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n ÚGü^ÐNÊ-Ò�ÚÈÑQÒ�Ü�ÐNßQú�ü^Ê�Ø

C
Ç

ì
C
n æ%ú�ü^ßQÚÈÑQø'Î>ä%Ü£Û5û9Ê-Ò�ÚÈØ$Ô��XÛNÚÈú§Ë-Ü�ÐNø �2Ø�ÑQÌ&ÍNÜ�Ð�
iØ

‖v‖ =





n
∑

j=0

|vj |2




1
2

, v ∈ C
n.

×



� Ñ�àNÓÕÚ
A
öNÑ�ÛNÍ	Ü&ü^Ø	ßQÜ�ÐNÜEØ$ÔZË-ÚÈÑQø ÓÈÚÈË-ÚÈÜEØ	ÎJø Ë�Ô

C
n � ÍNÜ�Ë-Ü�ÐNø>Ô A öjÑ�ÛeÍ	ß�ü^Ñ ��Ë-ÚÈÜiØ�ÔZË�Ô§öeÔZÌ�Ü

‖A‖ := sup
‖x‖=1

‖Ax‖.

��ú�ü^ßQÚÈÑQø'Î�ÐNÜ�ßQØ�Ô ��Ô��[Ð�
EØ	Ë�ÔZË-ÚÈÑ[Ð�
��QË-ÚÕÞAßQÌ�ÜEØ�Ñ

∂zv(z) = A(z)v(z). � ÆZÇÈÆ��
Ò£ü^ßQÚÈÑ

v(z) ∈ C
n Ç

� ½���³�µ9¹�Äi´I¯	�y¯�

���������������������! #"%$�&('*)
A(z)

'+��,�-.)/"	)0�1�2-430&�5*"	)6�
z0 7 -98;:=</�>�2:?3 7A@ � z0 '*��,�-CBD E"
$F-G�!:H �4I/ E�1) H "J30:K-G�4I�8 H </�>"	)/"J�()��

L ²�µ9½J¶E¿�º£½J³�µT½H¯D�ÕÅ�MN�(�O&!P
Ω QSROT 5+�(�U,�B#<V'!"J30:W'+� T "	8�,�B#<V'!"J30:X5 Q �28 H �!:K8/-4��) H -43�:Y�

C
�ZM[�4�O&�P

Ω 3 z 7→ A(z) =





a11(z) . . . a1n(z)
. . .

an1(z) . . . ann(z)





QSROT 5*�4�\�! E"%$0&('!]^P%80�18�:?8 H`_ &�5*"	]a8b��) H -98��*&*�2)�&�Pc�d:=)�&*�4� H 5e)�&�P n × n
�
w =





w1

. . .
wn



 ∈ C
n �dfg-G� T 3

�`,�-4"J�4�2'+�N'+� T "D)c�U-43F�h$�8;'+� T "	);�! #"%$�&('*)iP#80�j8/:=8 H`_ &k5*"	) Ω 3 z 7→ v(z) =





v1(z)
. . .
vn(z)



 ∈ C
n QSRST ]�&S)

H 8e5*�>�(]e5+)�"J�(�*:X5+)+I�) T "J�4�!"J�()
{

dv(z)
dz = A(z)v(z),

v(z0) = w.
� ÆZÇv×E�

� ¼&²�±�¿l�Wm Ò�ÐeÔZË-Ú9ÞAßQø�Î ÛNÚÈú2Ë�ÔEöNä-ÚÈÑQÐNØ�ü^Ü�Ì�ÜJûTÔ
K(z0, r)

ÍeÔZÌJÚÈÑQÒ�Ü � �QÑ K(z0, r) ⊂ Ω
Ç=n¾Ü��QË�Ô!Ð�
iØ	Ë-ÚÈÑ �

ß�Ô@û9Ü��QÎ�� � �QÑ z0 = 0
Ç

��ÚÈÑ�Þe÷
A(z) =

∞
∑

k=0

Akz
k

ìYÍNÑ�ü^ÎwÛNßQÑQÐNÑQÒ
v(z) :=

∞
∑

k=0

vkz
k,

Ò£ü^ßQÚÈÑ
{

v0 = w,

vm+1 := 1
m+1

∑m
k=0Am−kvk.öNÑ�ÛNÍ�öjÑ�ü^Î&Ë@Î&ø ÛNßQÑQÐNÑQÒ�ÚÈÑQø1�TÜ�ÐNø>ÔZÓÕË-ÚÈÑhÛeäGÑEû9Ë-ÚÕÔEö���ÞAÎ&ø Ð�
iØ	Ë�ÔZË-ÚÈÑ � ÆZÇv×E�eÇ

â



É�Ü�Ì4Ô �Qø'Î � �QÑ[ÛeßQÑQÐNÑQÒ�ÍNÑQË2öNÑ�ÛNÍ¤ßQæ-ÚÈÑ �QË@ÎÙØ�Ì�Ü�ÓÈÑ K(0, r)
Ç�ìYÚÈÑQø'Î>ßÖË-ÚÈÑQÐ�
EØ	Ë-Ü£àeÞAÚ���ÔZÊ�Þ�÷@Î �éÑQÒ�Ü � �QÑ

‖Ak‖ ≤ Cr−k.
� Ñ�àNÓÕÚ�äGÜJû9Ü��QÎ&ø�Î

{

p0 = ‖w‖
pm+1 := 1

m+1

∑m
k=0Cr

−m+kpk,ÍNÜ(ø�Ü��QÑQø'Îwü^ÜEØ	ÚÈÑ�à��§ÚÈË�ü^Ê-Ì£ÞAÎiöNË-ÚÈÑ � �QÑ
‖vm‖ ≤ pm. � ÆZÇvâE�

ì ÐNßQÑ�ÞAßQÎ�ÛeÔZø�Ñ ö � ø�ÔZø�Î
‖v0‖ = p0.

�%Ô@û 
��Qø'Î � �QÑ
‖vk‖ ≤ pk, k = 0, . . . ,m.

ìYÍNÑ�ü^Î
‖vm+1‖ ≤ 1

m+1

∑m
k=0 ‖Am−kvk‖

≤ 1
m+1

∑m
k=0 ‖Am−k‖‖vk‖

≤ 1
m+1

∑m
k=0Cr

k−mpk = pm+1.

óÜ>Ì�Ü�Ý�ÞAßQÎÙü^ÜEØ 
^ü � ÆZÇvâE�eÇ� Ñ�àeÓÈÚ�Ü&ü^Ñ öNø�ÚÈÑQø'Î�Ø	ßQÜ�ÐNÎ

r(m+ 1)pm+1 =
∑m

k=0Cr
−m+k+1pk,

mpm =
∑m−1

k=0 Cr
−m+k+1pk,

ÍNÜ�ü^Ü£ÛNÍeÔZË-ÚÈÑQø'Î
r(m+ 1)pm+1 = (Cr +m)pm.ì·Î&Ë-ÚÈÌ4Ô2ÛNÍ���ü!Ë�ÔZÍåÎ^Þe÷-ø�ÚÕÔ�ÛeÍ �QÑ

lim
m→∞

pm+1

pm
= r−1.

�$ßQÎ&ÓÈÚ�Ë�Ô2ø�Ü^ÞAÎ>Ì&ÐNÎJÍNÑQÐNÚÈÊ-ø ü�� ��ÓÈÑQø'æGÑQÐNÍeÔ � ÛeßQÑQÐNÑQÒ
∞
∑

k=0

pkz
k

öNÑ�ÛNÍ	ßQæ-ÚÈÑ �QË@ÎwØ�Ì�Ü�ÓÈÑ
K(0, r)

Ç �%ÔZÍNÑQø Ð�
iØ	Ë-ÚÈÑ ��ÛNßQÑQÐNÑQÒ
∞
∑

k=0

vkz
k

öNÑ�ÛNÍ	ßQæ-ÚÈÑ �QË@ÎwØ�Ì�Ü�ÓÈÑ
K(0, r)

Ç
É�ÜiØ	Î ��ÛNßQÑwÐNÜ�ßQÊ-ø�ÜiØ�ÔZË-ÚÈÑ>ø�Ü��QÑQø'Îkä-ÐNßQÑQä-ÐNÜiØ$Ô�ü^ßQÚ �wü^Ó9Ô�ü^ÜiØ�Ü�ÓÕË-ÑQÒ�ÜLÌ�ÜJûTÔ¾ß�Ô�Ø$ÔZÐNÍNÑQÒ�Ü Ø

Ω
Ç�ì ÍNÑQË

ÛNä%Ü£Û�
�æ � ä%Ü�Ë-ÚÈÑQØ�Ô � Ω
öNÑ�ÛNÍXÛNä 
4öjËJÎ � ø�Ü��QÑQø'Îkä-ÐNßQÑ�ü*û9Ê �QÎ ���TÊ-Ë-Ì£ÞÏöNú v(z) Ë�Ô!ÞQÔ@û9Î·Ü�æ�ÛNß�ÔZÐ Ω

Ç � ÑQÒ�Ü�öjÑ�ü��
Ë-Ü£ÛNä 
4öjË-Ü£à �§Ò�Ø$ÔZÐeÔZË@ÍNÊ4öNÑ � �QÑÖË-ÚÈÑ[ü^Ü£ÛNÍeÔZË-ÚÈÑQø'Î��yÊ-Ë-Ì£ÞÏöjÚ�Ø	ÚÈÑQÓÈÜ�ßQË�Ô�ÞAßQË-Ñ öQÇ

2

è



� ¶4º�òó»�� ´-¿�¯D�Èý

(∂z − 1)v(z) = 0, v(0) = 1.

� 8 T ,�-9)/�>�()/:?3
v(z) =

∞
∑

n=0

vnz
n.

� 8�,�-9)V'+�!:?3 �C5e< H[H ��$F H �!"	&+3�'!"J3��
nvn = vn−1.

� 5*3��1�
v(z) =

∞
∑

n=0

zn

n!
, z ∈ C.

� &k5*30�>�`�!&*�4� 7 v(z) = ez
�

� ¶4º�òó»�� ´-¿�¯D� ô�M[�4�O&�P
µ ∈ C 7 z 6= −1

(

∂z − µ(z + 1)−1
)

v(z), v(0) = 1.

� 8 T ,�-9)/�>�()/:?3
v(z) =

∞
∑

n=0

vnz
n.

� 8�,�-9)V'+�!:?3 �C5e< H[H ��$F H �!"	&+3�'!"J3��
nvn = (µ− n+ 1)vn−1.

� 5*3��1�
v(z) =

∞
∑

n=0

µ . . . (µ− n+ 1)zn

n!
, |z| < 1.

� &k5*30�>�`�!&*�4� 7 v(z) = (1 + z)µ
�

ã�Ü�ßQØ$Ô �Qø'ÎwÍNÑQÐeÔZßXÐ�
iØ	Ë�ÔZË-ÚÈÑXÛeÌ4ÔZÓÕÔZÐNË-Ñ[ü^ÐNÊ-Ò�ÚÕÑQÒ�Ü(ÐNßQú�ü^Ê
(

∂2
z + c(z)∂z + d(z)

)

u(z) = 0. � ÆZÇéè%�
� ½���³�µ9¹�Äi´I¯	� 

	a</�>�2: 3 7l@ �[BD #"%$F- z0 '+��,�- H �4I� ��j) H "J30: BD #"%$F-G�*: H <��>"	)/"J�() � �����0� 7 '+�����1� c(z) �

d(z),!];)/"	)/���2-43/&k5*"D� �
z0
�

í;ñ�²�µT½@¶4¿�º£½&³�µT½D¯	� ��MN�(�S&�P
c(z), d(z) QSROT ] P%80�18�:?8 H`_ &�5*"D� �Y,GB#<O'�"J30: '*� T "	8�,GB%<V'�"	3�: 5 Q �(8 H 5e� 8/-�


��) H -430: Ω
�gfg-G� T 3 5e)+I�) T "J�(�*"J�(�

{ (

∂2
z + c(z)∂z + d(z)

)

u(z) = 0

u(z0) = w0, ∂zu(z0) = w1,
� ÆZÇvëE�

:=)�'+� T "D86�>-43��h$�8 '*� T "	8 H 8e5+�>�2]F5+)/"J�4�U� Ω
�

ë



� ¼&²�±�¿l� �%ü^Ñ ��Ë-ÚÕÊ4öjø'Î
v(z) :=

[

u(z)
u′(z)

]

, w :=

[

w0

w1

]

Ü�ÐeÔZß
A(z) :=

[

0 1
−d(z) −c(z).

]

ìYÍNÑ�ü^Î � ÆZÇvëE��ø>Ü��QÑQø�Îwä-ÐNßQÑQä-ÚÕÛeÔ��§Ø�ä%Ü£ÛNÍeÔ�ÞAÚ
{

dv(z)
dz = A(z)v(z),

v(z0) = w.

Ú�ß�Ô�ÛNÍNÜ£ÛNÜEØ$Ô��XÍåØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÑ�ÆZÇv×&Ç
2

É�Ü&ü-ÔEöNø'ÎXöNÑ�ÛNß�ÞAßQÑÖØ	ß 
�Ð¢ÐNÑQÌ&Ê-ÐNÑQË�ÞAÎiöjËJÎwË�Ô2Ø¢Ûeä 
JûTÞAßQÎ&Ë-Ë-ÚÈÌ&Ú�ÐNÜ�ßQØ	ÚÈË-ÚÈú�ÞAÚÕÔ

u(z) :=

∞
∑

k=0

ukz
k.

ü^ÓÕÔ2ÐNÜ�ßQØ	Ú	�Zß�ÔZË-Ú9Ô2Ð�
iØ	Ë�ÔZË-ÚÕÔ
(

b(z)∂2
z + c(z)∂z + d(z)

)

u(z) = 0,
Ò£ü^ßQÚÈÑ

b(0) 6= 0
Ç nkÔZø�Î��

{

u0 = w0, u1 = w1,
∑m

k=0 k(k − 1)ukbm−k +
∑m−1

k=0 kcm−k−1uk +
∑m−2

k=0 dm−k−2uk = 0.

687�� :�;=<$>@? C D�E8;HG9I C <,A�� <��9D	� >�

������
8<�
������
� ½���³�µ9¹�Äi´I¯	� ��� )�� < @ :?3 7�@ � A(z)

'+��,�-�5 T � _ "J�(8/��)/" � T �1) |z| > R
� 	a</�>�2:?3 7Z@ � ∞ '+��,!- B  E"%$�-G�!:

H �4I/ E�1) H "J30: H </�>"	)/"J�();�����2��� 7 I T 3 B#8U5e)/:?�2)�"J�(�.5+: �4�!"J"	30&!P w = z−1 T 80,�-9)V'+�!:?3ZBD #"%$F- H �4I/ E�j) H "	3=� 0
�

m ÞAßQÎ&Ø	ÚÕàeÞAÚÈÑ � ∂z = −w2∂w
Ç$��Ó9ÔZÍNÑQÒ�Ü�äGÜ(ß�ÔZø>ÚÕÔZË-ÚÈÑhßQø�ÚÈÑQË-Ë@Î^Þe÷ � ÆZÇÈÆ���ßQø�ÚÈÑQË-ÚÕÔ'ÛNÚÈú§Ø�Ð�
EØ	Ë�ÔZË-ÚÈÑ

∂wv(w
−1) = −w−2A(w−1)v(w−1).

�hÓÕÔZÍNÑQÒ�Ü ∞ öNÑ�ÛNÍ	ä-Ê-Ë-ÌJÍNÑQø�ÐNÑQÒ�Ê-ÓÕÔZÐNË@Î&ø Ø	ÍNÑ�ü^ÎÙÚ�ÍåÎ&ÓÈÌ�Ü(Ø	ÍNÑ�ü^Î � Ò£ü^ÎÙÚÕÛNÍNË-ÚÕÑ öjÑhÒ�ÐeÔZË-ÚÕÞQÔ
lim
z→∞

z2A(z).

L ²�µ9½J¶E¿�º£½J³�µT½H¯D����MN�(�O&!P ∞ QSRST 5*�4� H �4I/ E�1) H "J30: BD #"%$F-G�!: H </�>"	)/"J�() ���������/� fg-G� T 3 T �j)a5+) T )�"D�4I�8
w ∈ C

n 7 �`,�-4"J�4�2'+� T 8�$�� ) T "J�4� '*� T "	8g)/"	)0�1�2-430&�5*"D�U� "J�4��,�$�8 �	&k5e8/"	8��*&*� H 8e5*�>�(]e5e)/"J�4� 5e)+I�) T "	�(�!"	�2)
{

dv(z)
dz = A(z)v(z),

limz→∞ v(z) = w.
� ÆZÇváE�

ã�Ü�ßQØ$Ô �Qø'ÎwÍNÑQÐeÔZßXÐ�
iØ	Ë�ÔZË-ÚÕÔ�ü^ÐNÊ-Ò�ÚÕÑQÒ�Ü�ÐNßQú�ü^Ê!ä%Ü£ÛNÍeÔ�ÞAÚ � ÆZÇéè%�eÇ

á



� ½���³�µ9¹�Äi´I¯	� � � )�� < @ :?3 7 @ � c(z) 7 d(z) ,!]U5 T � _ "J�(8/��)/" � T �j) |z| > R
� 	a<��>��:?3 7 @ � ∞ '*��,�- BD #"%$F-G�!:

H �4I/ E�1) H "J30: H </�>"	)/"J�();����� ��� 7 I T 3 B#8U5e)/:?�2)�"J�(�.5+: �4�!"J"	30&!P w = z−1 T 80,�-9)V'+�!:?3ZBD #"%$F- H �4I/ E�j) H "	3=� 0
�

�%ÔZø�Ú9ÔZË�Ô2ßQø�ÚÈÑQË-Ë@Î^Þe÷�ä-ÐNÜEØ$Ô�ü^ßQÚ�ü^Ü(Ð�
iØ	Ë�ÔZË-ÚÕÔ
(

∂2
w + (2w−1 − w−2c(w−1))∂w + w−4d(w−1)

)

u(w−1) = 0.

�%ÔZÍNÑQø ∞ öNÑ�ÛNÍ	ä-Ê-Ë-Ì&ÍNÑQø ÐNÑQÒ�Ê-ÓÕÔZÐNË@Î&ø � Ò£ü^ÎÙÚÕÛNÍNË-ÚÕÑ ö���Ò�ÐeÔZË-ÚÕÞAÑ

lim
z→∞

(2z − z2c(z)), lim
z→∞

z4d(z).

L ²�µ9½J¶E¿�º£½J³�µT½H¯D�y¯��dM[�4�O&�P ∞ QSROT 5+�(� H �4I/ E�1) H "J30: B  E"%$�-G�!: H </�>"	)/"J�()��;fg-G� T 3 T �1)U5e) T )/"	30&!P w0 7 w1�`,�-4"J�4�2'+� T 80$�� ) T "J�4� '*� T "	86)�"	)0�1��-43/&k5+"D� � "J�4��,k$08 �	&k5e8/"	8��*&*� H 8F5*�>�(]e5+)/"	�(�\5+)eI�) T "J�4�!"J�()
{ (

∂2
z + c(z)∂z + d(z)

)

u(z) = 0

limz→∞ u(z) = w0, limz→∞(u(z) − w0)z = w1.
� ÆZÇoç��

687�� � DFE8;=G9I C <HD��=;=<$>@?BA�
���
	�=G � � D87
ã¢Ü�ßQØ�Ô �Qø�ÎÙÍNÑQÐeÔZß[Ð�
EØ	Ë�ÔZË-ÚÈÑ[Ð�
��QË-ÚÕÞAßQÌ�ÜEØ�Ñ � ÆZÇv×E�$ü^ÓÕÔ2Ì&Í�
�ÐNÑQÒ�Ü�ä-ÐeÔ�Ø�Ô>ÛNÍNÐNÜ�Ë�Ô(ø�Ô�Ü£ÛeÜ�æ-ÓÈÚÈØ�Ü£à�ÞAÚtÇ
� ½���³�µ9¹�Äi´I¯	�y¯*¯ 	a</�>�2:?3 7 @ � H </�>"	)�"J�(�

dv(z)

dz
= Ã(z)v(z) � ÆZÇ �E�

:=) �
z0
ÐNÑQÒ�Ê-ÓÕÔZÐNË@ÎÙä-Ê-Ë-Ì&Í¢Ü£ÛNÜ�æ-ÓÈÚÈØ	Î 7 I T 3 Ã(z)

:=)6�
z0 Q �(�9I/ E"a&S8g"D)V'��>3 @ �2' BD�(� H �A,S5e�4I�8 H 5 RST  #�

nLÜ��QË�Ô(Ø	ÍNÑ�ü^ÎÙß�ÔZä-ÚÕÛeÔ�� � ÆZÇv×E��Ø�ä%Ü£ÛNÍeÔ�ÞAÚ

(z − z0)∂zv(z) = A(z)v(z),

Ò£ü^ßQÚÈÑ
A(z)

öNÑ�ÛNÍ�÷-Ü�ÓÈÜ�ø>Ü�Ð �*ÞAßQË-Ñ�Ø�Ü�ÍNÜ^ÞAßQÑQË-ÚÈÊ
z0
Ç�ì0ÔZÐNÍNÜ£àeÞAÚGØ�ûTÔ�ÛNË-Ñ�ø>Ô�ÞAÚÕÑQÐNßQÎ

A(z0)
Ë�ÔZßQÎ&Ø$ÔZø'Î(ÚÈË�ü^ÑQÌ �

ÛeÔZø�Ú�ä-Ê-Ë-ÌJÍNÊDÜ£ÛNÜ�æ-ÓÈÚÈØ$ÑQÒ�Ü
z0
Ç m ä-ÚÕÛNßQø'Î ÍNÑQÐeÔZß�ø�ÑQÍNÜ^ü^ú�ßQË�ÔEöeü^ÜiØ�ÔZË-ÚÕÔkÐNÜ�ßQØ	Ú	�Zß�ÔZÝHØ$Ü�Ì�
Jû�ÐNÑQÒ�Ê-ÓÕÔZÐNË-ÑQÒ�Ü

ä-Ê-Ë-Ì&ÍNÊ!Ü£ÛNÜ�æ-ÓÈÚÈØ$ÑQÒ�Ü-Ç$�hÓÕÔ2Ê-ä-ÐNÜ£ÛNß�ÞAßQÑQË-ÚÕÔ2ä-ÐNßQÎiöjø>ÚÈÑQø�Î � �QÑ[ÍÏÎJø ä-Ê-Ë-Ì&ÍNÑQø|öNÑ�ÛNÍ
0
Ç

L ²�µ9½J¶E¿�º£½J³�µT½H¯D�y¯^Å�

��½£ñ�¼�¿�´���¶4¼���½J³�µTÿ�Á�´0¿�Ã9´0ÿ�»�� ´-¿�±J²À¶4±&²>³�´����bM[�4�O&�P
Ω QSROT 5*�4�l,GB#<O'�"J30:a'+� T 
"	8�,�B#<V'!"J30: 5 Q �(8 H �!: 8/-4��) H -43�: �

C
5e)/�>�4� H )O'!]�&+3�: 0

��M[�4�O&�P

Ω 3 z 7→ A(z) =





a11(z) . . . a1n(z)
. . .

an1(z) . . . ann(z)





QSROT 5*�4�>�! E"
$�&('*] P#80�j8/:=8 H�_ &k5*"D] 8=��) H -98��!&+�2)�&!P6� :=)�&*�4� H 5e)�&�P n×n
� M[�4�O&�P

w ∈ C
n �

λ ∈ C
,�B%� ��"J�()V'!]

(A(0) − λ)w = 0,

λ+m
"J�4�>'+��,�-l��) H -98��!&*�(];��� )�,�"	] A(0) T �j) m = 1, 2, . . . .

