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Abstract

The weak coupling (van Hove) limit of one parameter groups of contractions is studied by the stationary
approach. We show that the resolvent of the properly renormalized and rescaled generator of a contractive
semigroup has a limit as the coupling constant goes to zero. This limit is the resolvent of the generator of
a certain contractive semigroup. Our results can be viewed as a stationary counterpart to the well known
results about the weak coupling limit obtained by the time-dependent approach, due to E. B. Davies. We
compare both approaches.
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1 Introduction

Let X be a Banach space with a distinguished bounded projeétioBuppose that/} is a one
parameter strongly continuous group of isometriestogenerated by., := Ly + AQ. Assume
that P commutes with the free dynamiég = e’ or equivalently? commutes withZ,. Our
main object of interest is the reduced dynamics

R >t— PUMP

as an operator oRanP.
The reduced dynamics was studied in a series of papers [Davl, Dav2] and in the book [Dav3]
by E.B. Davies. First he showed that the reduced dynamics after appropriately rescaling, i.e.

t— PU}) P,

can be approximated, as the coupling conskagues to zero, by a certain one parameter semigroup
onRanP depending om\. The generator of this semigroup is a quadratic polynomialih By



the convergence we mean that for each fixed tite norm of the difference between the resulting
semigroup and the reduced rescaled dynamics tends to zéxplacomes smaller. We will call
this result, for the reasons that soon become clear, the pointwise (in time) van Hove limit with the
1st order term.

The second result obtained by Davies describes the caseP@th = 0. He proved that the
reduced dynamics with a rescaled time renormalized by the free evolution, i.e.

t— U, 2 PU}) P, (1.1)

has a limit, for each fixed time, as the coupling constant goes to zero. The limit is a one
parameter semigroup, independent\ofThe generator of the resulting semigroup is often called
the Davies generator. We will call this limit the pointwise (in time) van Hove limit without the 1st
order term.

One can distinguish two approaches to semigroups: the time-dependent and the stationary
approach. The former concentrates on the study of semigroups themselves. The latter focuses at
the resolvent of their generators. Davies used the time-dependent approach, both in the choice of
the assumptions for his results and in their statements. In our paper we use mostly the stationary
approach.

Our main results are contained in three theorems. First in the Theorem 3.1 we study, the
stationary van Hove limit for the reduced dynamics as the coupling constgogs to zero. More
precisely, we describe the asymptotics of the rescaled resolvégtretiuced by by the resolvent
of a certain operatad, (. This is the stationary counterpart to the first result of Davies.

Theorem 3.2 describes the case wthout the 1st order tBrpP(= 0). We additionally as-
sume that the spectrum &fL, P consist of isolated points. We obtain a simple asymptotics of the
Laplace transform of (1.1) given by the resolvent of a certain opefatodependent o com-
muting with P Ly P. We prove that the operatoris the generator of a contractive semigroup. This
is the stationary counterpart to the second result of Davies.

The main results about the stationary van Hove limit involve resolvents. They have, however,
easy time dependent corollaries, which we call the smeared out weak coupling limit. By this
we mean that the difference of the rescaled restricted dynamics and the approximating dynamics
averaged over time with some continuous function of compact support tends to zero as the coupling
constant goes to zero. This version of the result is also contained in Theorems 3.1 and 3.2.

In Theorem 3.3 we show how one can obtain pointwise (in time) van Hove limit without the
first order term starting from the stationary van Hove limit.

Theorem 3.5 gives conditions when one can apply both the time-dependent method of Davies
and our stationary results. We also find out that the semigroup obtained in the van Hove limit is
generated by the so-called Level Shift Operator, see [DJ2, DJ3, DJ4, DF].

In the physical literature one can trace back the weak coupling limit to works of Wigner-
Weisskopf, Pauli and also by van Hove [vH1, vH2, vH3]. First rigorous mathematical treatment of
this issue comes from Davies [Davl, Dav2, Dav3], who gave both its abstract theory and presented
applications to open quantum systems (see also [LeSp]).

