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1 Measurability

1.1 Notation

2% denotes the family of subsets of the set X. The symmetric difference is defined as
AAB := (AUB)\(AN B).

Let A17A2, e X

We write 4,, /A, if A, C Ap41, n € Nand US2 A, = A.

We write A, \ A, if A, D Apt1, n € Nand N2, A4, = A.
1.2 Rings and fields

Definition 1.1 R C 2% is called a ring if
(1) A, BeR=A\BeR;
(2) ABeER=AUBEeR

Proposition 1.2 Let R be a ring. Then A, BER=ANBeR.

Proof. AnB = A\(A\B). O

If (R;i)ies is a family of rings in X, then so is N;c;R;. Hence for any 7 C 2% there exists the smallest

ring containing 7. We denote it by Ring(7).

Definition 1.3 R C 2% is called a field if
(1) D eR;

(2) Ae R=X\AeR;

(3) ABeR=AUBER.

Equivalently, a field is a ring containing X . (Field is a ring, because A\B = X\((X\A) U B)).

For T C 2%, Field(T) denotes the smallest field of sets containing 7.



1.3 Ordered spaces
Suppose that (X, <) is an ordered set. Let U be a nonempty subset of X.
We say that ug is a largest minorant of U if
(1) w e U implies up < u
(2) w3 <wufor all w € U implies u3 < u

If U possesses a largest minorant, then it is uniquely defined. The largest minorant of a set {x1,z2}

is often denoted x1 A x2 and of a set U is denoted /\U x.
x€

Analogously we define the smallest majorant of U. The smallest majorant of a set {x1,z2} is often

denoted x1 V 22 and of a set U is denoted ¥U xT.
€T

We say that (X, <) is a lattice if every two-element (hence every finite) set of elements of X possess
the smallest majorant and the largest minorant. It is a countably complete lattice if every countable
subset that has a majorant and a minorant has the smallest majorant and the largest minorant. It is a
complete lattice if every countable subset that has a majorant and a minorant has the smallest majorant
and the largest minorant.

Let X be a vector space. (X, <) is an ordered vector space iff

(1) zy,zeX,e<y=z+z<y+z
(2) zeX,z2>20, AeR, A>0= Az >0.

Xi:={zxe€X : x>0} is a cone called the positive cone.
We say that an ordered vector space (X, <) is a Riesz space if it is a lattice. It is enough to check
that it has V of two elements, since

z Ay i=—(=x)V(=y).
1.4 Elementary functions

Definition 1.4 Let (X,R) be a space with a ring. u: X — R is called an elementary function if uw(X)
is a finite set and u=(a) € R, a € R\{0}. The set of elementary functions is denoted by E(X,R) or
E(X). Positive elementary functions will be denoted £ (X).

Lemma 1.5 (1) Letu,v € £(X) and o € R. Then
au, u + v, uv, max(u, v), min(u, v) € E(X).
In particular, £(X) is an algebra and a lattice.

(2) 1€ &(X) iff R is a field.

1.5 o-rings and o-fields

Definition 1.6 F C 2% is called a o-ring if
(1) AABe F= A\BeF;

(2) Ay As,-eF = U AeF
Clearly, every o-ring is a ring.

Proposition 1.7 Let F be a o-ring. Then
(1) Al,A27"'€f:>mJO»i1Aj€.7:,
(2) A, Ag, e F, A, A= AeF,



(3) A1, As,---€F, Ay, /A= Ac F,

Proof. Let us prove (1). Clearly, A := _(Ejl A; € F. Now by the de Morgan’s law

i‘i A; = A\ i@l(A\Ai) € F.

For 7 C 2%, 0—Ring(7) denotes the smallest o-ring of sets containing 7.

Theorem 1.8 Let 7 C 2% and A € 0 —Ring(7T). Then there exists a countable Ty C T such that
A € o—Ring(7).

Proof. Let F be the family of A C X such that there exists a countable 7y C 7 with A € o—Ring(7p).
Then 7 C F and F is a o-ring. Hence c—Ring(7) C F. O

Definition 1.9 F C 2% is called a o-field if
(1) 0eF;

(2) Ace F=X\AecF;

(3) A1, A2 €F = UL A €F.

Equivalently, a o-field is a o-ring containing X. Clearly, every o-field is a field.
For T C 2%, 0 —Field(T) denotes the smallest o-field of sets containing 7.

1.6 Transport of subsets

Let F' : X — X’ be a transformation. As usual, for A C X, F(A) denotes the image of A, and for
A" C X', F~1(A’") denotes the preimage of A’. Thus we have two maps

2X 35 A F(A) € 2X,
2X' 5 A FY(A)) € 2, (1.1)
Theorem 1.10 (1) For AC X, F~'F(A) D A and we have the equality for all A iff F is injective.

(2) For A’ € X', FF~Y(A") C A’ and we have the equality for all A’ iff F is surjective.
3) F7Y(0) =0, FFY (X)) =X, FY(AUB) = F Y(A)YUFYB), F"1(A\B') = F-Y(A)\F~ (B,

Let F* : 2X" — 2% be the map given by (1.1). (We prefer not to denote it by F~! to avoid ambiguous
notation).
For C' C 2%, we can write

F*(C)={F1(4) : AecC'}.
Let C C 2%. We will write
F.(C):=(F") '(C)={A €2 . F'(4)ec}).
The following facts follow from Theorem 1.10 (1), (2) applied to F™*:

Theorem 1.11 (1) F.F*(C') > C';
(2) F*F.(C) CcC.



1.7 Transport of o-rings
Theorem 1.12 (1) If F' is a o-ring over X', then F*(F') is a o-ring over X.
(2) If F is a o-ring over X, then Fy(F) is a o-ring over X'.

(3) IfC’ c 2%, then
F*(c—Ring(C")) = o —Ring(F*(C")).

Proof. To see (1) and (2), we use Theorem 1.10 (3), which says that F'* is a homomorphism for
set-theoretical operations.
Let us prove (3). By (1), F*(c —Ring(C’)) is a o-ring. It contains F*(C’). Hence

F*(o—Ring(C')) D o—Ring(F*(C')).
By (2), F,(c—Ring(F*(C"))) is a o-ring. Clearly
F,(0—Ring(F*(C'))) D F.(F*(C")) > C'.
Hence F, (o —Ring(F*(C'))) D o—Ring(C’). Hence,

o—Ring(F*(C")) D F*F.(oc—Ring(F*(C"))) D F*(c—Ring(C")).

For A € 2% and C C 2%, we set
c]A ={ANC : CeCl.
Theorem 1.13 If7 C 2% and A C X, then
J—Rlng(T)‘A = a—Rlng(T’A).

Proof. Consider the inclusion map J : A — X. If C € 2%, then J~1(C) = C N A. Hence if C C 2%,
then J*(C) =C R Thus it is sufficient to apply Theorem 1.12 (3). O

1.8 Measurable transformations

Definition 1.14 Let (X, F), (X', F') be spaces with o-rings and F' : X — X'. Then F is called a
F — F'-measurable transformation if
F*(F) C F.

Proposition 1.15 The composition of measurable transformations is measurable.

Theorem 1.16 Let ' ¢ 2X'. If 7/ = 0 —Ring(C'), then F : X — X' is F — F'-measurable iff
F*(C) C F.

Proof.
F*(F') = F*(c—Ring(C")) = o0 —Ring(F*(C")) C o —Ring(F) = F,

where we used Theorem 1.12 (3) in the second equality. O



1.9 Measurable real functions

R U {—o00,00} =: [—00,00] is a topological space in the obvious way. We can extend the addition to
[—00, 00] except that oo — oo is undefined. We extend the multiplication to [—oo, 0], adopting the
convention 0(£o0) = 0. Let Borel([—o0, oc]) denote the o-field of Borel subsets of [—oco, oo], that is the
o-field generated by open subsets of [—00,00]. If Y C R, then Borel(Y) will denote the o-field in X
generated by open subsets in X. Note in particular that Borel([—oo, 0[U]0, oc]) is generated by the sets
[—00, —af and Ja, oo for 0 < a.

Let (X, F) be a space with a o-ring. We say that

[ X = [-00,00]

is a F-measurable function iff for any A € Borel([—oo, 0[U]0, oc]), f~1(A) € F. The set of such functions
will be denoted M (X, F), or for shortness, M (X). The set of measurable functions with values in [0, o0]
will be called M (X).

Let A C X. Its characteristic function is denoted by

1, ze A
1A(x)_{ 0, x € X\A4,

14 is F-measurable iff A € F.
If f, g are real functions on X, we will write

{fzg}={zeX : f(z)=g(x)}
Similarly, we define {f > g}, etc.
Lemma 1.17 f: X — [—o00, 0] is F-measurable if

{£f>zxa}eF, 0<a<o.

Lemma 1.18 Let f,g € M(X). Then
(1) af € M(X)

(2) f+g€ M(X) (if defined);

(3) fg € M(X)

(4) 1 e M(X) iff F is a o-field.

Proof. (2) For simplicity, we assume in addition that F is a o-field. Using the countability of Q we see
that

{(f+g>at=J{f>a+8n{g> -5}
BeQ
(3) First we show that f € M(X) implies f? € M(X).
By (1) and (2), f — g is measurable.
Finally . .
f9= 1(f+9)2 - Z(f -9)%

implies that fg is measurable. O



Proposition 1.19 Let f1, fo, - € M(X). Then

sup fn, inf f,, limsup f,, liminf f,
n n n— oo n—0o0

are measurable. If there exists the pointwise limit of f,, then also lim,_. - f, is measurable.
Proof. Let f :=sup f,. Then
{f<af=mii{fn<aler.

Hence f is measurable. inf f,, is treated similarly.
Then we use
limsup f,, = inf sup f,,, liminf f, =sup inf f,,
n—o0 ne€Nmp>p n—00 neNm2n
Finally,
lim f, =limsup f, = linrr_1>i£f fn-

n—00 n— oo

a

Theorem 1.20 Let f: X — R. Then f € M__(X) iff there exists an increasing sequence u, € £ (X)

such that
J =supuy,
neN

Proof. < is obvious. Let us prove the converse statement.
Let f € M (X). The sets

{5 <f<Bl} i=0,1,...,n2" —1,

in =
{n<f} 1 =n2"

are disjoint and measurable. Hence

n2™ .
J

Up ‘= 271143'71 €5+(X)
j=0

The sequence u, is increasing and sup,,cy Un = f. O

1.10 Spaces L™
Assume that Z C F C 2% are rings. We say that say that Z is an ideal in F if

Ae€el, BeF = AnBel.
In what follows let Z C F C 2% be o-rings and Z be an ideal in F. Then

Proposition 1.21 (1) M(X,7) Cc M(X,F)
(2) M(X,Z):={f e M(X,F) : there exists N € T such that f =0 on X\N}
(3) fe M(X,F), ge M(X,T) implies fg € M(X,T).

For f € M(X,F) we set

Il flloo := inf{sup{|f(x)| : x € X\N} : N eI}



Theorem 1.22 (1) Given f € M(X,F), we can always find N € T such that sup | f]| v 1flloos

(2) 15+ glloo < 1 flloc + llglloes
3) llef 1l = lafl[flloo-

Proof. (2) We can find N, M € 7 such that
sup [ flx\n = [ flloos

Sup|f|X\M = HgHoo-

Then
<
I1f +gllee <suplf ol o
< 3
< sup(171 419D, conn
<
=S ‘f|‘X\(NuM) +sup ‘g|‘X\(NUM)
<swlfl|  +suwlgl| =l flloe + lgloo-
X\N X\M
Let

LYX,FI)={f e M(X,F) : [[flloc < 0},

Theorem 1.23 (Riesz-Fischer) Let (f,)nen be a sequence in L°°(u) satisfying the Cauchy condition,
that is for any € > 0 there exists N such that for n,m > N

Then there exists f € L°(u) such that
If = falloo — 0

We can also find a subsequence of (fn)nen pointwise convergent u-a.e. to f.

Proof. There exists a subsequence (fn, )ken such that || f,,., — fu, |l <27, for any k. We set

00
gk ‘= fnk+1 - fn;w g = Z |gk>‘
k=1

Then
0 oo
lgllse < D llgrllso < Yo27F = 1.
k=1 k=1

Hence g € £ and therefore g is finite outside of a set N in Z. Hence the series >~ g is convergent
outside of N. This means that the sequence (fy, )ren is convergent to a function f outside of N. Inside
N we set f :=0. We check that f € £L> and ||f — fu]lec — 0. O

Theorem 1.24 (1) M(X,Z)={f € L®(X,F,Z) : ||fllc =0}

(2) Therefore, ||f + M(X,T)| 0o := || flloo defines a norm in L>®(X,F,I) := L>®(X,F,I)/M(X,T).
(3) L>(X,F,Z) is a Banach space.

(4) Elementary functions are dense in L>(X,F,T).

(5) flg € L¥(X,F.1),0< f<gae = |fllo < lgll-

(6) L>®(X,F,T) is a countably complete lattice.



2 Measure and integral

2.1 Contents

Let R be aring. v: R — [0,00] is a content if

(1) v(0) = 0;

(2) A1, Ay e R, AiNAs =10, = v(A1 UAg) =v(A1) + v(Ag).

Theorem 2.1 Let (X,R,v) be a content on a ring. Then if A1, As, -+ € R are disjoint and A =
El A; € R, then

v(A) > w(4).

