa_ 1Bu+1<3 Z+ 2(a+p+pu+1)— >



Here are the consequence of the Weyl symmetries:
All the operators below equal fa,ﬁ,u(wa&w) for the corre-

sponding w:

‘Faﬁ’u(Z? 82)7
(=) (=177 Fapul20:)  (=2)%(z-1)
(z — 1)_5 Fo,-8,-u(z,0:) (z — 1)6
(=2)™  Frap-u(z,0:)  (=2)°
w=1-—=z:
Fs.au(2,0:)
(z=1)%=2)"  Fop-anul(z0:) (2 = 1)*(=2)",
(-1 Foau(z0n) (-1
| (c2)F Fogauln0)  (—2)

L >%<a+ﬂ+ﬂﬂ> (~2)Fupalz0:)  (=2)
(=2 Nz = )2 (T 0(2,0) (=2
(e = 1) (=) F (2,0 (—2)

(~2)3te ) ()



—
| [—=
N

( )%(OerﬂJr/LJrl

(_Z)% a+B—pu 1)(2 ) a
(—Z)% a+6+u+1)(z ) a
( )%(Cﬁ-ﬁ p+1)

(Z . 1)%(a+ﬁ+,u—|—l)

(—2) P (z — 1)zlath-ptl)
(Z . 1)%(@4—5—#4—1)

(—2) P (z — 1)zlatFtutl)
(z — 1)2letBtutl)
(—2)(z — 1)%(a+6—u+1)
(Z o 1)%(a—|—ﬁ—u+l)
(—Z)_a(z . 1)%(a+5+u+1)

(_Z)Fuaﬁ(zvaZ)
(=2)F—p—a,8(2,0:)
(—2)Fp—a-s(2,0:)
( Z)"Tua ﬁ(zva)

(z = D)Fppualz,0:)
(2 = DF-p-palz,0:)
(z = 1) Fp—p—alz, 0:)
(2 = DF-pp,-a(2,0:)

(Z - 1)';[‘017%5(2782)
(z = 1)F_a-pup(z,0)

)
(2 = V) Fap-5(2,0:)
(2 = DFap-p(2,0:)

—z)z(-a—f-p=1)
—z)p(a=Bu=D (1)
—z)a(a=fp=l) (5 — 1),
_Z)%(—a—ﬁﬂt—l);

s 1)%( a—f—pu=1)
—2)B(z — 1)z Btu-D)
7 —1)z(o-Btu-1)
—2)(z = 1)z-afp-D)
s 1)%( a—f—p=1)
—2)¥(z — 1)z2(-a-Ftp-1)
7 —1)z(a-Ftu=1)
—2)%(z — 1)2(-af-p-1)



The following analysis will lead to factorizations of the hyper-
geometric equation.

In the Lie algebra so(6) represented on RY we have 3 dis-
tinguished Lie subalgebras isomorphic to so(4): in an obvious
notation,

s012(4), s023(4), so13(4).



The corresponding Casimir operators are
Ci2 = 4B12B_1 _9— (N1 + Ny +1)% +
= 4B_1 _9B19 — (N1 + Nz —1)"+
= 4By, _9B_190— (N1 — No+1)7 +
=4B_19B1 _9— (N1 — Ny —1)" +
Co3 = 4By 3B_5 5 — (No+ N3+ 1)% +
= 4B_9 _3By3— (No+ N3 —1)" +
= 4By _3B_93— (No— N3+ 1)"+
( )"+
( )"+
( )"+
(V1 )"+
(V1 )"+

DO

2
2

DO

2

= 4B_93By _3— (Ng— N3 —1)* +

C13 = 4B13B_1 35— (N] + N3 +1)% +

= 4B_17_33173 — (N1 + N3 —1 2
= 431,_33_173 — — N3+ 1 2
= 4B_1 3By _5— (N — N3 — 1)* +



Of course, for any n we can append the superscript © to all
the operators above.
After the reduction, we obtain the identities
o,—1 O, —1\2
(2z_121 + 2Z_222>Ag = —1+ 612 + (NS ) :

(22_929 + 22_323>Ag = —1+ C;é_l - (Nf7_1)2

(22_121 + 22_323)AS = —1 + Coy T+ (NSTH2

?



We obtain
(22121 + 22_929) A
= 4B19B 1 9 — (N7 + No+ N3+ 1
= 4B_17_23172 — (N1 + Ny + N3 — 1
= 431,_23_172 — (N1 — No+ N3+ 1
= 4B _19B1 9 — (N1 — No+ N3 —1
(22_929 + 22_323) A
= 4By 3B o 3 — (N1 + No+ N3+ 1)(=N7 + No + N3+ 1)
= 4B_2,_33273 — (N1 + No+ N3 —1)(=N7 + No+ N3 — 1)
= 4By 3B 93— (N1 + No— N3+ 1)(=Ny + Ny — N3 + 1)
— 4B_273327_3 — <N1 -+ N2 — N3 — 1><—N1 + NQ — NS T >
(22_12’1 + 22_323>A<6>
= 43133 1_3—<N1—|—N2—|—N3—|—1 N
= 45_ 1_3313—<N1—|—N2—|—N3—1 N
= 431_33 13—<N1—|—N2—N3—|—1
= 4B_13B1,-3 —

Y

Ni+ Ny — N3+ 1)
Ni+ Ny — N3 —1)
Ni— Nog— N3+1)
Ny — Ny — N3 —1);

N U N~ T
e U

)

)

(N7 — No+ N3+ 1)
(N7 — No+ N3 — 1)
(Nl—NQ—Ng—I—l)
Ni+ Ny — N3 —1)(Ny — Ny — N3 — 1)

N S N~

,



where all the operators B and N need to be equipped with the

superscript &1

If we use the spherical section, we can rewrite this by making
the replacements

22121+ 22929 — 1,
22_929 + 22_329 — —w,
22_121+ 22323 =&  w — 1,

as well as replacing the superscript © with SPI



The hypergeometric operator can be factorized in several ways:

Fosw = (21=2)0.+ (1 +a)1 = 2) = (14 8)2) )0,

@t Bt Dot Bt 1),

= 0, <z(1 —2)0. + (a(l—z) — Bz))

Gl Bt = (ot B 1)
— (zaz+a+ 1) ((1 — 28, —5)
e =Bt Da—f-pt1),
::(u—@@—ﬁ—g@@+a)
1

—qla=B+p—1la=F-pn-1)



2Fapy = (z@z + %(oz + 06+ pu— 1)) (z(l — 2)0, + %(1 —2)(a+B—p+1)— ﬁ)

—qlat Bt == pt1),

_ (z(l—z)@z+%(1—z)(oz+5—,u+1)—5—1)<252+%(04+5+M+1))

B4 pt a =B 1)

= <z@z+%(a+ﬁ—u—1)><z(1—z)8z—|—%(1—z)(a+5+u+1)—ﬁ)
et B—p ==+t )
_ <z(1—z)@z+%(1—z)(a+5+u+1)—5—1)(zaz+%(@+5—u+1))

—i(a+ﬁ—u+1)(@—5+u—1);



W

(2= V) Fupy = @@—n@+%4a+5—u+n—a—g<@_n@+%m+ﬁ+u+n>

—ga+ﬁ+u+nm—ﬂ+u+n,

= ((z—1)8Z—|—%(cv+5+,u—1))(2(2—1)8Z—I—%z(a—|—ﬁ—,u—|—1)—oz)

—%a+ﬁ+u—nw—ﬂ+u—n,

— (z(z—l)ﬁz—i—%z(a—kﬁ-l—u—i-l)—oz—1)((2—1)@:4-%(04"‘5—#"‘1))

ot B pt a5t 1),

= ((z—l)az—l—%(oz—l—ﬁ—,u—1))(2(2—1)8Z+%z(a—|—5—|—u—|—1)—a)

ot B p— (o= 1)



Traditionally, the hypergeometric equation is given by the op-
erator

Fla,b;c;z,8-) = 2(1 — 2)0° + (c—(a+b+1)z)0, — ab,

where a, b, c € C.
Here is the relationship between the classical parameters a, b, ¢
and a, 3, n € C, which we will call Lie-algebraic:

a=c—1, B=a+b—c, p:=a-—2>;

a = 5 : b:Hagﬁ_“, c=1+a.