In his papers, Davies uses the time dependent approach, i.e, he works with the restricted dy-
namics. The key step in this approach is the construction of the resulting semigroup by the integral
formula (e.g. Th.3.1.33 in [BR1]). The use of this formula induces technical assumptions which
may be not easy to verify. For the convenience of the reader we describe the result of Davies in the
Theorem 3.4.



In our approach to the weak coupling limit, instead of working with the perturbed dynamics,
we investigate the resolvent of the perturbed generator. We use some regularity assumptions for
resolvents which seem easier to verify in some circumstances. In particular our regularity assump-
tions are closely related to the so called Limiting Absorption Principle which can be investigated
with help of the so called Mourre Theory [DJ1].

We end this introduction with a description of the main physical motivation of our work—an
application of the van Hove limit to open quantum systems. We essentially follow [LeSp], see also
[Davl, Dav2]. For more information, especially concerning the relationship of the van Hove limit
to applications of the method of the Level Shift Operator to the return to equilibrium, we refer the
reader to [DJ4].

Let us consider a quantum mechanical system which consists of two parts—the smallSystem
and the reservoir paR. To describeS one chooses appropriate Hilbert spate Then the states
are given by density matrices (i.e. trace class normalized positive operat@ts)onThe time
evolution of the isolated small systeshis implemented by the HamiltoniaHs. In a similar way
we describe the reservoir paRt. We have Hilbert spacg(x, the LiouvilleanLy (the generator
of the time evolution) and density matrices #f%. Let us additionally assume that there exists a
stationary state, denoteg;, of R for the evolution implemented b¥x.

The time evolution of whole syste® + R is given by self-adjoint operator

L)\ :H3®1R+15®LR+/\V

acting onH := Hs ® Hz whereV is some interaction operator and= R. Hence for any density
matrix y on’Hs ® Hgp, its evolution is given by

—tiLy tiLy

Uly :=e xe
Assume that the initial state &f + R is p ® wr for some density matrix on Hs. Then after

time ¢ the state ofS + R is given byU? (p ® wr). If we treatR just as a device which induces

changes o and we want only to know what happensSpthen to obtain the state ¢f at timet

we take the partial trace over the degrees of freedof of
p(t) = tre (U (p @ wr) ). (1.2)

Note that the action of/;}* can be extended to the whole space of the trace class operators
B'(Hs ® Hr). Recall thatB'(Hs ® Hz) is a Banach space under the nofm||; = tr| - | and
U} is a one parameter strongly continuous group of isometrieB'gh(s @ Hx). If we introduce
the operator
P: B'(Hs ® Hr) — B'(Hs) @ wg C B'(Hs ® Hr),

PW = trR(W) X WR,
then P is a projection of norm one and the equation (1.2) can be rewritten

p(t) @ wr = PU}P(p @ wr).

note also thafU?, P] = 0. Therefore, we have a setup, where we can apply our results. In the
weak coupling limit we obtain completely positive semigroup of contractions which is sometimes
called a Quantum Dynamical Markov semigroup. Hence starting with a fully reversible dynamics



for the whole system, we end up with an irreversible evolution of the small subsystem. Now, in
the weak coupling approximation, when we study the small system we may exchange complicated
object PU P for a semigroup and use it in order to determine physical quantities. However there
is a price to be paid—the results that we get in this approximation are typically the lowest order
nonvanishing corrections in the coupling constant to the real quantities.
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2 Preliminaries

2.1 Notation

Let X be a Banach space. For a linear operdtan X', spL denotes its spectrum amgbm L its
domain. If= is an isolated bounded subsetpf. then the spectral projection éfonto=, defined
by the usual integral formula [Kato], is denotgd(L). If e is an isolated point ofpL, then we
will write 1.(L) for 1, (L)

Let 1YV be a distinguished bounded projection &n It will be convenient to denoté™ :=
1 —1Yv. We also introduce closed subspaces

XV =1"4x, XY :=1"X = Kerl™,
so thatY is decomposed into a direct sum
X=X"dX". (2.3)
Any operatorH on X satisfying
Dom(H) = (Dom(H) N XV> ® <Dom(H) N XV)
can be written with respect to the decomposition (2.3) as

va HVV
H - |: HVV HW

] — HY 4+ HY + HY + H™. (2.4)
ObviouslyHYY = 1"VH1", etc. In particular

™0
[0

Fore € iR and fora > 0 we denote

Wedge(e,a) := {2z € C : Rez >0, |Im(z — ¢)| < aRez}.