[eS)
i=1

Proof. For any n,
n

v(A) 2 v( 0 A) =3 v(4).

j=1
Passing to the limit n — oo, we obtain the inequality. O

2.2 DMeasures

Let (X, F) be a space with a o-ring. A function p: F — [0, 00] is called a measure if
(1) p(®) =0,
(2) Ay, Ap--- e F, AinA;j=0fori#j= p(USL4,) =07 w(Ay).
The triple (X, F, u) is called a space with a measure.
Proposition 2.2 (1) If A C B, then u(A) < u(B).
(2) A, Ay, € F = M((U%o:lAn) < Z;.Loil N(An)-
(3) A, Az, € F, Ay /A= p(An) / u(A).
(4) If A1, As,--- € F, Ay \ A and for some n, pu(A,) < oo, then u(Ay) \, n(A).

Definition 2.3 Let (X, F, pu) be a space with a measure. and P(x) be a property defined on X. We say
that P(x) is true p-almost everywhere (p-a.e.) if

pw({x e X : P(x) is not true }) = 0.

2.3 p — o-finite sets

Let (X, F, ) be a measure. A set A € F is called p-null if y(A) = 0. It is p-finite if p(A) < co. It is
called p-o-finite iff there exist a sequence of u-finite sets Ay, As,--- € F such that A,, /" A. Set

Fli={AeF : p(A) =0}

}'EL ={Ae€F : Ais pfinite}.
Fil={Ae€F : Ais u— o-finite}.

We say that p is o-finite iff 7 = F7' and p is finite iff 7 = F,. We say that p is probabilistic iff
wX) =1

10



0 ; ; : .t ot
Theorem 2.4 (1) F, is a o-ring and an ideal in F,, F;", F.
(2) }"gf is a o-ring and an ideal in F
(3) .7-7{ is a ring and an ideal in F7', F. We have F;]' = o —Ring(F),).
(4) If F is a o-field, then p is o-finite iff X is p-o-finite; p is finite if X is p-finite.

Note that if (X, F, x) is any measure, then X, F*f, u’f f) is a o-finite measure. We will call say that
I3

the latter measure has been obtained from the former by restricting to p — o-finite sets.

2.4 Integral on elementary functions I
Let (X, R, ) be a space with a ring and a content. For f € £, (X) we set
[ =S s e
teR
Theorem 2.5 The function
Ei(X)dumr— /udu € [0, ]
satisfies

(1) [1adp = p(A)
2) a >0 implies [(au)dp = o [ udpy;

(2)
3) [(u+v)dp= [udp+ [vdu.
(4) u < wv implies [udp < [udp.

2.5 Integral on elementary functions II

Assume now that (X, F, u) is a set with a o-ring and a measure. We define the integral on elementary
functions as in the previous subsection.

Lemma 2.6 Let (u,)nen be an increasing sequence in €4 (X) and v € £, (X). Then
v < sup uy = /vdu < sup/undu.
neN neN

Proof. It is sufficient to assume that
{v#0} = A#0.
Let a :=infw(A), 8 :=supw, 0 < e < a. Set

Ap o ={u, >v—€}NA.

Then A, € F and A, " A. Hence p(Ay) / p(4).
Consider two cases:
1) p(A) = co. Then
(a—e€)lyg, <(v—e)la, <up.

Hence

<wwmm0s/%w

11



But the lhs tends to (o — €)oo = 0o. Therefore,

lim [ w,du = oco.
n—oo

2) p(A) < o0. Set By, :== A\A,,. Then B, € F, u(B,) < co and B,, \, 0. Thus p(B,) \, 0.
Adding v14, <wu, +€ly, and 1p,v < flp, we get

v<ela, +01B, +u,

Hence

/vdﬂ < en(An) + Bu(Bn) + /undﬂ~

After passsing to the limit we get

/’Ud/J, <eu(A) + sup/undu.

neN

€ can be taken arbitrarily close to zero, therefore,

/Udu < sup/undu.
neN

d

Lemma 2.7 Let (uy)nen and (vn)nen be increasing sequences from £, (X). Then

Sup Uy, = sup v, = sup/undu = Sup/vndu.
neN neN neN neN
Proof. For any m =1,2,... we have v,, < supu,. Therefore,

/’Umd/,t < sug/undu.
ne

sup /vmdu < sup/undu.

meN neN

Thus

2.6 Integral on positive measurable functions I

For f € M, (X) we define
/fdp::sup{/udu s u € &4 (X), u<f}.

Theorem 2.8 The function
M, (X) 9fn—>/fdu6 0, 50]

satisfies

12



(1) }fun € E1(X) is an increasing sequence such that f = supu, (which always exists), then [ u,dp —
fdp.

(2) J1adp = p(A);

(3) [Afdp= X[ fdu, fe M (X), X €[0,00];

@) J(f+9)du= [ fdu+ [ gdu;

(5)

(6) if f,9 € M (X), f<g, then [ fdu < [gdp.

on E4(X) it coincides with the previously defined integral.

Theorem 2.9 (Beppo Levi) Let (fn)nen be an increasing sequence from M (X). Then sup,cy fn €

M (X) and
/wMMWﬂw/hw-
neN neN

Proof. Set f :=sup,cy fn. Using f, < f, we see that

[ i< [ san

sw/hwﬁ/ﬁw
Let us prove the converse inequality.

We can find U, € £4(X) such that the sequences (Umn)men are increasing and sup,, ey Umn = fn-
Set

Hence

Um = SUP{Umla o 7umm} = Sup{uij : Za] S m}

Then vy, € £4(X), (Um)men 18 increasing and sup v,,, = f. Hence

/fdu :sup/vndu.

/%WS/%@-
/}ﬂuésw{/ﬁﬂw

Using v, < f,, we obtain

Hence

2.7 Integral on positive measurable functions 11

Theorem 2.10 (The Fatou lemma) Let (fn)nen be a sequence in M (X). Then

/liminf fndp < liminf/fnd,u.

13



Proof. Set f:=liminf, . fn, gn = infp,>p frn. We have f, g, € M (X) and g, / f. Hence

/fdﬂ = Sup/gndu-
neN

gn < fm for m > n, therefore

O
Proposition 2.11 For any f € M (X)

/fdu =0< f =0 p-almost everywhere.

Proof. Set
M = {f #0}.

= Let
M, ={f>n""}

Then M,, € F and
wou) < [ fdp=o.

Thus p(M,) =0. But M,, /" M, so u(My,,) / u(M). Hence p(M) = 0.

< Set
fo = inf{f,n}
Then f, € M (F) and f, / f. So [ fadp / [ fdu. But
Jn <nln,
therefore

/fndp <nu(M)=0.

Hence [ fdp=0. O

Theorem 2.12 Let f € M_(X) and

/fdp<oo.

Proof. Let A:={f =o00}. Then 0 < cols < f. Hence cou(A4) < [ fdu. O

Then f < oo p-a.e. and {f # 0} € fo.
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2.8 Integral of functions with a varying sign

For f: X — [—o0, 0] we set
Joi=sup(f,0), [ i= —inf(f,0).
Thus
f=f—7f- fl=f+7
Clearly, f € M(X) iff fy, f- € M (X).

Definition 2.13 Let f € M(X). Assume that one of the numbers [ fidu, [ f_du is finite. Then we
say that the integral of f is well defined and

[ru= [ geau= [ r-an

Theorem 2.14 Let f,g e M (X) and f = g p-a.e. Then

/fdu: /gdu~

2.9 Transport of a measure—the change of variables in an integral

If (X,F), (X', F') are spaces with o-rings, u is a measure on (X,F) and T : X — X’ is a measurable
transformation, then T, p is the measure on (X', F’) defined as

Tou(A') == (T~ (A)), A" € F.

Clearly, we then have the formula for f' € M (X’):

/ AT = / o Tdyp.

If T is injective, and p’ is a measure on (X', F'), then we define the measure Ty’ on (X, F) by

T4/ (A) = i/ (T(A)), A€ F.

/fdu’:/fonT*//.

and for f € M (X):

2.10 Integrability
Definition 2.15 Let f € M(X). If

/f+du < o0, /f—du < oo,

or equvalently, if [|f|du < oo, then we say that f € L', or integrable (in the sense of L) and we write

fecte. [ faw= [ fan- [ fdn

Proposition 2.16 (1) If f € L' (), g € M(X) and f = g p-a.e., then g € L (1).
(2) f € L), then |f| < oo p-a.e. and {f # 0} € FI*.
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(3) If f e M(X), g€ Lp) and |f| < g p-a.e., then f € L1 ().
Lemma 2.17 If u,v € L' (i), u,v > 0 and

f=u-v,
then f € LY(p).

Proof. We have
f<uu+v, —f<v<u+o.

Therefore,
fl<u+ve L ().

a

Proposition 2.18 Let f,g € L' (u), « € R. Then
(1) af € LY(w);

(2) f+g€eL(n);

(3) sup(f,g), inf(f,g) € L (n);

4) f<g = [fdu< [gdu

(5) [ [ fdul < [1fldp.

Proof. (1) We have,

— ~— ~— ~—

(af)+ =afs, (af)- =af-, a>0

(af)s = lalf-, (@f)- =lalfs, a<o.

Hence af € L1 ().
(2) Next we write

f+9=/t+—f-+9+—9-,
put
wi=fr+gr € LNp), vi=f_+g €L (),

and use Lemma 2.17, which shows that (2.2) belongs to L!(u).
(3) The estimates

[sup(f, )| < |f1+1gl, [inf(f,9)] <|f]+ 19l

and |f| + [g| € £' () show that sup(f, g),inf(f, g) € L' (n).
(4) f < g implies that f < g4 and f_ > g_. Hence

/fdué /gdu-

(5) We have f <|f| and —f < |f|. Therefore, if we put in (2.3) g = |f| we get

| [ fdul < [1fldp.
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2.11 The Holder and Minkowski inequalities
Let 1 <p < o0.
Definition 2.19 Let f € M(X). Put

1£llp = ([ 1£1Pd)7, 1< p < oo,

[flloo := inf{sup{|f(z)| : € X\N} : NeFj}.
We define £7(X, i) as the space of f € M(X) such that || f||, < oco.
Theorem 2.20 (The Holder inequality) Let 1 < p,q < oo,

1 1
fgd S f g 77+7:1'
/| 40 < 1 lollalla: 5+

Proof. Assume first that 1 < p,q < co. By the convexity of e*,

a b 1.1
—+ - >arbs
p q
We substitute
L@, e
(Rali /11
We get
1IfPP(z) | 1lgl"(x) _ |f](=)lg](x)
T 7 = :
p Iflle q lIfllg 1£1lpllgllq
We integrate
1o JUfllgldu
1£1lpllgllg

The case p =1, ¢ = oo is straightforward. O
Theorem 2.21 Letl1 <,r<o0,0<a <1, %—i— 1*70‘ = %. Then

I1fllp < IISTILA < allfllg + (1= )l flls-
Proof.

J1a = [1spetst) < e g NP0 e

Theorem 2.22 (The generalized Minkowski inequality) Let X,Y be spaces with measures p and

v, 1<p<oo. . z
(/du(y) ‘/f(:c,y)du(x) p),, < /d,u(:c) </|f|p(w,y)du(y)>p

17



Proof. Let % + = = 1. It suffices to assume that f > 0. We will restrict ourselves to the case p > 1.

[y ([ f(z,y)dz)”
= [dy(f f(xhy)dl"l)pil (f f(z2,y)da2)
[ daz ([ ay ([ farp)de)”™" flas,y)

< [das (fdy1 (f f(l“hyl)(Tlﬂlfl)Q(p_l))E (f 7 (22,y2)dy2)
(f dyy (f f(xlayl)dxl)p)l_% (f dzo (f fp(fﬂzayz)d?b)

Then we divide by the first factor on the left. O

==

(the Holder inequality)

=

).

Corollary 2.23 Setting X = {1,2} with the counting measure we get

11+ fallp < 1l + [l f2llp-

2.12 Dominated Convergence Theorem

Theorem 2.24 (Lebesgue) Assume that 1 < p < oo, g, fn € LP(u), fn is p-a.e. pointwise convergent
and

ful < g
Then there exists f € LP(u) such that f, — [ p-a.e. and
If = fallp = 0.
Proof. We define

f@) = lim, oo fo(x) if lim, oo fr(2) exists
10 if lim,_, fn(x) does not exists

Then f € M(X) and

f1 < g prae.
hence f € LP(u).
Set
hy = |f = fal”
Then

0 < hn < ([ful + )P < |29 =: R

Clearly, h and therefore also h,, are integrable. Besides, u-a.e.

h= lim (h— hy)

n—oo

Therefore, by the Fatou Lemma applied to the sequence h — h,, we get
S hdp = [lim, oo (h — hy)dp
< liminf, . [(h — hy)dp

= [ hdp — limsup,,_, . [ hndp.
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Thus
lim sup / hpdp <0

Using h, > 0 we get
lim [ h,du=0.

a

Theorem 2.25 (Scheffe’s lemma) Let f, fi, f2,--- € LY (i) and f, — f a.e. Then
J15= =0 = [1n0de— [ 17

2.13 L? spaces

Theorem 2.26 (Riesz-Fischer) Let 1 < p < co. Let (fn)nen be a sequence in LP(u) satisfying the
Cauchy condition, that is for any € > 0 there exists N such that for n,m > N

||fn - meP S €.