� ÆZÇ �E�

ç



fg-G� T 3g�`,�-4"J�4�2'+� '+� T "	) �l-43�� $�8['*� T "	)\�! E"%$0&('!) ṽ(z) P#80�j8/:=8 H�_ &k5*"D) "	) Ω
-9)�$0) 7�@ � v(z) := zλṽ(z)

'+��,�-
H 8e5*�>�(]e5+)�"J�(�*: H <��>"	)/"J�()







z dv(z)
dz = A(z)v(z),

lim
z→0

z−λv(z) = w.
� ÆZÇÈÆ��#�

� ¼&²�±�¿l�am Ò�ÐeÔZË-Ú9ÞAßQø�Î�ÛNÚÈú§Ë�ÔEöNä-ÚÈÑQÐNØ�ü^Ü(Ì�ÜJûTÔ
K(0, r)

ÍeÔZÌ&ÚÈÑQÒ�Ü � �QÑ K(0, r) ⊂ Ω
Ç

��ÚÈÑ�Þe÷
A(z) =

∞
∑

k=0

Akz
k

ìYÍNÑ�ü^ÎwÛNßQÑQÐNÑQÒ
v(z) := zλ

∞
∑

k=0

vkz
k,

Ò£ü^ßQÚÈÑ
{

v0 = w

vm := (λ+m−A0)
−1

∑m−1
k=0 Am−kvk.öNÑ�ÛNÍ�öjÑ�ü^Î&Ë@Î&ø ÛNßQÑQÐNÑQÒ�ÚÈÑQø1�TÜ�ÐNø>ÔZÓÕË-ÚÈÑhÛeäGÑEû9Ë-ÚÕÔEö���ÞAÎ&ø Ð�
iØ	Ë�ÔZË-ÚÈÑ � ÆZÇÈÆ��#�eÇÉ�Ü�Ì4Ô �QÑQø'Î � �QÑ[ÛeßQÑQÐNÑQÒ�ÍNÑQË2öNÑ�ÛNÍ¤ßQæ-ÚÈÑ �QË@ÎÙØ�Ì�Ü�ÓÈÑ K(0, r)
Ç�ìYÚÈÑQø'Î>ßÖË-ÚÈÑQÐ�
EØ	Ë-Ü£àeÞAÚ ��ÔZÊ�Þ�÷@Î �éÑQÒ�Ü � �QÑ

‖Ak‖ ≤ Cr−k.
� Ñ�àNÓÕÚ�äGÜJû9Ü��QÎ&ø�Î

{

p0 = ‖w‖
pm :=

∥

∥(λ+m−A0)
−1

∥

∥

∑m−1
k=0 Cr

−m+kpk,ÍNÜ(ø�Ü��QÑQø'Îwü^ÜEØ	ÚÈÑ�à��§ÚÈË�ü^Ê-Ì£ÞAÎiöNË-ÚÈÑ � �QÑ
‖vm‖ ≤ pm.� Ñ�àeÓÈÚ�Ü&ü^Ñ öNø�ÚÈÑQø'Î�Ø	ßQÜ�ÐNÎ

r
∥

∥(λ+m+ 1 −A0)
−1

∥

∥

−1
pm+1 =

∑m
k=0Cr

−m+kpk,
∥

∥(λ+m−A0)
−1

∥

∥

−1
pm =

∑m−1
k=0 Cr

−m+kpk,ÍNÜ�ü^Ü£ÛNÍeÔZË-ÚÈÑQø'Î

r
∥

∥(λ+m+ 1 −A0)
−1

∥

∥

−1
pm+1 =

(

C +
∥

∥(λ+m−A0)
−1

∥

∥

−1
)
)

pm.

ûTÔZÍåØ$Ü�ÛNÚÕúhä-ÐNßQÑQÌ�Ü�Ë�Ô�� � �QÑ
lim
m→∞

m
∥

∥(λ+m−A0)
−1

∥

∥ = 1.

ì·Î&Ë-ÚÈÌ4Ô2ÛNÍ���ü!Ë�ÔZÍåÎ^Þe÷-ø�ÚÕÔ�ÛeÍ �QÑ
lim
m→∞

pm+1

pm
= r−1.

�$ßQÎ&ÓÈÚ�Ë�Ô2ø�Ü^ÞAÎ>Ì&ÐNÎJÍNÑQÐNÚÈÊ-ø ü�� ��ÓÈÑQø'æGÑQÐNÍeÔ � ÛeßQÑQÐNÑQÒ>ü^Ñ ��Ë-ÚÈÊ4ö���ÞAÎ v(z) öjÑ�ÛNÍ	ßQæ-ÚÕÑ �QË@ÎwØ�Ì�Ü�ÓÈÑ
K(0, r)

Ç
� ÍNÜ£ÛNÊ4ö���Þ 
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÈÑ�ÆZÇv×2ø�Ü��QÑQø'Îwä-ÐNßQÑ�ü*û9Ê �QÎ �

ṽ(z)
Ë�Ô(ÞQÔ@û9ÎÙÜ�æ�ÛNß�ÔZÐ

Ω
Ç
2

�



� ¶4º�òó»�� ´-¿�¯D�y¯&ý�MN�(�S&�P

A =













λ . . .
1 λ . . .

. . .

. . . λ

. . . 1 λ













.

� 8e5+��) @ :?3 H </�>"	)�"J�(� z∂zv(z) = Av(z)
� fg-G� T 3 T 80,�-9)V'+�!:?3 H </�>"	)/"J�()

z∂zv1 = λv1,

v1 + z∂zv2 = λv2,

. . .

vn−1 + z∂zvn = λvn.

� )e5 R H 8e5*�>�(]e5+) �^-G�4I�8g �$�� ) T  ,�-9)�"	8/�>�(]




















0
. . .
0
zλ

zλ log z
. . .

zλ(log z)m−1





















, m = 1, . . . , n.

� ¶4º�òó»�� ´-¿�¯D�y¯Jô�MU)�,�- R BD k'*]�&k� H </�>"	)�"J�(� :=) H �4I� ��j) H "J3NB  E"%$�- 8�,*8 Q �1���>3 � 0 �

∂zv(z) = (az−1 + b)v(z).



�9I�8 H 8F5*�>�(]e5+)/"	�(�!: '*��,!-
v(z) = zaebz

ã�Ü�ßQØ$Ô �QÎ&ø�ÎÙÍNÑQÐeÔZß[Ð�
EØ	Ë�ÔZË-ÚÕÔ�ü^ÐNÊ-Ò�ÚÈÑQÒ�Ü(ÐNßQú�ü^Ê�Ç
� ½���³�µ9¹�Äi´I¯	�y¯5
 	a</�>�2:?3 7 @ � H </�>"	)�"J�(�

(

∂2
z + b̃(z)∂z + c̃(z)

)

u(z) = 0

:=)=�
z0
ÐNÑQÒ�Ê-ÓÕÔZÐNË@Î�ä-Ê-Ë-Ì&Í¤Ü£ÛNÜ�æ-ÓÈÚÈØ	Î 7 I T 3 b̃(z) :?) � z0 Q �(�9I/ E"b&S8 "	)V'!�>3 @ �2'lBD�(� H �A,S5e�4I�8 H 5 ROT  ) c̃(z):=) �

z0 Q �(�9I/ E" &k86"D)V'��>3 @ �2' T H  �I/�4�4I�8 H 5 RST  
�hÓÕÔ2Ê-ä-ÐNÜ£ÛNß�ÞAßQÑQË-Ú9Ô2ß�Ô@û 
��Qø�Î � �QÑ z0 = 0

Ç nLÜ��QÑQø�ÎwØ	ÍNÑ�ü^ÎÙß�ÔZä-ÚÕÛeÔ��§ä%ÜiØ	Î ��ÛNßQÑÖÐ�
iØ	Ë�ÔZË-ÚÕÑXØ �yÜ�ÐNø�ÚÈÑ �
(

z2∂2
z + b(z)z∂z + c(z)

)

u(z) = 0.

�



í;ñ�²�µT½@¶4¿�º£½&³�µT½D¯	�y¯ � 

� ½@ñ�¼�¿�´���¶E¼ ��½J³�µyÿ�Á�´·¿�ÃT´0¶E±&²>³�´���¿�¶4ÿ�î*µT½@îG¼�¶4º��@¿�ÿ�� M[�4�O&�P
b(z), c(z) QSROT ]P#80�j8/:=8 H�_ &k5+"D� � '+� T "	8�,�B#<V'!"J30:Y8 Q ,S5+) H 5e� Ω

5+)/�>�4� H )V'!]�&*30: 0
�ZM[�4�O&�P

λ ∈ C
,�B%� ��"J�()

λ(λ− 1) + λb(0) + c(0) = 0,

(λ+m)(λ+m− 1) + (λ+m)b(0) + c(0) 6= 0, m = 1, 2, . . . .

fg-G� T 3g�`,�-4"J�4�2'+�l'*� T "	) �l-43F�h$�8\'+� T "D) �� #"%$�&('*) ũ(z) P%80�18�:?8 H`_ &�5*"	)g� Ω 7 -9)�$�) 7 @ � u(z) := zλũ(z)
'+��,�-

H 8e5*�>�(]e5+)�"J�(�*:X5+)+I�) T "J�4�!"J�()






(

z2∂2
z + b(z)z∂z + c(z)

)

u(z) = 0,

lim
z→0

z−λu(z) = 1,
� ÆZÇÈÆ�Æ��

� ¼&²�±�¿l� �%ü^Ñ ��Ë-ÚÕÊ4öjø'Î
v(z) :=

[

u(z)
zu′(z)

]

, w :=

[

1
λ

]

Ü�ÐeÔZß
A(z) :=

[

0 1
−c(z) 1 − b(z)

]

.

nkÔZø�ÎwØ	ÍNÑ�ü^Î
A(z)v(z) =

[

zu′(z)
−c(z)u(z) − b(z)zu′(z) + zu′(z)

]

,

z∂z

[

u(z)
zu′(z)

]

=

[

zu′(z)
z2u′′(z) + zu′(z)

]

,

z−λv(z) =

[

ũ(z)
zũ′(z) + λũ(z)

]

.

�%ÔZÍNÑQø � ÆZÇÈÆ�Æ���ø�Ü��QÑQø'Î>ä-ÐNßQÑQä-ÚÕÛeÔ��§Ø äGÜ£ÛNÍeÔ�ÞAÚ






z dv(z)
dz = A(z)v(z),

lim
z→0

z−λv(z) = w.

Ú�ß�Ô�ÛNÍNÜ£ÛNÜEØ$Ô��XÍåØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÑ�ÆZÇÈÆ�×&Ç
2

É�Ü&ü-ÔEöNø'ÎXöNÑ�ÛNß�ÞAßQÑÖØ	ß 
�Ð¢ÐNÑQÌ&Ê-ÐNÑQË�ÞAÎiöjËJÎwË�Ô2Ø¢Ûeä 
JûTÞAßQÎ&Ë-Ë-ÚÈÌ&Ú�ÐNÜ�ßQØ	ÚÈË-ÚÈú�ÞAÚÕÔ

u(z) :=

∞
∑

k=0

ukz
λ+k

ü^ÓÕÔ2Ð�
EØ	Ë�ÔZË-ÚÕÔ
(

a(z)z2∂2
z + b(z)z∂z + c(z)

)

u(z) = 0,

Æ��



Ò£ü^ßQÚÈÑ
a(0) 6= 0

Ç nLÔZø'Î��


















u0 = 1,

um = − ((λ+m)(λ+m− 1)a0 + (λ+m)b0 + c0)
−1

×∑m−1
k=0 ((λ+ k)(λ+ k − 1)am−k + (λ+ k)bm−k + cm−k)uk.

�$ßQÎ&ÓÈÚ � öNÑ�àNÓÈÚ�ÛNßQÊ-ÌZÔZø�Î�ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ!Ð�
iØ	Ë�ÔZË-Ú9Ô(äGÜ£ÛeÍeÔ�ÞAÚ
(

a(z)z2∂2
z + b(z)z∂z + c(z)

)

u(z) = 0,
Ò£ü^ßQÚÈÑ

a(0) 6= 0 � ÍNÜ¢Ë�ÔEöNä-ÚÈÑQÐNØ·ä%ÜiØ	ÚÈË-Ë-Ú9àNø�Î�ßQË�ÔZÓÈÑ �
��ä-ÚÈÑQÐNØ	ÚÕÔ�ÛeÍNÌJÚ λ1, λ2
ÍeÔZÌ�ßQØ�ÔZË-ÑQÒ�Ü�Ð�
iØ	Ë�ÔZË-Ú9Ô	Ø¢ÛNÌZÔ��QË-ÚÈÌ�ÜiØ$ÑQÒ�Ü��

λ(λ− 1)a(0) + λb(0) + c(0) = 0.
� Ñ�àNÓÕÚ

λ1−λ2 6∈ Z
� ÍNÜ[ø�Ü��QÑQø'Î�ßQË�ÔZÓÕÑ �
�¢ü^Ø$ÔXÓÈÚÈË-ÚÈÜEØ�ÜÖË-ÚÈÑQß�ÔZÓÈÑ �QË-Ñ	ÐNÜ�ßQØ	Ú �Zß�ÔZË-ÚÕÔÖß�Ô�Þe÷-ÜEØ	Ê4ö���ÞAÑ§ÛNÚÈú	Ø ßQÑQÐNßQÑöeÔZÌ

zλ1
Ú
zλ2

Ç � Ñ�àeÓÈÚ
λ1 − λ2 ∈ Z

� ÍNÜ¾Ø�Ü�Ò�
�ÓÈË-Ü£àeÞAÚ$ø�Ü��QÑQø�Î Ø	Î �QÑ öXÜ�ä-ÚÕÛeÔZË �¾ø�ÑQÍNÜ&ü �¾ßQË�ÔZÓÈÑ �
��ÍåÎ&ÓÈÌ�Ü
ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑÖÜ(ß�Ô�Þ�÷-ÜiØ�ÔZË-ÚÈÊ

zλ1 � Ò£ü^ßQÚÈÑ λ1 − λ2 ≥ 0
Ç

687�� � DFE8;=G9I C <,A �=;=<$>@? 
�� 
 �=G � � A � <��9D	� >�
�������
8<�
�� ���
� ½���³�µ9¹�Äi´I¯	�y¯F� � )�� < @ :?3 7 @ � Ã(z)

'+��,�- 5 T � _ "J�(8/��)/"D� T �j) |z| > R
� 	a</�>�2:?3 7 @ � ∞ '+��,�- H �9I/ ��j) H "J30:BD #"%$F-G�!: 8�,*8 Q �1���>30: H </�>"	)�"J�2)c�������!� 7 I T 3=B#8 5e)/:?�2)/"	�(� 5*:?�4�!"J"J3/&�P w = z−1 T 8�,�-9)O'*�!:?3 H �4I� ��j) H "J3BD #"%$F-.8�,!8 Q ���2�>3 � 0

�
� ÔZÍÏØ�Üwß�ÔZÊ@Ø�Ô �QÎ � � �QÑÖÐ�
iØ	Ë�ÔZË-ÚÈÑ � ÆZÇ �E��ø>Ô'ÐNÑQÒ�Ê-ÓÕÔZÐNË@ÎÙä-Ê-Ë-Ì&Í¢Ü£ÛNÜ�æ-ÓÈÚÕØ	Î�Ø ∞ � Ò£ü^ÎwÚÕÛNÍNË-ÚÈÑ öNÑ§Ò�ÐeÔZË-ÚÕÞQÔ

lim
z→∞

zÃ(z).

ìYÍNÑ�ü^Î�ø�Ü��QÑQø'Îwä-ÐNßQÑQä-ÚÕÛeÔ��§Ð�
iØ	Ë�ÔZË-ÚÕÑ � ÆZÇ �E��Ø�ä%Ü£ÛNÍeÔ�ÞAÚ
z∂zv(z) = A(z)v(z),

Ò£ü^ßQÚÈÑ
A(z)

öjÑ�ÛeÍ¢ÔZË�ÔZÓÈÚÈÍåÎ^ÞAßQË-ÑÖØ ∞ Ç�ì0ÔZÐNÍNÜ£àeÞAÚ�Ø�ûTÔ�ÛNË-Ñ −A(∞)
Ë�ÔZßQÎJØ�ÔZø�ÎÙÚÈË�ü^ÑQÌ^ÛeÔZø�Ú%ä-Ê-Ë-ÌJÍNÊ ∞ Ç

L ²�µ9½J¶E¿�º£½J³�µT½H¯D�y¯ �dM[�4�O&�P
Ω QkROT 5*�4�U,GB%<V'�"	3�: '*� T "	8�,�B#<V'!"J30:X5 Q �(8 H �!: 8/-4��) H -43�:Y�

C
5+)/�>�4� H )V'*]�&*30:

∞ �ZM[�4�O&�P
Ω 3 z 7→ A(z) =





a11(z) . . . a1n(z)
. . .

an1(z) . . . ann(z)





QSROT 5*�4�>�! E"
$�&('*] P#80�j8/:=8 H�_ &k5*"D] 8=��) H -98��!&+�2)�&!P6� :=)�&*�4� H 5e)�&�P n×n
� M[�4�O&�P

w ∈ C
n �

λ ∈ C
,�B%� ��"J�()V'!]

(A(∞) + λ)w = 0,

λ+m
"J�4��'*��,!-l��) H -98��*&*�(] ��� )�,!"	] A(∞) T �1) m = 1, 2, . . . .

� ÆZÇÈÆ�×E�
fg-G� T 3 � ,!-4"J�(�('*�>'*� T "	) � -43��h$�8�'+� T "D)��! E"
$�&('*) ṽ(z) P#80�j8/:=8 H`_ &k5*"	)6"	) Ω

-9)�$�) 7A@ � v(z) := z−λṽ(z)
'+��,�-

H 8e5*�>�(]e5+)�"J�(�*: H <��>"	)/"J�()






z dv(z)
dz = A(z)v(z),

lim
z→∞

zλv(z) = w.
� ÆZÇÈÆ�âE�

Æ�Æ



� ¶4º�òó»�� ´-¿�¯D�y¯ ��� ) @ T � H <��>"	)/"J�4� BD�(� H �A,S5e�4I�8 H 5 RST  7 $F-9< H � � C
:=)i�>3 � ]�&k5+"J�4�?BD #"%$F-43 H �9I/ ��j) H "D�B H <+&k5 H �4I/ E�j) H "	30&!P=BD E"
$F-9</� 8�,!8 Q ���2�>3/&�P � z1 7 z2 � ∞ '*��,!- B%8�,�-9)�&+�

∂zv(z) =
(

a1(z − z1)
−1 + a2(z − z2)

−1
)

v(z) � ÆZÇÈÆAè%�
	a);8/"	86��" T ��$+,!3

z1 : a1, z2 : a2, ∞ : −a1 − a2,� H 8e5*�>�(]e5+)�"J�(� (z − z1)
a1(z − z2)

a2
�

í;ñ�²�µT½@¶4¿�º£½&³�µT½D¯	�ÕÅ���M[�4�O&�P
b(z), c(z) QkROT ] P#8/�18/:=8 H�_ &k5+"D� � '*� T "	8�,�B#<V'!"J30: ,GB%<V'�"	3�: 5 Q �(8 H 5e�b8/-�
��) H -430: Ω ⊂ C

5e)/�>�4� H )O'!]�&+3�: ∞ �ZM[�4�O&�P
λ ∈ C

,GB
� ��"J�2)
λ(λ+ 1) − λb(∞) + c(∞) = 0,

(λ+m)(λ+m+ 1) − (λ+m)b(∞) + c(∞) 6= 0, m = 1, 2, . . . .

fg-G� T 3 � ,!-4"J�(�('*�A'+� T "D) �A-43�� $�8 '+� T "	)��� #"%$�&('*) ũ(z) P#80�j8/:=8 H�_ &k5+"	) � Ω 7 -9)0$�) 7 @ � u(z) := z−λũ(z)
'+��,�-

H 8e5*�>�(]e5+)�"J�(�*: H <��>"	)/"J�()






(

z2∂2
z + b(z)z∂z + c(z)

)

u(z) = 0,

lim
z→∞

zλu(z) = 1.
� ÆZÇÈÆ�ëE�

� ¶4º�òó»�� ´-¿�¯D�ÕÅ;¯�� ) @ T � H </�>"	)/"J�4� T H  �I��(�4I�8 H 5 ROT  7 $�-9< H �[� C
:=) �>3 � ]�&k5+"J�4�>B  E"%$�-43 H �4I/ E�1) H "D�.B H <+&k5

H �4I/ E�1) H "J3/&�P B  E"%$�-9</� 80,!8 Q �1�2�>30&!P � 0
� ∞ '*��,�- B%8�,�-9)�&+�

(z2∂2
z + bz∂c + c)u(z) = 0. � ÆZÇÈÆ�áE�

� 3���) 8/"	8c"	)e5+30��)/"D�>¶E±&²>³�´�³�µT½Jð Ä�½J¿�³�¼*¶4¼�¿�³%ò�ð �§ÿ�ÃT½@¶4´ ��

�4I�8 H </�>"	)�"J�2)c�A,k$0)��*"J�`$�8/� �^:=)V'*]
B#8�,!-9)��

0 : λ(λ− 1) + bλ+ c = 0,

∞ : λ(λ+ 1) − bλ+ c = 0.

�����1�
ρ, ρ̃

,!] ��" T ��$+,!)�: � H </�>"	)/"J�() � 0 7 -98 −ρ,−ρ̃ ,!] �2" T ��$+,!)/:?� � ∞ � � 8e5*�>�(]e5+)�"J�2)g,!] H </�>"D� zρ 7
zρ̃

'*�����1�
ρ 6= ρ̃

�
zρ 7 zρ log z

I T 3 ρ = ρ̃
� 	a8 @ "	) H </�>"	)�"J�(� ������� ���U5e)�BD�`,!)�� � B#8�,�-9)�&*�

(z2∂z + (1 − ρ− ρ̃)z∂z + ρρ̃)u(z) = 0.

� ¶4º�òó»�� ´-¿�¯D�ÕÅ*Å�� ) @ T � H </�>"	)/"J�4� T H  �I��(�4I�8 H 5 ROT  7 $�-9< H �[� C
:=) �>3 � ]�&k5+"J�4�>B  E"%$�-43 H �4I/ E�1) H "D�.B H <+&k5

H �4I/ E�1) H "J3/&�P B  E"%$�-9</� 80,!8 Q �1�2�>30&!P � z1 �
z2
'+��,!- B#8�,!-9)�&*�

(

∂2
z +

(

g1(z − z1)
−1 + g2(z − z2)

−1
)

∂z + h(z − z1)
−2(z − z2)

−2
)

u(z) = 0, � ÆZÇÈÆiç��
I T 5+�(� g1 + g2 = 2

� 	 )/:?3 H <��>"	)/"J�() �A,�$�)��+"J� $08/� �
z1 : λ(λ− 1) + g1λ+ h(z1 − z2)

−2 = 0,

z2 : λ(λ− 1) + g2λ+ h(z1 − z2)
−2 = 0.

Æ�×





�����1�
ρ, ρ̃

,*]N�2" T ��$e,!)/:?� � z1 7 -98 −ρ, −ρ̃ ,!]U��" T ��$+,*)/:?� � z2 � � 8e5+�>�2]e5e)/"J�()N:=)V'*] B#8�,!-9)��
(z−z1)ρ(z−

z2)
−ρ 7 (z−z1)ρ̃(z−z2)−ρ̃ 7 '*�����1� ρ 6= ρ̃

�
(z−z1)ρ(z−z2)−ρ 7 (z−z1)ρ(z−z2)−ρ log(z−z1)(z−z2)−1 7'+�����1�

ρ = ρ̃
�

� 8��>"	)/"J�4� � ���2���V� :=8 @ "	)NB H 5e��B � ,*)�� �aB#8�,!-9)�&*�
(

∂2
z +

(

(1 − ρ− ρ̃)(z − z1)
−1 + (1 + ρ+ ρ̃)(z − z2)

−1
)

∂z

+ρρ̃(z1 − z2)
2(z − z1)

−2(z − z2)
−2

)

u(z) = 0.

� ¶4º�òó»�� ´-¿�¯D�ÕÅ�ý�� ) @ T � H </�>"	)/"J�4� T H  �I��(�4I�8 H 5 ROT  7 $�-9< H �[� C
:=) �>3 � ]�&k5+"J�4�>B  E"%$�-43 H �4I/ E�1) H "D�.B H <+&k5

H �4I/ E�1) H "J3/&�P B  E"%$�-9</� 80,!8 Q �1�2�>30&!P � z1 7 z2 � ∞ '+��,!- B#8�,!-9)�&*�
(

∂2
z +

(

g1(z − z1)
−1 + g2(z − z2)

−1
)

∂z

+h1(z − z1)
−2 + h2(z − z2)

−2 + h(z − z1)
−1(z − z2)

−1
)

u(z) = 0.
� ÆZÇÈÆ
�E�



��,�- -98 ,O5+&�5e�4I�</��"	)lB%8�,�-9)���¶E±&²>³�´�³�µT´�°wµT½JðH´�³�³�´^� )0� Q 8¤¶E±&²>³�´�³�µT´2°�µT½JðH´�³�³�´�� � ´-Â�Â�½@¶4µÕñ�º£´#� 	a)/:?3
H </�>"	)/"J�()6�A,k$�)��+"J�`$�8/� �

z1 : λ(λ− 1) + g1λ+ h1 = 0,

z2 : λ(λ− 1) + g2λ+ h2 = 0,

∞ : λ(λ+ 1) − (g1 + g2)λ+ h1 + h2 + h = 0.



�����1�
ρ1 7 ρ̃1

,!]6��" T ��$+,*)/:?�>� z1 7 ρ2 7 ρ̃2
,*] �2" T ��$+,!)/:?��� z2 �

ρ3 7 ρ̃3
,!]6��" T ��$+,!)�: �>� ∞ 7 -98

ρ1 + ρ̃1 + ρ2 + ρ̃2 + ρ3 + ρ̃3 = 1. � ÆZÇÈÆ
�E�
� </�>"D)/"J�4� � ����� �!� :?8 @ "	)?5+)�B � ,*)��U�iB#8�,!-9)�&*�

(

∂2
z +

(

(1 − ρ1 − ρ̃1)(z − z1)
−1 + (1 − ρ2 − ρ̃2)(z − z2)

−1
)

∂z

+ρ1ρ̃1(z1 − z2)(z − z1)
−2(z − z2)

−1 + ρ2ρ̃2(z2 − z1)(z − z2)
−2(z − z1)

−1

+ρ3ρ̃3(z − z1)
−1(z − z2)

−1
)

u(z) = 0.