3 Main results

Let L, be the generator of a one parameter strongly continuous group of isontetries’ on
the Banach spac&. Recall thatl, is norm closed, norm densely defined, conservative operator
(i.e. bothL, and— L, are dissipative) ansbL, C iR [BR1, Dav3].

Let 1V be a distinguished projection oti such that|1'¥|| = 1. Assume thatl*¥ commutes
with L or equivalently{1', etfo] = ( for all t. Then the operatak, written wrt the decomposition

(2.3) has the form
_ [ Lo
w-[% ) @9
We write for shortnes€ := L§’. Note thatE generates a one parameter strongly continuous
group of isometries oA’ .

Let @ with DomL, C Dom( be another operator that we will treat as a perturbatiohof
Fix Ao > 0. We assume that fdr < A < )\, the operator

Ly:= Lo+ )\Q>

defined onDomL, = DomlL, is the generator of a one parameter strongly continuous semigroup
of contractions ort’.

We will assume that for all < A < A\g £ + AQ"" generates a group of isometries &, We
also assume that the off-diagonal element§pf.e. Q¥ andQ"" are bounded.

3.1 Van Hove limit—stationary approach

In this subsection we discuss the van Hove limit under the assumptions involving the resolvent of
L,. The statement of our result is similar to the statement of the results of Davies, which we recall
later.

3.1.1 Van Hove limit with the 1st order term

Theorem 3.1 Assumethatforald < A < Ay :
(i) Forall ¢ > 0we havet & sp(LYY),
(i) There exists an operatdi, € B(X") such that, for any¥ > 0,

. VV(\2¢1VV _ TVV\—1 Vv
Ly i= lim Q" (V1™ = L) 'Q (3.6)

(Note that the RHS of (3.6) may dependioiVe assume that it does not).

Let
Axo = E+ Q" + \T. (3.7)

Then the following holds:

(1) I'y generates a semigroup of contractions.i.

(2) Ay, generates a semigroup of contractions .



(3) Foreach{ > 0,

. vV -2 —1qvv vV —2 -1\ __
ll\r%(l (€1 — A"2Ly) 7117 — (€17 — A 24, ) >_0, (3.8)

(4) Forany f € Cy([0, o0|)

. Vv U)\_QL)\ vV U)‘_QA)\,O —
ll{%)/f(U)(l e 1 e )da 0. (3-9)
0

Note that above we use the notatiori™ — L{¥)~! for the inverse of the operaten™ — L}’
restricted ta¥v. We will often use a similar notation without a comment.

3.1.2 Van Hove limit without the 1st order term

In this subsection we describe two versions of the van Hove limit without the 1st order term. In the
first we either work at the resolvents or smear out the dynamics in time. In the second, we work at
the dynamics pointwise in time. The statement of the second result is essentialy the same as that
of Davies, however assumptions are different.

We will need the following additional assumptions

Assumption 3.A spF is a finite set.

Note that Assumption 3.A implies that we can write

1V =) 1(E).

ecspE
Assumption 3.B Q*¥ = 0.
Theorem 3.2 Let 3.A and 3.B hold. Assume additionally that:
(i) For0 < X < )\, for eache € spE and for all§ > 0 we have: + ¢ & sp(LYY),

(i) There exists an operatdr € B(X) such that, for any > 0,

_ L
r:.= P E{% 16(E)vi<(e FAZOTT — LY) O™1,(E), (3.10)

(Note that the RHS of (3.10) may depend,olVe assume that it does not).
(i) Foranye,e’ € spFE, e # ¢ and{ > 0
. = 2 —_— RN -1 —
Hm AL (E)Q™ (e + BT — L) Q™1u(B) =0,