Then there exists f € LP(u) such that
”f - fn”p —0

We will also find a subsequence of (fn)nen pointwise convergent p-a.e. to f.

Proof. There exists a subsequence (f,, )xen such that || fr,,, — fa.llp <27, for any k. We set

o0
G = Frrpr = Frr 9= _ |9k
k=1

Then

o0

o0
lglly <D llgnll, <> 27 =1
k=1 k=1

Hence g € £P(p) and therefore g is finite p-a.e. Hence the series Y ;- gi is p-a.e. convergent. This
means that the sequence (f,, )ren iS p-a.e. convergent.
In the case p = o it is sufficient to take the limit and to check that it is the limit in the £, sense.
In the case 1 < p < oo, we need to apply the Lebesgue theorem. We first check hat

|fnk| < |f’ﬂ1 +gl+"'+gk71| < |fn1‘+g

and g + | fn,| € LP(n). Therefore, we will find f € £P(u) such that

hmkﬂoo ank - f”P = 07
limy o0 fr, = f p-a.e.

Using the Cauchy condition we get
nlggo | f = fllp = 0.
O

Let A (u) be the space of functions in M (X) equal 0 p-a.e. (That is, N'(u) = M(X,F2)).

o
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Theorem 2.27 Let1 <p < oo
(1) N(u) is a vector subspace of LP(p) such that || f|l, =0, f € LP(u) iff f € N(p).

(2) Therefore,
1f + Nl == 11£1l

defines a norm in

LP(p) v= LP () /N ().

(3) LP(u) is a Banach space.

(4) FElementary functions are dense in LP(1).

(5) f,9€ LP(n), 0< f<gae = |[fl, <lgllp-

(6) For 1 <p < oo, if we restrict the measure to y — o-finite sets, we obtain the same LP(u) space.

(7) For 1 <p < oo, LP(u) is a complete lattice. L™ (u) is a countably complete lattice. (Later on, we
will show that under some additional conditions it is also a complete lattice).

Proof. (4) Let f € £P(u). Then fi, f— € L£P(pn). We know that there exist sequences uy , € E4(p)
with ut , /" f+. By the Lebesgue theorem, ||f1 — ut »|p — 0. O

2.14 Egorov theorem
Theorem 2.28 Let f, f1, fa, - € M(X). Consider the following statements:

(1) fu(z) — f(x) for a.a. x € X.
(2) Foralle>0

(UL -112¢) =0

n=1j=n
(3) For alle >0

nl;n;@u([juj—ﬂze):o.

j=n
(4) For every 6 > 0, there exists A € F with p(A) <6 and

lim sup |f— fau|=0.
N0 pe X\ A

Then (1)< (2)<=(3)<=(4). If W(X) < oo, then (1)=(2)<(3)<(4). (The implication (1)=(4) is called
the Egorov theorem).

Proof. Only (3)=(4) is not immediate, and we are going to prove this implication. Let § > 0 and k£ € N.
Then by (3) there exists ny such that for

= | JA{If = fil > 1/k},

J=nk

we have pu(By) < §27F. Set A : U By. We have p(A) < 6 and on X\A4, |f(z) — f;(z)| < 1/k for
j > ng. Hence on X\A, f, converges umformly to f. O

20



3 Extension of a measure

3.1 Hereditary families

T C 2X. We say that 7 is hereditary if A C B € 7 implies A € 7. For any 7 we denote by Her(7) the
smallest hereditary family containing 7.

Theorem 3.1 (1) Let R be a ring. Then Her(R) is a ring.

(2) Let T C 2X. Then Q € Her(o—Ring(7)) iff there exist Ay, ..., A, € T such that Q C AyU---UA,.
Theorem 3.2 (1) IfZ is a o-ring, then Her(Z) is a o-ring.

(2) If T C 2%, then Q € Her(T) iff there exist Ay, Ag,--- € T such that Q C ,CEJ)I A;.

Theorem 3.3 IfZ C F are o-rings and I is an ideal in F, then
oc—Ring (FUHer(Z)) ={AUN : AeF, N €Her(Z)}
={A\N : AeF, N eHer(1)}.

3.2 Extension of a measure by null sets

Let X be a set and (Fz, u2), (F1, 1) be measures on X. We say that (Fa, uo) extends (Fi, 1) by null
sets iff

(1) o—Ring(F1 U (F2)p,) = Fo;

2 = U.
()sz M1

1

Theorem 3.4 Suppose that (Fa, pe) extends (Fi,u1) by null sets. Then
(1) Fo = {AUN : Ae Fi, Ne (.7:2)22)}
(2) N(u2) N M(F1) = N(pe). Hence, we can identify M(X, F1)/N(u1) with M(X, F2)/N (u2) in the

obvious way.

(3) We can identify LP(p1) with LP(uz).

3.3 Complete measures

Let (X, F, ) be a space with a measure. We say that the measure p is complete if fg is hereditary.
Let © be a not necessarily complete measure. Set

FP:={AUN : A€ F, N € Her(F,)} = c—Ring(F U Her(FY)).
Define pP : FP — [0, 00},
PP(AUN) = p(A), A€ F, N eHer(F)).

Theorem 3.5 (1) FP is a o-ring and pP is a complete measure.
(2) upcP is an extension of u by null sets.
(3) ucP is the unique extension of u to a content on F°P.

(4) FEwvery extension of (F,u) to a complete measure is an extension of (FP, ucP).

We will call (X, F°P, u°P) the completion of .
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3.4 External measures

Definition 3.6 A function u* : 2% — [0, 00| is called an external measure if
(1) p*(0) =0,
(2) Q1 Q2 €2% = p* (U321Qn) < X207 ¥ (Qn)-
(3) QC P, Q,Pe2¥,= p*(Q) <u*(P).
Clearly, every measure on (X,2%) is an external measure.

For any set X the function that assigns 0 to () and 1 to a nonempty set is an external measure on X.
It is not a measure if X contains more than one element.

Definition 3.7 Let pu* be an external measure. We say that A € 2% is measurable wrt p*, if one of the
following two equivalent conditions holds

pHQ) 2 1 (QNA) +p (Q\A), Q€2 (3.4)

pA(Q) = 1 (QNA) +p(Q\A), Q e2¥. (3.5)

(The equivalence of the conditions (3.5) follows from (2) of the definition of the external measure applied
to QN A and Q\A.)

The family of sets measurable wrt p* will be denoted F™s. p* restricted to F™* will be denoted p™*.
Theorem 3.8 Let u* be an external measure on X. Let F™ and pu™° be defined as above. Then
(1) F™s 4s a o-field

(2) (X, F™s, ™) is a complete measure;

(3)
Ae2X, pr(A) =0e AeF™, um™(A)=0.

Proof. Step 0. Clearly, (), X € F™s,
Step 1. A,B € F™ = A\B € F™>.

Let Q € 2.
Applying the measurability condition to Q N A and B we get
W(QNA) = W (QNANB) + 1*(QN A\B). (3.6)
(Note that (Q N B)\A = Qn (B\A)). Then we apply it to Q\A and B to get
pH(Q\A) = p"(QN B\A) + " (Q\(A U B)). (3.7)
Thus by (3.5)
1(Q) = 1H(QNAN B) + 1" (Q N A\B) + u*(Q N B\A) + " (Q\(AU B)). (3.8)
Applying the measurability condition to Q\(A\B) and B gives
p(Q\(A\B)) = p*(Q\(AU B)) + pn*(Q N B). (3.9)

Applying it to @ N B and A we get

1 (QNB) = w(QNB\A) + 1 (QNANB). (3.10)
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Inserting (3.10) into (3.9) gives

pr(Q\(A\B)) = p*(Q\(AU B)) + p*(Q N B\A) + " (Q N AN B). (3.11)

Thus, by (3.8),
1" (Q) = p (Q\(A\B)) + pn*(Q N (A\B)). (3.12)
Hence A\B € F™s,

Step 2. A,Be F™ = BUA € F™.
We have, applying the measurability condition to @ N (AU B) and A.

QN (AUB)) = QN A) + 1" (Q N B\A). (3.13)
Inserting (3.6) into (3.13) we get
p(QN(AUB)) =p"(QNANB)+p*(QNA\B)+ p*(Q N B\A). (3.14)
Hence
1 (Q) = (Q\(AUB)) + p*(Q@ N (AU B)). (3.15)
Therefore AU B € F™5. Thus we proved that F™* is a field.
Step 3.
Ay, Ay - EfmsﬁUiilAj = Ae Fms. (316)

It suffices to assume that A; are disjoint. For any n we have
p(Q) = p (U (QNA4;) UQ\A) 517)
= 2w (Q@N Ay + p*(Q\A)).

Since n was arbitrary,

pH(Q) =X m(QNA )+ (Q\A)).

> pr(QNA) + pr(Q\A)),
Hence, by the equivalence of (3.4) and (3.5) we get

P (Q) = pr(QNA) + p"(Q\A)),

(3.18)

which shows A € F™s.
Step 4. As a by-product we get

Putting QQ = A we see that
(o)
pHA) =) (Ay),
j=1
hence p* restricted to F™* is a measure.
Step 5. Let A € 2% and pu*(A) = 0. Let Q € 2%. Then QN A C A, hence u*(Q N A) = 0. Moreover,
Q\A C @, hence p*(Q\A) < p*(Q). Therefore,

pH(Q) Z pH (@ N A) + p*(Q\A).

Hence A € F™s and pu™5(A) = 0. This proves (3), which implies the completeness of the measure p™s. O
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3.5 External measure generated by a measure

Theorem 3.9 Let (X,F,u) be a measure. For Q € 2% define

p(Q) :==inf{u(A4) :AeF, ADQ}
Then

(1) p* is an external measure;
2

(2)
(3) Let FS, W™ be defined from p* as in the previous subsection. Then F;*® is a o-field containing F.
(4) In the definition of p* we can replace F with .7:,5, f/ff, FiP, F®, ete., obtaining the same p*.

w=ponF.

Proof. (1) The properties (1) and (3) of the definition of an external measure are obvious. Let us show
the property (2).
Let Q1,Q2,--- € 2%. For any € > 0 we will find a sequence Ay, Ay, --- € F such that

QTL - A?’H

H(An) < 15 (Qu) + 27",
Then

pr(UnZa@n) < p(UnZ Z <Y w(Qn) +e
n=1 n=1
Hence

(021 Qn) < 7 7 (Qu).
n=1

(2) is obvious.
Let us prove (3). Let B € F, Q € 2X. For any € > 0 and suitable A € F such that Q C A we have

p(Q) = p(A) —e
= (AN B) + u(A\B) — € = p*(Q N B) + p*(Q\B) —e.

Therefore,
1 (Q) = p*(Q N B) + p*(Q\B).
Thus, B € F. O

The measure (X, F™ p™%) is called the Caratheodory completion of the measure (X, F, u).
A measure (X, F, u) is called Caratheodory complete if it coincides with its Caratheodory completion.
The Caratheodory completion of a measure is always Caratheodory complete.

Theorem 3.10 Suppose that (X, F,u) be a set with a o-field and a finite measure. Let u* be the
corresponding outer measure and let S C X satisfy p*(S) = u(X). For A € F‘S set

Then (S, F| ,us) is a measure, which is isomorphic to p modulo sets of measure zero,
S
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3.6 Extension of a measure to localizable sets

Let F C 2¥ be a o-ring. Let
Floe.={Ac2X . Be Fimplies ANB € F}.

We say that F'°¢ is the family of sets localizable in F. It is a o-field and F is its ideal.
Let (X, F, 1) be a measure We can extend canonically p to F'°° by setting

loc — M(A) AeF
) "{ oo AeFloF

Note that (Fioc)7t = F5', so the LP spaces for both measures are the same.

Theorem 3.11 Suppose (X, F,p) and (X, F°, u™) are as in Theorem 3.9. Then (F°, ™) can be
obtained by applying consecutively to (F, u) the following constructions:

1. restricting to o-finite subsets,

2. completion

3. extending to localizable sets.

3.7 Sum-finite measures

Let (X, F, 1) be a measure. Define the set of locally p-measurable sets by
loc .__ X . of

Fr¢ ={Ae€2® : ANBeF, BeF]'}

={Ae2¥ : AnNBeF, Be F.}.

In other words, ]-'}fc is the family of all sets localizable in fl‘jf (or in .7-'/5) Clearly, TL"C is a o-field
containing F as an ideal.
A family {X; : i € I} of disjoint elements of ]-'ft such that ‘UI X; =X and
1€

p(A) =Y wAnX;), AcF,
i€l

is called a localizing family for pu.
We say that the measure (X, F, p) is sum-finite if
(1) F= f}f’c;
(2) There there exists a localizing family for p.

Clearly, every o-finite measure is sum-finite.

Theorem 3.12 If{X; : i€ I} and {Y; : j € J} are localizing families for pu, then so is {X; NY;
(i,5) € I x J}

Theorem 3.13 If (X,F,u) is a measure possessing a localizing family {X; : i € I}, then if for
Ae }'}LOC we set

pos(A) = 32 plA N X,
el

then (X, }"}f" plo%) is a sum-finite measure.
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3.8 Boolean rings

We say that (R, A,0,N) is a Boolean ring if it is an additive ring where all its elements are idempotent,
that is AN A=A, A€ R. We then set

AUB := (AAB)A(ANB), A\B:=AA(ANB),

ACB & BDA & A=ANB.