0is a regular singular point of the hypergeometric equation. lts
indices are 0 and 1 —c¢. The Frobenius method implies that, for
c#0,—1,—2,..., the unique solution of the hypergeometric
equation equal to 1 at 0 is given by the series

Fla e s = 5 002

7=0
convergent for |z| < 1. The function extends to the whole

complex plane cut at |1, 00| and is called the hypergeometric
function.



Sometimes it is more convenient to consider the function

F(a,b,c,z) i (@);(b); 2

(c) par ['(c+j) 5!

defined for all a, b, c € C. Another useful function proportional
to oF7 is

F(a,b,c; z) =

['(a)'(c — a)
['(c) |
_ i ['a+ 7)'(c— a)(b)j 2J

['(c+ 7) gl

Fl(a,b;c, 2) = F(a,b;c; z)




We will often use the Lie-algebraic parameters instead of the
classical parameters:

lv+a+p+p 1+a+p—
P&&A@:=F( 25 Aﬂ 25 /ﬂ1+am)
l+a+p+p 1l+a+p—
Fm&M@:=F( 26 & 26 Aﬂ®+m2)
1

F(CK + 1)Fa757:u(z)7

l+a+B+p 1+a+8—pu
I _ ol . .
Fa,ﬂ,u<z) = F ( 6 > : 6 : ,1+a,z)
I+a+p+pu I+a—0Fb—p
I’ I’
_ ( 2 ) ( 2 )Fa,ﬁ,,u<z)'

Ma+1)



Kummer's table of standard solutions:

Solution ~ 1 at 0:  F, (%)
=(1 — 2) "Fopu(2)

—l—a—f+p z

—(1 - oy
( Z) y M 5(2/ . 1)
—l—a—B—p V4
— 1— 2 FO( _ ’
(1-2) w2

Solution ~ 27 % at 0: 27 *F_,5_,(2)

=27 (1= 2) " Fa-g,(2)

—1l+a—p3+u z

— (1) T F L,

(1= )T s
—a —l+a—B—pu <

=z (1 o Z) 2 Ffaa,uafﬂ( )7

z—1



Solution ~ 1 at 1:  Fpg, (1 — 2)
=2 "Fpg—a,—u(l — 2)
=2" 7z Fp_, o(1—27"
=z~ 2z Fyua(l—27");
Solution ~ (1 —2) P at 1: (1 —2) " F g4 _,u(1—2)
=2 (1= 2)PF 5 _ou(l—2)

:z%(l — z)_BF_g%_a(l — z_l)

= T (1= ) PE a1 — 27,
Solution ~ z7% at oo: (—z)#Fu’g,a(z_l)

=(—2)" T (1= 2) P Fu g alz )

=(1-2)7 7 "Fas(1-2)7)

=(~2) (1 =2) " Fucas(1—2)7);
Solution ~ 27? at oo: (—z)mF_uﬁ,_a(z*l)

=(—2)" T (1= 2) P palzY)

=(1—2)" 7 “Fap((1—2)7)

=(—2) (1 —2) " T Fuap(1—2)7).



The recurrence relations follow easily from factorizations, or the integral representation.

1+a+B+u
aZFLc,ﬁ7N(Z> - TFL&—H,B—FLM(Z)?
—14+a+p—pn
(2(1=2)0.+a(l-2)—B2)F, 5 ,(2) = 5 Fo15-1.(2),

I
(1= 20— () = TP R (G,

—1+a—pF+u
I o)

(20, + )F,, 5 ,(2) =

a,B,u




1+a+5+uF

5 a¢%+Lu+1(Z)>

2 a,ﬁ—Lu—l(z)v

—1+ a—F+pu
2 FIOé,ﬂ-‘rl,M—l(Z)?

l—a—pFB+upu
9 PiLB_Lu+1(2L

I+a+5+u
O s (2),

l—a+B—p
R ()

1—}—&—6—# I
2 oHrl,ﬂ,u—l(Z)a

l—a—pB4p
O )



Clearly, the following function is harmonic
K = zf‘zgzg,
and solves
N1K =aK, NoK =K, N3K=ukK.
However, in order to do the reduction we need
a+ B+ p=-—1,

which is two restrictive.
The following function is also harmonic:

K= (21— 7 '2_9)%z + T_lz_l)ﬁzg.
However it solves only
N3K = ukK,

and is not an eigenvector of Ny or No.



Let the contour 0, 1[3 s — 7(s) satisfy

_ _ 7(1)
(Zl . 12_2)04+V(22 4o 1Z_1)CV2—|—V7_V =0,
7(0)
7(1)
<21 L 7_—12_2)&—1—V(22 4 T—lz_l)&g—i—uTV—l 0.
7(0)
Set
Ka,ag,ag,u(z—la 2]y #—25 225 £—3, Z3>
d
7



Then we have
AgK
NiBa g up =
NQKOzﬁ,M,V
N3 K,

L_1pKg 840 =
Bl—ZKa,ﬁ,,u,l/
Bio K
B_1_ 9K
Bi_3K

&757/1’71/

B_]‘_SKaaﬁnual/

NONTR

NONTR 7S

a?/BHLL?V —
CV,/B,/,L,V —

0,

=aKo g0,
5Ka,ﬁ,u,w

Ka,8,u,0:
(5 + V) a+1,6—1,u,v>
(Oz—l— )Ka—1,5+1,,u,w
(V — 1)Koz—1,5—1,,u,v+1a
—(a+B8+v+ 1)Kot 841 pv—1,
— _<O‘ + )Koz 1,2, u+1,vs
—(B+ V) Kai1 8 u+1,0—1-



To see that K is an eigenvector of Ny and N9, we write

Ko 8,u0(2)
d
- /(Tz1 — 2 ) (g4 7 )Tl
y 271

d
- /(21 — 7Ll ) Y (12 + )PV AT
y 271



If in addition
—a—pf—p—1
2 Y
then K is homogeneous of degree —1, so that the Laplacian can

be reduced to 4 dimensions. Let us substitute the coordinates

w, T, P, U1, U9, u3, and then set 7 = Z—u“;

V —

w1
Byl oo B —p—1
K(uy,ug, ug,r,p,w) =22 2u?u2u§7“ H2pH B (w),

a—f—p—1 —a+p—pu—1 —a—F+p—1

where  F(w) = L(t — 1) 2 ¢tz  (t—w) 2z dt

Therefore, the function F' satisties the hypergeometric equation

f&’ﬁqu — (.



Of course, we can prove that representation without going to
extra dimensions:

Theorem. Let |0,1] >t — (t) satisfy

(1)
S A I

Then

Fla,b:c;z,0) / =1 — ) — )7l = 0.
8

Proof. We check that for any contour v the abbove expression

IS _b/ (&tb_CH(l - t)C—a(t . Z>_b_1)dt.
gl



The hypergeometric function with the type | normalization has
the integral representation

O
/ 0=t — 1) e — )b
1
= F'(a,b;c;2), Re(c—a)>0, Rea >0, z¢&][l,00].

Indeed, the left hand side is annihilated by the hypergeometric
operator. Besides, by Euler's identity it equals F<a>§(<c(;_a> at 0.

So does the right hand side. Then we apply the uniqueness of
the solution by the Frobenius method.




The integrand has four singularities: {0, 1, 00, z}. It is natu-
ral to chose y as the interval joining a pair of singularities. This
choice leads to 6 standard solutions with the I-type normaliza-

tion.