-1
AL (B)Q™ (e + X1 — L) Q™ 1(E) =0



Then the following holds:
(1) T generates semigroup of contractions &,
(2) [E,T] =0,
(3) For each{ > 0 we have

1

lim ;E 1,(E)1™ (§1 ALy — e1)>_11w — (a1 -1)7 (3.11)

(4) Forany f € Cy([0, <))

: —oAT2Eqvv oA "2Lyqvv _ ol —
/1\1{%/]‘(0) (e 1%e 1 e >da 0 (3.12)
0

Theorem 3.3 Let 3.A and 3.B hold. Assume additionally that:
(i) For0 < X < Xgandall{ € C,Ref > 0, we havel & sp(LYY).

(i) Forall oy > 0 and for any{ € Wedge(0, «y), there exists an operatdr € B(X") such
that,

-1
- : \a4 2 W 7w Vv
Di= 3 lmL(E)Q((e+ NO1™ — L) QL(E), (3.13)
(Note that the RHS of (3.13) may dependioliVe assume that it does not).

(i) For eache € spE we have

vV 52 w\ 1 v
sup @7 ((e+ N1 — LYY) Q]| < o0
Re&>0; 0<A< g

Then:

(1) All statemants of the Theorem 3.2 hold. Besides (3) holds in a stronger formg for0 the
formula (3.11) is valid for eaclh € Wedge(0, ay).

(2) Lety € XV. Foro > 0 we have

I e A ) L. (3.14)

A—0

uniformly foro € [ry, 7] for any fixed) < 75 < 7 < 0.



3.2 Van Hove limit—time dependend approach

In this section we discuss the van Hove limit under the assumptions involving the dynamics. In
Theorem 3.4) we recall the original approach to the van Hove limit due to E.B. Davies [Davl,
Davz2, Dav3]. (Strictly speaking, Davies assumed that the perturb@tisrbounded. In Theorem
3.4 we impose slightly less restrictive assumptions, which can be handled by an essentially the
same proof).

Let Ly, @ and1'" be the same as before. Cleady) generates a semigroup &ii. Therefore,
we can define the operator

227
K(\7):= / e I Qe I QW dg. (3.15)
=0
The following theorem describes the van Hove limit for the dynamics in both cases—with and
without the 1st order term.

Theorem 3.4 Assume additionally that:

(i) For all 7, > 0 there is a constanC > 0 such that||K(\,7)|| < C for [\] < 1 and
O0<7<m,

(i) There exists bounded operataron XV such that if0 < 75 < 7y < oo then

lim( sup ||K()\,T)—KH):O.

A=0 N\ rg<r<my

Then the following holds:

(1)
}\IL% <Oi?<p Hlvvet)\ﬂLAlvv o et)ﬁ2(E+,\vi+A2K)H) =0. (316)
StST

(2) If additionally 3.A and 3.B hold then

}\E}T[l) <Oi;1<p He—t)ﬁQElvvet)\”Lx 1V — etK“u) =0 (317)
A

where

a

K*:= )" 1(E)K1.(E) = lim L / eF Ke tEdt.
a—00 2ZQ

e€spE Za

Let us recall how the operatofs(\, 7) are motivated. If we treat the off-diagonal elements of
L) as a (bounded) perturbation of the diagonal patt pthen, by a well known formula, we have

t
etL)\ _ et(Lx"+L‘>’\7") + )\ / e(tfs)(L‘/{VJrL‘/{iV)(QVV + QVV)GSL)‘dS.

s=0



Using this formula one gets

-
-2 —2 Vv —2( Vv -2
1vve)\ 7Ly 1V — 1vve)\ TLY + / 1vve)\ (t—o)LY K(/\,T . U)lvve/\ oLy 1Vdo

o=0

Now we discuss how one can obtain the van Hove limit for the resolvents under time dependent
assumptions. In fact we show when one can use both stationary and time-dependent approaches.
We will concentrate on the case without the 1st order term.