If there exists an identity element for N, called X, then (R, A, 0, N, X) is called a Boolean field.

Clearly, every ring/field in 2% is a Boolean ring/field.

In the obvious way we introduce the notion of Boolean o-rings, Boolean o-fields, etc. In what follows
we concentrate on o-rings/fields.

If T C F are o-rings and 7 is an ideal in F, then F/Z is a Boolean o-ring.

Theorem 3.14 Le F C F; be o-rings. Let Ty C Fy be a o-ring, which is an ideal in F1. LetT := I1NF,
which is clearly a o-ring and an ideal in F. Then the o-rings F/I and F1/I1 are in the obvious way
isomorphic to one another.

If F is a Boolean o-ring, we can define the space M(F) as the set of all function
[—00,0[U]0, 0] +— F(a) — F

such that for o # 3, F(a) N F(B) = 0. If F C 2%, then we identify f € M(X, F) with F € M(F) where
Fla) = - ({a]).

If F is a Boolean o-ring and F € M(F), we set ||F|« = sup{la|] : F(a) # 0} and define the
space L= (F). If T C F C 2% are o-rings and 7 is an ideal in F, then we can identify L>°(X,F,T) with
L>(F/T).

3.9 Measures on Boolean rings

We can consider measures on Boolean o-rings as well. Clearly, one can define LP spaces for measures on
Boolean rings.
If (F, p) is a measure on a Boolean o-ring, we say that it is faithful if A € F, u(A) = 0 implies A = (.
If 77 is the family of zero sets, then we can define F = F/F) and i(AAN) := p(A) for N € F,.

Then (F, f1) is a faithful measure.

Theorem 3.15 Let X be a set and F C Fy are o-rings over X. Let (F,u) and (Fi,p1) be measures
such that

(1) p=pm on F;

(2) U—Ring (.;EU (.7:1)21) = fl.

If F and Fy are faithful measures defined as above, then they are isomorphic.

4 Construction and uniqueness of a measure

4.1 Dynkin classes

We say that 7 C 2% is N-stable if A, B€7 = ANBcT.
We say that D is a Dynkin class if

(1) A, BeD,AC B= B\AeD;
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(2) A, Ay €D, ANAy=0= A UA €D

Theorem 4.1 Let R C 2% satisfy

(1) AABER, ACB= B\A€eR;

(2) A, A eR, AiNAy=0= AjUA eR
(3) AABER,=BNAcR.

Then R is a ring. In other words, a N-stable Dynkin class is a ring.

For A C 2% let Dyn(A) denote the smallest Dynkin class containing A.
Theorem 4.2 Let C be a N-stable family. Then Dyn(C) = Ring(C).
Proof. By Theorem 4.1 every ring is a Dynkin class. Hence

Dyn(C) C Ring(C).
Let us prove the converse inclusion. For B € 2X. Set
K(B):={A€2¥ : AnB < Dyn(C)}.

Note that
Ae€K(B) & BeK(A).

Using the fact that Dyn(C) is a Dynkin class we check that K(B) is a Dynkin class.
Using the fact that C is N-stable we see that

BelC = CCcK(B)

Hence,
B eC = Dyn(C) C K(B)

From (4.19) and (4.21) we get
AeDyn(C) = CCK(A)

Hence
A € Dyn(C) = Dyn(C) C K(4)

Therefore, Dyn(C) is N-stable. Hence, by Theorem 4.1 it is a ring. O

4.2 Semirings

Definition 4.3 7 C 2% is called a semiring if
(1) ABeT=ANBeT;

(2) A, BeT = A\B = _Ql C;, where C; are disjoint elements of T

(4.19)

(4.20)

(4.21)
(4.22)

(4.23)

Theorem 4.4 Let T be a semiring. Then A € Ring(T) iff A is a disjoint union of elements of T .
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Proof. Let R be the family of finite unions of disjoint elements of 7. It is obvious that R C Ring(7).
Let us prove the converse inclusion. To this end it is enough to prove that R is a ring.

Step 1. Let A€ R, B€ T. Then A = ,61 A; with disjoint 4; € T. Now
=

A\B = U (4)\B),

where A;\B € T are disjoint and each A;\B is a finite union of disjoint elements of 7. Hence A\B € R.
Step 2. Let Ac¢ R, BeR. Then B = _EnJl B; with disjoint B; € 7. Now

A\B = (- (A\B1) - \By).

Hence, by Step 1, A\B € R.
Step 3. Let Ac R, B€R. Then A = _EnJl A; with disjoint A; € 7 and B = _Ul Bj with disjoint B; € 7.

] =
Now

n m
ANB= U UAZ‘ﬁBj,
i=1j=1

where A; N Bj € T are disjoint Hence AN B € 7.
Step 4. Let A€ R, B R. Then

AUB = (A\B)U (AN B) U (B\A).

thus by Steps 2 and 3, the left hand side is a union of three disjoint elements of R. Therefore, it is a
union of a finite family of elements of 7. Hence, AU B € R.
Thus we proved that R is a ring. O

4.3 o-Dynkin classes

We say that D is a o-Dynkin class if
(1) ABeD, ACB= B\AeD;

(2) Ay, Az, €D, AinA;=0,i#j,=> U A €D
1=

Theorem 4.5 Let R C 2¥X satisfy

(1) AABeER, ACB= B\AcR;

(2) Ay, Ag, - €R, AiNA; =0, i %] :;leAieR

(3) AABeER,= BNAeR.

Then R is a o-ring. In other words, a N-stable o-Dynkin class is a o-ring.
For A C 2% let 0 —Dyn(A) denote the smallest o-Dynkin class containing A.

Theorem 4.6 Let C be a N-stable family. Then o —Dyn(C) = o —Ring(C).
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4.4 Monotone classes

Let M C 2%, We say that M is a monotone class if
(1) Al,A2,"'€M, An\AéAEM,
(2) A1, A9, e M, A, S A= Ae M.

Proposition 4.7 (1) A o-ring is a monotone class;
(2) A monotone ring is a o-ring
For T C 2%, we denote by Mon(7) the smallest monotone class containing 7.
Theorem 4.8 Let R be a ring. Then
Mon(R) = 0 —Ring(R).
Proof. Since a o-ring is a monotone class and since R C o — Ring(R), it follows that
Mon(R) C ¢ — Ring(R).
Let us prove the converse inclusion. Let A € 2X. Set
K(A):={Bec2X : A\B, B\A, AUB € Mon(R)}.

Note that
A€ K(B) < BeK(A). (4.24)

We easily check that for every A € 2%, K(A) is a monotone class. Clearly,
AeR=TRCK(A). (4.25)

Hence
A€R = Mon(R) C K(A). (4.26)

From (4.24) and (4.26), we get
A e Mon(R) =R C K(A).

Hence,
A € Mon(R) = Mon(R) C K(A4).

Therefore, Mon(R) is a ring. By Proposition 4.7 (2) it is a o-ring. Hence,

Mon(R) D o —Ring(R).

4.5 Extension and uniqueness of contents

We will need a generalization of the notion of a content to the case of 7 C 2% with () € 7. We say that
v:T — [0,00] is a content if

(1) v(0) =0
(2) Ay, Ap €T, AiNAj=0,i#j, AU UAp € R = (AU UA,) = (A1) + - + v(Ap).

Theorem 4.9 Let T be a N-stable family containing § and R = Ring(7). Let v1,vy be finite contents
on R coinciding on T. Then vy = vs.
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Proof. Let W:={A € R :v1(A) =12(A)}. Then

A BeW, ACB = B\AeW

Al,AQ ew, Ay ﬂAQZQ = AjUAyeW

Hence W is a Dynkin system. Hence it contains Dyn(7). But by Theorem 4.2, Dyn(7) = R. Hence
W==R. O

Theorem 4.10 Suppose that T is a semiring and v is a content on 7. Then there exists a unique
content on Ring(7) extending v.

Proof. Every A € Ring(7) can be written as A = ‘61 B; for some disjoint B; € 7. Then we set
i=

n

v(A) :=> v(B;).

i=1

Suppose now that A = .61 B; = 61 C; are decompositions of the above type. Then
1= Jj=

A=0 U Bing,

i=1j=

is also a decomposition into disjoint elements of the semiring, and

v(B;) = ZV(BZ- ney), v(C;) = Z v(B; N Cy).

Therefore,
n n m

m
V(Bi) = ZZU(BZ n Oj) = Z I/(Cj).
i=1 i=1j=1 j=1
Hence the definition is correct.
It is easy to check that the extended v is a content. O

4.6 Uniqueness of a measure

Theorem 4.11 Let (X,F) be a set with a o-ring. Let py and ps be two measures defined on (X, F)
Suppose that T C F is a N-stable family such that 1 = pe on T and is finite on T. Then p; = pg on
o—Ring(7T).

Proof. Let W:={A € F : u(A) = p2(4)}.

Step 0. By Theorem 4.9, u1 = ug on Ring(7). Note that o —Ring(7) = 0 —Ring(Ring(7)). Hence
in what follows it suffices to assume that 7 is a ring.

Step 1. Assume that y is finite. Clearly, W is a o-Dynkin class and 7 C W. Hence 0—Ring(7) C W
in this case.

Step 2. Assume that A € F. Then p; restricted to o —Ring (T‘A) = o—Ring(7T) N is finite and

1 = jio On T‘A. Hence, by Step 1, we have u; = pg on a—Ring(T)‘A
Step 3. Let A € 0—Ring(7). Then by Theorem 3.2, there exist Ay, As,--- € 7 such that 4,, /A
and p(A,) < co. Then
p2(A) = lim po(An) = lim pn(An) = pa(A).

d
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4.7 Dense subsets in L?P spaces

Theorem 4.12 Let T C F be a semiring such that c—Ring(7) = F and p is finite on T. Assume that
there exists a localizing family {X; : i € I'} contained inT. If 1 < p < oo, then the span of characteristic
functions of T is dense in LP(p).

Proof. Let W be the family of sets whose characteristic functions can be approximated in LP(u) by
linear combinations of characteristic functions of elements in 7.

Step 1. Assume first that p is finite. Clearly, W is then a o-Dynkin class. Hence F C W.

Step 2. Let u be arbitrary. Let A € .7-“’5. Let {X; : i € I} be a localizing family for x4 contained in
7. Then there exists a sequence 1,142, -+ € I such that pu(A4) = Zj; (AN X;;). We apply Step 1. to

4 restricted to 7 . We conclude that A € W. Hence .7-15 C W Consequently, linear combinations of

i

characteristic functions of elements in 7 are dense in £ N LP ().

Step 3. Let f € L£P(u). There exist sequences uf € £, such that uX /' fi. Clearly, ut € LP(u),
u,b —u,; is dominated by |f| € LP(u), hence by the Lebesgue dominated convergence theorem u,” —u,, — f
in the £P(u) sense. O

4.8 Premeasures

Definition 4.13 Let (X,R) be a set with a ring. A function v : R — [0,00] is called a premeasure if
(1) v(0) =0,
(2) A1, Ap-- €R, U A, €R, AiNA; =0 fori#j=v(UL1A,) =00 v(A4,).

Clearly, every premeasure is a content.
If (X, F, ) is a measure and R C F is a ring, then (X, R,u’ ) is a premeasure.
R

Theorem 4.14 Let (X,R,v) be a premeasure, A1, As,--- € R, A€ R and A C _@ol A;. Then

4.9 Extending a premeasure to a measure

Theorem 4.15 Let (X,R) be a set with a ring. Let (X, R,v) be a premeasure. For any Q € 2% define
© o0
wr(Q) = 1nf{z; v(A;)) + A ER, QC igl A}
1=

Then
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(1) p* is an external measure;
(2) v=p* on R;

(3) Let F™s be the o-field of p*-measurable sets and p™ the corresponding measure. Then (X, F™8 ™)
is a complete measure extending the premeasure (X, R,v).

(4) Let F := o—Ring(R). Let the restriction of u* to F be denoted . Then for Q € 2%

p(Q)=1inf{u(A) : QC A, Ae F}.

Proof. (1) The properties (1) and (3) of the definition of an external measure are obvious. Let us show
the property (2). Let Q1,Q2,--- € 2%. For any € > 0 we will find a double sequence (A, )men such that

Qn - U;;.:=1Anma

Z Apm) < 1 (Qn) +27"e

Then . .
W (UnZ1Qn) < Z (Apm) < ZN*(Qn) +e
n,m=1 n=1
Hence
lQn Z /,L Qn

(2) It is obvious that p*(A) < u(A). The converse inequality follows by Theorem 4.14
(3) Let A€ R, Q € 2X. For any € > 0 and suitable Ay, Ay, -+ € R such that Q C ile A;, we have
pH(Q) =375 u(Ay) —e
=20 A NA) + 3077 n(Aj\A) — e
> QA+ (Q\A) — e

Therefore,
P (Q) = p(Q@NA)+ " (Q\A).
Thus, A € F™. O

5 Tensor product of measures

5.1 Tensor product of o-rings

Theorem 5.1 Let T; be semirings over X;, i = 1,2. Set
TixTy:={A1 x Ay : A, €T;, i=1,2}.
Then 17 * T3 is a semiring.