Solution ~ 1 at 0:

Solution ~ 2~ at 0:
Solution ~ 1 at 1

Solution ~ (1 — z)_ﬁ at 1:

olution ~ z ™ at o0
Solut 3t

Solution ~ z Y

at o0:

1, 00];
0, 2];
0, oal;
1, 2];
2, 00);
0,1].



Laplacian in 3 dimensions

and the Gegenbauer equation



We consider R? with the coordinates

20y #—25 225 #—3, 3
and the scalar product given by
(z]z) = z% + 22929 + 22_323.
Note that we omit the indices —1,1; this makes it easier to
compare R with RY.
Lie algebra so(5). Cartan algebra:
Ny = —2_28Z_2 + ZQ@ZQ,



Root operators:

By —o = 200;_, — 220,
By o = 200z, — 2904,
By 3 = 200;_5 — 2304,
By 3 = 20025 — 2—304;

B_3 _9 =230, , — 290, _,
B3 o = 2—387;2 — Z—Qazga
B3 _9=2_30; , — 220z,
B_39 =230, — 2_90;_;



Weyl symmetries.

093K (20, 29, 22, 23, 23) =K (20, 2—2, 22, 23, 2_3),
To_3K (20, 22, 22, 23, 23) =K (—20, 22, 29, 23, 2_3),
0_9_3K (20, 22, 29, 23, 23) =K (20, 22, 2_2, 2_3, 23),
T_03K (20, 2—2, 29, 23, 23) =K (—20, 22, 22, 23, 2_3),
030K (20, 22, 29, 23, 23) =K (20, 2—3, 23, 22, 2_2),
32K (20, 22, 29, 23, 23) =K (=20, 2_3, 23, 22, 2—2),
0_3_9K (20, 2—9, 20, 23, 23) =K (20, 23, 23, 22, 29),
T_30K (20, 22, 29, 23, 23) =K (=20, 23, 2—3, 22, 2—2)



Laplacian:
A = 05, +20: 50z + 20; 402
It satisfies

BAs = AsB, B € 80(5);
alArs = Asa, « € O<5)



We consider the section of the quadric
V= {ze R’ : 28 + 22 929+ 22_323 = 0}
given by equations
1 = zg + 22_929 = —2232_3.

We will call it the spherical section, because it is S?(1) X
S1(—1). The superscript used for this section will be “sph’
for spherical.

Introduce the following coordinates in R”:

r = \/zg +22_929 D = \/—2,232_3 ,
20 V229 Z_3

\/QZ_QZQ + Z(% \/2’8 +22_929 3

w




Similarly as in the previous section, the null quadric in these
coordinates is given by 2 = p?. We choose the sheet r = p.
The generator of dilations is

The spherical section is given by the condition 7% = 1.
Lie algebra so(5). Cartan operators:

sph
NP = ug Oy,
sph



Roots:

B, = 2,
0,—2 \/é
B = L ((w2 —1)0y + 2qu8U2>,
’ V2us

u
BS{OEI@” = <(w2 — 1)0y + wugdy, + wusdy, — wn),

1
BRI (1—w28w—wu8u + wuzOy. + w ),
0,—3 \/§U3 ( ) 2 2 3 3 77
BS—I)SITZIQ - % (—w0y — 120y, — 3y, — 1),
1
B;?Qh’” — (w(l — w2)8w — (14 w2)uz@u2 + (w2 — Dug0,, + (w2 — 1)77) ,

ZUQU?,

u
B;f’ilg] — 2—53 (wé)w + uﬁ)w — U3(9u3 — T]) ,

B = 2 (w(w? = 10y + (1 + w)usd, + (w2 = Dugdy, + (1= w?))
2



The Laplacian

1N 2

It satisfies
BB TSATPN — AR Rh Tl B go(5);
PN ATPRASPh L e O (5).



Let us change the variables in the Laplacian:

1
As :ﬁ((l —w?)dZ, —2(1 + U0y, ) WOy

— (UQ&MQ)Q — U0y, + (rdy)? + 7“874)

1 2 2
+?( — (pOp)? + (u30uy)?).
Using e = p2, rOp + poy = —% we obtain
1 1\ 2
AL = . <<1w2)2@iz(1+uza@)waw (ugawi) +(U3au3)2> .

To obtain the Laplacian at the spherical section we drop %



Let us make an ansatz
flug, ug, w) = U2U3F( ).
Clearly,
Nsphf — af,
Nsphf — ).
Therefore, on functions of this form, we have
h
AP UG F(w) = U2U35a Aw, Oy) F(w),
where

1\ 2
Saz,0z) = (1 — 22)02 — 2(1 + )20, + N — (cv + 5) .

Here is another parametrization of the Gegenbauer operator,
which we call classical:

Sla,b;z,0,) = (1 — 220> — (a+ b+ 1)20, — ab.



Here is the relationship between the traditional and Lie-algebraic
parameters:




The Gegenbauer equation is equivalent to certain subclasses
of the hypergeometric equation by a number of different substi-
tutions.

Therefore, we can reduce the Gegenbauer equation to the
hypergeometric equation by two affine transformations. They
move the singular points from —1, 1 to 0, 1 or 1, 0:

S(a,b; z,0,) = Fla,b; a+g+1; u, Oy),

where

uzl—, z=1—2u,

—Z
2
oru:HTz, z = —1+2u.

In the Lie-algebraic parameters

Soz,)\<Z7 az) — FO&,O&,Q)\(uv au)



Another pair of substitutions is a consequence of the reflection
invariance of the Gegenbauer equation:

S(CL, b,Z,@Z) :4F(%7g7%awaaw)a

2718 (a, b;2,0,)z = AF (SR, M 5w, 0y),

where
w = z2, z = /.

In the Lie-algebraic parameters

8047)\(27 5’2) — F 1 o A(U], aw), <O7>

2R At

2_18&)\(2,02)2 = F1 y\(w,0u). (0.8)

?7047



Transmutation relations
0.
- Sa+1,)\
(1 - ZZ)GZ — 2az)
- 80471,)\

(1 =220, — (a+ A+ 3)z)

= (1 -z ) a +1
(1 =2%0: — (@ = A+ 3)2)
- (1 -z ) a, -1

(20, + a — A+ 3)

2
=  2°Sar1a-1

(2(1—22

)0, —a+A+5—(a+A+3)z%)

2
= =< Sa—l,/\—l—l

(20, +a+A+1)

2
< Sa+1,)\+1

210, —a—M3—(a—A+1)2?)
= ZQSa—1,A—1

(2(1-

Sa,)\

0.,

Sa,)\

(1 =220, — 2az),

(1 — 212)80{,)\

(1 =220, — (a+ A+ 3)2),
(1 — ZQ)SQ,)\

(1= )0, — (a = A+ 1)2)
22804,)\

(20, +a — A +3),

225047,\
(z(1—
2’2804,)\
(20. + a+ A+ 3),
Z2Sa7)\
(z(1-

220, —at+ A 3—(a+A+1)z

220, —a—A3—(a—XA+3)z

%),

2).



Discrete symmetries
The operators below equal S, \(w, Oy ) for an appropriate w:

w==+z:

w==+z:

Soz,:l:)\v

(2 =1)7% 841y (27— 1)%

(22— 120t ) g L (2 1)

(22 o 1)%(04—)\4%)

S—)\,:I:oz

(~a-A-)

DO —

<z2 _ 1)%(—0&)\—%).



Let us now discuss factorizations on the level of the Laplacian.
In the Lie algebra so(5) with the coordinates zg, 2_9, 29, 2_3, 23
we have 3 distinguished Lie subalgebras: two isomorphic to so(3)
and one isomorphic to so(4). In an obvious notation,

5002(3), s003(3), s023(4).