Theorem 3.5 Let 3.A and 3.B hold. Assume additionally that:

(i) For0 < A < M andallz € C, Rez > 0 we haver ¢ sp(LYY),

©0 v —.
(i) f S Qe N Q™]|ds < oo,
0 0= 0

(iii) Foranys >0, ;1\1% O LT QW — QW eslE QY
Then:
(1) The assumptions of both theorem 3.2 and theorem 3.4 hold. Moreover, we have

K" =T.
(2) There following limits exist, coincide and equallto

tim 37 1.()Q (e + 917 - LgV)lQVm(E)
(3.18)

e\0
N ecspl

= lim Z /e_gsle(E)QeSLer_SLo16(E)ds.
0

Note that the assumptions of Theorem 3.5 are stronger that that of Theorem 3.3 and Theorem 3.4

(2).
The operator 3.18 is often called the Level Shift Operator. It is used to describe the second
order shift of eigenvalues di, [DJ2, DJ3, DJ4, DF].

4 Proofs

Lemma4.1 For0 < )\ < \g the operator

0 )\QVV

L, — L _
A )\vi LE)/V_’_AQVV

defined orDom(L,) = X @ Dom(L{") generates a semigroup of contractions.n



Proof. Let0 < A < \,. The operatoL, is densely defined. By the Lumer-Phillips theorem (Th.
3.1.16 in [BR1]) it is sufficient to show that : (I}, is dissipative; (Il) for some > 0 we have

€ Zsp(Ly).
Step (I): (i) implies that foo < )\ the operator

Z:=1Ly— LY

with the domainDom(Z) = Dom(E) @ Dom(Lg") is densely defined and dissipative. Hence, by
the Proposition 3.1.15 in [BR1J is closable and its closure is dissipative. But the closurg of
coincides withL,.

Step (II): For0 < X < \q the operatol, — A\(QYY + Q") generates a semigroup such that for
Rez > |A(Q™ + Q™)| we haves & sp(Ly — A(Q* + Q™)) and

1= (- @7+ ™)) | < ez — M@ + Q™))

Hence, for alk > ¢, for somee, large enough,

Hence, by the Neumann theorer,— L, is invertible for alle > ¢,, and sa & sp(L,). O

< 1.

(4 (- A@T+Q™)) (@7 +Q™)

By the Feshbach Projection Method [BFS1, BFS2, DJ1, DE]gfsp(L,) Usp(LY’) then the
restricted resolvent is given by

1W(21 — Ly) 11V = G, (2)

v

where
Gy(z) = 217 — E = AQ™ = NQ7 (217 — L) 'Q™.

Hence
lvv(g . )\_2L)\)_11VV — )\2G;1(A2§)

In what follows we will use these facts without a comment.

Proof of the Theorem 3.1(1) By Lemma 4.1, the operatcfrA generates a semigroup of con-
tractions, which fog > 0 implies

[ (e v (™ — 1) Q™) | = e - Ty < e

Hence, for al > &, > 0, the operato(glvv—QVV(>\2§1W—LTV)*IQVV)*1 is uniformly bounded.
We know that for any > 0

lim (€17 = Q(EN1 — L) Q™) = 17 - T (4.19)

Therefore, for alk > &, the operato€1"Y — I'y is invertible onX™ and

I —To) | <€

10



Hencel', generates a semigroup of contractions. h (Theorem 2.21 and Corollary 2.22 in
[Dava3])).

(2) Let0 < X\ < \g. SinceE + A\Q"¥ generates a group of isometries dngdis bounded and
dissipative then the result follows from Th.3.1.32 in [BR1].