Now assume that F; are o-rings. Set F; ® Fo := o —Ring(F; * F3).
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Definition 5.2 Let B C X1 X Xo, z; € X;.

ot (B) = {x2 € Xo : (21,22) € B},

712 (B) ={x1 € X1 : (x1,22) € B}.
Proposition 5.3 Let B € F1 ® Fa, x; € X;. Then n7*(B) € F1 and 75*(B) € Fa.

Proof. Note that
m?(0) =0,
m1* (A\B) = n{* (A)\77*(B),
20 A)) = U wf? ().
Hence
W:={BC X1 xXy : 7{*(B) € Fi}
is a o-ring. Clearly W contains F; * F5. Hence F1 ® Fo C W. O

5.2 Tensor product of measures

Let (X;, Fi, pu;) be set with o-rings and measures. Let }"[{f be the o-ring of p,;-o-finite sets.
Proposition 5.4 Let B € F1 ® f,fzf Then the map

X1 2z po(ny*(B)) is Fi-measurable.

Proof. Set
sp(1) = (3 (B)).
Set
W:={BC X; x Xy : sp is measurable }.

Step 1. Assume that pu(Xs) < co. Clearly, Fp * .7-";’; CW. If A,B € W with A C B, then sp\4 =
sp — sa, Hence B\A € W. Let By, Ba, -+ € W be disjoint and B = U32,Bj. Then sp = Zjil sB;-

Hence 4OL<J)1 B; € W. Therefore, W is a o-Dynkin class. Hence it contains o —Ring(F; * .7-";’5)
]:

Alternative version of Step 1. Assume that p(Xs3) < oo. If disjoint By, Bs,--- C W and B =
U3, By, then s 5 e = Z;‘;l sp;. We know that Ring(F; * .7-";:5) are disjoint unions of elements in
J=1

F1 * .7-";:5 C W. Hence Ring(F; * .7-';5) c W.
Clearly, if Ay, Ag,---€ W and A,, /A, then s4, /" sa. Hence, A € W.
Likewise, if Ay, Ag,--- € W and A, \, 4, then sa, \, sa. Hence, using the finiteness of X, A € W.
Therefore, W is a monotone class. Hence it contains o —Ring(F; * ]—'Zi) =F® f[{,f)
Step 2. Now drop the assumption ps(Xs) < co. Let B € F; ® }"ﬁ Then there exists a disjoint

family Al,Ag, --- € Fy such that /.LQ(AZ') < ooand B C X; x 400)1 Aj. Set Bj =BNX; x Aj. Then
]:

(oo}
SB = E SBj7
Jj=1
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and each s B, 18 measurable. Hence sp is measurable. O

Now we assume that both measures are o-finite. If A € F,,, ® F,,,, we define

1@ o) i= [ il () (). (5.27)

Theorem 5.5 (1) p1 ® ps is a measure.
(2) If X1 x X9 3 (z1,22) — 7(21,22) := (x2,21) € Xo x X1 is the flip, then for A € F1 @ Fa,
1 ® p2(A) = p2 ® pa (TA). (5.28)

In particular, for A € F, @ F,, (5.28) equals
[ st ()i o) = [ e ()da()

(3) If v is a measure on F1 @ Fa satisfying
V(A1 x Az) = p1(Ar)pe(Az), A1 € Fuy, Az € Fuy,

then it coincides with p @ s.
(4) (11 @ p2)® = (11" @ piz")P.

Proof. The formula (5.27) is well defined by Proposition 5.4. Then we check that it is a measure.
The uniqueness follows by Theorem 4.11, because both measures coincide on the semiring F,, * F,,.
O

5.3 Multiple integrals

For any x5 € X5, the function
X192z — (l‘l,a?g) € X1 x Xo

is measurable. Hence if f € M(X; x X3), then
X1 321 — f(x1,22) € [—00, 0]
belongs to M (X1).

Theorem 5.6 Let (X;, Fi, i) be spaces with measures. Let f € M (X1 x X3).

(1)
z1 = [ f(x1, 22)dpe(r2)

belongs to M_(X4),

(2)
J fd(pr ® po) = [(f fzr, z2)dpe(x2))dps(z1) = [(f f(21, z2)dp (21))dps(z2). (5.29)

Proof. For elementary functions the theorem is obvious. For an arbitrary function from M (X; x X3)
we use the monotone convergence. O
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Theorem 5.7 (Fubini) Let (X;, F;, ;) be spaces with measures and

fe LM @ po).

The map
To H— f(xl,ifg)

for p1-almost all x1 belongs to L1 (uz). Let Ny be the set of x1 for which this is not true. Define

J flzr, ma)dps(z2) 1 € X1\ Ny
fi(zy) ==
0 r1 € Ny.

Then fi belongs to L' (u1) and

/fd(m ® pi2) =/f1du1.

Proof. We have fi € £'(u1 ® p12). Hence

o> [ frme e = [ ([ Foorzadpste) )dpu (o). (5.30)

Thus z1 — [ fi(z1,22)dps(z2) belongs to L' (u1). Hence, by Theorem 2.12, for pj-a.a. 1,

/f+($1,$2)dug(as2) < 0.

In other words, for ui-a.a., x1 fi(w1,-) € LY (pu2).
Of course, the same is true for f_. O

Loosely speaking, the above theorem says that for f € £!(u1 ® u2)

/fd(ul ® p2) =/(/f(xl,wz)dﬂz(@))dﬂl(ffl) :/(/f($17x2)d/$1($1)>d/i2($2)-

Theorem 5.8 If @ denotes the tensor product in the sense of Hilbert spaces, then L?(u1) ® L?(uo) =
L2 (1 ® ).

5.4 Layer-cake representation
Let (X, F, 1) be a measure. Let v be a Borel measure on [0, 00[ and f € M (X). For a,t > 0, set
¢
o(0)i= [ avls), (@) i=puls > o)
0

Proposition 5.9
[ ets@nauta) = [ v,

Proof.
S u(@adv(a) = [ (S 1psa@)du(z) ) dv(a)

=
= (J1psay@dv(@))du() = [ (7 av(a))du(@) = [ 6(f (@) dpu(a).
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Corollary 5.10 (1) [|f(z)Pdu(z) prooo u(a)a?~'da.
(2) flz) = fl{f>a}(;v)da.

Proof. For (1) we set ¢(t) = tP, dv(t) = ptP~1dt.
For (2) we put ¢(t) :=t, dv(t) = dt, and p is the Dirac delta at z. O

6 Measures in R”

6.1 Regular contents

Suppose that X is a topological space. Let R be a ring over X and v a content on R. We say that v is
regular iff for I’ € R the following two conditions hold:

v(F) =sup{v(G) : G CF, G € Compact(X)}
=inf{v(H) : F C H°}.
Theorem 6.1 Fvery regular content is a premeasure.

Let Fi, F5, -+ € R be disjoint and F := _Ole F; € R. We know by Theorem 2.1 that
j:

v(F) =Y v(F).

j=1

Let us show the converse inequality. Let ¢ > 0. For any j = 1,...,n we can find H; € R such that
Fj C HY and v(H;\F;) < €2777!. Likewise, we can find G € R such that G € F, G® is compact and
v(F\G) < ¢/2. Thus {H} : j =1,2,...} is an open cover of the compact set G, We can choose a
finite subcover {H? : k=1,...,m}, so that

G'c U H?
k=1 Jk "

Consequently,
GC kngJk
Thus . -
v(F) <v(G)+€/2< ) w(H;,) +e/2< Y v(F)) —¢
k=1 j=1
O

6.2 Borel sets in R
Let 7 :={]a,b] : a,beR, a <b}.
Theorem 6.2 7 is a semiring. Moreover, let Aq,..., A, € T be disjoint, A € T and _@1 A, = A.

Then, after a possible renumbering of A;, A; =]a;—1,a;], where ag < a3 < -+ < ay,. U—Fiela(’f) equals
the o-field of Borel subsets of R and will be denoted by Borel(R).
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6.3 Borel premeasures on R

Let f:R — R be an increasing function. Define v : 7 — [0, 00| as
v(Ja,b]) == f(b) = f(a).
Theorem 6.3 v is a content on T. Hence it extends uniquely to a content on Ring(T).

Assume now in addition that f: R — R is continuous from the right, that means

%llftri ft) = f(to), to€R.

Lemma 6.4 Let F' € Ring(7) and € > 0. Then there exist H,G € Ring(7T) such that
GY'Cc FcH, v(F\G)<e¢ v(H\F)<e.
In other words, v is a reqular content.

Proof. We can assume that F = 461]a2i,1,a2i] and 0 < 6 <min{aj41 —a; : j=0,...,2n—1}. By
i

decreasing ¢ we can demand in addition that f(a; +96) — f(a;) < ¢/n. Then we can set

n n
G = jgl]azj—1 +6,az;], H:= jL:Jl]@j—l, az; + 6J.

By Theorem 6.1, we get:

Theorem 6.5 v is a premeasure on Ring(T).

6.4 Borel measures on R

Theorem 6.6 (1) Let f : R — R be an increasing function continuous from the right. Then there
exists a unique measure py on (R, Borel(R)) such that

py(la,b]) = f(b) — f(a).

This measure is o-finite.
(2) Let (R,Borel(R), 1) be a measure such that u(A) < oo for compact A C R. Set

—u(|z, 0, x<O0
f(x) :{ ulag,x])], x2<0.

Then = py.

Proof. The premeasure v; can be extended by the Caratheodory construction to a o-field containing
Borel(R). O

Definition 6.7 The measure on Borel(R) with the distribution function f(x) = x is called the Borel-
Lebesgue measure, and denoted \. Its complete extension is called the Lebesgue measure. In integrals, if
the generic variable in R will be denoted by x, then instead of dA(x) we will usually write dz.

Theorem 6.8 The Borel-Lebesgue measure is the only measure on Borel(R) invariant wrt translations
such that p(]0,1]) = 1.
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Proof. Let (R, Borel(R), ) be translation invariant. This means u(]a,b]) = p(Ja + x,b+ z]). Using this
and 1(]0,1]) we get p(lk/n, (k+1)/n]) = 1/n. This easily implies p(]a,b]) =b — a for any a < b. O

Theorem 6.9 (1) Let i be a measure on 2% invariant wrt translations (that means if 7,(x) = = —t,
then Tipn = p). Suppose that p is finite on compact sets. Then p = 0.

(2) Let T := R/Z denote the 1-dimensional torus. Let u be a finite measure on 2T invariant wrt
translations. Then p = 0.

Proof. (2) Introduce in T the equivalence relation
r~y&sr—yeQ.
Let Z be the set of equivalence classes. Choose from every class a representant x;. We have
0.11= U 4,
yeQ

for
Ay ={xi+y : i€}

But 7,4, Ay, = Ay, . Hence

p(T) = u(Ay) =D u(Ag) = cop(Ao).
y€Q yeQ
Thus u(T) =0 or u(T) = oo.
(1) Let u be a translation invariant measure on (R,2®). Consider the canonical projection R — T
restricted to [0, 1] it is a bijection. Denote it by 7 : [0, 1[— T. Define ji(A) := u(r—1(A)), A C T.
Let us check that f is translation invariant and (T) = 1. By (2) it is zero. O

6.5 The Cantor set and devil’s staircase

Definition 6.10 Let ¢ € N. To every sequence of numbers (p;);en with values in {0,1,...,¢ — 1} we
assign a number from the interval [0, 1]:

O0.pip2--- = L =z
— qJ
Jj=1
We say that 0.p1p2 ... denotes the number x in the system based on q

Note that every x € [0,1] has such a representation. It is ambiguous only if for some n we have
10"z € N. Then

0.p1..-Pn—1Pn00- - =0.p1p2 ... pr—1(pn — D(g—1)(g—1)....

Definition 6.11 The Cantor set C, is the subset of [0,1] consisting of the numbers that in the tri-
nary system have only 0 and 2. It can be defined also as follows: Co = [0,1], C1 = C’O\]%,%[,
Cy = C1\]3, 2[U]5, 81, ete. We set C =[,2; Ch.

It iS a Closed set w ith an empty interior, uncountable and haS zZero Lebesgue measure (because )\(Cn) -
7)
3n /).
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Definition 6.12 Define the transformation, called devil’s staircase, F : [0,1] — [0,1] as follows. If
x = 0.p1pz--- € C in the trinary system, where p; € {0,2}, then F(x) = 0.8-22 ... in the binary system.
If x € [0,1)\C, then z €|x_,x4[ where x— = 0.p1...p,022... and x4 = 0.p1...p,200.... We see that
F(z_)=F(zy) and we set F(z) = F(z_) = F(z4)

The function F is increasing, continuous, locally constant beyond C, and F(1) — F(0) = 1. It defines
a Borel measure p, which is continuous and singular wrt the Lebesgue measure, since u([0, 1]\C) = 0.

6.6 Transport of the Lebesgue measure in R

Let g : [a,b] — R be an increasing function. Then there exists a unique increasing function f :
[9(a),g(b)] — [a,b], which is continuous from the right and g o f(x) = z, z € [g(a),g(b)]. Tt is easy
to see that g*A = py. n fact,

6.7 The Lebesgue measure in R”

Let Borel(R™) denote the o-field of Borel sets in R™.
In R™ we can define the n-dimensional Borel-Lebesgue measure as the measure on Borel(R™) equal
AT=AR - A

Theorem 6.13 (1) The n-dimensional Borel-Lebesgue measure A" is the unique measure on Borel(R™)
such that
n n n
A <‘X ]al,bl]) = H |bl — ai|.
i=1 i=1
(2) It is also the unique translation invariant measure on Borel(R™) such that
n
/\“( % 10, 1]) -1
i=1
We can also consider its completion, called the n-dimensional Lebesgue measure. There are several
equivalent ways to construct the Lebesgue measure, described in the following theorem.