The corresponding Casimir operators are

N2 1

Coo = 2307_23072 — (NQ + 5) + 1
— 9By 2B (N 1)2 i

T 0,2 O,—Q 2 2 47
N2 1

Coz = 2307_33073 — (Ng + 5) + 1
— 2By 3B (N 1)2 1

= 2B 3By, —3 3-5) T3

Cog = 4B23B_9 3 — (Ny+ N3 + 1)°
=4B 9 _3By3— (Ny+ N3 —1)
= 4By _3B_93— (No— N3+ 1)°
= 4B_93By _3— (No — N3 — 1)

(N}

+1
+1
+1
+ 1



After the reduction, we obtain the identities
! 1

<>7
(25 + 22_929)AS = 7 T 1+
1 o,—1
(25 + 22_323) A8 = 7 TG "
3 _ 1
(22_929 + 22—3Z3>A<5> = =T C% ’

4

-}
NB

Ny



We obtain

(23 4 22 929) AL = 2By_2Bys — <N2 + N3 + %) <N2 — N3+ %)
— 2By2By_» — (N2 + Ny — %) (N2 — N3 — %)
(25 + 22_323) A = 2By _3By3 — (Ng + N3 + %) < — N+ N3 + %)
= 2By3By 5 — (Mo + Ny - %) (= Mo+ - %)
(22920 + 22_323) A% = 4By 3By 5 — (N2 4N+ g) <N2 N+ %)
—4B_y_3Bys— (N2 + Ny — ;) <N2 + Ny — %)
= 4By 4B o5~ (Na— N+ ;) (M2 = Ny + %)
— 4B_y3By 45— (NQ — Ny — g) (NQ — N3 — %)

where all the B and NN operators need to have the superscript

1
o, —5

)



It we use the spherical section, we need to make the replace-
ments

z(2)+2z_222 — 1

28 + 22 323 — w? — 1,

22_929 +22_3z93 — —w2,

and to replace the superscript © with SPh



This leads to factorizations of the Gegenbauer operator:

Sun = ((1 _ 209, —2(1+a)z)8z
+<oz+>\+%)<—a+)\—%)
= 8Z<(1 — 240, — 2042:)

+<a+>\—%>(—a+)\+%),

(1—22)Suy = ((1 — )0+ (- A+ ;)z) ((1 — 20, + (a+ A+ 1)z)

2
—<a+A+%>(a—A+g)
_ ((1_22)az+(04+“g)2) ((1—22><9z+(04—“1)z)

>
—(a—A+%)(a+A+;);



FSan = <Z(1_Z2)az—04—)\—g+(—a+>\—%)z2)(zﬁz+a+>\+%)

+(oz+)\+%)<a+/\+%>

= (z@z—|—04+)\—g)(z(l—z2)8z—oa—)\—|—%—|—(—Oz—|—)\—%)z2)

+(oz+)\—%><a+>\—g)

= (z(l—zQ)az—oz—i—)\—;—i-(—a—A—l)z2>(z@,—l—a—)\+—)

2
+(a—)\+%><a—>\+g)

- (a2 - 0 aras b (ama-32)



As usual, by standard solutions we mean solutions with a sim-
ple behavior around singular points. The singular points of the
Gegenbauer equation are at {1, —1, 00}. The discussion of the
point —1 can be easily reduced to that of 1. Therefore, it is
enough to discuss 2 X 2 solutions corresponding to two indices
at 1 and oo.

All of the standard solutions can be expressed in terms of the

function
b+1 1—
Sax(z) = 5(a,b;2) == F(a, b; a+2 R 5 Z)
b b+ 1
:F(g,—;aJr il ;1—7;2).
2" 2 2

On the next slide we give the 4 standard solutions. We consis-
tently use the Lie-algebraic parameters.




Solution ~ 1 at 1:

, 1
Solution ~ at 1
(1 —2)°
Solution ~ 27 at oc:
Solution ~ 2% at oo:

1—2z
Sa,/\(z) : Faa2)\( 9 >
:Fa,—%,/\(l - 22)7
1 1—=2
/1 ona P —a,— =2"%(1 - _QF—aa— ( )
20(1 _Zg)aS ~(2) (1—2) =2\ T
=(1 =2 "F , 1 _\(1-2°)

—1—-2a42\

2o, (S
( ) A ( z 1

—1-2a—2\

2 —1=20-2) < B 2
<Z ) 4 A, 22 1 ( +_Z) 2 2Aa7 1'+'Z



Sometimes it is convenient to use the following normalization:

1

Soz,)\(z) = Do + 1>Soz,)\<z)
1 a+b+11—z
- F(a+g+1>F(a’ SR R )

1 —=z
— Foz,oz,Q)\( 9 )

It will be used in the recurrence relations, which we give on the
next slide.



1/1 1
8 ,\ Z = —§<§+Oé—)\> <§+Oé‘|‘)\)sa+17)\(2),
( )0, —204z) ax(2) = —2S,-1.(2),
1
(( ‘|—Oé+)\ )S /\ = —<—+&+A>SQ’A+1(Z),
2
1
(( ‘|‘Oé )\ Z)S /\ = —<§+CY—>\>SO[’)\_1(Z),
1/1 3
<z8 + -+ a— )\)S ,\ = §<§+Oé—>\ <§+Oé—)\>sa+1,/\_1(2),
( (1— )(9+ ——oz—i—)\ 2az)S AMz) = —2S,-1a41(2),
1/1 3
<za 42 +a+A)s Az) = §<§+a+>\)<§+a+A>Sa+1,A+1(z),
( ( )8+ ——Oé )\ QOKZ)S ,\ = —ZSQ_L)\_l(Z).



The function
GO&,M('ZOa Z—2y %2y #—3, 23)
P
::/zg‘(ﬂZO—le_ngTz;g) 2 e

satisfies

A5GOZ,IM — O,
N2GO‘7:LL — aG@?M’
NSG&?M — MG&aM’

and is homogeneous of degree —%. Therefore, its conformal

reduction satisties the Gegenbauer equation.



Let us express it in the coordinates w, 7, p, u9, u3
G(X,/L(wa T? p7 ”LLQ, US)

|
:(\/§>O‘+%u8‘u§r_%/ (Qw(f + (1 +02)§) R R
We have two kinds of interal representations of the Gegenbauer
equation, described in the next slide. a) is the approach to in-
tegral representations inherited from the hypergeometric equa-
tion. b) is the approach suggested by the above wave packet in

5 dimensions.



a) Let [0,1] >t — (t) satisfy

(1)
21 L— -1 2
@ =)=z

b—a+1

Then
b a—1 b
S(a,b;z,0) 2 (t—2z) "dt=0.
7

b) Let |0,1] > t — (t) satisfy

_p_ v(1
(ﬂ+mz+nﬁf+wk2<>zﬁ
~(0)

Then

S(a,b;z,0,) /( +2tz4+1)" 2 7+~ 1qt = 0.
Y



The Schrodinger Lie algebra

and Symmetries of the Heat Equation



We consider again the space R 12 with the split scalar product
given by

(=Y ez, zeR™
1
and the Laplacian

ATH—Q — Z 82_2822
1

A special role will be played by the operator
Bint1.m = 2—m—10z,, — 2-m0z,,,, € so(n + 2).
We define the Schrodinger Lie algebra
sch(n —2) :=={B €so(n+2) : | B, By41.m| =0}
We also have the Schrodinger group
Sch(n —2) == {a € O(n+2) : aBy+1m = Bnt1.ma}



Recall that
Nm — —Z_maz_m —|_ Zma

Zm?
Np+1 = _Z—m—laz_m_l + Zm+1azm+1-
Define
M = =Ny, + Ny

Note that M belongs to sch(n — 2) and commutes with
so(n — 2), which is naturally embedded in sch(n — 2).



sch(n — 2) is spanned by the following operators:
(1) Bpy+1,m, which spans the center of sch(n — 2).
(2) By j, Bg1,j. J = 1,...,m—1, which have the follow-
Ing nonzero commutator:
[Bm,ja Bm+1,—j] — Bm+1,m-

(3) Bi+1.—m. B—m—1.m. M, which have the usual commu-
tation relations of sl(2) ~ so(3):

[Berl,—ma B—m—l,m; = M,
[Mv Bm+1,—m: — _Bm+1,ma
[Mv B—m—l,m_ — B—m—l,m-

<4) Bi,j1 ‘Z| < ‘]’ <m-—1 N, t=1,...,m— 1, with the
usual commutation relations of so(n — 2).