(3) Let0 < A < Ag. Recall that for > 0

NG = A TV(NE = L) 17| < €7 (4.20)
(€1 = A2 Ano) I <677 (4.21)
;i{% QN LY — L) 'Q™ =T (4.22)

For any¢ > 0 we have

‘ 1VV<£1 . )\72L/\)711vv - (glvv - /\7214/\’0)71
— ‘ )\QG;1<)\25) (vi()\zflw _ LKT)—IQVV _ F()) (flvv _ )\_214)\70)_1

Hence by (4.20), (4.21) and (4.22) the RHS of the above expression tends to Zeteras to
zero.
(4) For¢ > 0, by the Laplace transform, we have

1vv(£1 . )\72L/\)711vv . (glvv . )\7214)\’0)71 _ /efa <1vve)\*20-L>\ 1V — e,\*QO-AA,())dO,
0

Hence by (3.8) we get

/1\{% e—fa <1vve)\*20L)\ 17V — e)\*QaA,\70>d0. =0. (423)
0

By the Stone—Weierstrass theorem, the family of functions
0,020 e cR £E>0

forms an algebra which is dense in continuous functionf)oso| vanishing at infinity. This fact
together with (4.23) implies (3.9). O

Lemma 4.2 Let E be the generator of a group of isometries. kdte an isolated point iap(E).
Thene is a semisimple eigenvalue which medfk.(E) = el.(E) and||1.(E)|| = 1.

Proof. Let e be an isolated point isp(F). Then for any > 0
[(e+ar~—B) " < (4.24)
Soforz € {z € C : dist(e, z) < d}\{e} for somed > 0 we have

(21 — E) ' = 1.(E)(z —e) " + h(z) (4.25)

11



whereh is an analytic function ogz € C : dist(e, z) < d} . Hencee is semisimple. But (4.25)

also implies that

lime((e+ €17 — E)fl =1.(F).

e\.0
and hence, by (4.24), we g¢t.(E)|| = 1. O
For an isolated point € spE let us write for shortness
1% :=1.(F), 1¢¢:=1" - 1.(F)
X°¢:= Ranl.(E), A€ := Ranl®
then
XV =Xqp Xxe (4.26)

If ¢,e € spE andA € B(X") then we denotel®® := 1¢¢ A1°°.

Proof of the Theorem 3.2. (2) Follows immediately if we note that the Lemma 4.2 implies
E= > el.F)andthatwe havE := > 1.(E)T'1.(FE).

ecspk ecspl

(3) Lete € spE. Set

Cr(E.0) = €1 + X 2(e1™ — B) — @ (Ve + 1™ — L) Q™

For¢& > 0 we have

1

Gr(€,e) =17 (4 A 2(e— L)) 1%

This and the dissipativity of., implies the bound
IGA(E ) <€ (4.27)

Write for shortnessg- instead ofG (€, e).
Decomposé&r = Ggiag + Go it its diagonal and off-diagonal part:

Gaig = Y 199G17¢,

e'espk
!0 1,0 !0 1,7
G = 3 199G19¢ = Y 199G1e°,
e'espkE ie’espkE

First we would like to show that fof > 0 and small enough, G, is invertible. By the
Neumann theorem, it is easy to see th&lG;,, is invertible onRan1¢ for small enough\.
Moreover, we have

116G 1o [l < X2, (4.28)

diag
It is more complicated to prove th&at*G g, is invertible onRan1.
We fix ¢ > 0. We know thaiG is invertible and|G~!|| < ¢~*. Hence we can write

GdiagG_l =1- GoffG_l.
Therefore
]_eeGdiagG_l = 1% — ].eeGoff]_@G_l,

et e qee et o (4.29)
1 GdlagG 1 1 GoﬁfG .

12



The latter identity can be for small enougliransformed into

1467 = Gl 1 — Gl

diag diag

16 g G (4.30)
We insert (4.30) into the first identity of (4.29) to obtain

1ClingG ! = 1% — 1Gog1Gyl, + 1°GonlG L Gon G (4.31)

We multiply (4.31) from the right byt*c to get

1CGing 199G 11 = 1% 4+ 1°Gog 196Gy Gon G 11, (4.32)

Now, using
/1\1{% H)‘Goff” = 07 (433)

(4.27) and (4.28) we obtain

1' 1ee 1@ —.1 71166 —0.
)\1{‘% Goff GdlagGOffG 0
Thus, for small enough,
leeGdiagBl - ]-eea
where
By = 1¢G11°¢ (156 + 1666‘0&1@(}5%00&6:‘11“)*1 )
Similarly, for small enough, we find B, such that

B2 ]_eeGdiag == ]_ee.