Theorem 6.14 The following measures coincide:

(1) (A™)°P (the completion of the n-dimensional Borel-Lebesgue measure).
(2) (AP @ - @ AP)P,

(3) Let T™ be the semiring of sets X lai, b;]. Set
i=1

yn( 'Ql]ai,bi]) - }i Ib; — al.

1=

Then v™ is a premeasure. We consider the measure obtained by the Caratheodory construction.

6.8 Transport of the Lebesgue measure in R”
Theorem 6.15 Let U be an open subset of R™ and ¢ : U — R™ a C' bijection with det ¢'(z) # 0,
x € U. Let \ be the Lebesque measure. Then

do* A
f;A = |det /. (6.31)
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Thus if f € My (6(U)), then
/ fd\ = / fo@|det@|d.
#(U) U

We will also write the transformation as

¢
(yl,...,y") H(xl,...,x").

[ s@as = [ 5w %52 oy

Proof. We will say that the transformation ¢ satisfies the change of variables formula iff it satisfies
(6.31).

Step 1. If the transformations ¢, v satisfy the change of variables formula, then the transformation
¢ o 1) satisfies it as well.

Step 2. Transformations of the form (y',...,y") — (y™,...,y™™)), where 7 is a permutation,
satisfy the change of variables formula.

Step 3. If a transformation ¢ has the form

Then we can write

Wy = (2™ = (e y™) YY),
then it satisfies the change of variables formula. In fact,
[F(zt, ... ,2")dat - da” = [da"--- [da'F(z!, ... 2")
= [da"- fdefdy|M|F Jo2 ), 2?2

= fdyn fdy fdwa F(f(y1’y2a"'7xn)7y27"'ayn)

= [ F(x(y))|det =5 Bm(y) |dy.

Step 4. We proceed by induction wrt n. We assume that the theorem is true for n — 1.

If F € M, (U), then we can find a sequence of functions F,, € M (U) of compact support with
F, "F.

Therefore, it is sufficient to assume that the support of F' is compact.

Let a = (a',...,a") € suppF. There exist i, j such that 3—“”1( ) # 0. We can find 6 > 0 such that for
|yt —at| <6,i=1,...,n, %;;-,y) > 0, or ‘%(ya#"y < 0. Set Wy, :=[a* = §,a' + 0] x -+ x [a" —
d,a™ + §]. Clearly, we can find a finite family of ay,...,a, € R™ such that W,,,..., W, covers suppF.
Then we can write F =Y "' | F; with suppF; C W;.

In what follows we assume that on the support of F, %yy) > 0. By Step 2, we can assume that
1 =7 = 1. Define

(W' ...,y") »ﬂ(zl, 2",
where
Aty =2t g, A= 2 =y

The map v is injective. Define p := ¢op !, that is
(zl,...,z")li(xl,...,a:").

Note that z! = 21.
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The map ¥ is of the type considered in Step 3. Hence it satisfies the change of variables formula. We
have ¢ = py. By Step 1, it is thus sufficient to prove that p satisfies the change of variables formula.
We have

1 0
dz? x> x>
p’ — |:Zx:| — 9zt 922t 9zn ,
ox" ox" oz"
oz1 0z2 ozn
and hence
P oz2 ol
T 0z2 ¢ oz™
det — = det .
0z oz" oz"
022 T Oz
Thus

[dat--- [da"F(2t,... 2™)
= [da! [da?--- [da"F(z!, 2% . 2")

x> daz?
0z2 ozn
= [dat [d2? [de"F(at, 2 (2!, 22, ..0,2"), 2™ (at, 22000 2™)) |det ..
oz™ oz™
022 oz™
= [dz! [dz?-- [d2"F (2! (2, ..., 2"), ..., a™(zh, ..., 2")) |det
oz oz™
922 2™

= [ F(z(2))|det 22&) |4,
[ F(x(2))] 55

7 Charges and the Radon-Nikodym theorem

7.1 Extension of a measure from a o-ring

Let F,Z be o-rings over X and let Z be an ideal in F. Let (X,Z, i) be a space with a measure. We can
then extend the measure p from Z to F. We can do this in many ways.

Theorem 7.1 (1) Define p™* : F — [0, 00| by
p(A) = inf{u(B) : ACB, BeZ}.

Then p™* is a measure. We have p™**(A) = u(A), A € Z, and p™*(A) = o0, A € F\I. pu™** is
the largest measure on F extending p onto F. o-finite and null sets coincide for p and pimax.

(2) Define p™n : F — [0, 00] by
™ (A) ;== sup{u(B) : BC A, BeT}.

Then u™" is a measure. We have p™n(A) = u(A), A € T. ™ is the smallest measure extending
w onto F.

Proof. (1) is obvious.

(2) Let us prove that g™ is g-additive. Let Ay, Ay, --- € F be disjoint, A =
j

A

g

et

1
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Let Be€Z, B C A. Then using A; N B € T we get

oo

u(B) =D u(A;NB) <3 un(Ay).

Hence -
p(A) < D7 R (4).
j=1

Let Bj C Aj, B; € Z. Then By, By, .. are disjoint and U2, B; C A, hence

> n(By) = u( U By) < p™(4)
j=1 -
Thus -
Do u(Ay) < pm(A)
j=1
O

7.2 Measures singular and continuous wrt an ideal

Let F be a o-ring over X and let Z be a o-ring—an ideal in F. Let (X, F,v) be a space with a measure.
We say that v is Z-singular if

v(A)=sup{v(B) : BC A, BeZ1}, AcF.

We say that v is Z-continuous if
AeT = v(A)=0. (7.32)

(More generally, if v is a charge, we say it is Z-continuous if (7.32) is true).
In particular, if (X, F, u) is also a space with a measure, then

fg::{Ae]—' : u(A) =0}

is an ideal in F. We say that v is u-singular if it is fg—singular. We say that v is p-continuous if it is
fg—continuous.

Theorem 7.2 Let (X,F,v) be a measure. Let T be a o-ring, an ideal in F.

(1) There exists a decomposition
vV = vz + Vze, (7.33)

where vzs is a L-singular measure and vz, is a Z-continuous measure. The L-singular part is uniquely
given by
vrs(A) :=sup{v(B) : BC A, BeT}.

The Z-continuous part does not have to be unique, but there is a canonical choice given by

vic(A) :=inf{v(A\B) : BC A, BeTI}.

(2) If v is o-finite, then the decomposition of v into a Z-singular and a T-continuous measure is unique.
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(3) If X is v — o-finite, then there exists a set N € T such that

vrs(A) =v(ANN), vz.(A) =v(A\N).

Proof. The fact that 75 is a measure follows from Theorem 7.1 applied to v
T

We need to show that vz, is a measure. Let Ay, Ag,--- € F be disjoint and A = 4061 Aj. Let us prove
]:
that

vre(4) <Y vre(4;). (7.34)
j=1

It is sufficient to assume that vz.(A4;) < oo, j =1,2.... Let € > 0. We will find B; € Z, B; C A; with
VIC(Aj) > V(Aj\Bj) — 27 Je. Then

vre(A) < VAU, B) = w(A\B) < wre(A)) + ¢
j=1 j=1

This proves (7.34).
Let us prove that

Z v1o(4;) < vzo(A). (7.35)

It is sufficient to assume that vz.(A4) < co. Let € > 0. We will find B € Z, B C A with vz.(A) >
v(A\B) — e. Then

> vre(4)) <Y v(A;\B) = v(A\B) < vzc(A) +e.
- i

This proves (7.35)
(3) Let us prove the existence of the set N. Assume that X is v-finite. Let

a:=sup{r(A) : AeTI}.

Then a < co. We can find a sequence (N;) ey in Z such that lim;_,. ¥(N;) = a. We can assume that
the sequence N; / N. Then N € 7 and v(N) = a.
It is obvious that (AN N) < vzs(A). Suppose that for some A € F,

v(ANN) < vzs(4).
Then there exists B € 7 with B C A and
v(ANN) <v(B).
Then BUN €7 and
v(NUB)=v(N\B)+v(B) >v(ANN)+v(N\A) =v(N),

which is a contradiction

If X is v — o-finite, then we can find a sequence X,, / X such that v(X,) < oo. We will also find
sets N,, C X,, constructed as above. We easily check that v(ANN) = vz4(A).

The decomposition of v is uniquely determined on o-finite sets. Hence it is unique. O
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7.3 Pure point and continuous measures
Definition 7.3 Suppose that (X, F,v) is a space with measure and
{{z} : ze X} C F. (7.36)

We say that v is a point (atomic) measure if

v(4) = v({a}).

z€A

v is continuous (diffuse) if
v({z}) =0, z € X.

Theorem 7.4 Let (X,F,v) be a measure. Assume (7.36).

(1) There exists a decomposition
vV =1vp -+,

where vy, is a point measure and v, is a continuous measure. The point part is uniquely given by
vp(A) :==sup{v(B) : B C A, B is finite},
The Z-continuous part does not have to be unique, but there is a canonical choice given by
v.(A) :=inf{v(A\B) : B C A, B is finite}.
(2) If v is o-finite, then the decomposition of v into a point and a continuous measure is unique.
(3) If X is v — o-finite, there exists a countable set N € F such that

vp(A) =v(ANN), v.(A) =v(A\N).

Corollary 7.5 Let (X,F) be a set with a o-field Let
{{z} : ze X} CF
Let v, u be measures on (X, F) and let pn be continuous. Then there exists a decomposition
V = Vp + Vsc + Vac

such that
Vp 18 pure point

Vse 18 p-singular and continuous,

Vac 48 [4-CONTINUOUS.

If v is o-finite, then the decomposition is unique.

7.4 Charges (signed measures)

Let (X, F) be a space with a o-ring. A function p : F —] — 00, o0] is called a bounded from below charge
(or signed measure) if

(1) pu(0) =0,
(2) A1, Ag-- € F, AinAj =0 fori# j= p(UpliAn) =200, u(An).
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Proposition 7.6 (1) If A C B, and u(B) < 0o, then u(A) < oo.
(2) A1, As,-- € F, AiNA; =0,i+# j, and pn (U2, Ay) < 00, then >~ pu(Ay) is absolutely convergent.
(3) A1, A, € F, Ay /S A = p(An) — p(A).
(4) If A1, Ay, € F, Ay \ A and for some n, pu(A,) < oo, then u(Ay) — u(A).
Proof. (1) u(B) = pu(A) + u(B\A) and p(B\A) > —oco. Hence pu(A) = p(B) — p(B\A) with both
summands less than oo.

(2) We group the sets A; into two subfamilies: those with a positive charge and a nonpositive charge.
After renumbering we can call the former By, Bs,... and the latter Cy, Cs,.... We have

- Z 1(Bn) = —p (UpZy By) < 00
n=1

and
o0

#(Cn) = (Ui Cn) = p(Uny An) — p(UnZy By) < oo

n=1

7.5 Hahn and Jordan decompositions of a charge

Let (X, F, 1) be a space with a bounded from below charge.
We say that A € F is positive iff B € F, B C A implies u(B) > 0. We say that A € F is negative iff
B e F, B C Aimplies u(B) <0. Let ff denote the family of positive/negative sets.

Theorem 7.7 ]—"jz are o-rings and ideals of F. +u restricted to .7-"32 are measures.

For A € F, we set
py(A) :=sup{u(B) : BC A, Be Fl},

p—(A) :==sup{—u(B) : BC A, BeF,}.

Theorem 7.8 (1) p—, py are measures.
2) On ff, W coincides with Ly .
) p— is finite.
4) There exists £ € F,; with p_(E) = p_(X). In what follows we fiz such a set E.
) If u(A) < oo, then puy(A) is finite.
6) X\E € F,l.
) (Jordan decomposition) u =y — p_.
) (Hahn decomposition) For A € F,

p—(A) = —p(ANE), pg(A) = p(A\E).

(9)
py(A) :=sup{u(B) : BC A, BeF},

p—(A) :==sup{—u(B) : BC A, Be F}.
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Proof. (1) and (2) follow immediately from Theorem 7.1 (2).
Let 6 := p—_(X). Then there exist negative Ey, Fs,... such that u_(F,) — (. Since negative sets

form a o-ring, E := ‘61 Ej € F;. Clearly, u(E) < p_(E,). Hence 8 = p_(E). This implies (4) and
j=

(3). A similar argument yields (5).
We interrupt the proof. O

Lemma 7.9 Suppose that 1(X) < puy(X). Then there exists B € F, with u(B) < 0.

Proof. If p (X) =0, then X € 7 and pu(X) < 0. We can thus set B := X

The condition pu(X) < oo implies that pi(X) < co.
Let p4(X) > 0. We can find g < 1 such that

n(X) — qui(X) <0.

We can find E € F,/ such that u(E) > quy(X). Set X; := X\E. Then

pa (X1) = pg(X) = 4 (E) < (1 = @) (X),

w(X1) = p(X) — u(E) < w(X) — qui(X) <0.