� ÆZÇv×��#�

� 5*"	)�&k5*:?3 8�B
� H )�-98 HUH < @ "	�2&k5!$�8/�>36�>3e,!- R BD �'!]�&*3 �������������\B H 5e�S5

P





z1, z2, ∞
ρ1, ρ2, ρ3

ρ̃1, ρ̃2, ρ̃3



 .

fg-G� T 3NB H 5e�S5 B#8 T ,�-9)/�>�4�!"J�4� u(z1(1 − t) + z2t) = tρ1(1 − t)ρ2 H </�>"	)/"J�4�6�����������\B H 5e�S&�P#8 T 5+� �

P





0, 1, ∞
0, 0, ρ3 − ρ1 − ρ2

ρ̃1 − ρ1, ρ̃2 − ρ2, ρ̃3 − ρ1 − ρ2



w(t) = 0. � ÆZÇv×^Æ��

Æ�â



� </�>"D)/"J�4� � ��� �#��� :?8 @ "	)NB#) H )/: �!- H 3*5e8/��)��?- H 5e�!:=) T 8/��80�1"J30:?� ���(&k5 Q )/:?� a, b, c �

P





0, 1, ∞
0, 0, a

1 − c, c− a− b, b



w(t) = 0. � ÆZÇv×�×E�



�����1� B#8/:?"	8 @ 30:?3 ����� � �+�NB H �S5 t(1 − t) 7 -98 T 8�,!-9)V'+�!:?3 H </�>"	)/"	�(�UPE� B%� H I��O8�:=�*- H 3/&k5+"D� � � )/- H 5 H 8e5 T 5+�2) �� �/�
687�� �	C 

��� > �9I�<
��ÚÈÑ�Þe÷

u1(z)
� u2(z)

æ%ú�ü^ßQÚÈÑÖä�ÔZÐ��(ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ¾Ð�
iØ	Ë�ÔZË-ÚÕÔ

(∂2
z + b(z)∂z + c(z))u(z) = 0.

ì·ÐNÜ�Ý�ÛNÌ&ÚÕÔZË�ÍNÑ ö	ä�ÔZÐNÎ[öNÑ�ÛNÍ	ß�ü^Ñ ��Ë-ÚÈÜEØ$ÔZË@Î(öNÔZÌ�Ü

W (u1, u2)(z) = W (z) := u1(z)u
′
2(z) − u′1(z)u2(z).

� ä%ÑEû9Ë-ÚÕÔ2Ü�Ë!Ð�
iØ	Ë�ÔZË-ÚÕÑ
(∂z + b(z))W (z) = 0.� Ñ�àNÓÕÚ

ũ1(z) = a11u1(z) + a12u2(z), ũ2(z) = a21u1(z) + a22u2(z)öNÑ�ÛNÍ¢ü^ÐNÊ-Ò �(ä�ÔZÐ��(ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ � ÍNÜ(ø>ÔZø�Î

W (ũ1, ũ2) = (a11a22 − a12a21)W (u1, u2).

� ¥ +�¬�«%¬��¢¨	��¨N¦w¬�«
��¬ /�� ¬�ª*«

§®,+ % ¬
É�ÐNßQÎ&äGÜ�ø>Ë-Ú öjø'Î � �QÑ[ü^ÓÕÔ a ∈ C

Ø	ä-ÐNÜiØ$Ô�ü^ßQÚÕÓÈÚÕàNø'Î>Ü�ßQË�Ô�ÞAßQÑQË-ÚÈÑ

(a)n := a(a+ 1) · · · (a+ n− 1).

��ÚÈÑ�Þe÷
a1, . . . , ak ∈ C

� c1, . . . , cm ∈ C\{0,−1,−2, . . .} ü^Ñ ��Ë-ÚÕÊ4öjÑQø'Î � Ê-Ü�Ò�
�ÓÈË-ÚÈÜ�ËJÎ	�¤ÛNßQÑQÐNÑQÒ�÷-ÚÕäGÑQÐ �Ò�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË@ÎÙÍåÎ&ä-Ê
kFm

kFm(a1, . . . , ak; c1, . . . , cm; z) :=
∞

∑

j=0

(a1)j · · · (ak)jzj
(c1)j · · · (cm)jj!

. � ×&Çv×�âE�

�%ÔZÊ@Ø�Ô �Qø�Î � �QÑ
� Æ��ÖöNÑ�àNÓÈÚ m+ 1 > k � ÍNÜ�ÛNßQÑQÐNÑQÒ � ×&Çv×�âE�$ßQæ-ÚÈÑ �QË@ÎÙü^ÓÕÔ z ∈ C �
� ×E�ÖöNÑ�àNÓÈÚ m+ 1 = k � ÍNÜ�ÛNßQÑQÐNÑQÒ � ×&Çv×�âE�$ßQæ-ÚÈÑ �QË@ÎÙü^ÓÕÔ |z| < 1 �
� âE�ÖöNÑ�àNÓÈÚ m + 1 < k � ÍNÜwÛNßQÑQÐNÑQÒ � ×&Çv×�âE�	ÐNÜ�ßQæ-ÚÈÑ �QË@Î � ÔZÓÈÑ�ø>ÚÈø�Ü�ÍNÜÙÞAß�Ô�ÛNÑQø ø�Ü��QË�Ô>Ë�Ô�ü-Ô��2ÛNÑQË�Û �yÊ-Ë-Ì£ÞÏöjÚ

kFm
�eÇ

ÆAè



ì·Î&Ë-ÚÈÌ4Ô'ÍNÜ�ßÖÌ&ÐNÎ&ÍNÑQÐNÚÈÊ-ø ü�� ��ÓÕÑQø�æ%ÑQÐNÍeÔ��%öjÑ�àeÓÈÚ
fj
öjÑ�ÛeÍ

j
�tÍåÎ&ø Ø¢ÛNä 
JûTÞAßQÎJË-Ë-ÚÕÌJÚÈÑQø ÛeßQÑQÐNÑQÒ�Ê � ×&Çv×�âE� � ÍNÜ

fj+1

fj
=

(a1 + j) · · · (ak + j)

(c1 + j) · · · (cm + j)
.

nLÜ��QË�Ô(Ð�
iØ	Ë-ÚÈÑ �XÊ �QÎJØ�Ô��

kΦm(a1, . . . , ak; c1, . . . , cm; z) :=
kFm(a1, . . . , ak; c1, . . . , cm; z)

Γ(c1) · · ·Γ(cm)

=

∞
∑

j=0

(a1)j · · · (ak)jzj
Γ(c1 + j) · · ·Γ(cm + j)j!

. � ×&Çv×4è%�

Ø	ÍNÑ�ü^Î�Ë-ÚÈÑ�ø�Ê�ÛNÚÕø�ÎwÜ�Ò�ÐeÔZË-ÚÕÞAß�Ô��[Ø�ÔZÐNÍNÜ£àeÞAÚ
c1, . . . , cm ∈ C

Ç � ìYÍNÑ�ü^Î � öNÑ�àNÓÈÚ�ÌJÍ�
�ÐNÑ�à ci ∈ {0,−1,−2 . . .} �ÍNÜ �yÊ-Ë-Ì£ÞÏöNÔ
Φ
öNÑ�ÛNÍ¤Ð�
iØ	Ë�Ô>ßQÑQÐNÜ%�eÇ

ì ä-ÐeÔZÌJÍÏÎ&ÞAÑ � Ë�ÔEöNÞAßQú�àeÞAÚÕÑ ö	ÛNä%Ü�ÍåÎ&ÌZÔZø�Î�Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ��TÊ-Ë-Ì£ÞÏöNÑÖ÷-ÚÈä%ÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-Ñ �
�@796 � ;=<$>�����I���� �(D C�E8D 
�� D ?�C A ��� <HI I G � 


2F1

F (a, b; c; z) =
∑∞

n=0
(a)n(b)n

n!(c)n
zn.

� ßQÑQÐNÑQÒ§öNÑ�ÛNÍ	ßQæ-ÚÈÑ �QËJÎwü^ÓÕÔ |z| < 1 � ä-ÐNßQÑ�ü*û9Ê ��Ô>ÛNÚÈúÖü^Ü �yÊ-Ë-Ì£ÞÏöNÚ�Ø	ÚÈÑQÓÈÜ�ßQË�Ô�ÞAßQË-Ñ ö	Ë�Ô2Ë�ÔZÌJÐNÎ^ÞAÚÈÊ C\{0, 1} Çõ-Ê-Ë-Ì£ÞÏöeÔ�öjÑ�ÛeÍ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø�ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQËJÎJø�ÚGÐ�
EØ	Ë@Î&ø Ø¡ßQÑQÐNßQÑ
1
Ð�
EØ	Ë�ÔZË-ÚÕÔX÷-ÚÕäGÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-ÑQÒ�Ü

(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

u(z) = 0.

�@7�� � ;=<$>�����I >�
8<�� ;HDF<,? <HI I�G � 

1F1

F (a; c; z) =
∑∞

n=0
(a)n

n!(c)n
zn.

� ßQÑQÐNÑQÒ>öjÑ�ÛNÍ�ßQæ-ÚÈÑ �QË@ÎHü^ÓÕÔ!Ø¢ÛNßQÎ^ÛNÍNÌ&ÚÕÞe÷
z ∈ C

Ç¾õ-Ê-Ë-Ì£ÞÏöeÔ¾ÐNÜ�ßQØ	Ú �Zß�ÔZË-ÚÈÑQø ÔZË�ÔZÓÕÚÈÍåÎ^ÞAßQË@Î&ø Ú�Ð�
iØ	ËJÎJø Æ�Ø
ßQÑQÐNßQÑ[Ð�
EØ	Ë�ÔZË-ÚÕÔ(Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑQÒ�Ü

(z∂2
z + (c− z)∂z − a)u(z) = 0,

�@7�� � ;=<$>�����I
0F1

F (−; c; z) = F (c; z) =
∑∞

n=0
1

n!(c)n
zn.

� Ñ�ÛeÍ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø�ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQËJÎJø Ú*Ð�
iØ	ËJÎJø Ø¡ßQÑQÐNßQÑ
1
Ð�
EØ	Ë�ÔZË-ÚÕÔ � ÛeäGÜ�Ì&ÐNÑQØ	Ë-ÚÈÜ�Ë-ÑQÒ�ÜXß�Ð�
iØ	Ë�ÔZË-ÚÈÑQø��Ñ�ÛeÛNÑQÓÕÔ#� �

(z∂2
z + c∂z − 1)u(z) = 0.

Æ�ë



�@7�� � ;=<$>�����I
2F0

�hÓÕÔ¢ÍNÑ ö*�TÊ-Ë-Ì£ÞÏöNÚ&ÛeßQÑQÐNÑQÒh÷-ÚÕäGÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË@Î	öjÑ�ÛNÍ�ÐNÜ�ßQæ-ÚÈÑ �QËJÎ�Ç � Ñ�ÛNÍ�ÍNÜhØ	ÚÈÑQÓÈÜ�ßQË�Ô�ÞAßQË�Ô �yÊ-Ë-Ì£ÞÏöNÔhË�Ô�Ë�ÔZÌJÐNÎ^ÞAÚÈÊ
C\{0} Ú�ü^Ó9ÔZÍNÑQÒ�Ü�Ë-ÚÈÑ[ø�Ü��QË�Ô§öjÑ ö	ß�ü^Ñ ��ÜiØ�Ô��'ÛeßQÑQÐNÑQÒ�ÚÈÑQø!Ç=��ÚÈÑQø�Ë-ÚÕÑ ö¤ÛNßQÑQÐNÑQÒ�÷-ÚÕäGÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË@Î!ü-ÔEöNÑ¤öNÑ öÐNÜ�ßQØ	ÚÈË-ÚÈú�ÞAÚÕÑ§Ô�ÛeÎJø�ä-ÍNÜ�ÍÏÎ&ÞAßQË-Ñ �

F (a, b;−; z) ∼ ∑∞
n=0

(a)n(b)n

n! zn

� Ñ�ÛNÍ�Ü�Ë-Ü(ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑQÒ�Ü�Ð�
EØ	Ë�ÔZË-ÚÕÔ � ÛNä%Ü�Ì&ÐNÑQØ	Ë-ÚÈÜ�Ë-ÑQÒ�Ü(ßÖÐ�
iØ	Ë�ÔZË-ÚÈÑQø Ì�Ü�Ë^ù�Ê-ÑQË@ÍNËJÎJø � �
(

z2∂2
z + (−1 + (a+ b+ 1)z)∂z + ab

)

u(z) = 0.

�@7�� � ;=<$>�����I � 
 ?��FE

 � I ���5A G �
1F0

F (a;−; z) = (1 − z)−a =
∑∞

n=0
(a)n

n! z
n

� ßQÑQÐNÑQÒ�öNÑ�ÛNÍ�ßQæ-ÚÕÑ �QË@Î�ü^ÓÕÔ |z| < 1 � ä-ÐNßQÑ�ü*û9Ê ��Ô·ÛeÚÈú�ü^Ü��TÊ-Ë-Ì£ÞÏöNÚ�Ø	ÚÈÑQÓÈÜ�ßQË�Ô�ÞAßQË-Ñ ö�Ë�ÔkË�ÔZÌ&ÐNÎ&ÞAÚÈÊ C\{1}ã¢Ü�ßQØ	Ú �Zß�ÔZË-ÚÈÑÖÐ�
iØ	Ë�ÔZË-ÚÕÔ
((z − 1)∂z − a)u(z) = 0.

�@7�� � ;=<$>�����I � A@>�� I��$<�� ��� I ���5A G �
0F0

F (−;−; z) = ez =
∑∞

n=0
1
n!z

n.

ã¢Ü�ßQØ	Ú �Zß�ÔZË-ÚÈÑÖÐ�
iØ	Ë�ÔZË-ÚÕÔ
(∂z − 1)u(z) = 0.

�  "!$#&%�'(% ¨e¬ -(/ %
	�� ¬ % ª % ¬
�@796 � ;=<$>�����I >�
8<�� ;HDF<,? <HI
ã 
EØ	Ë�ÔZË-ÚÈÑQø Ì�Ü�Ë^ù�Ê-ÑQËJÍNË@Î&ø Ë�ÔZßQÎ&Ø$ÔZø'ÎÙÐ�
iØ	Ë�ÔZË-ÚÈÑ

(z∂2
z + (c− z)∂z − a)u(z) = 0.

nkÔ2Ü�Ë-Ü�Ø&�(ÐNÑQÒ�Ê-ÓÕÔZÐNËJÎ�ä-Ê-Ë-Ì&Í¢Ü£ÛNÜ�æ-ÓÈÚÕØ	Î>ßÖÚÈË�ü^ÑQÌ^ÛeÔZø�Ú
0 � 1 − c

Ç

 �QÎJØ�ÔEö���Þ

z−γ∂zzγ = ∂z + γ
z

ü^Ü£ÛNÍeÔEöjÑQø'ÎwÍNÜ���ÛeÔZø�Ü£à��

z−γ(z∂2
z + (c− z)∂z − a)zγ

= z∂2
z + (2γ + c− z)∂z − γ − a+ (−γ + γ2 + cγ)z−1. � â&Çv×�ëE�

ì ÛNß�ÞAßQÑQÒ�
�ÓÈË-Ü£àeÞAÚ �
zc−1(z∂2

z + (c− z)∂z − a)z1−c

= z∂2
z + (2 − c− z)∂z − 1 + c− a, � â&Çv×�áE�

Æ�á



ÞAÜ§öNÑ�ÛNÍ¤Ð�
iØ	Ë�ÔZË-ÚÈÑQø Ì�Ü�Ë^ù�Ê-ÑQË@ÍNËJÎJø ßÖä�ÔZÐeÔZø�ÑQÍNÐeÔZø�Ú
1 + a− c � 2 − c

Ç
ã 
iØ	Ë�ÔZË-ÚÈÑ[Ë�Ô2Ø¢Ûeä 
JûTÞAßQÎ&Ë-Ë-ÚÈÌ&ÚóÛNßQÑQÐNÑQÒ�Ê!æ%ú�ü ��ÞAÑQÒ�Ü�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø �

fn(n+ λ)(n+ λ− 1 + c) = (n+ λ− 1 + a)fn−1.

ã¢Ü�ßQØ	Ú �Zß�ÔZË-ÚÈÑ[ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQË-ÑÖÚ�Ð�
EØ	Ë-Ñ�Æ§Ø�ßQÑQÐNßQÑ[Ë�ÔZßQÎ&Ø$Ô�ÛNÚÈú �TÊ-Ë-Ì£ÞÏö��2Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË �

F (a; c; z) =

∞
∑

n=0

(a)n
n!(c)n

zn.

�!ÍNÜ���ÛeÔZø�Ü£àeÞAÚ � â&Çv×�áE��Ø	ÎJË-ÚÈÌZÔ � �QÑ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑ�ß�Ô�Þ�÷-ÜiØ	Ê4ö���ÞAÑXÛNÚÈú�Ø¡ßQÑQÐNßQÑ$öeÔZÌ z1−c ø>Ü��QË�Ô�ß�ÔZä-Ú9ÛeÔ���öeÔZÌ�Ü

z1−cF (a− c+ 1; 2 − c; z) =

∞
∑

n=0

(a− c+ 1)n
n!(2 − c)n

z1−c+n.

�@7�� : �JD C � ��� I ? 
�� ��I � 
������ ; ��� D C�I
�¢Ü�ÐNßQÎ^ÛNÍeÔEö���ÞÖß

e−z∂zez = ∂z + 1
ü^Ü£ÛNÍeÔEöNÑQø�Î

e−z(z∂2
z + (c− z)∂z − a)ez

= z∂2
z + (c+ z)∂z + c− a. � â&Çv×£ç��

É�Ü&ü-ÛNÍeÔiØ	ÚÕÔZø'Î
z = −w Ú�ø�Ë-Ü��QÎ&ø'Î>ä-ÐNßQÑQß −1 � ü^Ü£ÛeÍeÔEö���Þ

w∂2
w + (c− w)∂w − c+ a.

� Ñ�ÛNÍ¤ÍNÜ2Ð�
iØ	Ë�ÔZË-ÚÕÑÖÌ�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑXß§ä�ÔZÐeÔZø�ÑQÍNÐeÔZø>Ú
c− a � c Ç �%ÔZÍNÑQø ezF (c− a; c;−z) öjÑ�ÛeÍ$ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQøÐ�
iØ	Ë�ÔZË-Ú9Ô(Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑQÒ�ÜÙÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQËJÎJø Ú�Ð�
EØ	Ë@Î&ø

1
Ø�ßQÑQÐNßQÑ�ÇH�hÜ£ÛNÍeÔEöNÑQø'Î�ß�ÔZÍNÑQø ÍNÜ���Û�ÔZø�Ü£à��

F (a; c; z) = ezF (c− a; c;−z). � â&Çv×��E�
�@7�� � D �HC�D � DF<,? I ����D �5I � >�
	� D C 

��� ��� � I � C	� � <HI�<��JI >�
8< �=;=DF<,?�<=DFE


� Ñ�àNÓÕÚ

[0, 1] 3 t 7→ γ(t) ∈ Ω
öjÑ�ÛeÍ	ÌJÐNßQÎ&Ø �(Ú

f
öNÑ�ÛNÍ �yÊ-Ë-Ì£ÞÏö��(Ë�Ô

Ω � ÍNÜ>Ø	ä-ÐNÜiØ$Ô�ü^ß�ÔZø'Î�Ü�ßQË�Ô�ÞAßQÑQË-ÚÈÑ

f
∣

∣

∣

γ
:= f(γ(1)) − f(γ(0)).

L ²�µ9½J¶E¿�º£½J³�µT½ ý �y¯WMN�(�O&!P;$ H 5+3���) γ ,GB%� �G"	�2)

ezssa(1 − s)c−a
∣

∣

∣

γ
= 0. � â&Çv×��E�

fg-G� T 3
∫

γ
ezssa−1(1 − s)c−a−1ds � â&Çvâ��#�

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2) $�8/"�
  
�!"J-4"D�9I�8��

Æiç



� ¼&²�±�¿l�
(z∂2

z + (c− z)∂z − a)ezssa−1(1 − s)c−a−1

= zezssa+1(1 − s)c−a−1 + (c− z)ezssa(1 − s)c−a−1 − aezssa−1(1 − s)c−a−1

= −zezssa(1 − s)c−a − aezssa−1(1 − s)c−a + (c− a)ezssa(1 − s)c−a−1

= −∂sezssa(1 − s)c−a.

2

�hÓÕÔZÍNÑQÒ�Ü�ü^ÓÕÔ
Rea > 0 � Re(c− a) > 0

ø>ÔZø'Î
∫ 1

0
ezssa−1(1 − s)c−a−1ds =

Γ(a)Γ(c − a)

Γ(c)
F (a; c; z). � â&Çvâ^Æ��

nkÔZø�ÎÙæ%ÜiØ	ÚÈÑQø Ø	ÍNÑ�ü^Î!ÛNäGÑEû9Ë-ÚÕÜ�Ë-ÑXß�Ô@û9Ü��QÑQË-ÚÕÔ � �TÊ-Ë-Ì£ÞÏöeÔ�Ø � â&Çv×��E�$ø>Ô>Ë�Ô�Ì�Ü�Ý�ÞQÔ�Þ�÷Lä-ÐNßQÑ�ü^ßQÚÕÔ@û9ÊkØ$ÔZÐNÍNÜ£à�ÞAÚßQÑQÐNÜiØ$Ñ0��Ú�ü^Ü£ÛNÍeÔEöjÑQø'ÎwÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑXÔZË�ÔZÓÈÚÕÍåÎ^ÞAßQË-ÑÖØ�Ü�ÍNÜ&ÞAßQÑQË-ÚÕÊ!ßQÑQÐeÔ^Ç � ä-ÐeÔiØ¢ü^ß�ÔZø�Î � �QÑ[Ø�ßQÑQÐNßQÑ�ø>Ô2Ü�Ë-Ü
Ø$ÔZÐNÍNÜ£à �

∫ 1

0
sa−1(1 − s)c−a−1ds =

Γ(a)Γ(c− a)

Γ(c)
.

�%ÔZÊJØ$Ô �Qø'Î � �QÑXöjÑ�àNÓÕÚ n = −a ∈ {0, 1, 2, . . .} � ÍNÜ F (−n; c; z)
öNÑ�ÛNÍ'Ø	ÚÈÑQÓÈÜ�ø�ÚÕÔZË-ÑQø�ÛNÍNÜ�ä-Ë-ÚÕÔ

n
Ç � �

ÍNÜkÍNßQØÖÇ·Ø	ÚÈÑQÓÈÜ�ø�ÚÕÔZËJÎ � ÔZÒ�Ê-ÑQÐNÐNÑ � Ô^ÇinLÜ��QË�Ô(öNÑ�ß�ÔZä-Ú9ÛeÔ��>ä-ÐNßQÑQß�ÞQÔ@û9Ì�úÙØ�ÌJÍ�
�ÐNÑ ö�Ì&ÐNßQÎ&Ø �
γ
öjÑ�ÛNÍ'Ì&ÐNßQÎJØ�Ô

Ü�Ì&Ð�� ��ÔEö���ÞQÔ(ä-Ê-Ë-Ì&Í
0
�

Lαn(z) :=
(1 + α)n

n!
F (−n; 1 + α; z)

=
1

2πi

∫

[0+]
e−tzt−n−1(1 − t)α+ndt.

�@7�� :�;=<$>@? � ∞ � C	� � <HI�<��9D
2F0

� ÍNÜ£ÛNÊ4ö���Þ � â&Çv×�ëE��ß γ = −a ü^Ü£ÛNÍeÔEöNÑQø'Î

za+1(z∂2
z + (c− z)∂z − a)z−a

= z2∂2
z + z(−2a+ c− z)∂z + a(1 + a− c). � â&Çvâ�×E�

= z2∂2
z + z(1 − a− b− z)∂z + ab, � â&Çvâ�âE�

Ò£ü^ßQÚÈÑ�äGÜ^ü-ÛNÍeÔ�Ø	ÚÕÓÈÚÕàNø'Î
b := 1 + a − c

Ç§É�Ü&ü-ÛNÍeÔiØ	ÚÕÔEö���Þ
w = −z−1 � ä-ÐNßQÎ!Ü^ü^Ø	ÐNÜ�ÍNË@Î&ø ä-ÐNßQÑQÌ&ÛeßQÍeÔ@ûTÞAÑQË-ÚÈÊ

z = −w−1 � � Ì�Ü�ÐNßQÎ^ÛNÍeÔEö���Þ[ßÖÍNÑQÒ�Ü � �QÑ ∂z = w2∂w
� ü^Ü£ÛNÍeÔEöNÑQø'Î � �QÑ � â&Çvâ�âE��öNÑ�ÛNÍ	Ð�
iØ	Ë-Ñ

w2∂2
w + (−1 + (1 + a+ b)w)∂w + ab.