This implies thatl““G ;s is invertible onRan1°.
Next, we can write:
Gr1=G3 — Gl GGl + Gl GGl GogG™L.

diag diag diag diag diag

Hence
leeG—l — leeG—l

diag

Therefore, for a fixed, by (4.27), (4.28) and (4.33) we see that\as, 0 we have

(1 = Gogl1*Gyph, + Gogl®Gpn, GogG™") . (4.34)

diag diag
eey—1 eev—1 -1
—Goffl*Gdiag + Goﬂ‘liGdjagGOﬂ‘G — 0.

Therefore, for small enough, we can invert the expression in the bracket of (4.34) Consequently,

19(Ggl, — G = 199G (1 = Gog 1G5, + Gor 1G5 GogG) ™

diag diag diag

(4.35)
X (Goﬂrl@G;i;g — GofflgG(;i;gGoﬁfG_l) .
Therefore, for a fixed, by (4.27), (4.28) and (4.33) we see that\as, 0 we have
166(Ggi;g -G —o. (4.36)

13



(4.27) and (4.36) imply that*°G'z;, , is uniformly bounded a& \, 0. We know that
1°G g — 17°€ — 1T (4.37)
Therefore£1°¢ — 1°T" is invertible onRan1¢¢ and

]-eeG(;i;lig N (1665 - 1eer)—1'

Using again (4.36) we see that
1°G™! — (1°°¢ —1°°T) 1. (4.38)
Summing up (4.38) over we obtain
D 16 (G i) — (1Y =) (4.39)
ecspE

which ends the proof of (3).
(1) We have

S aGa(ee) T = 3 [t et gy
ecspE egjpE 0 (440)
:/e—tﬁe—tE/)\Q1vvetL,\/)\21Vth
0

Clearly,|[e *#/X 1vvetIa/2* 17 || < 1. Therefore,

<¢h

D176 (& de) !

ecspkE

Hence, by (4.39),
J(er =) < ¢,

which means that is the generator of a semigroup of contractions.
(4) To prove this we repeat the argument used in the proof of the Theorem 3.1. O

Proof of the Theorem 3.3(1) Follows by a simple modification of the argument used in the
theorem 3.2
(2) Fore € spE and forRe¢ > 0 we denote

GalE,e) = €17 + A1 = B) - @ (W + o1 — 1) @™

Obviously
Ga(6,e) ™ =1 (E+ A 2(e— L)) 1™

and
1GA(& €)' || < Reg™! (4.41)
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Lety € XV. Letwy > 0 ando > 0. By the inverse Laplace transform ([HiPh] chapter XI) and
by the proof of the Theorem 3.2, uniformly for< 7, < o < 71, we get

(e—a)\*ZElvveU)\’2L>\ 1v — eaf)w

= — lim / ety (166’ (E+ A7)l = A2Ly) 11VV—(£16’6_F“)*1)wd£

wot[~R R] ecspll

= Jim / Iy, e)idy

where _ 1
Falyse) o= et (152G (wo + iy, €)1 = ((wo + )1 = T%) " s

For eache € spFE
< 720wy '+ wy ) [Y].

Hd%fx(ya e)

This shows that the family, (v, ¢) is equicontinuous as — 0.

For any fixedR > 0 ifonly ap = (R + 1)/wo thené = wy + iy € Wedge(0, ap) hence, by
(1), we get the pointwise convergenfdy,e) — 0 as\ \, 0 for y € [—R, R]. Finally pointwise
convergence together with equicontinuity implies uniform convergence on compacts, so for any
fixedR > 0

R
lim / o pvidy = [ Tim fi(y.e)idy =0,
—R

To end the proof it is sufficient to show that for each spF

| sy =0

ly[>R

lim sup
R—00g<a<g

Sincel** is independent ok we need only to show that

lim sup
R—00 <)<

/ eg(w0+iy)1eeG)\(W() -+ ly’ 6)71¢dyH =0. (442)

ly|>R

Decomposé&, (&, e) into its diagonal and off-diagonal part.