The span of (2) can be identified with R?~2 @ R"™? ~
RZQR"™ 2 which has a natural structure of a symplectic space.
The span of (1) and (2) is the central extension of the abelian
algebra R? @ R™™2. Such a Lie algebra is usually called the
Heisenberg Lie algebra over R? ® R™ 2 and can be denoted
by

heis(2(n — 2)) = R (R* @ R" ™).

s1(2) acts in the obvious way on R? and so(n — 2) acts on

R™2. Thus sl(2) @ so(n — 2) acts on R? @ R"~2. Thus

sch(n —2) ~ R.(R?QR"?) . (sl(2) ® so(n — 2)).



Note, in particular, that neither sch(n — 2) nor SSch(n — 2)
are semisimple.

The subalgebra spanned by
the usual Cartan algebra of so(n —2), M and B_,;,_1
is a maximal commutative subalgebra of sch(n — 2). It will be
called the "Cartan algebra™ of sch(n — 2).



Let us introduce k € SO(n + 2):
H(' ey =My My “—m—1; Zm+1) :
:< sy R—m—1s *Fm+1, —F—m; _Zm>

Note that k* = ¢ and k € SSch(n — 2). On the level of
functions

’%K( cey R—my Ay A—m—1 Zm+1) :
:K( oy T R—m—15 —Rm+1, F—m; Zm)

The subgroup of Sch(n — 2) generated by
W(n—2) C O(n —2) and k will be called the group of Weyl

symmetries of sch(n — 2).



Recall that we have the representations
so(n+2) 2> B — B
O(n+2)3a — ol
and the generalized symmetry
q =2=n q.2=n
B7 2 An: nB’Q, BESO(TL‘FQ),

—2—n 2—n
TN, = Apad T, @€ O(n+2).



We consider now the space R*2 @ R with the generic vari-
ables (y,t) = (..., ym—1,1t). Note that ¢ should be understood
as a new name for y_,,, and we keep the old names for the first
n — 2 coordinates.

We define the map 8 : C®(R" 2 @ R) — C®(R") by

setting for h
(eh>( s Ym—1Y—m; ym) = h( <y Ym—1, y-’l?l)eym’
We also define ¢ : C®(R") — C®(R"* @ R), which to f
assoclates
(Cf)( <5y Ym—1, t) = f( <y Ym—1, ta O>
Clearly, C is a left inverse of 0
(ol =u.

Therefore, 8 o ( = ¢ is true on the range of 6.



The heat operator in n — 2 spatial dimensions can be obtained
from the Laplacian in n dimension:

L, 9:=An_9+4+ 20 =(CA,0.
For B € sch(n — 2) C so(n + 2) we define
Bsch,n — CBﬂ,na
and for a € Sch(n —2) C O(n + 2),
oS = catlg.

It is easy to see that sch(n — 2), Sch(n — 2) and A, preserve
the range of 6.



For any 1, we have representations
sch(n —2) > B — B,
Sch(n —2) 3 a — oS0

IS a representations.
We also have a generalized symmetry

—2—n

2—n
BN o =L, o BT Be sch(n — 2),
—2—n 2—n
oS Ly_9 = ,Cn_QOzSCh’?, a € Sch(n — 2).




Let us sum up information about Schrédinger symmetries on
3 levels:

2 € R"™Z) (2]2)p 10 = Zz—jzja
y €R", (yly)n Zy Y5

(y,t) ER" DR, (y|y)n_o = Zy_jyj-



Cartan algebra of sch(n — 2). Central element:

fl _
Bm+1,m — 8yma

sch .
Bm—i_l,m — 1.



Generator of scaling:

M = z_mé’z_m — Zmazm — Z—m—laz_m_l + Zm+1azm+1a
fl

J
M = Z y;Oy; + 20 — .
J
Root operators of sch(n —2). Roots of so(n—2), |i| < |j|:
B;; = Z_Z-@Zj — 20z,
Bvqu,j = Y—iOy; — Y—;Oy;,
st’c]h = Y—iOy; — Y- Oy,



Space translations, |j] < n — 2

Bm+1,j — Z—m—lazj - Z—j82m+17

fl _
Bm+1,j — 5)93'7

sch o
Bm+1,j — ayj‘

Time translation:
Bm—l—l,—m — Z—m—laz_m — ZmazmHa
fl _
Bm+1,—m — 6y—mv
sch
B = 0.

m—+1,—m



Additional roots, 7 € I,,_9:
fl
Bm,j = y—mayj - ?J—jayma
sch

m’

B—m—l,m — Zm+1azm — Z—maz_m_p

f,n _ .
B—m—l,m o y—m( Z Y; ayj + y—may—m
J

38—62%77—1,771 = t(D Oy + 10 —n) = >

J J

-5

J

Y—3Y;

—jYj

8ym y



Weyl symmetries. Reflection:
’roﬂK(zO,...) = K(—=2,...),
TOf<y07°") — f(_y07'°'>7
h
70 h(yo, ... ) = h(=y0,...).
Flips, 7=1,...,m — 1
TjK(...,Z_j,Zj,...) — K(...,zj,z_j,...),
fl
ij(...,y_j,yj,...) = f(...
h
T]S-C h(,y_],y],) = h(...
Permutations, m € S,,,_1:
onK (... 2—mal, Z—1, ) = K(.o,2—n (20 4,2 ),
fl
O-ﬂ'f(' s Y—m+1Ym—1, - - ) — f( s Y= Y1 - - °)7
O7STChh<° . 7y—m—|—17ym—17t> (

I
>



Special transformation k:
KJK( ey =My AMy F—m— 15 Zm+1)
— K< coy T R—m—1y —Am+1) F—m; Zm>7
fl
K mf(' ey Ym—1Y—m; ym)
_ 20 Ym—1 1 1 2y
— y—mf( RIS y”zm ) _y—m’ 2U—m Z] y—jy])a
SR )
= t'e lz. v A M_l>
AP\ 2f 225 Y—5Y5 )0 T )




Laplacian/Laplacian/Heat operator

An+2 — Z (9z_j0zj,
j|<n+2

Ap = > 0y 0y,

1j|<n

Lo—o = Y 0y 0, +20.

j|<n—2



It is easy to see that

K( cey R—My AMy F—m—1, Zm+1>
a1 My —1 “m-+1
=z exp(—z ),

—m
solves
An+2K — 07
Bm+1,mK = K,

NZ'K:O&&'K, ’i:1,...,m—1.



We descend to R* 2 @ R. and we obtain that

me,%n—Lt)
Y e ooy —Q Qi —1 Y_1Yy1 + -+ Y—m¥Ym
=t 2 m= 1y1 ey eXp ( ; )
solves
n 2f — 0
h
78724—1 mf f

Nfehf:aif, i=1,....,m—1.



Suppose that |0, 1|3 s + 7(s) is a contour satisfying

T

7(0)
Set
Fuly,t) == /f(Ty,TQt)T_l_”dT-
Then
(D yy +20,) B, = vF,.
7
Recall that

M = Z yﬁy + 2t0r — 1.

[/



Heat equation in 2 dimensions

and the confluent equation



We again consider RO with the split coordinates and the prod-

uct
(z]2) = 22121+ 22_929 + 22_323.