�hÜ£ÛNÍeÔZÓÈÚÕàeø�ÎSØÀÍNÑQË ÛeäGÜ£Û�
�æ Ð�
EØ	Ë�ÔZË-ÚÈÑ0ÍåÎ&ä-Ê
2F0

Ç1�%ÔZÊJØ$Ô �Qø'Î � �QÑ
0
öjÑ�ÛeÍwË-ÚÕÑQÐNÑQÒ�Ê-ÓÕÔZÐNË@Î&ø ä-Ê-Ë-Ì&ÍNÑQø

Ü£ÛNÜ�æ-ÓÈÚÕØ	ÎJø ü^ÓÕÔ'ÍNÑQÒ�Ü(Ð�
iØ	Ë�ÔZË-ÚÕÔ^Ç=��Ó9ÔZÍNÑQÒ�Ü(ÍNÑ � � ∞ öNÑ�ÛNÍ¤Ë-ÚÈÑQÐNÑQÒ�Ê-ÓÕÔZÐNËJÎJø ä-Ê-Ë-Ì&ÍNÑQø Ü£ÛNÜ�æ-ÓÈÚÕØ	ÎJø�Ð�
iØ	Ë�ÔZË-ÚÕÔ
Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑQÒ�Ü-Ç

� Ñ�àeÓÈÚ
(w2∂2

w + (−1 + (1 + a+ b)w)∂w + ab)g(w) = 0,

Æ
�



ÍNÜ
(z∂2

z + (c− z)∂z − a)z−ag(−z−1) = 0. � â&Çvâ4è%�
� Ë�Ô2Ü&ü^Ø	Ð�
�Í � öNÑ�àNÓÈÚ

(z∂2
z + (c− z)∂z − a)f(z) = 0,

ÍNÜ
(w2∂2

w + (−1 + (1 + a+ b)w)∂w + ab)w−af(−w−1) = 0.

�@7�� � ;=<$>�����I
2F0ã 
EØ	Ë�ÔZË-ÚÈÑ � â&Çvâ4è%��ä-Ð�
�æ-Ê4öNÑQø'Î�ÐNÜ�ßQØ	Ú	�Zß�Ô��XÛNßQÑQÐNÑQÒ�ÚÈÑQø

g(w) =

∞
∑

n=0

gnw
n.

�hÜ£ÛNÍeÔEöNÑQø�Î
∞
∑

n=0

(

n(n− 1)gnw
n − ngnw

n−1 + (1 + a+ b)ngnw
n + abgnw

n
)

= 0

�%ÔZÍNÑQø
(n− 1 + a)(n− 1 + b)gn−1 = ngn.

�§ÔEöjÑÖÍNÜ>Ø¢ÛNä 
JûTÞAßQÎ&Ë-Ë-ÚÈÌ&Ú
gn =

(a)n(b)n
n!

g0
Ú�ä-ÐNÜiØ�Ô�ü^ßQÚ�ü^Ü(ÐNÜ�ßQæ-ÚÕÑ �QË-ÑQÒ�Ü�ÛNßQÑQÐNÑQÒ�Ê�Ç
L ²�µ9½J¶E¿�º£½J³�µT½ ý �ÕÅ�MN�(�O&!P;$ H 5+3���) γ ,GB%� �G"	�2)

e−tta(1 − wt)1−b
∣

∣

∣

γ
= 0 � â&Çvâ�ëE�

fg-G� T 3
∫

γ
e−tta−1(1 − wt)−bdt

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2)^���E��� �0�0�
� ¼&²�±�¿l� � 
óØ	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ�â&ÇÈÆ

∫

γ
ezssa−1(1 − s)c−a−1ds

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
EØ	Ë�ÔZË-ÚÕÔ(Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑQÒ�Ü-Ç¤ìYÚÈú�Þ

w−a
∫

γ
e−sw

−1
sa−1(1 − s)c−a−1ds,

ü^ÓÕÔ
b = 1 + a− c

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø Ð�
iØ	Ë�ÔZË-ÚÕÔ � â&Çvâ4è%�eÇH��Ô�ÛeÍNúQä-Ë-ÚÈÑÖäGÜ^ü-ÛNÍeÔiØ	ÚÈø�Î t = s
w

Ç
2

Æ
�



�hÓÕÔ
w ∈ C\[0,∞[ � Rea > 0

ü^Ñ ��Ë-ÚÕÊ4öjÑQø'Î

F (a, b;−;w) :=
1

Γ(a)

∫ ∞

0
e−tta−1(1 − wt)−bdt. � â&Çvâ�áE�

� �hÔ(ÚÈË-Ë-Ñ[Ø�ÔZÐNÍNÜ£àeÞAÚ a ü^Ñ ��ËJÊ4öjÑQø'Î�ä-ÐNßQÑQßXä-ÐNßQÑ�ü*û9Ê �QÑQË-ÚÈÑ2ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQË-Ñ0�eÇ.nkÔZø�ÎÙË�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ�ÐNÜ�ßQØ	ÚÕË-ÚÈú�ÞAÚÈÑÔ�ÛNÎ&ø�ä-ÍNÜ�ÍåÎ^ÞAßQË-Ñ �
F (a, b;−;w) ∼

∞
∑

n=0

(a)n(b)n
n!

wn,

ÍNÜ(ßQË�Ô�ÞAßQÎ � ü^Ó9Ô2Ì4Ô ��ü^ÑQÒ�Ü n � ü^ÓÕÔ |argw| ≥ ε > 0 �

lim
w→0

w−n



F (a, b;−;w) −
n

∑

j=0

(a)j(b)j
j!

wj



 = 0.

��æ@ÎÙÛNÚÈúÖÜ(ÍÏÎJø ä-ÐNßQÑQÌ�Ü�Ë�Ô�� � Ì�Ü�ÐNßQÎ&ÛeÍeÔZø�ÎwßQÑÖØ	ßQÜ�ÐNÊ

f(z) =
n−1
∑

j=0

f (j)(0)zj

j!
+ zn

∫ 1

0

f (n)(sz)n(1 − s)n−1

n!
ds,

ßÖÌ&Í�
�ÐNÑQÒ�Ü�Ø	ÎJË-ÚÕÌ4Ô

(1 − z)−b =

n−1
∑

j=0

(b)jz
j

j!
+

(b)nz
n

n!

∫ 1

0
n(1 − s)n−1(1 − zs)−b−nds.

�hÓÕÔZÍNÑQÒ�Ü(ÍNÑ �

F (a, b;−;w)

=
1

Γ(a)

∫ ∞

0
e−tta−1(1 − wt)−bdt

=
n−1
∑

j=0

1

Γ(a)

∫ ∞

0
e−tta−1 (b)jw

jtj

j!
dt

+
1

Γ(a)

∫ ∞

0
e−tta−1 (b)nw

ntn

n!

∫ 1

0
(1 − wts)−b−nn(1 − s)n−1ds

=

n−1
∑

j=0

(b)jΓ(a+ j)wj

Γ(a)j!

+
wn(b)n
Γ(a)n!

∫ 1

0
n(1 − s)n−1ds

∫ ∞

0
e−tta−1+n(1 −wts)−b−ndt

=

n−1
∑

j=0

(b)j(a)jw
j

j!

+
wn(b)n(a)n

n!

∫ 1

0
n(1 − s)n−1dsF (a+ n, b+ n;−;ws).

×��



�@7�� � 

��� ��� � I�<��JI C	� � <=I <��9I >�
8<�� ;HDF<,? <HDFE�
 � I ��� �5D 
 >@C D	��G 
8<=D � I � ��
 � I�<��9D � ∞
ã¢Ü�ßQØ�Ô �Qø�Î �yÊ-Ë-Ì£ÞÏöjú[ÔZË�ÔZÓÕÚÈÍåÎ^ÞAßQË �2Ü�ÌJÐNÑ�àeÓÈÜ�Ë �2Ë�Ô(Ò�
�ÐNË-Ñ ö	ä 
Jû9äGûTÔ�ÛNß�ÞAßQÎ �QË-ÚÈÑ

s 7→ ezssa−1(1 − s)c−a−1,

Ò£ü^ßQÚÈÑ�äGÜ�ÍNúQÒ�Ú�Û��!ÐNÜ�ßQÊ-ø�Ú9ÔZË-Ñ>Ø ÛeÑQË�ÛNÚÈÑ�Ø�ÔZÐNÍNÜ£àeÞAÚ¤ÒJû 
iØ	Ë@Î^Þe÷�Ç �%Ô@û 
��Qø'Î � �QÑ Rea > 0 � Re(c − a) > 0
Ç

É�ÔZø�ÚÈúQÍeÔZø'Î � �QÑ

F (z) =

∫ 1

0
ezssa−1(1 − s)c−a−1ds =

Γ(a)Γ(c− a)

Γ(c)
F (a; c; z)

öNÑ�ÛNÍhöjÑ�ü^ËJÎJø ß!ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ�Ð�
EØ	Ë�ÔZË-ÚÕÔ0Ì�Ü�Ë^ù�Ê-ÑQËJÍNË-ÑQÒ�Ü-Ç � Ñ�àNÓÈÚ
Imz > 0 � ÍNÜ�ø�Ü��QÑQø�Î¾öNÑ�ÛNß�ÞAßQÑ!Ë�ÔZä-ÚÕÛeÔ��Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ[ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔ��

F0(z) =

∫ eiφ∞

0
ezssa−1(1 − s)c−a−1ds,

F1(z) =

∫ eiφ∞

1
ezssa−1(1 − s)c−a−1ds,

Ò£ü^ßQÚÈÑ
φ ∈]π2 − argz, 3π

2 − argz[
Ò�Ø$ÔZÐeÔZË@ÍNÊ4öNÑ � �QÑ ezs

Ø	ß�ü*û9Ê �>ä 
Jû9ä-ÐNÜ£ÛNÍNÑ ö[ä%Ü�ÌJÍ�
�ÐNÑ ö[ÞQÔ@û9ÌJÊ4öNÑQø'Îkü � �QÎ
ÛNßQÎ&æ-Ì�Ü�ü^Ü�ßQÑQÐeÔ � ÞAÜ(ß�ÔZä%ÑQØ	Ë-ÚÕÔ�ÛNä%ÑEû9Ë-ÚÈÑQË-ÚÈÑ§Ü^ü^äGÜEØ	ÚÈÑ�ü^Ë-ÚÈÑQÒ�Ü(Ø�ÔZÐNÊ-Ë-ÌJÊ �eÇ �%ÔZÊ@Ø$Ô �Qø'Î � �QÑ

F (z) + F1(z) − F0(z) = 0. � â&Çvâ£ç��
É�Ü&ü-ÛeÍeÔ�Ø	ÚÕÔEö���Þ

s = −z−1t � Ò£ü^ßQÚÈÑ t ∈ [0,∞[ � ü^Ü£ÛeÍeÔEöjÑQø'Îwü^Ó9Ô Rea > 0

F0(z) =

∫ ∞

0
e−t(−z−1)a−1(1 + z−1t)c−a−1(−z−1)dt

= (−z)−aΓ(a)F (a, a + 1 − c;−,−z−1).

É�Ü&ü-ÛeÍeÔ�Ø	ÚÕÔEö���Þ
s = 1 − z−1t

Ò£ü^ßQÚÈÑ
t ∈ [0,∞[

ø�Ü��QÑQø�Î�Ë�ÔZä-ÚÕÛeÔ��Öü^ÓÕÔ
Re(c− a) > 0

F1(z) = −ez
∫ ∞

0
e−t(1 − z−1t)a−1z−c+atc−a−1dt

= −ezz−c+aΓ(c− a)F (c − a, 1 − a;−, z−1).

��ÚÈÜ�Ð���Þ§ä%Ü&üÙÊJØ$ÔZÒ�ú � â&Çvâ£ç�� � ü^Ü£ÛNÍeÔEöNÑQø�Î
F (a; c; z)

Γ(c)
= (−z)−aF (a, a+ 1 − c;−;−z−1)

Γ(c− a)
+ z−c+a

ezF (c− a, 1 − a;−; z−1)

Γ(a)

�@7�� � ? 
�� � 
 � 
 C�;
É�ÐNßQÑQÌ^ÛNßQÍeÔ@ûTÞQÔZø'ÎwÐ�
EØ	Ë�ÔZË-ÚÈÑXÌ�Ü�Ë^ù�Ê-ÑQËJÍNË-Ñ �

e−z/2
(

z∂2
z + (c− z)∂z − a

)

ez/2 � â&Çvâ��E�
= z∂2

z + c∂z +
c

2
− a− z

4
;

×^Æ



�hÔ�ÛNÍNúQä-Ë-ÚÈÑ

z−(1−c)/2
(

z∂2
z + c∂z +

c

2
− a− z

4

)

z(1−c)/2 � â&Çvâ��E�

= z∂2
z + ∂z −

z

4
+
c

2
− a− (1 − c)2

4z
. � â&Çéè �#�

�hßQÚÈÑQÓÈÚÈø'Î � â&Çvâ��E�$ä-ÐNßQÑQß z Ú�äGÜ^ü-ÛNÍeÔ�Ø	Ú9ÔZø�Î z = 2w
ÇH�hÜ£ÛNÍeÔEöNÑQø'Î

∂2
w +

1

w
∂w − 1 + (c− 2a)

1

w
−

(

1 − c

2

)2 1

w2
, � â&Çéè�Æ��

nLË-Ü��QÎJø'Î � â&Çéè�Æ��$ä-ÐNßQÑQß w2 Úóü^Ü£ÛNÍeÔEöNÑQø'Î

w2∂2
w + w∂w − w2 + (c− 2a)w −

(

1 − c

2

)2

. � â&Çéè@×E�
ÞAßQÎ&ÓÈÚGÐ�
EØ	Ë�ÔZË-ÚÈÑÖË�Ô2ÞAßQú�à��hÐeÔ�ü^ÚÕÔZÓÈË ���TÊ-Ë-Ì£ÞÏöNÚ��yÔZÓÈÜEØ�Ñ ö	ü^ÓÕÔXä%Ü�ÍNÑQË�ÞÏöeÔ@û9Ê!ÞAÜ�Ê-ÓÈÜ�ø�æ%ÜiØ¢ÛeÌJÚÈÑQÒ�Ü'Ø�×�Ø	ÎJø�Ú9ÔZÐeÔ�Þe÷
� Ì&Í�
�ÐNÑ!ûTÔZÍÏØ�Ü·ä-ÐNßQÑQÌ^ÛNßQÍeÔ@ûTÞAÚ	�wË�ÔLÐ�
iØ	Ë�ÔZË-ÚÈÑ�Ë�ÔkÞAßQú�à��wÐeÔ�ü^ÚÕÔZÓÈË �Lü^ÓÕÔ¾ä%Ü�ÍNÑQË�ÞÏöeÔ@û9ÊIÞAÜ�Ê-ÓÕÜ�ø�æ%ÜiØ¢ÛNÌ&ÚÈÑQÒ�Ü ü^ÓÕÔØ	ÚÈúQÌ^ÛNßQÑQÒ�Ü(Ø	Î&ø�ÚÕÔZÐNÊ �eÇ

�$ßQÎ&ÓÈÚ�öNÑ�àNÓÈÚ �yÊ-Ë-Ì£ÞÏöNÔ
f
ÛNä%ÑEû9Ë-ÚÕÔIÐ�
EØ	Ë�ÔZË-ÚÈÑ�Ì�Ü�Ë^ù�Ê-ÑQËJÍNË-Ñ � ÍNÜ eww(1−c)/2f(2w)

ÛeäGÑEû9Ë-ÚÕÔIÐ�
EØ	Ë�ÔZË-ÚÈÑ
� â&Çéè@×E�eÇ

�  "!$#&%�'(% ¨e¬
0F1

¨Ù« !$#&%�'(% ¨�¬��¡¬�©G©*¬ 2 '
�$796 � � 
 � A��=>�
	� I�<HD C �	� <=I�<��9D�� D	� ��DFG9I
�hÔ�ÛNßQÎJø ä-Ê-Ë-ÌJÍNÑQø�Ø	Î�öeàeÞAÚÕÔ�öNÑ�ÛNÍ[Ð�
EØ	Ë�ÔZË-ÚÈÑ � â&Çéè�Æ��eÇ �%Ô@û 
��Qø'Î � �QÑ c = 2a

Ú
m := (1 − c)/2

Ç�ìYÍNÑ�ü^Î
ü^Ü£ÛNÍeÔEöNÑQø�ÎwßQø�Ü^ü^Î ��Ì�ÜEØ$ÔZË-Ñ�Ð�
iØ	Ë�ÔZË-ÚÈÑ���Ñ�ÛeÛeÑQÓÕÔ

∂2
w +

1

w
∂w − 1 − m2

w2
, � è-Çéè@âE�

�$ßQÎ&ÓÈÚAöNÑ�àNÓÈÚ
f
öNÑ�ÛNÍóÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø�Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑQÒ�ÜhÛNß�ÞAßQÑQÒ�
�ÓÕË-ÑQÒ�Ü�ä-ÐNßQÎ&ä�Ô�ü^ÌJÊ�Ð�
iØ	Ë�ÔZË-ÚÕÔ�Ì�Ü�Ë^ù�Ê-ÑQË@ÍNË-ÑQÒ�Ü

(

z∂2
z + (2m+ 1 − z)∂z − (m+

1

2
)

)

f(z) = 0,

ÍNÜ
wme−wf(2w) � öeÔZÌ�Ð�
EØ	Ë-ÚÈÑ � wmewf(−2w) � Û��¤ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔZø�Ú�ßQø>Ü&ü^Î���Ì�ÜiØ�ÔZË-ÑQÒ�Ü�Ð�
EØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛNÑQÓ9Ô

� è-Çéè@âE�eÇì Ûeß�ÞAßQÑQÒ�
�ÓÈË-Ü£àeÞAÚ � öjÑ�ü^Î&Ë-Ñ§ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑ � è-Çéè@âE��ß�Ô�Þe÷-ÜEØ	Ê4ö���ÞAÑXÛeÚÈú�Ø ßQÑQÐNßQÑ$öNÔZÌ wm

2mΓ(m+1)

Ë-Ü£ÛNÚ;Ë�ÔZßQØ$ú
5*:=8 T 3 _ $�8/��)/"D�('>�� #"%$�&('!� � ��,k,+���j) �

I(w) :=
1

Γ(m+ 1)

(w

2

)m
e−wF (m+

1

2
; 2m+ 1; 2w)

:=
1

Γ(m+ 1)

(w

2

)m
ewF (m+

1

2
; 2m+ 1;−2w). � è-Çéè�è%�

×�×



�$7�� � �	��<HI�<��9D�� D	� ��DFG9I
�$ßQú�àeÞAÚÈÑ öóÜ^üÖßQø�Ü^ü^Î ��Ì�ÜEØ$ÔZË-ÑQÜ�Ð�
iØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛNÑQÓÕÔ¤Ê �QÎ&Ø$ÔZË-ÑóöjÑ�ÛNÍ�Ð�
iØ	Ë�ÔZË-ÚÈÑ$ßQØ$ÔZË-Ñ�äGÜ¢ä-ÐNÜ£ÛeÍNÊ H </�>"	)/"J�4�!:
� ��,k,+���1) � Ü�ÍNÐNßQÎ&ø>ÔZË-ÑÖß � è-Çéè@âE�$ä-ÐNßQÑQß[ä%Ü^ü-ÛNÍeÔ�Ø	ÚÈÑQË-ÚÕÑ w = iz

�

∂2
z +

1

z
∂z + 1 − m2

z2
. � è-Çéè@ëE�

ã¢Ü�ßQØ	Ú �Zß�ÔZË-ÚÈÑ � è-Çéè@ëE��ß�Ô�Þe÷-ÜEØ	Ê4ö���ÞAÑ'ÛNÚÈúÖØ�ßQÑQÐNßQÑ¤öeÔZÌ wm

2mΓ(m+1)

Ë�ÔZßQÎJØ�ÔZø�Î �! E"%$0&('!] � ��,k,+���j) �

J(z) :=
1

Γ(m+ 1)

(z

2

)m
e−izF (m+

1

2
; 2m+ 1; 2iz)

:=
1

Γ(m+ 1)

(z

2

)m
eizF (m+

1

2
; 2m+ 1;−2iz)

= e−iπ
2
mI(iz). � è-Çéè@áE�

�$7�� � �	��<HI�<��9D�� DFG ����
8G9? � I � � A � �9I C � D �

ã 
EØ	Ë�ÔZË-ÚÈÑ���ÑQÓÈø�÷-Ü�ÓÈÍNß�Ô�ø>Ô2ä%Ü£ÛNÍeÔ��
(∆ + κ)F = 0.

ã�Ü�ßQØ	Ú	� �Qø�ÎÙÐ�
EØ	Ë�ÔZË-ÚÈÑ ��ÑQÓÈø�÷-Ü�ÓÈß�Ô'Ø Ø	ÎJø�Ú9ÔZÐNßQÑ
d = 2

Ø Ê-Ì�ûTÔ�ü^ßQÚÈÑ[æ-ÚÕÑQÒ�Ê-Ë-ÜiØ	Î&ø ä-ÐNßQÑQß'ÛNÑQä�ÔZÐeÔ�ÞÏöjú
ßQø�ÚÈÑQË-ËJÎ&Þ�÷�Ç � Ñ�àNÓÈÚ�ß�ÔZä-ÚÕÛNßQÑQø'Î

F = f(r)g(φ) � ÍNÜ Ë�ÔkÞAßQú�à���Ì �ZÍNÜEØ �·ü^Ü£ÛNÍeÔEöNÑQø�Î0Ð�
EØ	Ë�ÔZË-ÚÈÑ ∂φg(φ) =
Cg(φ)

Ç�ã¢Ü�ßQØ	Ú �ZßQÊ4öjÑ�öNÑ
g(φ) = eimφ � Ò£ü^ßQÚÈÑ m2 = −C Ç$�hÔ(ÞAßQú�à��§ÐeÔ�ü^ÚÕÔZÓÈË �(ü^Ü£ÛeÍeÔEöjÑQø'Î�Ð�
EØ	Ë�ÔZË-ÚÈÑ

(

1

r
∂rr∂r −

m2

r2
+ κ

)

f(r) = 0.