Gdiag = Z 1e’e’G)\<€,e)1e’e’

e’espE
— A -nE Y (A - 91 - g o))
e GspE e'#e
Gop = 199Gi(£,e)199 = ) 199G, (£, e)17
e’espk ie’espE
= Y Te).
e’espkb
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where }
Ty(€ ) = Q7 (N + 17 = LT = 2Q™) Q™.

By the assumption for eache spF

sup IT\(&,e)]] < C < . (4.43)

Re£>0;0<A< Ao

In the rest of the proof we write for shortneSs= G, (&, e) andT = T (¢, e).
Fix e € spF and let := wy + iy. Fixwy > C' + 1. Then, by the Neumann theorem, the
operatorl““Ggi,, = £1° — T¢ is invertible onX* and we have

(g1 =) < (lyl =) for |y[ > C (4.44)

Note that for each’ € spE, ¢/ # e the operaton=2(e/ — ¢)1¢¢ generates a group of isometries
on X Hence the operatd’® Gi,g = (£ — A72(¢' — €))1¢¢ — T is invertible on¥* and we
have .

H ((5 — A2 — )17 — T) H <(wo—O) <1 (4.45)

This shows that i, is invertible onX”. We have

ee¥—1 __ ee—1
1°G = 1°G,1,

(1% — GogleeG™1)

— ! <lee S+ Tee(€1% — Tee)fl> <1ee _ G031@G71>

= et (1 T - T ) (199 = Gorl G, + Gorl =G, Gonl“G )
Now, using (4.41), (4.43), (4.44) and (4.45), we get|igr> C

le™tTee(e1% — 7)1 (1% — Gog1G )| < Diwi + )" (ly| = O) !

1€ Gog 1°Gl g, Go 1°G || < Dy(wi + %) 2 (lyl — )

for someD; > 0 independent oh. Hence to prove (4.42) if suffices to show that

lim sup H / @Ot (o i) (1% — GoﬁlgGgi;g)wdyH = 0.
ly[>R

The first term in the above expression is independent bénce we need only to consider the
second term. We have

1@@;&@ _ Z (5 A2 — e))fl (16'5’ L7 ((5 (e - 6))1e’e’ _ Te/e/>—1>

e’€spE;e’#e
Hence, by (4.43) and (4.45), we get

Hea(woJriy) (WO + iy)ilGoffl@Ggi;gH < ng(y)g(y - Aillm(e/ - 6)) (4.46)
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for someD, > 0 independent oA, where

Ry~ g(y) = (wi+4) "R
By the Holder inequality

/ 9(y)g(y —A"m(e’ — e))dy < [|gll 220, RIUR 0oL |91 L2®.a) — 0. (4.47)
lyl>R

Now, by (4.46) and (4.47), we get

| [ et oz <o
ly|>R

idependently of\. This ends the proof of (3.14). O

Proof of Theorem 3.5.Set
f(s) == sup Qe QM.

[A<Xo

We know thatf(¢) is integrable.
For anye € iR and¢ > 0 we can dominate the integrand in the integral

F)\(e,g) ::/viesL}’\"vie(H»)\Qg)sds
0

= Qv (1 + 0 - Iy) Qv

by f(s). Hence, using the dominated convergence theorem we seé)fiat) is continuous at
A =0and{ > 0. But

> 1.(E)Fy(e,0)1(E)

= > ImL(B)Q™ (1™(e + X%) — LY) ' Q™L(E) =T.

(4.48)

Recall (3.15), the definition & (A, ¢):
2t

-
K(\t):= / e FQ Ve N Q™ ds.
0

Its integrand can also be dominated p{s). Hence, using again the dominated convergence
theorem, we see that, for— 0, K (A, t) is convergent to

[e%S)
K = /e—sEviesL‘évavdS

0

17



Therefore,

o0

K =Y 1.(E) / e~eQV M Q" ds1,(E)

ecspE 0

= Y 1.(E)Fy(e,0)L(E).

e€splE
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