By induction, we can find a sequence of disjoint sets Ey,--- € .7-—: such that for X, := Xl\jgll E;,
then
W(En) = qu4(Xy).
(Note that E; C X;). Then

p(Xng1) = py (Xn) — i (En)
= .u-&-(Xn) - :U'(En) < (1 - Q)/L-&-(Xn)~

Hence,
e (Xp) < (1= q)" py (Xo).

Moreover,
(X)) = p(X)\ X5y p(Ey) < p(Xq) <0.

Set B :=NX;. Then
J
p4(B) = lim py(X;) =0,

j—oo
and hence B € ', and
u(B) = lim p(X;) < p(Xy) <0.

J—00

a

Continuation of the proof of Theorem 7.8. Suppose that X\FE is not positive. This means that
there exists Xo C X\F and u(Xg) < 0. Then X, satisfies the conditions of Lemma 7.9. Hence X,
contains B € F, wih u(B) < 0. Hence EU B € F, with u(E U B) < 3, which is a contradiction. This
proves (6).

Now note that for B € F,}' we have u(B) = py(B\E). Hence for A € F,

ia(A) =sup{us(B\E) : BCA, BeFl}=pi(A\E) = u(A\E).
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This proves (8) and (7).
pr(A) <sup{u(B) : BC A, BeF},
<sup{p4(B) : BC A, BeF}=p(A).

This proves (9). O

7.6 Banach space of finite charges

Let (X, F) be a set with a o-field. We define Ch(X,F) (or Ch(X)) as the ordered linear space of finite
charges on (X, F). We set

([l := |l (X)-

Theorem 7.10 (1) Ch(X,F) is a Banach space.
(2) Ch(X,F) is a complete lattice.
(3) 0 < p < v implies ||p| < [lv]|.

7.7 Measures with a density

Theorem 7.11 Let (X,F,u) be a space with a measure. Let f € M (X) Then
FoA—v(A):= /1Afdu (7.37)

is a measure. If f € M(X) and f_ € L(u), then (7.37) is a bounded from below charge.

Definition 7.12 The measure v is called the measure with the density f wrt the measure u and is denoted
v = fu. We will also write f := g—:.

Theorem 7.13 (1) For f,g € M (X) we have
f=gp-ae= fu=gu
(2) If fu is sum-finite, then the converse implication is also true.

Proof. The implication = is obvious. Let us show the converse statement.
First assume that fu is finite, or in other words f € £1(u). Let N := {f < g} and

h:= glN —f].N.

Clearly, fly < f and gly < g. Hence, fly € LY(u), gln € L' (u). Therefore, h € L1 (u). Besides,
Jhdp=0and h > 0. Thus h =0 p-a.e. But N = {h > 0}. Hence pu(N) = 0.

Assume now that p is sum-finite. Let X; be a localizing family. Then fu = gu restricted to X;. Hence
fi = g; on X; almost everywhere wrt the measure p restricted to X;. This implies that f = g p-a.e. O

Recall that the charge v is called continuous wrt g (or p-continuous), if
u(N)y=0=v(N)=0, NeF.

Theorem 7.14 (Radon-Nikodym) Let p be a sum-finite measure on (X, F) and let v be a charge.
Then the following conditions are equivalent:
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(1) there exists f € M(X) such that v = fu and f_ € L (u);
(2) v is p-continuous.
Proof. The implication = is obvious. Let us show the converse statement.

Step 0. If 4 =0, then v = 0, and the theorem is obviously true.
Step 1. Assume that 0 < p(X) < oo, v(X) < co. Let

G:={ge M (F) : gu<v}

Clearly, G is non-empty, since 0 € G.
We have
g.h € G=sup(g,h) €G.

In fact, if Ay :={g < h}, Ay :={g > h} and A € F, then

/ sup(g, h)dp = / gdp + / hdp <v(ANA;) +v(AN Az) =v(A).
A ANA; ANAs

Let
v :=sup{[gdu : g€ g} (7.38)
Then v < v(X) < co. We can find g), € G such that

lim, oo [ gldp = 1.

Let
f = sup(gy)nen.
We claim that
f €G and /gdu =. (7.39)

In fact, we have
gn =sup(gi,---,9,) €G, g /[,
which immediately implies (7.39).
Suppose now that
(f1)(X) < w(X). (7.40)
Using u(X) < oo, we can find 8 > 0 such that
Bu(X) <v(X) = (fu)(X).

Set
p(A) :==v(A) = (fu)(A) — Bu(4), AcF.

p is a bounded p-continuous charge satisfying p(X) > 0. By Lemma 7.9, we can find a p-positive set
E € F such that p(F) > 0. Recall that p-positivity of F means that

Ae2nNF = p(A) >0.

Hence fo = f+ Pl €G.
Note that the p-continuity of the charge p and p(E) > 0 implies u(E) > 0. Hence

/fodu:/fdu+ﬂu(E) =5+ Bu(E) >,
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which is a contradiction with (7.38).

Step 2. v is o-finite, p is finite. We decompose X into a disjoint union of sets of finite measure v
and use Step 1.

Step 3. v is arbitrary, p is finite. Let . := {A € F : v(A) < oo} and « :=sup{u(4) : A€ FL}.
We can find A,, € Ff such that lim,, . i(A,) = a. We can assume that A,, / X;. Then v on Xy is

v

o-finite and on X; := X\ Xj it has the property
or (4) = ¥(4) =0,
or u(A4) >0, v(A4) = oco.

In fact, if A C X1, u(A) > 0 and v(A) < oo, then A, UA € F. and pu(A, UA) / a+ u(A), which means
u(A) = 0. We apply Step 2. to Xy and on X; we put v = oop.

Step 4. v is arbitrary and p sum-finite. We decompose X into a union of disjoint sets with a finite
measure y and use Step 3. O

7.8 Dual of LP(u)
Theorem 7.15 Let (X, F,u) be a space with a measure, 1 < p < oo and zl) + % =1. For g € L(u) set

wolf)i= [ 9du. £ e, (7.41)

Then
(1) vy € (LP(u)* and |Jvg|l = [|gllq- Thus

Li(u) 3 g vy € LP(n)* (7.42)

18 an isometry.
(2)
FimTlrw2i [ 1 (7.3

vjis a functional tangent to f.

(3) Let 1 < p < oo and let p be sum-finite. Then for v, a bounded functional on LP(u), there exists a
unique g € LT such that (7.41) holds. Thus, the map (7.42) is bijective.

Proof. (1) Using the Holder inequality we check that if g € L9(u), then v, € LP(p)# and ||vg]| < [lg]l4-
Setting

@zmw*m/mww, (7.44)

we see that(vg|g) = ||gllq and ||g||l, = 1. Hence |jvg|| = ||g]|q-
(3) To prove the existence first assume that the measure is finite and v € LP(u)#. Then

F 3 A (1)

is a p-continuous finite charge. By the Radon-Nikodym Theorem, there exists g € M(X) such that

(v[1a) = /glAdm

Assume that g ¢ L9(u) Clearly, g+ ¢ L(u) or g— ¢ L%(u). Hence it is sufficient to assume that g > 0.
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We can find g,, € £;(X) such that g, /" g. Clearly, ||gn|l; — 00. Set gn := g2+ /([ |gn]?)'/?. Clearly,
gn € LP(p), [|lgnll = 1 and

(0]dn) = / 998~ dpr/( / 19nl D)7 > llgallq — oo

Hence v is not bounded.

Thus g € LY(p). We already know that v, is bounded and it coincides with v on £(X), which is dense
in LP(u). Hence (7.41) is true for all f € LP(u)

The uniqueness follows from Theorem (7.13) (2). O

Theorem 7.16 Let u be sum-finite. Then L>(u) is a complete lattice.

8 Measures on topological spaces

8.1 J-open and o-closed sets

If X is a topological space, we will write Open(X), Open(X), Closed(X) and Compact(X) for the family
of open, open pre-compact, closed and compact subsets of X.

Definition 8.1 §-open sets are countable intersection of open sets.
o-closed sets are countable unions of closed sets.

The complement of a o-closed set is a d-open set and vice versa.
Theorem 8.2 Let X be a metrizable space. Then every closed set is d-open.
Proof. Let C be closed. Define

Cpi={reX : d(z,C) < 1/n}.
Then C,, are open and

Ch.

Q
I
8

n=1

Hence C' is a é-open set. O

8.2 Baire and Borel sets of 1st kind
Theorem 8.3 (1) Let f € C(X,R). Then f~!(Ja,0[) € Open N o—Closed(X).
(2) Let X be normal and A € Open N o—Closed(X). Then there exists f € C(X,R) such that A =
f~H (e, 00))
Proof. We have -
f as00)) = (J £ ([a + 1/n,00]) (8.45)
n=1

Clearly, (8.45) are o-closed.
Let

A:GAn

n=1



be open o-closed and A, let be closed. We can then find f,, € C(X) such that 0 < f <1, f, =1on 4,
and f,, = 0 outside A. We define

f=> 2"
n=1
Then
A= f71(]0,00).
O

Definition 8.4 Let X be a topological space. Then the o—field of Baire sets of 1st kind, denoted
Baire; (X)), is the smallest o—field such that all elements of C(X,R) are measurable.

Theorem 8.5 Let X be normal, A C B C X, A be closed and B open. Then there exist Ay €
Closed N Baire; (X) and By € Open N Bairey (X) such that A C By C Ay C B.

Proof. We can find f € C(X,R) such that f =0on A and f =1 on X\B. Then f~!(] — o0, i[) €
Open N Baire; (X) and f~!(] — oo, 3]) € Closed N Baire; (X). O
Theorem 8.6 (1) In any topological space, Baire;(X) is generated e.g. by
{f71(U) : U € Open(R), f € C(X,R)},
{f~4C) : C e Closed(R), f € C(X,R)},
{fJa,[, a€eR, feC(X,R).

(2) If X is normal, then Baire;(X) is generated by
Open N o—Closed(X),
Closed N d—Open(X).

Theorem 8.7 Let X be compact Hausdorff. Then
(1) Open N Baire;(X) = Open N o—Closed(X),
(2) Closed N Baire; (X) = Closed N §—Open(X).

Proof. It is sufficient to prove (2) C.
Let C be closed Baire. By Theorem 1.8, there exists a countable family Cy,Cs,... of o-closed sets
such that C € o—Ring(C1, Cs,...). We can find functions f, € C(X) such that {f, =0} = C,. Then

d(z,y) = 27" fulz) = fulv)]

is a semimetric on X. ~
Let (X, d) be the reduced metric space and T : X — X the corresponding reduction. Clearly, z € C,,,
d(xz,y) = 0 imply y € C,,. Therefore, T*2X contains C, Cs, .. ..
72X is a o-ring. Hence i
T7*2% 5 o —Ring(Cy, Cs,...).
Thus there exists C' € 2% with C = T~1C. But C is compact and T continuous. Therefore, C is compact

as well. Thus NC’ is a closed subset of a metric space, and hence it is o-open. Hence there exist open
Up,Us, ... in X with U, \, C. Now T~'U,, are open in X and T7'U,, \,C. O
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Definition 8.8 o-field of Borel sets of 1st kind, denoted Borel;(X), is the o—field generated by open
sets.

Clearly, Baire; (X) C Borel; (X).
Theorem 8.9 If X is metrizable, then Baire; (X) = Borel; (X).

Proof. In a metrizable space every open set is o-closed. O

Example 8.10 Let I be uncountable and X; be sets of at least two elements. Let X = [[ X;. Then
iel

one-element sets in X are closed (hence Borel) but not d-open (hence not Baire). In fact, letx € Y C X

andY be §-open. ThenY contains a subset of the form [] Y; with Y; = X; for all but a countable number

i€l
ofi e .

8.3 Baire and Borel sets of 2nd kind

Theorem 8.11 (1) Let f € Co(X,R) and o > 0. Then f~1(]0,00]) € Open N o—Compact(X).

(2) Let X be Tikhonov and A € Open N o—Compact(X). Then there exists f € C.(X,R) such that
A= fﬁl(]ov OOD

Definition 8.12 Let X be a topological space. Then the o-ring of Baire sets of 2nd kind, denoted
Bairey (X)), is the smallest o—ring such that all elements of C.(X) are measurable.

Lemma 8.13 Let X be Tikhonov, A C B C X, A be compact and B open. Then there exist Ay €
Compact N Baires(X) and By € Open N Baireo(X) such that A C By C Ag C B.

Theorem 8.14 (1) Baireo(X) is is generated by
{f71(U) : U € Open(R\{0}), f € Ce(X)};
{f7H(C) : K € Closed(R\{0}), f € Ce(X)},
{f e, 00l), f7H(] =00, —al), 0 <o, f € Ce(X)}.
(2) The closures of all elements of Baires(X) are o-compact.
(3) If X is Tikhonov, then Baires(X) is generated by
Open N o—Compact(X),
Compact N é—Open(X).

Theorem 8.15 Let X be Tikhonov. Then
(1) Compact N Baireg(X) = Compact N d—Open(X).
(2) Open N Baires(X) = Open N o—Compact(X)

Definition 8.16 o-ring of Borel sets of 2nd kind, denoted Borely(X), is the o—ring generated by compact
sets.

Clearly, Baires(X) C Borely(X).

Theorem 8.17 If X is metrizable, then Baires(X) = Borely(X).
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Theorem 8.18 For o-compact spaces Baire; (X) = Baires(X) and Borely (X) = Borely (X).