�$ßQÎ&ÓÈÚ&öjÑ�àeÓÈÚ
κ > 0 � ÍNÜ(ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔ(Û �2äGÜ£ÛNÍeÔ�ÞAÚ

F (r, φ) = eimφg(
√
κr),

Ò£ü^ßQÚÈÑ
g
öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø Ð�
iØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛeÑQÓÕÔ2ÔhöjÑ�àeÓÈÚ

κ < 0 � ÍNÜ(ÐNÜ�ßQØ	Ú	�Zß�ÔZË-Ú9Ô�Û��2ä%Ü£ÛNÍeÔ�ÞAÚ

F (r, φ) = eimφg(
√
−κr),

Ò£ü^ßQÚÈÑ
g
öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø ßQø�Ü&ü^Î���Ì�ÜiØ�ÔZË-ÑQÒ�Ü>Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓÕÔ^Ç

� Ñ�àeÓÈÚ
κ = 0 � ÍNÜ>ü^Ü£ÛeÍeÔEöjÑQø'Î�Ð�
EØ	Ë�ÔZË-ÚÈÑ � ÔZä-Ó9Ô�ÞAÑ � Ô^Ç�ã 
EØ	Ë�ÔZË-ÚÈÑÖË�Ô�ÞAßQú�à��§ÐeÔ�ü^ÚÕÔZÓÕË ��öjÑ�ÛNÍ	ä%Ü£ÛNÍeÔ�ÞAÚ

(

1

r
∂rr∂r −

m2

r2

)

f(r) = 0

Ú�ø>ÔwÐNÜ�ßQØ	Ú	�Zß�ÔZË-Ú9Ô
rm

Ú
r−m

Ç �$ßQÎ&ÓÈÚ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑhöNÑ�ÛNÍÖÌ�Ü�ø'æ-ÚÈË�Ô�ÞÏö��ÙÓÈÚÈË-ÚÈÜEØ �
rmeimφ Ú r−meimφ Ç�ì·ÑØ¢ÛNä 
Jû9ÐNßQú�ü^Ë@Î^Þe÷LÌ4ÔZÐNÍNÑQß öeÔZÝ�ÛNÌ&ÚÕÞe÷!Ü^ü^ä%ÜiØ	ÚÕÔ�ü-Ô2ÍNÜ�Ì�Ü�ø'æ-ÚÈË�Ô�ÞÏöNÜ�ø ÓÈÚÈË-ÚÈÜEØ	ÎJø

(x+ iy)m
Ú
(x− iy)m

Ç

×�â



�$7�� � �	��<HI�<��9D�� DFG ����
8G9? � I � ��
	� 
8G9<,A � � A � �9I C � D
ì ü^ÜiØ�Ü�ÓÕË@Î&ø�Ø	Î&ø�ÚÕÔZÐNßQÑ§Ð�
iØ	Ë�ÔZË-ÚÈÑXË�Ô�ÞAßQú�à��§ÐeÔ�ü^ÚÕÔZÓÈË �2ø�Ô2äGÜ£ÛNÍeÔ��

(

r−d+1∂rr
d−1∂r −

l(l + d− 2)

r2
+ κ

)

f(r) = 0

�%ÔZÊ@Ø�Ô ��ÔEö���Þ � �QÑ

r
d−2
2

(

rd−1∂rr
d−1∂r −

l(l + d− 2)

r2
+ κ

)

r−
d−2
2

= r−1∂rr∂r −
(

l +
d− 2

2

)2

,

Ø	ÚÕü^ßQÚÈø'Î � �QÑ[Ú�ÍåÎ&ø ÐeÔZßQÑQø�ü^Ü£ÛeÍeÔEöjÑQø'Î�Ð�
EØ	Ë�ÔZË-ÚÈÑ���Ñ�ÛeÛNÑQÓ9Ô^Ç
�$7�� � �	��<HI�<��9D

0F1 �

C	� � <�
 � I � <�
���� � C	�	��<HI�<��9D � � D	� ��DFG9I
�%ÔZø�ÚÕÔ�ÛeÍ�Ð�
EØ	Ë�ÔZË-ÚÕÔ(Ú��yÊ-Ë-Ì£ÞÏöjÚ*�$Ñ�Û�ÛNÑQÓÕÔ'Ø	ÎJÒ�Ü^ü^Ë-ÚÈÑ ö�öjÑ�ÛNÍ	Ê �QÎ&Ø$Ô��XÐ�
iØ	Ë�ÔZË-ÚÕÔ

0F1
�

(w∂2
w + c̃∂w − 1)f(w) = 0. � è-ÇéèJç��

ã 
EØ	Ë�ÔZË-ÚÈÑ[ÍNÜhöNÑ�ÛNÍ	Ø�ä%ÑEû9Ë-ÚóÐ�
iØ	Ë-ÜEØ$Ô �QË-Ñ2Ð�
iØ	Ë�ÔZË-ÚÈÊ��$Ñ�Û�ÛNÑQÓÕÔ^Ç
��æ@ÎXöjÑÖÊ-ßQÎ^ÛNÌZÔ��§Ø	ÎJÒ�Ü^ü^Ë-ÚÈÑ�öNÑ�ÛNÍ	Ø	Î^ÛNÍeÔZÐNÍNÜiØ�Ô��[ßÖÐ�
iØ	Ë�ÔZË-Ú9Ô � â&Çvâ��E�$ü^ÓÕÔ c = 2a

�

z∂2
z + c∂z −

z

4
. � è-Çéè �E�

É�Ü&ü-ÛNÍeÔiØ	ÚÕÔZø'ÎwØ�Ë-ÚÕø
w = z2

16
� ÞAßQÎ&ÓÈÚ z = 4w

1
2
Ç 
 �QÎJØ�ÔEö���Þ

∂z = w
1
2

2 ∂w
� ü^Ü£ÛNÍeÔEöNÑQø�Î

w
3
2 ∂2

w +
w

1
2

2
∂w +

c

2
w

1
2 ∂w − w

1
2 . � è-Çéè �E�

�hßQÚÈÑQÓÈÚÈø'Î(ä-ÐNßQÑQß
w

1
2
Úóü^Ü£ÛNÍeÔEöNÑQø�Î � è-ÇéèJç��$ü^ÓÕÔ c̃ = 1+c

2

Ç
�$7�� � ;=<$>�����I

0F1ã 
EØ	Ë�ÔZË-ÚÈÑ
(z∂2

z + c∂z − 1)f(z) = 0. � è-Çvë��#�
ø>Ô�ÐNÑQÒ�Ê-ÓÕÔZÐNË@ÎÖä-Ê-Ë-Ì&Í�Ü£ÛeÜ�æ-ÓÈÚÈØ	Î§Ø

0
ß�ÚÈË�ü^ÑQÌ^ÛeÔZø�Ú

0, 1−c Ú&Ë-ÚÈÑQÐNÑQÒ�Ê-ÓÕÔZÐNËJÎÖä-Ê-Ë-ÌJÍ�Ü£ÛNÜ�æ-ÓÈÚÈØ	Î§Ø ∞ Ç�É�Ü£ÛNÚÕÔ�ü-Ô
Ü�Ë-Ü>ÛNÎ&ø�ÑQÍNÐNÚÈú

zc−1(∂2
z + c∂z − 1)z1−c = ∂2

z + (2 − c)∂z − 1. � è-Çvë^Æ��
ã¢Ü�ßQØ	Ú �Zß�ÔZË-ÚÈÑQø ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQËJÎJø Ø�ßQÑQÐNßQÑXÚ�Ð�
iØ	Ë@Î&ø�Ø�Ë-ÚÕø

1
öjÑ�ÛNÍ �yÊ-Ë-Ì£ÞÏöNÔ

F (c; z) :=
∞
∑

n=0

zn

(c)nn!
.

×4è



� ÍNÜ£ÛNÊ4ö���Þ�ÛNÎ&ø�ÑQÍNÐNÚÈú � è-Çvë^Æ��wØ	ÚÕü^ßQÚÕø�Î � �QÑHÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø ß�Ô�Þe÷-ÜiØ	Ê4ö���ÞAÎ&ø ÛeÚÈú0Ø ßQÑQÐNßQÑ¾öeÔZÌ
z1−c öNÑ�ÛNÍ

z1−cF (2 − c; z)
Ç

ì·Î&Ò�Ü&ü^Ë-ÚÕÑ�öjÑ�ÛNÍ	Ê �QÎ&Ø$Ô��[ß�ÔZø�ÚÕÔ�ÛNÍ �yÊ-Ë-Ì£ÞÏöjÚ
F (c; z)

�yÊ-Ë-Ì£ÞÏöjÚ

Φ(c; z) :=
F (c; z)

Γ(c)
=

∞
∑

n=0

zn

Γ(c+ j)j!
.

m ÍNÜ�Ø	Î&ÐeÔ �QÑQË-ÚÕÔIä-ÐNßQÑ�ü-ÛNÍeÔiØ	ÚÕÔEö���ÞAÑ �TÊ-Ë-Ì£ÞÏöNú ��Ñ�ÛeÛNÑQÓÕÔDÚÖßQø�Ü^ü^Î���Ì�ÜiØ$ÔZË � �TÊ-Ë-Ì£ÞÏöNú ��Ñ�ÛeÛNÑQÓÕÔDä%Ü�ä-ÐNßQÑQß
�yÊ-Ë-Ì£ÞÏöjú

0Φ1
�

Im(w) =
(w

2

)m
Φ(1 +m;w2/4);

Jm(w) =
(w

2

)m
Φ(1 +m;−w2/4);

õ-Ê-Ë-Ì£ÞÏöNú
0F1

ø�Ü��QÑQø'Î ä-ÐNßQÑ�ü-ÛNÍeÔ�Ø	Ú �0ä%Ü�ä-ÐNßQÑQß �yÊ-Ë-Ì£ÞÏöjúHÌ�Ü�Ë^ù�Ê-ÑQË@ÍNË � ü^Ü£ÛNÍeÔEö���Þ0ü^ÐNÊ-Ò � ÍNÜ���Û�ÔZø�Ü£à��
�§Ê-ø�ø�ÑQÐeÔ��

F (c; z) = e−2
√
zF

(

2c− 1

2
; 2c − 1; 4

√
z

)

= e2
√
zF

(

2c− 1

2
; 2c− 1;−4

√
z

)

.

� ÑQæ@ÎÙÛNÚÈúhÜ2ÍåÎ&ø ä-ÐNßQÑQÌ�Ü�Ë�Ô�� � ÛNä-ÐeÔ�Ø¢ü^ß�ÔZø'Î � �QÑ§ä-ÐeÔ�Ø�Ô�ÛNÍNÐNÜ�Ë�Ô(ÛNä%ÑEû9Ë-ÚÕÔ�Ð�
iØ	Ë�ÔZË-ÚÈÑ � è-Çvë��#� � �QÑhØ ßQÑQÐNßQÑ�öNÑ�ÛNÍÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQË�Ô2Ú�Ð�
EØ	Ë�Ô
1
Ç

�$7�� � D �HC�D � DF<,? I ����D �5I � >�
	� D
L ²�µ9½J¶E¿�º£½J³�µT½kôC�y¯WMN�(�O&!P;$ H 5+3���) γ ,GB%� �G"	�2)

etez/tt−c
∣

∣

∣

γ
= 0.

fg-G� T 3
∫

γ
et+z/tt−cdt

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2)^� �	� � ���0�
� ¼&²�±�¿l� � ä-ÐeÔiØ¢ü^ß�ÔZø�Î � �QÑ

(z∂2
z + c∂z − 1)et+z/tt−c = ∂te

t+z/tt−c.

2

� Í���ü!ü^Ü£ÛeÍeÔEöjÑQø'Î�ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjú'ÞQÔ@û9Ì�ÜiØ �

Φ(c; z) =
1

2πi

∫

]−∞,0+,∞[
et+z/tt−cdt. � è-Çvë�×E�

×�ë
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öNÑ�ÛNÍ¢ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQË�Ô2Ú�Ð�
EØ	Ë�Ô

1

2πi

∫

]−∞,0+,∞[
ett−cdt =

1

Γ(c)
.

�hÔ�ÛNÍNúQä-Ê4ö���ÞQÔ¢ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ�Ø	ÎJË-ÚÈÌZÔ¤Ë�ÔZÍåÎ^Þe÷-ø>ÚÕÔ�ÛNÍ�ßH
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ�â&ÇÈÆ�Ü¢ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ�Þe÷(ÞQÔ@û9Ì�ÜiØ	Î^Þe÷
ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ!Ð�
EØ	Ë�ÔZË-ÚÕÔ(Ì�Ü�Ë^ù�Ê-ÑQËJÍNË-ÑQÒ�Ü��
L ²�µ9½J¶E¿�º£½J³�µT½kôC�ÕÅ�MN�(�O&!P;$ H 5+3���) γ ,GB%� �G"	�2)

(t2 − 1)c−
1
2 e2t

√
z
∣

∣

∣

γ
= 0.

fg-G� T 3
∫

γ
(t2 − 1)c−

3
2 e2

√
ztdt

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2)^� �	� � ���0�
�kÍNÑQÒ�Ü(ÍÏØ	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ�ü^Ü£ÛeÍeÔEöjÑQø'Î

∫ 1

−1
(1 − t2)c−

3
2 e2t

√
zdt = F (c; z)

Γ(c − 1
2)
√
π

Γ(c)
. � è-Çvë�âE�

� ä-ÐeÔ�Ø¢ü^ß�ÔZø'ÎÖæ%ÜiØ	ÚÈÑQø � �QÑ�ÞQÔ@û9ÌZÔ	Ø � è-Çvë�âE�GÛNä%ÑEû9Ë-ÚÕÔ¤ß�Ô@û9Ü��QÑQË-ÚÕÔ 
óØ	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ¢è-Çv× � Ø0ßQÑQÐNßQÑ�öjÑ�ÛNÍ�ÔZË�ÔZÓÈÚÈÍåÎ^ÞAßQË�ÔÚ�Ð�
iØ	Ë�Ô
∫ 1

−1
(1 − t2)c−

3
2 dt =

Γ(c− 1
2)
√
π

Γ(c)
.

�$7�� � ;=<$>�����I
0F1

�HG9I �5I � >�
 � � ?BA � � � I�C�I � D ?�C	� �
�hÓÕÔ

k ∈ Z
ø>ÔZø'Î>ÍNÜ���ÛeÔZø>Ü£à�� �

Φ(1 + k; z) = z−kΦ(1 − k; z).
ì·Î&Ë-ÚÈÌZÔ2ÍNÜ(ßÖÐeÔ�Þe÷@Ê-Ë-Ì&Ê

z−kΦ(2 − c; z) =

∞
∑

n=k

zn−k

(−k + n)!n!
=

∞
∑

m=0

zm

m!(k +m)!
= Φ(1 + k; z).

nkÔZø�ÎwÍNÑ � �yÊ-Ë-Ì£ÞÏöjú[ÍÏØ�Ü�ÐNß
��Þ �

et+z/t =
∑

n∈Z

tnΦ(n+ 1, z)

Ü�ÐeÔZß[ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjú'ÞQÔ@û9Ì�ÜiØ �

Φ(n+ 1; z) =
1

2πi

∫

[0+]
et+z/tt−n−1dt. � è-Çvë4è%�

�%ÔZÊ@Ø�Ô �Qø�Î � �QÑ � è-Çvë4è%��Ø	Î&Ë-ÚÈÌZÔ2ß 
óØ	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ�è-ÇÈÆZÇ

×�á
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Ö®*+ % ¬
ã 
EØ	Ë�ÔZË-ÚÈÑ[÷-ÚÈä%ÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-ÑÖø>Ô2ä%Ü£ÛNÍeÔ��

(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

f(z) = 0. � ë&Çvë�ëE�
nkÔ2Ü�Ë-Ü�ä-Ê-Ë-ÌJÍÏÎÙË�Ô�ÛNÍNúQä-Ê4ö���ÞAÑXÐNÑQÒ�Ê-ÓÕÔZÐNË-Ñ[ä-Ê-Ë-Ì&ÍåÎÙÜ£ÛNÜ�æ-ÓÈÚÈØ$Ñ �
0 � ÚÈË�ü^ÑQÌ^ÛNÎ�� 0 � 1 − c �
1 � ÚÈË�ü^ÑQÌ^ÛNÎ�� 0 � c− a− b �
∞ � ÚÈË�ü^ÑQÌ^ÛNÎ�� a � b Çã�Ü�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø ÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQËJÎJø Ø ßQÑQÐNßQÑ[Ú�Ð�
iØ	ËJÎJø Ø�Ë-ÚÈø

1
öjÑ�ÛeÍ �� #"%$�&('*) PE� B
� H IE�O8/: �!- H 30&�5*"	)

F (a, b; c; z) =
∞

∑

j=0

(a)j(b)j
(c)j

zj

j!
,

õ-Ê-Ë-Ì£ÞÏöeÔ
F (a, b; c; z)

öNÑ�ÛNÍXß�ü^Ñ ��Ë-ÚÕÜiØ$ÔZË�Ô·ü^Ó9Ô
c 6= 0,−1,−2, . . .

Ç �$ß�Ô�ÛNÑQø Ø	ÎJÒ�Ü^ü^Ë-ÚÈÑ ö	öNÑ�ÛNÍXÐNÜ�ßQØ�Ô ��Ô��
�yÊ-Ë-Ì£ÞÏöjú

Φ(a, b; c; z) :=
F (a, b, c, z)

Γ(c)
=

∞
∑

j=0

(a)j(b)j
Γ(c+ j)

zj

j!

ß�ü^Ñ ��Ë-ÚÈÜEØ$ÔZË �>ü^Ó9Ô2Ø¢ÛNßQÎ&ÛeÍNÌJÚÕÞ�÷
a, b, c

Ç
�@796 � 

��� ��� � I�<��JD � I � ��
 � ; ��� �5D ��� � ��I >

z
1−c � � D C � D

ã 
EØ	Ë�ÔZË-ÚÈÑ[÷-ÚÈä%ÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-ÑÖø>Ô(ÛNÎ&ø�ÑQÍNÐNÚÈú

zc−1
(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

z1−c

=
(

z(1 − z)∂2
z + (2 − c− (a+ b+ −2c+ 3)z)∂z − (b− c+ 1)(a − c+ 1)

)

�hÓÕÔZÍNÑQÒ�Ü(ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø�Ð�
iØ	Ë�ÔZË-ÚÕÔ � ë&Çvë�ëE�$ß�Ô�Þe÷-ÜiØ	Ê4ö���ÞAÎ&ø ÛNÚÕú�öeÔZÌ
z1−c Ø�ßQÑQÐNßQÑ¤öNÑ�ÛNÍ

z1−cF (b+ 1 − c, a+ 1 − c; 2 − c; z) � ë&Çvë�áE�
�@7�� � 

��� ��� � I�<��JI � I ��� �5D 
8>,C�D	��G 
8<HD � I � ��
	� I�<��9I �

1

É�Ü&ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ � Ì&Í�
�ÐNÑÖß�ÔZø�ÚÈÑQË-Ú9Ô 0
Ú
1
ÍNÜ
w = 1 − z

�

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

= w(1 − w)∂2
w + (c− a− b+ 1 − (a+ b+ 1)w)∂w − ab.

�hÓÕÔZÍNÑQÒ�Ü � ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø ÔZË�ÔZÓÈÚÈÍåÎ^ÞAßQË@Î&ø Ø
1
Úóä-ÐNßQÎiöjø'Ê4ö���ÞAÎJø ÍeÔZø Ø�ÔZÐNÍNÜ£à��>Æ$öNÑ�ÛNÍ

F (a, b; a + b+ 1 − c; 1 − z).

×£ç



�@7�� � 

��� ��� � I�<��JI � I ��� �5D 
8>,C�D	��G 
8<HD � I � ��
	� I�<��9I � ∞
É�Ê-Ë-Ì&Í2Ø�Ë-ÚÈÑ�ÛNÌ�Ü�Ý�ÞAßQÜ�Ë-Ü£à�ÞAÚ�öNÑ�ÛNÍ�ÐNÑQÒ�Ê-ÓÕÔZÐNË@Î&ø ä-Ê-Ë-ÌJÍNÑQø Ü£ÛNÜ�æ-ÓÈÚÕØ	ÎJø ßwÚÈË�ü^ÑQÌ^ÛeÔZø�Ú

a, b
ÇkÉ�Ü&ü-ÛeÍeÔ�Ø	ÚÈÑQË-ÚÈÑ

ß�ÔZø�ÚÈÑQË-Ú9ÔEö���ÞAÑ
0
Ú ∞ ÍNÜ

w = z−1 Ç

(−z)1+a
(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

(−z)−a � ë&Çvë£ç��
=

(

w(1 − w)∂2
w + (a− b+ 1 − (2a− c+ 2)w)∂w − a(a− c+ 1)

)

. � ë&Çvë��E�
� Í���ü!ü^Ü£ÛNÍeÔEöNÑQø'Î�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑÖß�Ô�Þe÷-ÜiØ	Ê4ö���ÞAÑ2ÛNÚÈú§Ø�Ë-ÚÈÑ�ÛNÌ�Ü�Ý�ÞAßQÜ�Ë-Ü£àeÞAÚ-öNÔZÌ

z−a

z−aF (a, a− c+ 1; a− b+ 1; z−1),

�hÐNÊ-Ò�ÚÈÑÖÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑ[ü^Ü£ÛeÍeÔEöjÑQø'Î�ß�ÔZø>ÚÈÑQË-ÚÕÔEö���Þ
a
Ú
b
�

z−bF (b− c+ 1, b; b − a+ 1; z−1).

�@7�� � 
�� ��I � 
�� ���

�hÔ�ÛNÍNúQä-Ê4ö���ÞAÑXäGÜ^ü-ÛNÍeÔ�Ø	ÚÕÑQË-ÚÈÑ§Ë-ÚÈÑÖßQø�ÚÈÑQË-ÚÕÔ
0 � Ô2ß�ÔZø�ÚÈÑQË-Ú9Ô 1

Ú ∞ �
z 7→ w = z

z−1

Ç�É�ÐNÜiØ$Ô�ü^ßQÚ�Ü�Ë-Ü>ü^Ü

−(1 − z)1+a
(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

(1 − z)−a

=
(

z(1 − z)∂2
z + (c− (c+ 1)z)∂z − a(c− b)

)

, � ë&Çvë��E�
É�Ü&ü^Ü�æ-Ë-ÚÈÑXßÖß�ÔZø�ÚÕÔZË �

a
Ú
b
Ç � Í���ü¾ü^Ü£ÛNÍeÔEöjÑQø'Î>ÍNÜ���Û�ÔZø�Ü£àeÞAÚ

F (a, b; c; z)

= (1 − z)c−a−bF (c− a, c− b; c; z)

= (1 − z)−aF
(

a, c− b; c; z
z−1

)

= (1 − z)−bF
(

c− a, b; c; z
z−1

)

.

�@7�� � D �HC�D � DF<,? I ����D �5I � >�
	� D
L ²�µ9½J¶E¿�º£½J³�µT½ 
 �y¯WMN�(�O&!P;$ H 5+3���) γ ,GB%� �G"	�2)

ta−c+1(1 − t)c−b(t− z)−a−1
∣

∣

∣

γ
= 0.

fg-G� T 3
∫

γ
ta−c(1 − t)c−b−1(t− z)−adt � ë&Çvá��#�

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2) PE� B%� H I��O8/: �!- H 3/&k5*" �4I�8��
� ¼&²�±�¿l� � ä-ÐeÔiØ¢ü^ß�ÔZø�Î � �QÑ

(

z(1 − z)∂2
z + (c− (a+ b+ 1)z)∂z − ab

)

ta−c(1 − t)c−b−1(t− z)−adt

= −a∂tta−c+1(1 − t)c−b(t− z)−a−1.

×��



2

ì·Î&Ë-ÚÈÌZÔ(ÛNÍ���üÙË�Ô�ÛNÍNúQä-Ê4ö���ÞQÔ(ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ�ÞQÔ@û9Ì�ÜEØ$Ô��TÊ-Ë-Ì£ÞÏöNÚó÷-ÚÈä%ÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-Ñ ö��
∫ ∞
1 ta−c(t− 1)c−b−1(t− z)−adt

= Γ(b)Γ(c− b)Φ(a, b; c; z), Re(c− b) > 0, Reb > 0.
� ë&Çvá^Æ��

��æ@ÎXö��2ü^Ü£ÛNÍeÔ�� � ß�ÔZÊJØ$Ô �Qø'Î � �QÑ � ë&Çvá^Æ���ÛNä%ÑEû9Ë-ÚÕÔ'ß�Ô@û9Ü��QÑQË-ÚÕÔ�
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ�ë&ÇÈÆ � Ø�ßQÑQÐNßQÑ�öNÑ�ÛNÍ	ÔZË�ÔZÓÈÚÈÍåÎ^ÞAßQË-Ñ§Úä-ÐNßQÎiöjø'Ê4öjÑÖØ�ÔZÐNÍNÜ£à��
∫ ∞

1
ta−c(t− 1)c−b−1(t− z)−adt =

Γ(b)Γ(c− b)

Γ(c)
.

�  "!$#&%�'(% ¨e¬ �¡¬�©G©*¬ 2 '

óÑQËXÐNÜ�ß�ü^ßQÚÕÔ@û&ß�Ô�Ø	ÚÕÑQÐeÔ	Ü�ø 
iØ	ÚÕÑQË-ÚÈÑ�Ð�
iØ	Ë�ÔZË-ÚÕÔ(��Ñ�ÛeÛeÑQÓÕÔ	ÔZÓÈÍNÑQÐNË�ÔZÍåÎ&Ø	Ë-Ñ�Ø0ÛNÍNÜ£ÛeÊ-Ë-ÌJÊ[ü^Ü�ã�Ü�ß�ü^ß�Ç�è-Ç�É�Ü^Þe÷-Ü^ü^ßQÚ
Ü�Ë-Ü�ßQÑ[ÛNÍeÔZÐeÛeßQÑ ö¤Ø$ÑQÐeÛTöjÚ�ÛNÌJÐNÎ&ä-ÍNÊ!ü^Ü n nLõ � ÐNÜ�Ì·Æ
�����E�eÇ
�@796 � �	��<HI�<��9D�� D	� ��DFG9I � � 
 >@C D�� <=D C �	� <=I�<��9I
°w±J²>³�´�³�µ9½��'½JÁ�Á�½JÃ9´ ø>Ô'äGÜ£ÛeÍeÔ��

(z2∂2
z + z∂z + z2 −m2)v(z) = 0.

ì ß�Ô�ÛNÍNÜ£ÛNÜEØ$ÔZË-ÚÕÔ�Þ�÷LÞAßQú�ÛNÍNÜ>ÛeäGÜ�ÍÏÎJÌZÔ(ÛNÚÈú
d
�tØ	Î&ø�ÚÕÔZÐNÜEØ�Ñ[Ð�
EØ	Ë�ÔZË-ÚÈÑ���Ñ�ÛeÛNÑQÓÕÔ��

(z2∂2
z + (d− 1)z∂z + z2 − l(l + d− 2))u(z) = 0.

É�Ü&ü-ÛNÍeÔiØ	ÚÕÔEö���Þ
u(z) = z1− d

2 v(z)
ÛNä-ÐNÜEØ$Ô�ü^ß�ÔZø'Î'öjÑ[ü^Ü(Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓ9Ô��

(z2∂2
z + z∂z + z2 − (l + d

2 − 1)2)v(z) = 0.

É�Ü&ü-ÛeÍeÔ�Ø	ÚÈÑQË-ÚÈÑ�ü^Ü(Ð�
iØ	Ë�ÔZË-ÚÕÔ��$Ñ�Û�ÛNÑQÓÕÔ

v(z) = zmṽ(z)

ä-ÐNÜiØ�Ô�ü^ßQÚ�ü^Ü(Ð�
EØ	Ë�ÔZË-ÚÕÔ
(z∂2

z + (1 + 2m)∂z + z)ṽ(z) = 0. � á&Çvá�×E�
É�Ü&ü-ÛeÍeÔ�Ø	ÚÈÑQË-ÚÈÑ

v(z) = ( z2 )mu(− z2

4 ), c = 1 +m, t = − z2

4ä-ÐNÜiØ�Ô�ü^ßQÚ�ü^Ü(Ð�
EØ	Ë�ÔZË-ÚÕÔ(ÍÏÎJä-Ê!÷-ÚÕäGÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ^ÞAßQË-ÑQÒ�Ü

(t∂2
t + c∂t − 1)u(t) = 0.