We describe various object related to the Lie algebra sch(2)
treated as a subalgebra of s0(6).
Lie algebra sch(2). Cartan algebra is spanned by

M = 2_282_2 — 22822 — 2—382_3 + 235)237

Nl — _Z_laz_l + 216217



Root operators:

= Z—Saz_l — 218237

2—2821 — 2—137;2,
2—35’21 — 2—18237
2—282_1 — 218227
2_332_2 — 228237
2305 — 2205 ..



Weyl symmetries.

21, 21, B2y 22y B3, 23),

VK (21,21, 2-9,%29,2_3, 23 (
(21, 221, 22, 22, 23, 23),
(
(

T K(z_1, 21,29, 29, 2_3, 23
kK (2_1,21,2-9,%9,2_3, 23
kK (z_1, 21, 2-9, 29,23, 23

21,2, —Z—3, —23,2—9, 29),
21y By —2—3, — 23, Z—92, 29).

= AR

)
23)
23)
)

Laplacian.

AG — 282_1321 + 282_2622 + 282_3623.



We descend on the level of R*, with the coordinates (y_1, 41, y—_2, y2)
and the scalar product given by

Wly) = 2y—1y1 + 2y_o21p.
Lie algebra sch(2). Cartan algebra:
Mﬂ’n — y—lay_1 - ylam + 219—28y_2 — 1),
N = —y_10, 1 + 919y,
fl
B39 = Oy



Root operators:

Bg,—l — 5’9—17
Bjy = y-20y — 10y,
Bg,l — ayp
Bg,—l = Y20y | — Y10y,
Bg,—z — ay—w

f
B2y = y-o(y—10y | + 410y, +y-20y 5 — 1) — Y1419y,



Weyl symmetries.

LF(Y—1,91,Y—2,92) = F(Y—=1, Y1, Y—2, ¥2),
W1y, Y—2,2) = (Y1 Y—1, Y—2, 2),

a y—1 ¥ L y—1y1 +y—2u
K ’"f(y—byby—2ay2>:?ﬁ2f(y DU U U )’
a i y—1 1 oy ty—op

7_1"{ mf(y—l?y17y—27y2>:y712f(y Z’y 27_y 27 y 2 )




We apply the ansatz involving the exponential €¥2. We rename
y_otot.
Lie algebra sch(2). Cartan algebra:

]\480}1777 y_lﬁy_l + ylayl + Qtat — 1,
leCh — —y_15’y_1 + ylayp
h
B = 1.



Root operators:

89—17

tayl Y—1,
6917

tay_l — Y1,
Ot

t(y—lay_l -+ ylayl - tat — 77) — Y—-1Y1-



Weyl symmetries.

Lg(Y—1,91,t) = 9(y—1,y1, 1),
TlsChh(y_17 91, t) — h(y17 Yy—1, t))

) _ 1
RNy, y1,t) = t7exp (y t1y1)h(yt : ytl’ 7)’

— _ |
1,0 - e ()0 (22, )




Heat operator:
Lo = 20y 0y, +20;.
|t satisfies the following generalized symmetries:
B3y = LB B e sch(2),
OzSCh’_Bﬁg = ,CQCMSCh’_l, a € Sch(2).



We introduce new coordinates u, w, s

w:y_lyl, u="2L s=t.

t Vi
Lie algebra sch(2). Cartan algebra:
M = 50—
Nt = 4 Ou,
By = 1.




Root operators:

U
BECE1 — _aUh
I
Bg(ﬁl = a(wé’w + udy — w),
1
By = — (w0 + udu),
o 52 2 2
9 1 1



Weyl symmetries.

th(w, u, s) = h(w,u, s),
TlsChh(w,u, 5) = h(w,g,s),
u

Co
ST (w, u, §) = 32newh( — w, —iu, —),
S

1w 1
71HSCh’nh(w, u,s) = 52newh( —w, ——, —).
(TR
Heat operator:

2 1



Let us make an ansatz
h(w,u, s) = us ' TF(w).

Clearly,
M= = —oh, NIR = ah.

Therefore on functions of this form
2

%Eguo‘s_e_lF(w) = uo‘s_e_l]:g)aF(w),

where Fy , is the confluent operator

1
Fpow, 0p) = wiy + (1 + a0 — w)yy — §(1 +0+ ).



We have a closely related operator

Fpol2,02) = 2207+ (=1 + (2+ 0)2)0-
1 o 1 9
“(1 S—
+4< +0) 404
f 2 = —w L then
3+a+6 ~ 14+a+6

(—2) 7 Fpalz,0:)(=2) 2 =Fpalw, 0p).
We will treat Fy (w, Oy) as the principal operator.




We have the following transmutation relations:
0z Fo.q
— F@—I—l,a—l—l 0z,
(20: +a—z) Fyq
= Fy-1a-1 (20: +a—2),
(Z@z + Ck) .7:(9704
Foi1,0—1 (20; + ),
(aZ - 1) f&,ow
-7:9—1,04+1 (0 — 1);
(20: + 50 +a+1)) 2Fp,
= 2Fpioa (20:+ 50 +a+1)),
(20 + %(—9 +a+1)—2z) 2Fp,
= 2Fpoq (20:+35(—0+a+1)—2).

—



Discrete symmetries:
The following operators equal fg)a(w, Oy ) for the appropriate

w:
w =z .

f@,oz(zvaz)7
2 Fy_alz,0:) 29,

—e° F_galz,02) €,

—e F27 Y F_g _ol(2,0z) 2%,



Note the commutation relations
By _1,B31] = [Ba1, B3 1] = B3 .

Therefore, we have two distinguished subalgebras in sch(2) iso-
morphic to the Heisenberg algebra over a 2-dimensional sym-
plectic space:

heis_(2) spanned by By _1, B3 1, B39,
heis; (2) spanned by B 1, B3 _1, B3o.



Let us define

C_=2 327_13371 + M — Ny — Bg)g
= 2 3371327_1 + M — Ny + ngg,
Cy =2 3271337_1 + M + Ny — ngz
= 2 337_13271 + M + Ny + ngg.
C and C_ can be viewed as the Casimir operators for heis(2)
and heis_(2) respectively. Indeed, C4, resp. C— commute with
all operators in heis(2), resp. heis_(2).
On the level of RZBR, the two operators C and C— coincide.
Indeed, a direct calculation yields

CEM = M = 248, Dy, + Oy) — 1 — 1.



Second, note the commutation relations
|B_32, B3 o] = —Ny+ N3 = M.

Therefore, we have a distinguished subalgebra in sch(2) isomor-
phic to so(3)

5093(3)  spanned by  B_39,B3 _9, M.
The Casimir operator for 8093(3) is
Cy3=4B3 9B 35— (M +1)*+1
—4B 35B3 _5— (M —1)*+1.
We have

(22 929 + 22_323) AL = =1+ C3 T+ (NP2



Hence,
(22_929 + 22_323)A¢
:432’_33_2’3 — (N +M+1) (=N +M+1),
=4B_93By 3 — (N1 + M — 1)(=N1 + M — 1),

where the B, Ny and M operators should be equipped with the

superscript &1



Let us sum up the factorizations in the variables y_1yi,t ob-

tained with the help of the three subalgebras:

tLoy = 2By 1531 — (—M + Ny +1)
=2B31By 1 — (=M + Ny — 1),
=2DBy1B3 1 — (=M — Ny +1)
=2B3 1By — (=M — Ny — 1)

2y_1y1L9 = —4By _3B_93— (N1 + M +1)
= —4B 93By 3 — (N1 + M — 1)

(N — M —1),
(N, M+1)

where the B, N1 and M operators should be equipped with the

superscript Sch—1

In the variables w, u, s, we need to make the replacements

Yy_1Yy1 — wSQ, = s



We obtain several ways of factorizing the {F} operator:

1
Foa = (Zaz+1+oz—z)8z—§(9+cv+1),

= 8Z(z82+&—z) 0+ a—1),

1
2
— (zaz-l-l—l-oz)(@z—l)—%(9_()‘_1)’

— <(9Z—1><zaz+oz> —%(9—04+1)§

1 1
2Fp0 = (Z@z + 5(9 + o — 1)) (z@z + 5(—9 +a+1)— z>
1
—Z(—H +a+1)0+a—-1),

= <zﬁz+%(—9+@_1)_Z)(Zaz+%(0+a+1))

—i(—e fa—D6+a+1).