In what follows, we will consider o-rings of sets only on locally compact Hausdorff spaces. We will
use the o-rings Baires(X) and Borelz(X). We will call them simply Baire and Borel o-rings and denote
by Baire(X) and Borel(X) respectively. For o-compact spaces they are in fact o-fields and coincide with
Baire; (X) and Borel; (X) respectively.

8.4 Baire measures on compact spaces

Let X be a compact Hausdorff space. A finite measure on Baire(X) is called a Baire measure on X.
A linear functional A : C(X) — R is called a positive functional (or a Radon measure) if

feCX), f>0 = Af)>0.

Theorem 8.19 Let v be a Baire measure. Then
C(X)5 [ / fdv e R (8.46)

is a positive linear functional.
(1) If C € Closed N Baire(X), then

v(C)=if{[fdv : feC(X), f=1on C, 0<f<1}.

(2) If U € Open N Baire(X), then

v(U)=sup{[ fdv : feC(X), suppf CU, 0<f<1}.

Proof. The positivity is obvious.

Let us prove (1). The inequality < is obvious.

There exists a sequence Uy, Us--- € Open(X) such that U, \, C. Let f, € C(X), suppf, C Up,
0< f,<1,and f, =1 on C. Then f, — 1¢ pointwise, f,, <1 € £L!(u). Hence by the Lebesgue theorem

lim [ fodv =v(C).

n—oo

This shows the inequality >. O

Theorem 8.20 (Riesz-Markov) Let A be a positive linear functional on C(X). Then there exists a
unique Baire measure v satisfying

A(f) = / fdv, feC(X). (8.47)

The proof of Theorem 8.20 will be split into a number of steps. Let us assume that we are given a
positive functional .

Lemma 8.21 A Baire measure satisfying (8.47) is uniquely determined.
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Proof. By Theorem 8.19 (1), v is uniquely determined by A on Closed N Baire(X). This is a N-stable
family that generates Baire(X). Hence v is uniquely determined. O

For U € Open N Baire(X) we set
v'(U) :==sup{A(f) : fe€C(X), suppf CU, 0< f<1} (8.48)
For any A € 2% we set
v*(A) == inf{r*(U) : ACU, U € Openn Baire(X)}. (8.49)
(For U € Open N Baire(X), (8.48) agrees with (8.49)).
Lemma 8.22 v* is an external measure.

Proof. We need to show that

oo

v* UAJ SZV* (Aj)
j=1

j=1

If the sum on the right is infinite, the inequality is obvious. Assume it is finite. We will find U; €
Open N Baire(X) with A; C U; and

v (U;) < v*(Aj) +27 €.
Let f € C(X) satisfy 0 < f <1,
suppf C [ JA4; i v [ |4 | <Af)+e
j=1 j=1
By the compactness of suppf, for some n,
suppf C U U;.
j=1
We will find hy,...,h, € C(X) such that h; > 0, supph; C U; and 2?21 hj =1 on suppf. Hence,
v (Upzr An) < v (U2 Un)
SA) +e=25m AIhy) +e
< ZZO:1 v*(Un) +€
S ma Vi An) el 27 e =300 v (An) + 26
O

Lemma 8.23 All Baire sets on X are v*-measurable.

Proof. It suffices to show that open Baire sets are v*-measurable. Let U be open and Q € 2%.
Let A € Open N Baire(X) such that @ C A and v*(A4) < v*(Q) + €. Consider the set A1 :=ANU €
Open N Baire(X). Let fi € C(A) such that 0 < f; <1, suppf; C 4; and

V(A1) < Mf1) +e
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Next consider set As := A\suppf; € Open. We will find fo € C(X) such that 0 < fy <1, suppfs C A
and
v(Az2) < A(f2) + e

We have 0 < f; + f < 1 and supp(f1 + f2) C A. Besides, QN U C A; and Q\U C A,. Hence
v (@QNU)+ v (Q\U)
< v*(Ar) + v*(Ag)
<A(f1) + A(f2) + 26 = M(f1 + f2) + 2¢
<v*(A) + 2 < v*(Q) + 3e.

Hence,

vI(QNU)+v (Q\U) < v (A).
Hence U is v*-measurable. O

Set v to be equal to v* restricted to Baire(X). By Lemmas 8.22 and 8.23 it is a Baire measure.

Lemma 8.24 Let f € C(X). Then
A = [ san

Proof. We can assume that 0 < f < 1. Set

Unj=A{f>j/n}, Cn;=A{f=j/n}

Let g,,; € C(X) with suppgn,; C Uy, ; and 0 < g, ; < 1. Set

1 n—1
n ‘= ; Zgn,j~
j=1

Then g, < f. Hence

NS 2 An) = 7 S Algn)
Thus )
)‘(f) > %Zy(Un,j) = /fndV7

where f, := %27;11 ly, . But f, — fand 0 < f, <1. Hence [ fodv — [ fdv. Thus

() = / fav.

We will find a sequence of open sets W, such that W, \, suppf. Choose functions g, ; such that
SUpPgn,0 C W, gn,o = 1 on suppf; suppgn,; C Unj, Gng = 1 on Cp jy1. Set gy = %Z?;ol n.j- Then

f < gpn. Thus
M) < A@Gn) = 5 2o MTn,j)

< Lu(Wo) + 200 v(Uny) = 2v(Wy) + [ fadv,
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where fn = %Z;:ll 1y, ;- We have fn — fand 0 < fn < 1. Hence, by the Lebesgue theorem,
[ fadv — [ fdv. Hence

A(f) < / fdv.
O

Proof of Theorem 8.20. We define the Baire measure v as described before Lemma 8.24. By Lemma
8.24, A(f) = [ fdv. By Lemma 8.21, v is uniquely defined. O

Theorem 8.25 Let v be a Baire measure on X. Then it satisfies the following reqularity properties:
(1) v(A) =inf{v(U) : AcCU, U € OpennBaire(X)}, A € Baire(X);
(2) v(A) =sup{v(C) : C C A, C € Closed NBaire(X)} A € Baire(X).

Proof. We define A by the formula (8.46). We construct the corresponding v*. By construction, it
satisfies
v*(A) =inf{v*(U) : AcCU, U € OpenN Baire(X)}.

But on Baire(X) v* coincides with v. Hence it satisfies the property (1). O

8.5 Borel measures on compact spaces

Let X be a compact Hausdorff space. A finite measure on Borel(X) is called a Borel measure on X.

Theorem 8.26 Let i be a Borel measure on X. The following condtions are equivalent:
(1) w(A) =inf{uw(U) : AcCU, U € Open(X)}, A € Borel(X).
(2) u(A) =sup{p(C) : C C A, C € Closed(X)}, A € Borel(X)..

If the above conditions are satisfied then y is called a regular Borel (or Radon) measure on X.
Proof of Theorem 8.26 Using u(X) < oo, we get

p(A) = p(X) — p(X\A),
inf{u(U) : U € Open(X)} = pu(X) —sup{p(C) : C € Closed(X)}.

d

Theorem 8.27 Let v be a Baire measure on X. Then there exists a unique regular Borel measure p
extending v. It has the following properties:

(1) If U € Open(X), then

w(U) =sup{r(C) : C CU, C € Bairen Closed(X)};

(2) If C € Closed(X), then

w(C) =inf{v(U) : C CU, U € BaireN Open(X)}.

Theorems 8.19 and8.27 imply the following version of the Riesz-Markov theorem:
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Theorem 8.28 Let A\ be a positive linear functional on C(X). Then there exists a unique regular Borel
measure p satisfying

() = / fdu, feC(X). (8.50)

Proof of Theorem 8.27 Let us prove (2).
The inequality < is obvious.
For any U € Open(X) such that C C U, There exists an open Baire Uy such that C C U; C U.

Therefore,
w(C) =inf{v(U) : C CU, U € Open(X)}

>inf{v(U) : C C Uy, Uy € Open N Baire(X)}.

This proves the > inequality.

It follows from (2) that g is uniquely determined on the family of closed sets. But this family is
N-stable and generates Borel(X). Hence p is uniquely determined.

Let us now describe the proof of the existence of p. Define A as in (). Then for U € Open(X) we set

w*(U) :=sup{A(f) : feC(X), suppf CcU, 0< f<1.} (8.51)

For any A € 2% we set
w*(A) :=inf{v*(U) : ACU, U € Open(X)}. (8.52)

(For U € Open(X), (8.51) agrees with (8.52)).

Exactly as in the previous subsection, we show that p* is an external measure and Borel sets are
p*-measurable. We define p to be the restriction of p* to Borel(X). By (8.52), it is a regular Borel
measure.

Clearly, if U € Open N Baire(X), then

Thus v coincides with g on Open N Baire(X ). But this is a N-closed family generating Baire(X). Hence
v coincides with y on Baire(X). O

8.6 Baire measures on locally compact spaces

Let X be a locally compact space. A measure on Baire(X) finite on compact sets is called a Baire measure
on X.
A linear functional A : C;(X) — R is called a positive functional if

feCX), f20 = A(f) 20.

Theorem 8.29 Let v be a Baire measure. Then
Co(X) 5 f /fdu eR (8.53)

is a positive linear functional.
(1) If C € Compact N Baire(X), then

v(C)=inf{[ fdv : feC(X), f=1o0n C, 0< f <1}
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(2) If U € Openy N Baire(X), then

v(U)=sup{[ fdv : fe C.(X), suppf CU, 0<f<1}.

The following theorem is called the Riesz-Markov Theorem.

Theorem 8.30 Let A be a positive linear functional on C.(X). Then there exists a unique Baire measure
v satisfying

Af) = / fdv, feCu(X). (8.54)

Theorem 8.31 Let v be a Baire measure on X. Then it satisfies the following reqularity properties:
(1) v(A) =inf{v(U) : ACU, U € Open,NBaire(X)}, A € Baire(X);
(2) v(A) =sup{r(C) : C C A, C € Compact NBaire(X)} A € Baire(X).

8.7 Borel measures on locally compact spaces

A measure on Borel(X) finite on compact sets is called a Borel measure on X.

Theorem 8.32 Let i be a Borel measure on X. The following condtions are equivalent:
(1) p(A) =inf{u(U) : ACU, U € Openy(X)}, A € Borel(X).
(2) p(A) =sup{u(C) : C C A, C € Compact(X)}, A € Borel(X).

If the above conditions are satisfied then p is called a regular Borel (or Radon) measure on X.

Theorem 8.33 Let v be a Baire measure on X. Then there exists a unique regular Borel measure p
extending v. It has the following properties:

(1) If U € Openy(X), then

w(U) =sup{v(C) : C CU, C € Baire N Compact(X)};

(2) If C € Compact(X), then

w(C)=if{r(U) : C CU, U € Baire N Open(X)}.

Theorems 8.29 and8.33 imply the following version of the Riesz-Markov theorem:

Theorem 8.34 Let \ be a positive linear functional on Co(X). Then there exists a unique reqular Borel
measure (i satisfying

AP = [ 1an 1ecu. (8.55)
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9 Measures on infinite Cartesian products

9.1 Infinite Cartesian products
Let X;, ¢ € I be a family of sets. For any K C J C I we can define the map

ok x X;— x Xy,
jeJ keK

where for z; = (z;)jes € x X;, 7872 is (wg)ker. Clearly, M C K C J implies
jed
MK _KJ _ _MJ

If (X;,F;), i € Iis a family of sets with o-fields, then for J C I we set b F; to be the family of
JE
subsets of x X of the form x A; with A; € F; and A; = X for all but a finite number of j € J. We
jed jeJ
set ® F; :=o—Field( * Fj).
jeJ jeJ

Clearly, the maps 77 for K C J C I are measurable.

9.2 Compatible measures

Let (X;,F;), i € I is a family of sets with o-fields. Let K C J C I and py, ux are probabilistic measures

on( x X;, ® Fj)and ( x Xj, ® Fy)respectively. We say that they are compatible iff 7 7. pt7 = pk,
jeJ jeJ keK keK

that means

/ Fx )y (k) = / Fx) s (@20 5)-

Theorem 9.1 If u; is a measure on ( X X;, ® F;), then for any K C J C I, the measures Ty «fi1
el el

and Ty« pp are compatible.

9.3 Infinite tensor product of measures

Theorem 9.2 (X;, F;, 1), i € I, be a family of spaces with probabilistic measures. Then there exists
a unique measure Q@ p; on ( X X; & F;) such that for any A; € F;, where all but a finite number of
il iel el
A =Xi,
@ pi( X Ai) = I pi(A;).
I el

i€l S
K c JC1, the measures @ p; and & py are compatible.
= keK
9.4 The Kolmogorov theorem

Suppose that X;, ¢ € I, is a family of compact sets.

Theorem 9.3 Suppose that for any finite set J € 2! we are given a Baire measure vy on X X;.
jeJ
Assume that for any finite K, J € 2! with K C J, vk is compatible with vy. Then there exists a unique
Baire measure vy on X X; compatible with all vy for finite J.
i€l
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Proof. It is easy to see that the family of measures ji; defines a regular content on Ring('*I Baire(X;)).
1€

By Theorem 6.1, it is a premeasure. Hence it admits a unique extension to
ic

o—Ring (Ring( * Baire(Xi))) = Baire( X Xi).
i€

a

Theorem 9.4 Let X;, i € I be a family of topological spaces. Then Baire; (][] X;) = ® Baire; (X;).
icl iel
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