×��



É�Ü&ü-ÛeÍeÔ�Ø	ÚÈÑQË-ÚÈÑ √
zv(z) = w(z)

ä-ÐNÜiØ�Ô�ü^ßQÚ�ü^Ü(Ð�
EØ	Ë�ÔZË-ÚÕÔ � Þe÷-Ð��^ü^ÚÈË-Ò�ÑQÐeÔ>äGÜ£ÛNÍeÔ�ÞAÚ
(

∂2
z + (1

4 −m2) 1
z2

+ 1
)

w(z) = 0. � á&Çvá�âE�
�¤ÔZÐeü^ßQÚÈÑ ö	Ü�Ò�
�ÓÈË-ÚÈÑ ��ä%Ü&ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ √

tv(tδ) = w(t)
ä-ÐNÜiØ$Ô�ü^ßQÚ�ü^Ü�Ð�
iØ	Ë�ÔZË-Ú9Ô � Þe÷-Ð��^ü^ÚÈË-Ò�ÑQÐeÔ(ä%Ü£ÛNÍeÔ�ÞAÚ

(

∂2
t + (δtδ−1)2 + (1

4 −m2δ2) 1
t2

+ 1
)

w(t) = 0. � á&Çvá4è%�
�kÍNÑQÒ�Ü(Ø	Î&Ë-ÚÈÌZÔ � �QÑ�öjÑ�àeÓÈÚ v 1

ρ+1

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓ9Ô�ßÖä�ÔZÐeÔZø>ÑQÍNÐNÑQø 1
ρ+1

� ÍNÜ

u(t) =
√
tv 1

ρ+1

(

2

ρ+ 2
t1+

ρ
2

)

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
EØ	Ë�ÔZË-ÚÕÔ
(∂2
t + tρ)u = 0.

�@7�� � D �HC�D � DF<,? I ����D �5I � >�
	� D C 

��� ��� � I � C	� � <HI�<��JI � D	� ��DFG9I
ã¢Ü�ßQØ	Ú �Zß�ÔZÝ�Ð�
iØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛeÑQÓÕÔ2ø�Ü��QË�Ô(ÛNßQÊ-ÌZÔ��§Ø�äGÜ£ÛeÍeÔ�ÞAÚóË�Ô�ÛNÍNúQä-Ê4ö���ÞAÎ&Þ�÷¾ÞQÔ@û9ÑQÌGÇ
L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯ � ¶4º£½J¿�ÁQñ�´@²�µ9½&³�µT´(ñ5òóÂ�ÿ �2½JÁ�Á�½@ÃT´���í�¹Zï�Ã��^þ�µ MN�(�O&!P

γ QSROT 5+�(�l$08/"J-4 H �!: �G"D)�B%8/�>�(� H 5e&�PE"J�
� �(�*:?)�"J"	)Z�! #"%$�&('!�

t 7→ t−m
� � ) ��< @ :?3 7 @ �

(z

2
(t+ t−1) +m

)

exp
(z

2
(t− t−1)

) 1

tm

∣

∣

∣

∣

γ(1)

γ(0)

= 0, � á&Çvá�ëE�
fg-G� T 3 T �j) T 8���80��" �2'[,�-9) � �(' C

C

∫

γ
exp

(z

2
(t− t−1)

) dt

tm+1
� á&Çvá�áE�

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2) � ��,k,+���1)��
� ¼&²�±�¿l� �hÔEöNä-ÚÈÑQÐNØ�ÛNÍNÜ£ÛNÊ4öNÑQø�Î�Ð�
��QË-ÚÕÞAßQÌ�ÜiØ�ÔZË-ÚÈÑ�ÞQÔ@û9Ì&Úóä%Ü(ä�ÔZÐeÔZø�ÑQÍNÐNßQÑ

z
�

(z2∂2
z + z∂z + z2 −m2)

∫

γ exp
(

z
2 (t− t−1)

)

dt
tm+1

=
∫

γ

(

(

z
2

)2 (

t− t−1
)2

+ z
2

(

t− t−1
)

+ z2 −m2
)

exp
(

z
2(t− t−1)

)

dt
tm+1 .

� á&Çvá£ç��

��ü^ÐNÊ-Ò�ÚÈÑ ö�ÛNÍNÐNÜ�Ë@Î � ä%Ü�Ë-ÚÈÑQØ$Ô �2ÞQÔ@û9ÌZÔ>ß'äGÜ^Þe÷-Ü^ü^Ë-Ñ ö�öNÑ�ÛNÍ�Ð�
��QË-Ú9Þ �>Ø�ÔZÐNÍNÜ£àeÞAÚ,�TÊ-Ë-Ì£ÞÏöNÚ�Ë�Ô�Ì�Ü�Ý�ÞQÔ�Þe÷·Ì�Ü�ËJÍNÊ-ÐNÊ �ü^Ü£ÛNÍeÔEöNÑQø�Î

0 =
(

z
2 (t+ t−1) +m

)

exp
(

z
2 (t− t−1)

)

1
tm

∣

∣

γ(1)

γ(0)

=
∫

γ ∂t
((

z
2(t+ t−1) +m

)

exp
(

z
2 (t− t−1)

)

1
tm

)

dt

=
∫

γ

(

(

z
2

)2 (

t+ t−1
)2

+ z
2

(

t− t−1
)

−m2
)

exp
(

z
2(t− t−1)

)

dt
tm+1 .

� á&Çvá��E�

ûTÔZÍåØ$Ü>Ø	ÚÕü-Ô�� � �QÑ � á&Çvá£ç���öjÑ�ÛeÍ	Ð�
iØ	Ë-Ñ � á&Çvá��E�eÇ 2

� ÛNÍNË-ÚÈÑ öNÑ§ÍNÑ �Xü^ÐNÊ-Ò£Ô(Ë-ÚÈÑQÐ�
EØ	Ë-ÜiØ$Ô �QË�Ô�Ì&ÓÕÔ�ÛeÔ'ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÚ�ÞQÔ@û9Ì�ÜEØ	Î&Þ�÷�Ç

â��
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(1 − t2)m+ 1
2 eizt

∣

∣

∣

γ(1)

γ(0)
= 0.

fg-G� T 3
v(z) = zm

∫

γ
(1 − t2)m− 1

2 eiztdt

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2) � ��,k,+���1)��
� ¼&²�±�¿l�

(z2∂2
z + z∂z + z2 −m2)v(z)

= m(m− 1)v(z) + 2mizm+1
∫

γ(1 − t2)m− 1
2 eizttdt− zm+2

∫

γ(1 − t2)m− 1
2 eiztt2dt

+mv(z) + izm+1
∫

γ(1 − t2)m− 1
2 eizttdt+ (z2 −m2)v(z)

= 2i(m+ 1
2)zm+1

∫

γ(1 − t2)m− 1
2 eizttdt+ zm+2

∫

γ(1 − t2)m+ 1
2 eiztdt

= −zm+1i
∫

γ

(

∂t(1 − t2)m+ 1
2 eizt

)

dt = 0

�@7�� � ;=<$>�����I � D	� � D�G9I
ã 
EØ	Ë�ÔZË-ÚÈÑ���Ñ�ÛeÛNÑQÓ9Ô�ø�Ô�Ø

0
ÐNÑQÒ�Ê-Ó9ÔZÐNË@ÎÙä-Ê-Ë-ÌJÍ�Ü£ÛNÜ�æ-ÓÈÚÈØ	Î�ßXÐ�
iØ	Ë�ÔZË-ÚÈÑQø Ø¢ÛeÌ4Ô��QË-ÚÈÌ�ÜEØ	ÎJø

λ(λ− 1) + λ−m2 = 0.

� Ë�ü^ÑQÌ&ÛNÎ�Ð�
iØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓÕÔ'Ø
0
Û��2Ð�
EØ	Ë-Ñ

λ± = ±m ÇnLÑQÍNÜ&ü-ÔDÜ�ä-ÚÕÛ�ÔZË�ÔHØ � ÍÏØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÊ�ÆZÇÈÆ�áHäGÜ�ßQØ�ÔZÓÕÔIË�ÔDßQË�ÔZÓÈÑQßQÚÈÑQË-ÚÈÑkÐNÜ�ßQØ	Ú	�Zß�ÔZÝ�Ð�
EØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛNÑQÓÕÔ
ä%Ü£ÛNÍeÔ�ÞAÚ

v(z) =
∞

∑

k=0

vkz
k+m,

ä-ÐNßQÎ&Ë�ÔEöjø�Ë-ÚÕÑ ö�Ø	ÍNÑ�ü^Î � Ò£ü^Î λ+ − λ− = m− (−m) = 2m 6= −1,−2, . . .
Ç

nkÔZø�ÎwË�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ[Ð�
iØ	Ë�ÔZË-ÚÕÑ[ÐNÑQÌJÊ-ÐNÑQË�ÞAÎiöNË-Ñ[Ë�Ô(Ø¢ÛNä 
JûTÞAßQÎJË-Ë-ÚÕÌJÚ
vk

(

(m+ k)(m+ k − 1) + (m+ k) −m2
)

+ vk−2 = 0.

�$ßQÎ&ÓÈÚ
vk = − vk−2

k(2m+ k)
.

� àNÓÕÚ
m 6= −1,−2, . . . � ÍNÜ(ø�ÔZø�ÎwË�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ[ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑÖÐNÑQÌ&Ê-ÐNÑQË�ÞÏöjÚ �

v2n+1 = 0, v2n = (−1)nv0
22nn!(m+1)...(m+n)

.

� � Ñ�àNÓÕÚ$ü^Ü^ü-ÔZÍNÌ�ÜiØ�Ü m 6= −1
2 ,−3

2 , . . .
� ÍNÜ�öjÑ�ÛNÍ�ÍNÜ(öNÑ�ü^ÎJË-Ñ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑ0�eÇ 
�ÐeÔ�ü^Î&ÞAÎiöNË-ÚÈÑ>ß�ÔZÌ�ûTÔ�ü-ÔZø�Î � �QÑ

v0 := 1
2mΓ(m+1)

Úóü^Ü£ÛNÍeÔEöNÑQø'Î

v2n =
(−1)n

22n+mn!Γ(m+ n+ 1)
.

â^Æ



�%ÔZÊ@Ø�Ô �Qø�Î � �QÑ'Ø ÍNÑQË·ÛNä%Ü£Û�
�ækß�ü^Ñ ��Ë-ÚÈÜiØ�ÔZË-Ñ
vk
öjÑ�ÛNÍ§ü^Ü�æ-ÐNßQÑ2Ü�ÌJÐNÑ�àeÓÈÜ�Ë-Ñ'ü^Ó9Ô>ÌZÔ ��ü^ÑQÒ�Ü

m
Ç[É�ÐNÜiØ$Ô�ü^ßQÚ�ÍNÜ

ü^Ü�Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ ö¢ü^Ñ ��Ë-ÚÕÞÏöjÚåÇ
� ½���³�µ9¹�Äi´ � �Èý��  #"%$�&('*] � ��,�,*���j)

Jm(z)
"	)e5*30��)/:?3

Jm(z) =
∞
∑

n=0

(−1)n
(

z
2

)2n+m

n!Γ(m+ n+ 1)
.

õ-Ê-Ë-Ì£ÞÏöeÔ ��Ñ�ÛeÛNÑQÓ9Ô
Jm

öjÑ�ÛNÍÖÐNÜ�ßQØ	Ú �Zß�ÔZË-ÚÈÑQøÀÐ�
iØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛeÑQÓÕÔwß(ä�ÔZÐeÔZø�ÑQÍNÐNÑQø ±m Ç��%ÔZÊ@Ø$Ô �Qø'Î � �QÑ
1

Γ(m+1) 6= 0
ü^ÓÕÔ

m 6= −1,−2, . . .
�hÓÕÔ

2m 6= −1,−2, . . .
�yÊ-Ë-Ì£ÞÏöNÔ

Jm
öNÑ�ÛNÍ¤öNÑ�ü^ÎJËJÎJø ÐNÜ�ßQØ	Ú �Zß�ÔZË-ÚÈÑQø

Ð�
iØ	Ë�ÔZË-Ú9Ô���Ñ�ÛeÛNÑQÓÕÔ2ÛNä%ÑEû9Ë-ÚÕÔEö���ÞAÎJø

Jm(z) ∼
(z

2

)m 1

Γ(m+ 1)
, z ∼ 0,

ÞAÜ�ø�Ü��QÑÖæJÎ �§ÍNÐeÔZÌ&ÍNÜiØ�ÔZË-Ñ¢öeÔZÌ�Ü�ü^Ñ ��Ë-ÚÕÞÏöeÔ��TÊ-Ë-Ì£ÞÏöNÚ.��Ñ�ÛeÛNÑQÓ9Ô^Ç � É�ÐNßQÑQß f(z) ∼ g(z) � z ∼ 0
ÐNÜ�ßQÊ-ø�ÚÈÑQø'Î � �QÑ

f(z)
g(z)

öNÑ�ÛNÍ¢ÔZË�ÔZÓÈÚÕÍåÎ^ÞAßQË-ÑÖØ�ßQÑQÐNßQÑ[Ú�Ð�
iØ	Ë-Ñ�Ø�ßQÑQÐNßQÑ
1� Ñ�àeÓÈÚ

m 6∈ Z
� ÍNÜ �yÊ-Ë-Ì£ÞÏöNÑ J−m(z)

Ú
Jm(z)

Û��ÖÓÕÚÈË-ÚÈÜiØ$ÜÖË-ÚÈÑQß�ÔZÓÈÑ �QË-Ñ¢Ú*ÐNÜ�ßQä-ÚÈË�ÔEö��[ä-ÐNßQÑ�ÛNÍNÐNßQÑQÝ>ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ
Ð�
iØ	Ë�ÔZË-Ú9Ô���Ñ�ÛeÛNÑQÓÕÔ^Ç

�hÓÕÔ(ü^ÜEØ�Ü�ÓÈË-ÑQÒ�Ü
m
ø>ÔZø'ÎwË�Ô�ÛNÍNúQä-Ê4ö���Þ ��ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNú�ÞQÔ@û9Ì�ÜiØ ���yÊ-Ë-Ì£ÞÏöNÚ8�$Ñ�Û�ÛNÑQÓÕÔ^Ç

L ²�µ9½J¶E¿�º£½J³�µT½ � � ô 
J�����1�
Rez > 0 7 -98

Jm(z) = 1
2πi

∫

]−∞,0+,−∞[ exp
(

z
2 (t− t−1)

)

dt
tm+1

= 1
2πi

(

z
2

)m ∫

]−∞,0+,−∞[ exp
(

s− z2

4s

)

ds
sm+1 .

� á&Çvá��E�

� ¼&²�±�¿l� É�Ü�Ë-ÚÈÑQØ�Ô �

lim
Ret→−∞

(z

2
(t+ t−1) +m

)

exp
(z

2
(t− t−1)

) 1

tm
= 0,

ß�ÔZÍNÑQø�ÛNä%ÑEû9Ë-ÚÈÜ�ËJÎ[öNÑ�ÛNÍ	Ø$ÔZÐNÊ-Ë-ÑQÌ � á&Çvá�ëE��ü^ÓÕÔ'Ì�Ü�Ë@ÍNÊ-ÐNÊ ] −∞, 0+,−∞[
Ú

v(z) = C

∫

]−∞,0+,−∞[
exp

(z

2
(t− t−1)

) dt

tm+1

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓÕÔ^Ç
É�ÐNßQÑQßXäGÜ^ü-ÛNÍeÔ�Ø	ÚÕÑQË-ÚÈÑ

s = zt
2

ü^Ü£ÛNÍeÔEöNÑQø�Î

v(z) = C
(z

2

)m
∫

]−∞,0+,−∞[
exp

(

s− z2

4s

)

ds

sm+1
.

�%ÔZÍNÑQø
lim
z→0

v(z)
(z

2

)−m
= C

∫

]−∞,0+,−∞[
es

ds

sm+1
= C

2πi

Γ(m+ 1)
.

â�×



�$ßQÎ&ÓÈÚ&öjÑ�àeÓÈÚ
C = 1

2πi

Ú
m 6= −1,−2, . . . � ÍNÜ

v(z) = Jm(z).

�hÔ
m = −1,−2, . . .

ÐNÜ�ß�ÛeßQÑQÐNß�ÔZø�ÎÙÍNú[Ð�
EØ	Ë-Ü£à��Öä-ÐNßQÑQßXÞAÚ	�JÒJû9Ü£à��ZÇ
2� Ñ�àeÓÈÚ

0 < argz < π � ÍNÜ>Ü&ü^ä%ÜiØ	ÚÈÑ�ü^Ë-ÚÕø�Ì�Ü�ËJÍNÊ-ÐNÑQø Ø � á&Çvá��E�óöjÑ�ÛNÍ ]i∞, 0+, i∞[
Ç

É�Ü�ä-ÐNßQÑQß�Ø	Î&æ 
�Ð[Ü&ü^ä%ÜiØ	ÚÕÑ�ü^Ë-ÚÈÑQÒ�Ü!Ì�Ü�Ë@ÍNÊ-ÐNÊHÚ;öNÑQÒ�Ü!ä�ÔZÐeÔZø�ÑQÍNÐNÎ&ß�Ô�ÞÏöjÚ�Ø 
óØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÊIá&ÇÈÆ�ü^Ü£ÛNÍeÔEöNÑQø�Î
ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNú � Þ�÷-Ó��4ù�Ú

Jm(z) =
1

π

∫ π

0
cos(z sinφ−mφ)dφ− 1

π
sin(mπ)

∫ ∞

0
e−z(shβ+mβ)dβ, Rez > 0.

nkÔZø�ÎwÍNÑ �ÖÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNú2ÞQÔ@û9Ì�ÜiØ �wÉ�Ü�ÚÕÛeÛNÜ�Ë�Ô

Jm(z) =
( z
2
)m

√
πΓ(m+ 1

2
)

∫ 1
−1(1 − t2)m− 1

2 eiztdt, m > − 1
2 .

� Ü�ÍNÜ�Ì�Ü�Ë@ÍNÊ-ÐNØ$ÑXÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjÑ'ÍåÎ&ä-Ê¾É�Ü�ÚÕÛeÛNÜ�Ë�Ô � ä%Ü&Þ�÷-Ü&ü^ß
��ÞAÑXÜ&ü �hÔZË-Ì�ÑQÓÕÔ#� �

Jm(z) =
1

2πi
√
π

Γ(
1

2
−m)(

z

2
)m

∫

[1,−1−,1+]
(t− 1)m− 1

2 (t+ 1)m− 1
2 ,

J−m(z) = e−iπm 1

2πi
√
π

Γ(
1

2
−m)(

z

2
)m

∫

[i∞,−1+,1+,i∞]
(t− 1)m− 1

2 (t+ 1)m− 1
2 ,

õ-Ê-Ë-Ì£ÞÏöeÔ���Ñ�ÛeÛNÑQÓ9Ô2Ú��TÊ-Ë-Ì£ÞÏöNÑÖ÷-ÚÈä%ÑQÐNÒ�ÑQÜ�ø�ÑQÍNÐNÎ&ÞAßQË-Ñ
0F1

Ú
1F1

Û��2ßQÑ[ÛNÜ�æ �(æ-ÓÈÚ9ÛNÌ�Ü�ßQØ	Ú �Zß�ÔZË-Ñ �

Jm(z) = 1
Γ(m+1) (

z
2 )m0F1(−; 1 +m;− z2

4 )

= 1
Γ(m+1) (

z
2 )me−iz

1F1(m+ 1
2 ; 2m+ 1; 2iz).

�@7�� � ;=<$>�����D�� D	� ��DFG9I �$G9I �5I � >�
 � � ?BA � � � I C I � D ?�C	� �
m

�hÓÕÔ
m ∈ Z

�TÊ-Ë-Ì£ÞÏöNÑ���Ñ�ÛeÛNÑQÓ9Ô'Û �2ÓÈÚÈË-ÚÈÜEØ�Ü2ß�ÔZÓÈÑ �QË-Ñ � Ü�ÞAßQÎ&ø ø 
iØ	Ú�Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑXÍåØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÑ�Ç
L ²�µ9½J¶E¿�º£½J³�µT½ � � 


Jm(z) = (−1)mJ−m(z), m ∈ Z.

� ¼&²�±�¿l� ì·Î^ÛNÍeÔZÐeÞAßQÎÙß�Ô@û9Ü��QÎ�� � �QÑ m = 0, 1, . . .
nLÔZø'Î>Ø	ÍNÑ�ü^Î

Jm(z) =
∑∞

n=0

(−1)n( z
2)

2n+m

n!(n+m)!

= (−1)m
∑∞

n=0

(−1)n+m( z
2 )

2(n+m)−m

(n+m)!(n+m−m)!

= (−1)m
∑∞

n=m
(−1)n( z

2 )
2n−m

n!(n−m)!

= (−1)m
∑∞

n=0

(−1)n( z
2 )

2n−m

n!Γ(n−m+1) = J−m(z).

â�â



2 � Ñ�àeÓÈÚ
m ∈ Z

� ÍNÜ �TÊ-Ë-Ì£ÞÏöeÔHäGÜ^ü-ÞQÔ@û9Ì�ÜiØ�ÔSØ � á&Çvá�áE�§öjÑ�ÛNÍXöNÑ�ü^Ë-Ü�ßQË�Ô�ÞAßQË�ÔSÚ§ø>Ô�ä-Ê-Ë-Ì&ÍÙÜ£ÛNÜ�æ-ÓÈÚÈØ	ÎSØ
0
Ç[ìYÍNÑ�ü^Î¾ÌZÔ ��ü^Î¾Ì�Ü�Ë@ÍNÊ-ÐÖß�ÔZø>ÌJË-ÚÈúQÍÏÎ!Ü�Ì&Ð�� ��ÔEö���ÞAÎ

0 � Ë�Ôwä-ÐNßQÎ&Ì-ûTÔ�ü ä-ÐNßQÑ�ÞAÚÕØ	Ë-ÚÈÑ'ü^ÜÙÐNÊ�Þ�÷@Ê0Ø¢ÛNÌZÔZß 
iØ$ÑQÌ	�ÛNä%ÑEû9Ë-ÚÕÔkØ$ÔZÐNÊ-Ë-ÑQÌ � á&Çvá�ëE�eÇ m ÌZÔZßQÊ4öNÑÙÛeÚÈú � �QÑÙä-ÐNßQÎ�Ü^ü^äGÜEØ	ÚÈÑ�ü^Ë-ÚÈø Ø	Î&æGÜ�ÐNßQÑ�ÛNÍeÔ@û9Ñ ö
C
ä-ÐNÜiØ$Ô�ü^ßQÚ�Ü�ËSü^Ü

�yÊ-Ë-Ì£ÞÏöjÚ
Jm(z)

Ç
L ²�µ9½J¶E¿�º£½J³�µT½ � � ��MN�(�O&!P

m ∈ Z
�gfg-G� T 3

Jm(z) = 1
2πi

∫

[0+] exp
(

z
2 (t− t−1)

)

dt
tm+1

= 1
2πi

(

z
2

)m ∫

[0+] exp
(

s− z2

4s

)

ds
sm+1 .

� ¼&²�±�¿l� 
óØ	ÚÕÑQÐeü^ßQÑQË-ÚÈÑ§ÍNÜ'Ø	Î&Ë-ÚÈÌZÔXß 
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ(á&Çéè2ä-ÐNßQÑQß[ü^Ñ �TÜ�ÐNø>Ô�ÞÏöNúhÌ�Ü�Ë@ÍNÊ-ÐNÊ�ÇlnLÜ��QË�Ô�öjÑ§Ð�
EØ	Ë-ÚÈÑ �
Ø	Î&Ì4ÔZß�Ô��ÖË-ÚÕÑQß�ÔZÓÈÑ �QË-ÚÈÑ$öNÔZÌ�Ë�Ô�ÛNÍNúQä-Ê4öNÑ�Ç�ì¡ÚÕÑQø�Î � �QÑ

v(z) = C

∫

[0+]
exp

(z

2
(t− t−1)

) dt

tm+1

öNÑ�ÛNÍ	ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓÕÔ^Ç�É�ÐNßQÑQß[äGÜ^ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ
s = zt

2

ü^Ü£ÛNÍeÔEöNÑQø�Î

v(z) = C
(z

2

)m
∫

[0+]
exp

(

s− z2

4s

)

ds

sm+1
.

�%ÔZÍNÑQø
lim
z→0

v(z)
(z

2

)−m
= C

∫

[0+]
es

ds

sm+1
= C

2πi

m!
.

�$ßQÎ&ÓÈÚ&öjÑ�àeÓÈÚ
C = 1

2πi

Ú
m = 0, 1, 2, . . . � ÍNÜ

v(z) = Jm(z).