Traditionally, the confluent or the | F equation is given by the
operator

Fla;c; 2,0,) = 20 + (¢ — 2)0> — a.

Here is the relationship between the classical parameters pa-
rameters and the Lie-algebraic parameters «, 6:

a:=c—1, 0 .= —c+ 2a;

a:_1+024+6 c=1+q.



The confluent equation has a regular singular point at 0. with
indices 0, 1 — ¢. The unique solution of the confluent equation
analytic at 0 and equal to 1 at O is called the { F'| hypergeometric
function or the confluent function. It is equal to

Fla;c z) = Z(aiﬁ

—~ (c)pn!

It is defined for ¢ # 0,—1,—2,.... Sometimes it is more
convenient to consider the function

Fa: e 2) — Fla;c;z) 3 F(<a)n n

-
['(c) — e+ n)n!
Another useful function proportional to {F7 is
['a)'(c —
Flla;c;2) = QINC a)F(a;c; ).

['(c)



In the Lie-algebraic parameters:

1 0
Fyolz) = F( +§+ ;1+oz;z),

1 0
Fgo(2) = F( +§+ 1 oz;z)

Fy () = FI( 5 ;1+a;2)

F<1+%+9)F<1+024—(9)

MNa+1)




A traditional form of the the 9/ equation is
Fla,b;—: 2,0,) = 2°0> + (=1 + (1 + a + b)2)d, + ab,
It does not have a regular singular point at zero. One of its
solutions is defined, for z € C\ [0, +00],
F(a,b;—;z) = lim F(a,b;c;cz),

C— 00

where |argc — | < ™ — €, € > 0. It extends to an analytic
function on the universal cover of C\{0} with a branch point of
an infinite order at 0. It has the following asymptotic expansion:

— (a)n(b)
Fla,b;—:;z) ~ E n' B0 largz — 7| < — €.
n!

n=0
Sometimes instead of o F{y it is useful to consider the function

Fl(a,b; —: 2) = T(a)F(a,b; —: 2).



When we use the Lie-algebraic parameters, we denote the o Fj
function by F and F. The tilde is needed to avoid the confusion
with the {FY function:

~ l+a+60 1—a+06
Fpolz) = F( T TS ;—;2),
i l4+a+0 1—a+6
R
l—a+6
= I(—5—) Foal2)



We have 4 standard solutions of the {F} equation:

Solution ~1at0:  Fp,(2)

:ezF—G,a<_Z>3
Solution ~ 2% at 0: 27 %Fp _(2)

— O o (—2):

) —a —1-0—a ~ _1

Solution ~ 2z~ %at +o0: 2= 2 Fy,(—z )
—1-0—a ~ _1
=z FQ,—@<_Z )

1if-a ~
Solution ~ (—z)?"1e? at —co:  e%(—2)" 2 &F_gja(z_l)

—14+0—a ~
— (=) T 2 F_g_o(z7Y),




Recurrence relations for the confluent function correspond to
roots of the Lie algebra sch(2):

—14+60—«
(0: = 1) Fgo(2) = 5 Fo1av1(2);
1+60+a 14+60+a
(zaz +— ) Fpalz) = ———Fgr2.a(2);




The following functions solve the heat equation:

t—y—l(y_l — 1) exp ((y—l t_ 1>y1)7

y-1(y1 — 1)).

= 1) e (L1

In order to make eigenfunctions of M and Ny, we smear them
and chose an appropriate v:




Set

Hy o(y—1,91,1t)

0+a—1 —0—a—1 4 —
I:/T&lt 5 (T_ly_l — 1) 2 exp ((y 1 ; 7-)yl)dT,

G@,@(y—la yla t)

—1
0—a—1 —0+a—1 _ —
::/To‘lt 2 (ty1— 1) 2 exp (y 1(y1t ! ))dT.

Recall that



We have
LoHg =0, LoGy o =0
MHH:oz — HHQ,OU MG@,oz — HG(Q,CV;
NlHH,oz — &Hﬁ,ow NlGQ,a — aG@,oz



Now we express the above wave packets in the coordinates
w, U, S:

Hg)a(w,s,u)
—at6—1 —a—0-1
:s_l_euo‘/a y (w — o) "2 ’do,

Gg)a(w, S, U)

a—0—1
zslguo‘/exp (E)J_O‘_l(a— 1) 2 do.

o



We thus have two kinds of integral representations of solutions
to the {F] equation:
a) Let [0,1] 5 ¢ — ~(¢) satisfy

e a—1]7(1)
et (t — 2)™ 1‘7(0):0.

Then

Fla; c;z,@z)/ta et — 2) 7%t = 0.
gl
b) Let |0,1] > t — (t) satisfy

2 v(1
e —pne=a'"V Z g

7(0)

Then
Fla;c;z,0,) / 1—tca1dt—0
8



Using the integral representations of type a) and attaching
contours to —oo, 0 and 2. we can obtain all standard solutions.
The natural normalization leads to the function F

Similarly, using the integral representations of type b) and at-
taching contours to 0 — 0, 1 and oo we can obtain all standard
solutions. The natural normalization leads to the function F!.

Solution ~ 1 at 0 :
Solution ~ 2z~ % at 0 :

Solution ~ 2z~ % at 400 :

Solution ~ (—z)?~Te?

e” at —o0

a) b)
— 00, (0,2)7, —o0], [1,+o0];
0, 2] (0—0)";
— 00, 0] | — 00, 0];
z, —00| 0, 1]




Heat equation in 1 dimensions

and the Hermite equation



We again consider R° with the coordinates

20y £—2y #2y #—35 3
and the scalar product given by
(z]z) = z% + 22929 + 22_323.

Remember that sch(1) is a subalgebra of so(5) and we keep the
notation from so(5).

Lie algebra sch(1). The Cartan algebra is spanned by

M = Z_Qaz_Q — ZQaZQ — 2—362_3 T 238237
B3 o = 2_30z, — 290,



Root operators:

>
Lo
O DO
|
N W
o
QD o
& Q
N
[\
-
DNO
NQ»S
NQD
<

Weyl symmetries:

LK (29, 29,29, 2_3,23) = K (20, 2_9, 29, 2_3, 23),

kK (20,2_9,29,2_3,23) = K(20, —2_3, —23, 2_92, 29),
mZK(zo, 2_9,29,2_3,23) = K(z0,—2_9, —29, —2_3, —23),
ligK(Z(), 2_9,29,2_3,23) = K(z09,2_3, 23, —2_9, —29).

Laplacian:
Ag = 05, +20: 50z + 20: 0.



We descend on the level of R3 with the scalar product given
by
(ly) = 5+ 2y-20n.
Lie algebra sch(1). Cartan algebra:

Mﬂ,n — yoﬁyo - 29—26y_2 — 1,

fl
B39 = Oy,
Root operators:

fl
B3y = Oy,

fl
By = Y—20y; — Y0Oys,
fl

B3 o5 = 0y,

f
B2y = y—2(y0dy, + y—20y_, — 1) —



Weyl symmetries:

(o, y—2, 2,

2
Yo 1 yy +2y—9yo
Kﬂ)nf(Z/an—QayQ) — yiQf(E7 _y 27 4 2y ) )7
2
(k)2 F (v, y—2,¥2) = (= 1) f(—y0, y—2, 12),

2
3 Yo 1 Yy + 2y_2y2
(") f(yo, y—2, 12) = (—y_g)”f( N =R )
Yy-2 Yy—9 2y_2

N f (g, y_a, o)

Laplacian: .
2
A5 = Iy, + 20y ,0y,.