� Ñ�àeÓÈÚ�ä%Ü&ü-ÛeÍeÔ�Ø	ÚÈø'Î
w = −1

t

ÍNÜ�ø>ÔZø'Î
t − t−1 = w − w−1 � dt

t = −dw
w

Ú�Ì�Ü�Ë@ÍNÊ-Ð
[0+]

ä-ÐNßQÑ�Þ�÷-Ü&ü^ßQÚ
Ø

[0−]
Ç �%ÔZÍNÑQø

∫

[0+]

exp
(

z
2(t− t−1)

)

dt
tm+1 = (−1)−m+1

∫

[0−] exp
(

z
2 (w − w−1)

)

dw
w−m+1

= (−1)−m
∫

[0+] exp
(

z
2(w − w−1)

)

dw
w−m+1

� á&Çoç��#�

� Ñ�àNÓÕÚ
m = 0,−1,−2, . . .

ÍNÜ�Ø	ÚÈÑQø'ÎÖöNÊ � � �QÑ[ä-ÐeÔiØ$Ô>ÛeÍNÐNÜ�Ë�Ô � á&Çoç��#�óöNÑ�ÛNÍ	Ð�
iØ	Ë�Ô (−1)−mJ−m(z)
Ç �$ÚÕÜ�Ð���Þ

ä%Ü&ü Ê@Ø$ÔZÒ�ú·ÍÏØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÑ·á&ÇvëHØ	ÚÕü^ßQÚÈø'Î � �QÑ � á&Çoç��#��öjÑ�ÛeÍ�Ð�
EØ	Ë-Ñ Jm(z)
Ç �%ÔZÍNÑQø Ë�Ô�ÛNß�ÔHÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ

ÞQÔ@û9Ì�ÜiØ�ÔÖöNÑ�ÛNÍ¢Û5û9Ê�ÛeßQË�Ô2Ð�
iØ	Ë-ÚÈÑ �Xü^Ó9Ô
m = −1,−2, . . .

Ç
2

� ³�µT¼*Á�½J» � � � �  #"%$�&('+� � ��,k,+���j) T �j)N&S)��9$�8��>��-43/&�P B#) H )/: �!- H <��i:=)V'*]\"	)�,�- R BD k'*]�&S] �! E"%$0&(' R I��!"D� H  �'!]�&k] �

exp
(z

2
(t− t−1)

)

=

∞
∑

m=−∞
tmJm(z).

â4è



� ¼&²�±�¿l� õ�Ê-Ë-Ì£ÞÏöNÔ
t 7→ exp

(z

2
(t− t−1)

)

öNÑ�ÛNÍ	÷-Ü�ÓÈÜ�ø�Ü�Ð �*ÞAßQË�Ô2Ø�ä-ÚÕÑQÐeàeÞAÚÈÑQË-ÚÈÊ
C\{0} Ú�ÐNÜ�ßQØ	Ú öeÔ(ÛNÚÈú§Ø ÛNßQÑQÐNÑQÒ � ÔZÊ-ÐNÑQËJÍeÔ^Ç

2

��ÚÈÜ�Ð���Þ§Ø 
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÈÊ¾á&ÇÈÆ�öeÔZÌ�Ü(Ì�Ü�Ë@ÍNÊ-Ð�Ü�ÌJÐNúQÒ>Ü(ä-ÐNÜ�ø�ÚÈÑQË-ÚÈÊ·ÆÖü^Ü£ÛNÍeÔEöNÑQø�ÎwØ	ß 
�Ð ��Ñ�ÛeÛNÑQÓ9Ô

Jm(z) =
1

π

∫ π

0
cos(z sinφ−mφ)dφ, m ∈ Z.

�@7�� � ;=<$>�����D�� I�<H>.DFG9I
õ-Ê-Ë-Ì£ÞÏöNÑ �$Ñ�Û�ÛNÑQÓÕÔ�ø�ÔEö��>ä-ÐNÜ£ÛNÍNÑ2ß�Ô�Þe÷-ÜiØ�ÔZË-ÚÈÑ(æ-ÓÈÚÕÛeÌ�Ü>ßQÑQÐeÔ^Ç[É�Ü�Ë-Ú �QÑ ö�ß�ü^Ñ ��Ë-ÚÈÊ4öNÑQø�Î¾ä�ÔZÐNú'ÐNÜ�ßQØ	Ú �Zß�ÔZÝLÐ�
EØ �
Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓÕÔ � ßQØ$ÔZË ���yÊ-Ë-Ì£ÞÏöNÔZø�Ú ��ÔZË-Ì�ÑQÓ9Ô � Ì&Í�
�ÐNÑ§ø>ÔEö�� � öNÔZÌ�ÛNÚÈú�ä 
 �QË-ÚÈÑ ö�Ü�ÌZÔ �QÑ � ä-ÐNÜ£ÛNÍNÑ�ß�Ô�Þ�÷-ÜiØ�ÔZË-ÚÈÑÖØË-ÚÈÑ�ÛNÌ�Ü�Ý�ÞAßQÜ�Ë-Ü£à�ÞAÚtÇ�É�ÐNßQÎ(Ü�Ì4ÔZß öNÚ*ü^Ü£ÛNÍeÔZË-ÚÕÑQø�Î��yÊ-Ë-Ì£ÞÏöjÑ � ÌJÍ�
�ÐNÑ�ÐNÜ�ßQä-ÚÈË�ÔEö��Xä-ÐNßQÑ�ÛNÍNÐNßQÑQÝ>ÐNÜ�ßQØ	Ú �Zß�ÔZÝ>Ð�
iØ	Ë�ÔZË-Ú9Ô
��Ñ�ÛeÛNÑQÓÕÔ'Ð�
EØ	Ë-ÚÈÑ �Xü^ÓÕÔ

m ∈ Z
Ç

� ½���³�µ9¹�Äi´ � �����  #"%$�&('+���N)/"%$/���1) � T �1) Rez > 0
�=,*] 5 T � _ "	�28/��)�"D�>'*)�$�8

H(1)
m (z) = − 1

πi

∫

]−∞,(0+1·0)−[
exp

(z

2
(t− t−1)

) dt

tm+1
,

H(2)
m (z) =

1

πi

∫

]−∞,(0+1·0)+[
exp

(z

2
(t− t−1)

) dt

tm+1

� H 5e�S5 ] − ∞, (0 + 1 · 0)−[ H 8e5* #:?�(�*: 3c$�8�"J-4 H 5e)�&k5*30"	)O'!]�&+3i,!� R � −∞ 7 8�$ H ] @ )V'!]�&*3 0
5SI�8 T "J�4� 5H  #&�P
�!: �A,k$0)e5+</� ��$g� T 8+&�P%8 T 5+]�&*3 T 8;5e� H )g5 $F�4� H  E"%$� T 8 T )�-4"J�(�9I�8�� � 8 T 8 Q "J�4� 7 B H 5e�k5 ] − ∞, (0 + 1 ·

0)+[ H 8e5+ E:?�4�!:?3 $08/"J-4 H 5+)�&k5*30"	)V'*]�&*3 ,�� R � −∞ 7 80$ H ] @ )V'*]�&*3 0
B H 5F�O&*�2�>"J�4� T 8 H  #&�P# c�A,�$�)e5+<�� ��$^�

T 8+&!P#8 T 5e]�&*3 T 8=5e� H )=5[$��(� H  #"%$F T 8 T )/-4"J�4�4I�8��
�%ÔZÊJØ$Ô �Qø'Î � �QÑ

lim
t→0+1·0

(z

2
(t+ t−1) +m

)

exp
(z

2
(t− t−1)

) 1

tm
= 0,

Ò£ü^ßQÚÈÑ�ä-ÐNßQÑQß
t→ 0+1·0 Ü�ßQË�Ô�ÞAß�ÔZø'ÎXßQæ-ÚÈÑQÒ£ÔZË-ÚÕÑ$ü^Ü§ßQÑQÐeÔ�ä%Ü�ä-ÐNßQÑQß	ü^Ü&ü-ÔZÍNË-ÚÕÑ$Ø�ÔZÐNÍNÜ£àeÞAÚ t � ÞAß�Ô�ÛNÑQø Ü�ßQË�Ô�ÞAß�Ô

ÛNÚÈú�ÍNÜ2ä-ÐNßQÑQß
t→ 0+ �eÇ=�%ÔZÍNÑQø Ì�Ü�ËJÍNÊ-ÐNÎ

]−∞, (0 + 1 · 0)+[
Ú

]−∞, (0 + 1 · 0)−[
ÛNä%ÑEû9Ë-ÚÕÔEö��XØ�ÔZÐNÊ-Ë-ÑQÌ

� á&Çvá�ëE�eÇ �%ÔZÍNÑQø	�TÊ-Ë-Ì£ÞÏöNÑ ��ÔZË-Ì�ÑQÓ9Ô(Û��2ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔZø�Ú�Ð�
EØ	Ë�ÔZË-ÚÕÔ���Ñ�ÛeÛNÑQÓ9Ô^Ç
� Ñ�àeÓÈÚ

0 < argz < π � ÍNÜLü^Ü�æ-ÐNÎ&ø Ì�Ü�ËJÍNÊ-ÐNÑQø Ø�ü^Ñ ��Ë-ÚÕÞÏöNÚ$�yÊ-Ë-Ì£ÞÏöNÚ
H

(1)
m

öNÑ�ÛNÍ
[i∞, 0]

Ç � Ñ�àNÓÈÚ −π <

arg < 0 � ÍNÜ�ü^Ó9Ô H(2)
m

ø�Ü��QË�Ô(Ê �QÎ��§Ì�Ü�Ë@ÍNÊ-ÐNÊ
[−i∞, 0]

Ç
L ²�µ9½J¶E¿�º£½J³�µT½ � � �
	a)�: 3="D)�,�- R B  k'*]�&k� -98 @ ,!)/:=8��*&*� �

H
(1)
−m(z) = emπiH

(1)
m (z),

H
(2)
−m(z) = e−mπiH

(2)
m (z),

Jm(z) = 1
2

(

H
(1)
m (z) +H

(2)
m (z)

)

,

J−m(z) = 1
2

(

emπiH
(1)
m (z) + e−mπiH

(2)
m (z)

)

,

H
(1)
m (z) = ie−mπiJm(z)−iJ−m(z)

sinmπ ,

H
(2)
m (z) = −iemπiJm(z)+iJ−m(z)

sinmπ .

â�ë



� ¼&²�±�¿l� ��æJÎ�ä%Ü�ÌZÔZß�Ô��[ä-ÚÈÑQÐNØ¢ÛNß
�2Ú�ü^ÐNÊ-Ò ��ÍNÜ���ÛeÔZø�Ü£à �ÖÛNÍNÜ£ÛNÊ4öNÑQø�ÎwäGÜ^ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ
t = −1

s

Ç�ã¢Ü�ßQØ�Ô �Qø�Î
Ë�Ô¢ä-ÐNßQÎ&Ì�ûTÔ�üXü^ÐNÊ-Ò�Ú&Ø	ß 
�ÐQÇ �§ÓÕÔ�Û�Ô	ÌJÐNßQÎ&Ø	Î^Þe÷

]−∞, (0+1·0)+]
ø�Ü��QÑ�æJÎ ��ÐNÑQä-ÐNÑQßQÑQË@ÍNÜiØ�ÔZË�ÔÖä-ÐNßQÑQß¤ûTÔZø�ÔZË �

] −∞,−1] ∪ {−ieiφ, φ ∈ [−π
2 ,

π
2 ]} ∪ [1, 0]

Ç¢É�Ü�ß�Ô�ÛeÍNÜ£ÛNÜiØ�ÔZË-ÚÈÊ¾ß�ÔZø�Ú9ÔZË@ÎÙßQø�ÚÈÑQË-ËJÎ&Þ�÷
w = − 1

t

ûTÔZø>ÔZË�Ô
ÍeÔ(ä-ÐNßQÑ�Þ�÷-Ü&ü^ßQÚ�Ø ÛNÚÈÑQæ-ÚÈÑhßQÑ[ßQø�Ú9ÔZË �2Ü�ÐNÚÈÑQË@ÍeÔ�ÞÏöNÚtÇ$�§ÔZÓÈÑ ö �

t− t−1 = w − w−1 � t−1dt = −w−1dw � t−1 =
(−1)−mw−m = eiπmwm

Ç � É�ÔZø�ÚÕúQÍeÔEöjø'Î � �QÑ'ß�ÔZø�ÚÕÔZË�Ô>ßQø�ÚÈÑQË-ËJÎ&Þ�÷Lß�Ô�Þ�÷-ÜiØ	Ê4öNÑ2ü^Ü�ÓÕË �>ä 
Jû9äGûTÔ�ÛNß�ÞAßQÎ&ßQË-ú �Ø�Ì&Í�
�ÐNÑ ö	ßQË�ÔEöeü^Ê4öNÑ[ÛNÚÈú§ÌJÐNßQÎ&Ø$Ô#�eÇ
ûTÔZÍÏØ�Ü>ä-ÐNßQÑQÌ�Ü�Ë�ÔZø'Î!ÛNÚÈú � �QÑ[ü^Ñ �yÜ�ÐNø�Ê4ö���Þ

] −∞, (0 + 1 · 0)+[ ∪ ](0 + 1 · 0)+,−∞[

ü^Ü£ÛNÍeÔZË-ÚÈÑQø'Î
] −∞, 0+,−∞[

Ç$
óÜ>ÚÈø�ä-ÓÈÚÈÌ&Ê4öNÑ�ÍNÐNßQÑ�ÞAÚ	�2ÍNÜ���ÛeÔZø>Ü£à��ZÇ

�Ü���ÛeÔZø�Ü£àeÞAÚ�ÞAßQØ�ÔZÐNÍeÔ � ä-Ú	�ZÍeÔ2ÚóÛeß 
£ÛNÍeÔ2Ø	ÎJË-ÚÕÌ4ÔEö��'Ë�ÔZÍåÎ^Þe÷-ø�ÚÕÔ�ÛeÍ¢ßÖä-ÚÈÑQÐNØ¢ÛNßQÎ^Þe÷!ÍNÐNßQÑ�Þ�÷�Ç

2

L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯�� � 868 Q �2'��!&*�2 =BD #"%$F-4 0 T 8�,!-9)V'+�!:?3
Jm(e±i2πz) = e±im2πJm(z),

H
(1)
m (eiπz) = −e−im2πH

(2)
m (z),

H
(2)
m (eiπz) = −eim2πH

(1)
m (z).

�hÐNÊ-Ò�ÚóØ	ß 
�Ð¢Ø	Î&Ë-ÚÈÌZÔ'ß[ä-ÚÈÑQÐNØ¢ÛNßQÑQÒ�Ü��

H(1)
m (eiπz) =

ie−miπJm(eiπz) − iJ−m(eiπz)

sinmπ
=

iJm(z) − ie−imπJ−m(z)

sinmπ
= −e−imπH(2)

m (z).

nLÜ��QË�Ô(Ò�Ü(ÍNÑ �Xü^ÜiØ	ÚÕÑ�à��§ä-ÐNßQÑQß[ß�ÔZø�ÚÕÔZË-úÖßQø>ÚÈÑQË-Ë@Î^Þe÷
w = −t Ø�ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjÚ�ÞQÔ@û9Ì�ÜiØ$Ñ öAÇ 2

L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯*¯ 	a)/:?3\"	)�,�- R BD k'*]�&k� �C5e8 H 3N)0,�30: BD-98/-43/&k5*" � , �� �,O5+"D� T �1) −π+δ < argz < 2π−δ 7
δ > 0 �

lim
z→∞

H
(1)
m (z)

(

2
πz

)
1
2 eize−

imπ
2

− iπ
4

= 1,

lim
z→∞

H
(2)
m (z)

(

2
πz

)
1
2 e−ize

imπ
2

+ iπ
4

= 1.

� ¼&²�±�¿l� nkÔZø'Î
H(1)
m (z) = − 1

πi

∫

]−∞,(0+1·0)−[
eφ(t) dt

tm+1
,

Ò£ü^ßQÚÈÑ
φ(t) = z

2 (t− t−1),

φ′(t) = z
2 (1 + t−2),

φ′′(t) = −zt−3.

â�á



É�Ê-Ë-Ì&ÍåÎ�ÛNÍeÔ�ÞÏöNÜ�Ë�ÔZÐNË-Ñ
φ(t)

Û��(ü^Ó9Ô
t± = ±i

Ç�nkÔZø'Î

φ(±i) = ±zi, φ′′(±i) = ∓zi.
nLÜ��QÑQø�Î�Ø	ÎJæ-ÐeÔ��ÙÌ�Ü�ËJÍNÊ-Ð�ü^ÓÕÔ

H(1) ÍeÔZÌ � �QÑQæJÎ�ä-ÐNßQÑ�Þe÷-Ü^ü^ßQÚTû�ä-ÐNßQÑQß t+ = i � Ú¤ä-Ð�
&ÞAß t = t+
ø�ÚÈÑ
�

Reφ(t) − φ(t+) = Re z2
(t−i)2
t < 0

ÇH�hÜ£ÛNÍeÔEöNÑQø'Î>Ø	ÍNÑ�ü^Î

H
(1)
m (z) ∼ − 1

πi
eφ(i)

im+1

∫ ∞
−∞ e

1
2
φ′′(i)(t−i)2dt

= − 1
πi

eiz

eiπ(m+1)/2

√

2π
iz =

(

2
πz

)
1
2 eize−

imπ
2

− iπ
4 .

� � Ñ�àNÓÕÚ 0 < argz < π � ÍNÜ�öeÔZÌ�Ü§ÍNÑQË2Ì�Ü�Ë@ÍNÊ-Ð�ø�Ü��QË�Ô�Ø	ßQÚ	��� [0,∞[ � öjÑ�àNÓÕÚ −π < argz < 0 � ÍNÜ [0,−i]∪{eiφ, :
φ ∈ [−π

2 ,−5π
2 ]}∪ [−i,−i∞[ � öjÑ�àeÓÈÚ π < argz < 2π � ÍNÜ [0,−i]∪{eiφ, : φ ∈ [−π

2 ,
3π
2 ]}∪ [−i,−i∞[

Ç
2

ì·Î&æ 
�Ð	Ü^ü^ä%ÜiØ	ÚÈÑ�ü^Ë-ÚÕÞ�÷!Ì�Ü�Ë@ÍNÊ-Ð�
EØ ä-ÐNÜEØ$Ô�ü^ßQÚ�ü^Ü�ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÚ

H
(1)
m (z) = − ie−

imπ
2

π

∫ ∞
−∞ eizht−mtdt, 0 < argz < π,

H
(2)
m (z) = 2ie

imπ
2

π

(

∫ ∞
0 eizhth(mt− imπ)dt− i

∫ π
0 e−iz cos t cosmtdt

)

, 0 < argz < π,

H
(1)
m (z) = −2ie

−imπ
2

π

(

∫ ∞
0 e−izhth(mt+ imπ)dt+ i

∫ π
0 eiz cos t cosmtdt

)

, −π < argz < 0,

H
(2)
m (z) = ie

imπ
2

π

∫ ∞
−∞ e−izht−mtdt, −π < argz < 0

m ÍNÜ�ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjÑ�Ì�Ü�Ë@ÍNÊ-ÐNÜEØ�Ñ2ÍåÎ&ä-Ê¾É�Ü�ÚÕÛeÛNÜ�Ë�Ô��

H(1)
m (z) =

Γ(1
2 −m)

πi
√
π

(
z

2
)m

∫

]i∞,1+,i∞[
eizt(t− 1)m− 1

2 (t+ 1)m− 1
2 dt,

H(2)
m (z) =

Γ(1
2 −m)

πi
√
π

(
z

2
)m

∫

]i∞,−1−,i∞[
eizt(t− 1)m− 1

2 (t+ 1)m− 1
2 dt,

nkÔZø�ÎwÍNÑ �ÖÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÑ'ÍåÎ&ä-Ê¾É�Ü�Ú9ÛeÛNÜ�Ë�Ô2ä-ÐeÔ�Ø¢ü^ßQÚÕØ�Ñ	öNÑ�àNÓÈÚ
m ≥ −1

2

Ç

H(1)
m (z) = − 2√

πΓ(m+ 1
2)

(
z

2
)m

∫

]1,i∞[
eizt(1 − t2)m− 1

2 dt,

H(2)
m (z) =

2√
πΓ(m+ 1

2)
(
z

2
)m

∫

]−1,i∞[
eizt(1 − t2)m− 1

2 dt,

É�ÐNßQÑQßXØ	ÎJæ 
�Ð¢Ü^ü^äGÜEØ	ÚÈÑ�ü^Ë-ÚÈÑQÒ�Ü(Ì�Ü�Ë@ÍNÊ-ÐNÊkü^Ü£ÛNÍeÔZË-ÚÈÑQø'Î

H
(1)
m (z) =

√

2
πz

m ei(z−π m
2 −

π
4 )

Γ(m+ 1
2
)

∫ ∞
0 e−zttm− 1

2 (1 + it
2 )m− 1

2 dt,

H
(2)
m (z) =

√

2
πz

m e−i(z−π m
2 −

π
4 )

Γ(m+ 1
2
)

∫ ∞
0 e−zttm− 1

2 (1 − it
2 )m− 1

2 dt.

â£ç



�@7�� � 
 �$I ?�>�
 � D C D��HC D � D�<*? I ����D �5I � >�
 � D
É�ÐNßQÎiöjø'Ê4öNÑQø�ÎwÌ�Ü�Ë@Ø$ÑQË�ÞÏöjú � �QÑ

lim
u→∞

√
1 + u2

u
= 1, � á&Çoç&Æ��

ÞAÜ�Ê�ÛNÍeÔZÓ9Ô�Ò£Ô@û �����TÊ-Ë-Ì£ÞÏöNÚ
u 7→

√
1 + u2

Ë�Ô
C\[−i, i]

Ç
ã�Ü�ßQØ$Ô �Qø'ÎwÜ^ü^Ø	ßQÜ�ÐNÜiØ�ÔZË-ÚÈÑ

C\{0} 3 t 7→ u(t) =
1

2
(t− t−1). � á&ÇoçZ×E�

É�Ü&ü^ßQÚÈÑQÓÕø�Î
C\{0} Ë�Ô�â(ÛNÑQÌ&ÍNÜ�ÐNÎ �

Ω+ := {t ∈ C : |t| > 1},
Ω0 := {t ∈ C : |t| = 1},
Ω− := {t ∈ C : |t| < 1}.

m æ-ÐeÔZßQÑQø
Ω+

Ú
Ω−

Ø	ßQÒ�ÓÈú�ü^ÑQø �yÊ-Ë-Ì£ÞÏöjÚ � á&ÇoçZ×E�¢öNÑ�ÛNÍ C\[−i, i]
Ç m æ-ÐeÔZßQÑQø

Ω0
öNÑ�ÛNÍ

[−i, i]
Ç nkÔZø'ÎHØ

ÛNß�ÞAßQÑQÒ�
�ÓÈË-Ü£à�ÞAÚ
u(−1) = u(1) = 0 � u(−i) = −i

Ú
u(i) = i

Ç
õ-Ê-Ë-Ì£ÞÏöeÔ(Ü^ü^Ø	ÐNÜ�ÍNË�Ô

u 7→ t(u)
öNÑ�ÛNÍ	Ø	ÚÈÑQÓÈÜ�ßQË�Ô�ÞAßQË�Ô^Ç�ì·Î&Ð�
��QË-ÚÈø'Î�Ø�Ë-ÚÈÑ ö¢ü^Ø	ÚÈÑ$öNÑ�ü^Ë-Ü�ßQË�Ô�ÞAßQË-ÑXÒ£Ô@û9úQßQÚÈÑ

C\[−i, i] 3 u 7→ t+(u) = u+
√

1 + u2 ∈ Ω+,

C\[−i, i] 3 u 7→ t−(u) = u−
√

1 + u2 ∈ Ω−,

� ä�ÔZø�ÚÈúQÍeÔEöNø'Î>Ü(Ì�Ü�Ë@Ø$ÑQË�ÞÏöjÚ � á&Çoç&Æ��O�eÇÉ�Ü�Ë-Ú �QÑ ö�Ü�ø 
iØ	ÚÈø'Î�ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjÑ�ÞQÔ@û9Ì�ÜEØ�Ñ0Ì&Í�
�ÐNÑ·Ü�ÍNÐNßQÎ&ø�Ê4öNÑQø�Î ßkÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjÚ�ÍåÎ&ä-Ê �$Ñ�Û�ÛNÑQÓÕÔ �
� Þe÷-Ó �4ù�ÚóäGÜ(ß�Ô�ÛeÍNÜ£ÛNÜiØ�ÔZË-ÚÈÊ!ß�ÔZø�ÚÕÔZËJÎ�ßQø>ÚÈÑQË-Ë@Î^Þe÷

t 7→ u(t)
Ç

L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯^Å 

�������
Rez > 0 7 -98
Jm(z) = 1

2πi

∫

[−∞,−i+,i+,−∞]
ezudu√

1+u2(u+
√

1+u2)m

� ¼&²�±�¿l� � ÍNÜ£ÛeÊ4öjÑQø'Î�ß�ÔZø>ÚÕÔZË-úÖßQø�ÚÈÑQË-ËJÎ&Þ�÷

t 7→ u(t)

Ü�ø 
EØ	ÚÈÜ�Ë �2Ø ü^ÜiØ$Ü&ü^ßQÚÕÑ[Ë�Ô�ÛNÍNúQä-Ë-ÑQÒ�Ü>ÍÏØ	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ � 
�ØÖÇ$á&ÇváE�eÇ�ìYÍNÑ�ü^ÎwÌ�Ü�ËJÍNÊ-Ð

] −∞,−i] ∪ {eiφ : φ ∈ [−π
2
,
π

2
]} ∪ [i,∞[,

æ%ú�ü ��ÞAÎ�ä-ÐNßQÎ&Ì-ûTÔ�ü^ÑQø Ì�Ü�Ë@ÍNÊ-ÐNÊLÍåÎ&ä-Ê
] −∞, 0+,−∞[

ä-ÐNßQÑ�Þ�÷-Ü&ü^ßQÚ�Ø�Ì�Ü�Ë@ÍNÊ-Ð

] −∞,−i+, i+,−∞[.