We descend onto the level of R @ R. We rename y_9 to t
and g to y.
Lie algebra sch(1). Cartan algebra:

Mo — YOy + 20y — n,

B3o = 1.
Root operators:
B5h = 0,
B5{ = t0y —y,
BSty = 0y,



Weyl symmetry:

SRy, 1) = h(y, t),
Y21 (Y _l>
KNy, 1) = T exp($)h(Y, D),
: = (—1)" T 7t7
(/{schﬂ?) h(y,t) —( 1) h( 122) y l)
(M) h(y, ) = (=) exp(4)h(—Y, —]



Heat operator:
L1 =0, +20;.
We have the generalized symmetries:
5 |
BMNTas, = LB B e sch(1);
5 |
SN0 = L0 o e Sch(1).



L et us define new coordinates:

Vot

Lie algebra sch(1). Cartan operators:

M = 59—,
B_59 = 1.



Root operators:

1
Bsch _ o |
30 \/§3 v
Bsh— 2 (9, — 2w ,
2,0 \/§ ( w )
1
BgCEQ — 5 9 (—’lU aw + 383) ,
’ 28
BSCh’77 — 8—2 (w Ow + s0s — 2 — 2w2) .
—3,2 9

Weyl symmetries:



Heat operator:

L1 :2—12(82 —2w8w+28(93) .



Let us set n = —% and use the ansatz

h(w,s) = s_)‘_%F(w).
Clearly,
MM = ap,
On functions of this, 2s%£ coincides with the Hermite operator
Sy (w, By) = 82 — 2why — 2X — 1.
We will also use an alternative notation
S(a;w, Oy) = OQQU — 2wy — 2a,

so that

1
A=a—=, a=\+-.
a > a —I—2



The Hermite equation is reflection invariant. By using the
quadratic transformation we can reduce it to a special case of
the confluent equation:

SA(Z,az) — 4f>\’_%<w76’w)7
2718\(2,0:)z = AF 1(w, D),

Do +—

where



Transmutation relations

(20, — A+ % —22°%) 228,
= 228y 5 (20, — A\ + % —22%).



Discrete symmetries
The following operators equal Sy (w, 0y) for an appropriate

w:
w= *+z:

SA(Z, az),

w = =£1z :
—exp(—27) S_(2,0z) exp(z?).



First note the commutation relations
B2, B3| = B3.2.
Therefore, we have a distinguished subalgebra in sch(1) isomor-
phic to heis(2)
heis(2) spanned by Bg, B3y, B32.

Let us define

Cop =2 BQJOB&O + 2M — 33’2

= 2 33303270 + 2M + 3372.

Cp can be treated as the Casimir operator of heisy(2): it com-
mutes with all elements of heisy(2).
On the level of R @ R, we have the identity

sch,—%



Second, note that the triple of operators B_39, B3 _o, M
is contained both in sch(6) and in sch(5). Therefore. in the

context of sch(6), is also contained in sch(5). Recall that its
Casimir operator is
Cog = 4337_23_3’2 — (M + 1)2 + 1
= 43_372337_2 — (M — 1)2 + 1.



We have

Do —
OV

&, —
(22929 + 22_323)AF = Coq

Hence
3 1
— (M M) (= M+ M),

2
=4B_93B2 3
3 1
- (MM =5) (- M+ M —3),

where the B, Ny and M operators should be equipped with the
1

superscript <7 2.



Let us sum up the factorizations in the variables 1, ¢ obtained
with the help of the two subalgebras:

20L1 =2 BogB3 0 — (—2M + 1)
=2 B3 0By — (—2M — 1),

3 1
—yjL1 =4By _3B_ 93— (Nl + M + 5) ( — N1+ M + —),

2
3 1
— 43_273327_3 — (N1 + M — 5) ( — N1 + M — 5),
where the B, N1 and M operators should be equipped with the
|
superscript 572,

In the coordinates w, s we need to make the replacements



This leads to the following factorizations of the Hermite oper-
ator:

Z—Qz)ﬁz—Q)\—l
(0 —22) — 2\ + 1,

(
9,
(za +A——>(z@z—)\+%—2z2)

(r-3)(-3)

= (Zaz—)\—g—QZQ)(Zaz‘l‘)\+l)

+(A+§)(A+%>. 2



The Hermite equation has only one singular point, oco. We
will see that one can define two kinds of solutions with a simple
asymptotics at oo.

Solution ~ 2z~ % for 2z — 400:

Sa(2) == 2 A IF (=27

_ 2 .
a—1o2" for » 5 Yioo:

2
e* S\ (—iz) = (—iz)* 27 F 4 _)\(2_2).

Solution ~ (—iz)



Set

Cr(y, 1) = /< 24) 2exp <(y —27]; 1)2)7_1+§+>\de
Hy(y, 1) = o= V2T —t7° —1+ 3+
Recall that 1
:y@ﬁ%ﬁﬁ+§
We have
LGy =0, Li1Hy =0;

MGy = —\G), MH, = —\M,.



Let us express these wave packets in the coordinates w, s:

1 2 1oy

Gy(w,s) = /5_1exp (w — ) Tt A
V275

1

We set 0 := w — so that 7 = obtainin
V21s' (w—0)v/2s' 5

Gy(w,s) = (\/53)_%_)‘/602(11) — 0)_%_)‘da.



Similarly,

H)\(w,s) _ /e2sw7'5

We set 0 := s7, so that 7 = <,

_1l _ 52 14l
H)\(’LU,S):S 5 )\/e 20w 0 5 1+2+)\d0.

2,2 1.1

obtaining



Below we describe two kinds of integral representations of the

Hermite equation.
a) Let [0,1] 5 ¢ — ~(¢) satisfy
2 v(1
¢! (t—z)_a_l‘ W_y
7(0)
Then

S(a;z,&z)/etz(t — z)” dt.
Y

b) Let [0, 1] 5 ¢ > ~(¢) satisfy

v(1) 0
7(0)

42
o t 22tta

Then
2
S(a; z,0) / ot 22ha—1gp —
Y



We can also deduce the second representation from the first by
. . S 2
the symmetry involving the multiplication by e and the change

of variables z — 1z. O



In the first case the integrand has a singular point at 0 and
goes to zero as t — £o00. We can thus use a contour with such
endpoints. We will see that they give all standard solutions.

In the second case the integrand has a singular point at z and
goes to zero ast — £i0o. Using a contour with such endpoints
we will also obtain all standard solutions.

a)

Sol. ~ 2z7% 2 — 400

2

|
Sol. ~ (—iz)*1e*", 2 = +ico: | — 00,0

, —00|

b)

0, 00| | —ioco, 27, —ioo|

2, 100|



|t is convenient to introduce alternatively normalized solutions:
1 1
Sl (z) == 2 2F()\+§)S>\(z)
SA(2) == V7Sy\(2).

(The normalization of Sg\ is somewhat trivial — we introduce it

to preserve the analogy with the Gegenbauer equation, which
had a less trivially normalized solution S? )

)



1
—§< Re :

O
/e_tQ_QtZt)‘_%dt =S\(2), 2 ¢]—00,0];
0

for all parameters:

i / (2 — 1) hdt = SY(2), = ¢ — 00, 0]
|—i00,27 100
for all parameters:
/ 2 (i adt = 07 SY  (—iz), 2 &[0, o0
|—00,0T,00]
1
Rel < =
A < 5
. / o (it — 2)) P hdt = 'S (—iz), 2 € [0, 00|

|2,100]



The following recurrence relations correspond to root operra-

tors:

0:5)(2) = (5 + 1) S (2),

(0 — 22)S)\(2) = —25)_1(2),

(zaz + % 4 A) Sy (2) = —%(% + A) (g + )\) Sy o(2),

(z@z +- % — A\ — 222) Sy(z) = —25)\_o(2).