�%ÔZÊ@Ø�Ô �Qø�Î�ä-ÐNßQÎwÍåÎ&ø � �QÑ[Ü£ÛeÜ�æ-ÓÈÚÈØ�Ü£à � �yÊ-Ë-Ì£ÞÏöNÚóäGÜ^ü-ÞQÔ@û9Ì�ÜiØ$Ñ ö�Ø ±i
öjÑ�ÛeÍ¢ÞQÔ@û9Ì�ÜiØ$ÔZÓÕË�Ô^Ç
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L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯&ýdM[�4�O&�P
m ∈ Z

�gfg-G� T 3
Jm(z) = 1

2πi

∫

[−i,i+,−i+]
ezudu√

1+u2(u+
√

1+u2)m

= 1
2πi

∫

[−i,i+,−i+]
ezudu√

1+u2(u−
√

1+u2)m
.

� ¼&²�±�¿l� �hÓÕÔ(ü^ÜEØ�Ü�ÓÈË-ÑQÒ�Ü
r > 0

ø�ÔZø�Î

Jm(z) =
1

2πi

∫

∂K(0,r)
exp

(z

2
(t− t−1)

) dt

tm+1

� Ñ�àeÓÈÚ
r > 1 � ÍNÜ ∂K(0, r) ⊂ Ω+

Ç �%ÔZø>ÚÕÔZË�Ô�ßQø�ÚÕÑQË-Ë@Î^Þe÷
t 7→ u(t)

ä-ÐNÜiØ�Ô�ü^ßQÚ�Ü&ü¾Ì�Ü�Ë@ÍNÊ-ÐNÊ
∂K(0, r)ü^Ü�Ì�Ü�ËJÍNÊ-ÐNÊ¾ÍåÎ&ä-Ê

[−i, i+,−i+]
Ç�É�Ü�ß�Ô�ÍÏÎJø � ü^Ó9Ô t ∈ Ω+

ø�ÔZø�Î

du

dt
=
u+

√
1 + u2

√
1 + u2

.

� Í���ü�ä-ÐeÔiØ¢ü^ßQÚÈØ$ÔÖöjÑ�ÛNÍ	ä-ÚÕÑQÐNØ¢ÛNß�Ô2ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ>ÞQÔ@û9Ì�ÜEØ$Ô^Ç
� Ñ�àeÓÈÚ

1 > r > 0 � ÍNÜ ∂K(0, r) ⊂ Ω−
Ç �%ÔZø�ÚÕÔZË�Ô ßQø>ÚÈÑQË-Ë@Î^Þe÷

t 7→ u(t)
ä-ÐNÜiØ$Ô�ü^ßQÚ�Ü&ü�Ì�Ü�Ë@ÍNÊ-ÐNÊ

∂K(0, r)
ü^Ü�Ì�Ü�Ë@ÍNÊ-ÐNÊLÍåÎ&ä-Ê

[−i, i−,−i−]
Ç�É�Ü�ß�Ô�ÍåÎ&ø � ü^ÓÕÔ t ∈ Ω−

ø>ÔZø'Î

du

dt
=
u−

√
1 + u2

−
√

1 + u2
.

�%ÔZø�ÚÕÔZË�Ô¤Ì�Ü�ËJÍNÊ-ÐNÊ
[−i, i−,−i−]

Ë�Ô
[−i, i+,−i+]

Ø	ä-ÐNÜiØ$Ô�ü^ß�Ôhü^Ü^ü-ÔZÍNÌ�ÜiØ	ÎÖßQË�ÔZÌhø�ÚÈË@Ê�Û�Ç � Í���üÖä-ÐeÔ�Ø¢ü^ßQÚÕØ$Ô
öNÑ�ÛNÍ¢ü^ÐNÊ-Ò£Ô(ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöeÔ>ÞQÔ@û9Ì�ÜEØ$Ô^Ç

2

É�Ü&ü-ÔEöNø'ÎXöNÑ�ÛNß�ÞAßQÑ[ü^Ü^ü-ÔZÍNÌ�ÜiØ$ÑXÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÑ �TÊ-Ë-Ì£ÞÏöNÚ8��ÔZË-Ì�ÑQÓ9Ô^Ç
L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯Jô

H
(1)
m = 1

πi

∫

[−∞,i+,−∞]
ezudu√

1+u2(u+
√

1+u2)m

= 1
πi

∫

[−∞,i−,−∞]
ezudu√

1+u2(u+
√

1+u2)m

= 1
πi

∫

[−∞,i]
ezudu√

1+u2(u+
√

1+u2)m
+ 1

πi

∫

[−∞,i]
ezudu√

1+u2(u−
√

1+u2)m
,

H
(2)
m = − 1

πi

∫

[−∞,−i+,−∞]
ezudu√

1+u2(u+
√

1+u2)m

= − 1
πi

∫

[−∞,−i−,−∞]
ezudu√

1+u2(u+
√

1+u2)m

= − 1
πi

∫

[−∞,−i]
ezudu√

1+u2(u+
√

1+u2)m
− 1

πi

∫

[−∞,−i]
ezudu√

1+u2(u−
√

1+u2)m

� ¼&²�±�¿l� ã�ÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÑXÍNÑXü^Ü£ÛeÍeÔEöjÑQø'Î�ä-ÐNßQÑQßXß�Ô�ÛNÍNÜ£ÛNÜiØ�ÔZË-ÚÈÑ[ß�ÔZø�Ú9ÔZË@ÎwßQø�ÚÈÑQË-Ë@Î^Þe÷

t 7→ u(t).
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�%ÔZÊ@Ø�Ô �Qø�ÎIä-ÐNßQÎHÍåÎ&ø � �QÑÙË-ÚÈÑÙø>Ô¾ßQË�Ô�ÞAßQÑQË-Ú9Ô � ÞAßQÎ�ä-Ê-Ë-Ì&ÍåÎHÐNÜ�ßQÒ£Ô@û9úQßQÚÈÑQË-ÚÕÔ ±i Ü�ø�Ú öeÔZø'Î·ßQÒ�Ü&ü^Ë-ÚÈÑÙÞAßQÎä-ÐNßQÑ�ÞAÚÈØ	Ë-ÚÈÑ�ü^Ü�ÐNÊ�Þe÷JÊLØ¢ÛNÌZÔZß 
iØ$ÑQÌGÇZnLÜ��QÑQø�ÎwË�Ô�Ø$ÑQÍ�ä-ÐNßQÑ�ÞAÚ �@Ò�Ë ��ÞÖÌ�Ü�ËJÍNÊ-Ð�ä-ÐNßQÑQß ±i � ä%Ü�Ë-ÚÈÑQØ$Ô � �yÊ-Ë-Ì£ÞÏöeÔä%Ü&ü-ÞQÔ@û9Ì�ÜEØ$ÔLöNÑ�ÛNÍ>Ø ÍåÎ^Þe÷ ä-Ê-Ë-Ì&ÍeÔ�Þe÷�ÞQÔ@û9Ì�ÜiØ�ÔZÓÈË�Ô^Ç nLÊ�ÛNÚÈø'Î¾öNÑ�ü^Ë�ÔZÌ�ß�ÔiØ¢ÛNßQÑLØ$Ñ öNà �LË�ÔDü^ÐNÊ-Ò �HÒ£Ô@û ���
�yÊ-Ë-Ì£ÞÏöjÚ √

1 + u2
Ç �hÔ§ÍNÑ ö�ü^ÐNÊ-Ò�ÚÕÑ ö�Ò£Ô@û9úQßQÚ √

1 + u2
ßQø�ÚÈÑQË-ÚÕÔhßQË�ÔZÌ2Ë�ÔÖä-ÐNßQÑ�ÞAÚÈØ	ËJÎ � ÛNÍ���ü>ü^Ü£ÛNÍeÔEöjÑQø'Î2ÍNÐNßQÑ�ÞAÚ

Ø	ß 
�Ð¢Ë�Ô
H

(1)
m (z)

Ú
H

(2)
m (z)

Ç
É�Ü�Ë-Ú �QÑ ö¢äGÜ^ü-ÔZø'Î�ÔZÓÈÍNÑQÐNË�ÔZÍÏÎJØ	ËJÎ!ü^ÜiØ 
^ü�ä-ÚÈÑQÐNØ¢ÛeßQÎ&Þ�÷¾ü^Ø 
^Þe÷LÍNÜ���ÛeÔZø�Ü£àeÞAÚ�ß 
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ>á&Ç � � ÍNßQË�Ç

H
(1)
−m(z) = emπiH

(1)
m (z),

H
(2)
−m(z) = e−mπiH

(2)
m (z).

� ¼&²�±�¿l� É�Ü�Ì4Ô �Qø'ÎXä-ÚÈÑQÐNØ¢Ûeß
��ÍNÜ���Û�ÔZø�Ü£à��ZÇ �¢Ü�ÐNßQÎ^ÛNÍeÔZø�Î�ß¤ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÚ*ÞQÔ@û9Ì�ÜiØ$Ñ ö�ß 
óØ	ÚÕÑQÐeü^ßQÑQË-ÚÕÔ[á&ÇÈÆAè-Ç
H

(1)
−m(z) = 1

πi

∫

[−∞,i+,−∞]
ezu(u+

√
1+u2)mdu√

1+u2

= 1
πi

∫

[−∞,i+,−∞]

(

−1
u−

√
1+u2

)m
ezudu√
1+u2

.
� á&ÇoçZâE�

�%ÔZÊ@Ø�Ô �Qø�Î � �QÑ¾Ø ü-ÔZË@Î&ø Ø	ÎJä�Ô�ü^Ì&Ê
(−1)m = eiπm Ç�õ-Ê-Ë-Ì£ÞÏöjú −

√
1 + u2

ø>Ü��QË�Ô0ÍNÐeÔZÌ&ÍNÜiØ$Ô��>öeÔZÌ�Ü
ä-ÐNßQÑ�ü*û9Ê �QÑQË-ÚÈÑÖÔZË�ÔZÓÈÚÈÍÏÎ&ÞAßQË-Ñ √

1 + u2 � ø�Ü��QË�Ô�ÍNÑ �hÜ&ü^Ø	Ð�
^ÞAÚ	�¢Ì�Ü�ËJÍNÊ-Ð ]−∞, i+,−∞[
ÛNÍeÔZÐNÍNÊ4ö���Þ�ß§ü^ÐNÊ-Ò�ÚÈÑ ö

Ò£Ô@û9úQßQÚ@�yÊ-Ë-Ì£ÞÏöjÚ √
1 + u2 � ü^Ü£ÛNÍeÔEö���Þ'Ì�Ü�ËJÍNÊ-Ð ] −∞, i−,−∞[

Ú�ü^Ü^ü-ÔZÍNÌ�ÜiØ	ÎkßQË�ÔZÌ¾ø>ÚÈË@Ê�ÛQÇ �%ÔZÍNÑQø � á&ÇoçZâE�öNÑ�ÛNÍ	Ð�
iØ	Ë-Ñ
eiπm

πi

∫

[−∞,i−,−∞]

ezudu√
1 + u2(u+

√
1 + u2)m

= eimπH(1)
m (z).


óÜ>Ì�Ü�Ý�ÞAßQÎÙü^ÜEØ 
^ü!ä-ÚÈÑQÐNØ¢ÛeßQÑ ö�ÍNÜ���ÛeÔZø�Ü£à�ÞAÚtÇ$�hÜiØ 
^ü!ü^ÐNÊ-Ò�ÚÈÑ ö	ÍNÜ���ÛeÔZø�Ü£à�ÞAÚ&öjÑ�ÛNÍ¢ÔZË�ÔZÓÕÜ�Ò�ÚÕÞAßQË@Î�Ç
2m ÍNÜ>ÔZÓÕÍNÑQÐNË�ÔZÍåÎ&Ø	Ë@ÎÙÜ�æ-ÓÈÚÕÞAßQÑQË-ÚÈÑÖÔ�ÛNÎ&ø�ä-ÍNÜ�ÍÏÎJÌ&Ú��TÊ-Ë-Ì£ÞÏöNÚ8��Ñ�ÛeÛNÑQÓÕÔ � ÍNßQË�Ç

lim
z→∞

H
(1)
m (z)

(

2
πz

)
1
2 eize−

imπ
2

− iπ
4

= 1, |argz| < π

2
− δ,

lim
z→∞

H
(2)
m (z)

(

2
πz

)
1
2 e−ize

imπ
2

+π
4

= 1 |argz| < π

2
− δ.

� ¼&²�±�¿l� �hÔ�ÛNßQÌ&ÚÕÞAÊ4öNø�Îwü^ÜiØ 
^ü�ä-ÚÈÑQÐNØ¢ÛeßQÑQÒ�Ü�Ø	ßQÜ�ÐNÊ�Ç�É�Ü&ü-ÛNÍeÔiØ	ÚÕÔZø'Î

u = i− w2

2ü^Ü'ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÚ;ÞQÔ@û9Ì�ÜEØ�Ñ ö¤ß 
�Ø	ÚÈÑQÐeü^ßQÑQË-ÚÕÔ2á&ÇÈÆAè-Ç�ì¡ÍNÑ�ü^Î(Ì�Ü�ËJÍNÊ-Ð
]−∞, i+,−∞[

ø�Ü��QË�Ô �QÜ�ßQÒ�Ú	��� 
�ÍNÐNßQÎ �
ø'Ê4ö���Þ§Ì�Ü�ËJÍNÊ-Ð

] −∞,∞[
ÇH�hÓÕÔZÍNÑQÒ�Ü(ä-ÐNÜEØ$Ô�ü^ßQÚ�ü^Ü

H(1)
m (z) =

1

πi

∫ ∞

−∞
f(w)ez(i−

w2

2
)dw,

Ò£ü^ßQÚÈÑ
f(w) :=

1
√

−i + w2

4

(

i − w2

2 + w
√

−i + w2

4

)m .

è �



Ú�Ò£Ô@û ���Xä-ÚÕÑQÐNØ	ÚÕÔ�ÛNÍNÌZÔ¢öNÑ�ÛNÍ¤Ê�ÛNÍeÔZÓÈÜ�Ë�Ô�Ø$ÔZÐNÊ-Ë-Ì&ÚÈÑQø
limw→∞

q

−i+w2

4

w = 1
2

Ç nkÔZø�Î

f(0) =
1√
iim

= e
iπ
4
− imπ

2 .

ì0ÔZÐNÍNÜ£à��
H

(1)
m (z)

ä-ÐNßQÎJæ-ÓÕÚ ��ÔZø�Î�ä-ÐNßQÑQß

1

πi
f(0)eiz

∫ ∞

−∞
e−

zw2

2
2dw =

1

πi
e

iπ
4
− imπ

2 eiz

(

2π

z

) 1
2

=

(

2

πz

) 1
2

eize−
imπ
2

− iπ
4 .

2

�@7�� � ;=<$>�����I�� DF; � I�<=<HI
õ-Ê-Ë-Ì£ÞÏöNú���ÑQÊ-ø>ÔZË-Ë�Ô�ü^Ñ ��Ë-ÚÈÊ4öNÑQø�Î[öNÔZÌ�Ü

Ym(z) = 1
2i(H

(1)
m (z) −H

(2)
m (z))

= cosπmJm(z)−J−m(z)
sinπm .

nkÔZø�ÎwØ	ÍNÑ�ü^Î
H

(1)
m (z) = Jm(z) + iYm(z), H

(2)
m (z) = Jm(z) − iYm(z).L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯5
 � �j)

m ∈ Z
:=)/:?3

Ym(z) = 2
π (log( z2 ) + γ)Jm(z)

− 1
π

m−1
∑

k=0

(m−k−1)!
k! ( z2 )2k−m − 1

π

∞
∑

k=0

(−1)k

k!(m+k)!(
z
2 )m+2k(h(k) + h(m+ k)),

I T 5+�(� h(k) :=
∑k

j=1
1
k

�
� ¼&²�±�¿l� É�ÜJû 
��Qø'Î

φ(z) :=
d

dz

1

Γ(z)
= − 1

Γ(z)
∂z log Γ(z).

ìYÍNÑ�ü^Î
φ(−n) = (−1)nn!, n = 0, 1, 2, . . . ,

φ(n+ 1) = γ−h(n)
n! , n = 0, 1, 2, . . .É�Ü�ß�Ô�ÍåÎ&ø

∂mJm(z) = log( z2 )Jm(z) +
∑∞

k=0
(−1)kφ(m+k+1)

k! ( z2 )m+2k.
�%ÔZÍNÑQø�ü^ÓÕÔ

n = 0, 1, 2, . . .

∂mJm(z)
∣

∣

∣

m=n
= (log z

2 + γ)Jn(z) −
∑∞

k=0
(−1)kh(n+k)

(n+k)!k! ( z2)n+2k,

∂mJm(z)
∣

∣

∣

m=−n
= (log z

2 + γ)J−n(z) − (−1)n
∑n−1

k=0
(n−k−1)!

k! ( z2 )2k−n

−∑∞
k=n

(−1)kh(−n+k)
(−n+k)!k! ( z2 )−n+2k.

è�Æ



m ÛNÍeÔZÍNË-Ú	�(ÛeÊ-ø�úÖø�Ü��QË�Ô2ß�ÔZø�ÚÈÑQË-Ú ��Ë�Ô

−(−1)n
∞
∑

k=n

(−1)kh(k)

k!(k + n)!
(
z

2
)n+2k.

� ÍNÜ£ÛNÊ4ö���ÞÖÐNÑQÒ�ÊGû9úXü^ÑXÓ9� ��Ü£Ûeä-ÚÈÍeÔZÓÕÔ'ü^Ü£ÛNÍeÔEöjÑQø'Î

Yn(z) =
∂m( cosπmJm(z)−J−m(z))

∂m sinπm

∣

∣

∣

m=n

=
cosπm∂mJm(z)+∂(−m)J−m(z)

π cosπm

∣

∣

∣

m=n
= 1

π

(

∂mJm(z)
∣

∣

∣

m=n
+ (−1)m∂mJm(z)

∣

∣

∣

m=−n

)

.

2

�@7�� � � 
 � A��=>�
	� I�<HD C �	� <=I�<��9D�� D	� ��DFG9I
m ÍNÐNßQÎ&ø�Ê4öNÑQø�ÎXöNÑÖä-ÐNßQÑQß[äGÜ^ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ

z̃ = iz
Ø�Ð�
EØ	Ë�ÔZË-ÚÈÊ ��Ñ�ÛeÛNÑQÓÕÔ��

(z2∂2
z + z∂z − z2 −m2)u(z).

� Ñ�àeÓÈÚ
v(z)

öNÑ�ÛNÍhÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÈÑQø Ð�
iØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛNÑQÓ9Ô � ÍNÜ v(iz) öjÑ�ÛeÍ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø ßQø>Ü&ü^Î���Ì�ÜiØ�ÔZË-ÑQÒ�Ü
Ð�
iØ	Ë�ÔZË-Ú9Ô���Ñ�ÛeÛNÑQÓÕÔ^Ç�ì ÛNß�ÞAßQÑQÒ�
�ÓÈË-Ü£àeÞAÚóØ	ä-ÐNÜEØ$Ô�ü^ß�ÔwÛNÚÈú§ßQø�Ü^ü^Î ��Ì�ÜEØ$ÔZË ���TÊ-Ë-Ì£ÞÏöNú ��Ñ�ÛeÛNÑQÓÕÔ

Im(z) = i−mJm(iz)

=
∑∞

n=0
1

n!Γ(n+m+1)(
z
2 )2n+m

= 1
2πi

∫

]−∞,0+,−∞[ exp( z2 (t+ t−1))t−m−1dt

= 1
Γ(m+1) (

z
2 )mF (m+ 1; z

2

4 )

= 1
Γ(m+1) (

z
2 )me−zF (m+ 1

2 ; 2m+ 1; 2z).

ì·ä-ÐNÜEØ$Ô�ü^ß�ÔwÛNÚÈú§Ð�
iØ	Ë-ÚÈÑ � �TÊ-Ë-Ì£ÞÏöNú��¤Ô�ÛeÛNÑQÍeÔ
Km(z) = K−m(z) = π

2 sinmπ (I−m(z) − Im(z))

= 1
2

∫ ∞
0 exp(− z

2 (t+ t−1))t−m−1dt

= im+1 π
2H

(1)
m (iz) = i−m−1 π

2H
(2)
m (−iz).

nkÔZø�Îwä-ÐNßQÎwÍåÎ&ø
H

(1)
m (z) = −2i

πKm(−iz),

H
(2)
m (z) = 2i

πKm(iz).
�hÓÕÔ

n = 0, 1, 2, . . .
ø>ÔZø'Î

In(z) = I−n(z),

Kn(z) = (−1)n+1(log z
2 + γ)In(z)

+1
2

∑n−1
m=0(−1)m( z2 )2m−n (n−m−1)!

m! + (−1)n

2

∑∞
k=0

h(k)+h(n+k)
k!(n+k)! ( z2 )2m+n.

è@×



�@7�� � DFG9I ����D C D > ;$C D�<�� A ��<HD
õ-Ê-Ë-Ì£ÞÏöNÑ ��Ñ�ÛeÛNÑQÓÕÔHÜIä�ÔZÐeÔZø�ÑQÍNÐeÔ�Þe÷�Ð�
��QË-Ú	��ÞAÎ^Þe÷�ÛeÚÈúLÞQÔ@û9Ì�ÜEØ	ÚÈÍåÎ&ø�ÚÖÓÈÚÕÞAßQæ�ÔZø>Ú�ä%ÜiØ	Ú	�Zß�ÔZË-Ñ0Û��HßQØ	Ú	�ZßQÌZÔZø�Ú
ÐNÑQÌ&Ê-ÐNÑQË�ÞAÎ�öNË@Î&ø�ÚtÇ
L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯ � 	a)/:?3=-98 @ ,*)/:=8��!&+�

2∂zJm(z) = Jm−1(z) − Jm+1(z),

2mJm(z) = zJm−1(z) + zJm+1(z).

� "	)0�j8SI/�(&k5+"D� -98 @ ,*)/:=8��!&*�A,*][B H )/� T 5*�2� � T �1) H(1)
m (z) 7 H(2)

m (z)
�
Ym(z)

�
� ¼&²�±�¿l�Ym æ-ÚÈÑ�ÍNÜ���ÛeÔZø�Ü£àeÞAÚ�Ø	ÎJË-ÚÈÌZÔEö��Lß¾ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNÚhÞQÔ@û9Ì�ÜEØ	Î&Þ�÷Yü^ÓÕÔ��yÊ-Ë-Ì£ÞÏöNÚ(�$Ñ�Û�ÛNÑQÓÕÔ Ú �hÔZË-Ì�ÑQÓÕÔ^Ç
�%ÔZÌ�ûTÔ�ü-ÔZø�Î � �QÑ γ öjÑ�ÛeÍ	Ü&ü^ä%ÜiØ	ÚÈÑ�ü^Ë-ÚÕø Ì�Ü�Ë@ÍNÊ-ÐNÑQø!Ç

��æ@ÎÙü^ÜiØ	ÚÈÑ�à �Öä-ÚÈÑQÐNØ¢ÛNßQÑ ö	ÍNÜ���ÛeÔZø�Ü£àeÞAÚóÛeÍNÜ£ÛNÊ4öjÑQø'Î>Ð�
��QË-Ú9ÞAßQÌ�ÜiØ$ÔZË-ÚÕÑ�ÞQÔ@û9Ì&Ú�äGÜ�ä�ÔZÐeÔZø>ÑQÍNÐNßQÑ �

2∂z
∫

γ exp
(

z
2(t− t−1)

)

dt
tm+1

=
∫

γ exp
(

z
2 (t− t−1)

)

dt
tm −

∫

γ exp
(

z
2(t− t−1)

)

dt
tm−2 .

��æ@ÎDü^ÜiØ	ÚÈÑ�à��Ùü^ÐNÊ-Ò�ÚÈÑ ö'ÍNÜ���ÛeÔZø�Ü£àeÞAÚ�Ì�Ü�ÐNßQÎ&ÛeÍeÔZø�ÎHßwÍNÑQÒ�Ü � �QÑÙü^Ó9Ô¾Ê �QÎ&Ø$ÔZËJÎ&Þ�÷�ä-ÐNßQÑQßÙË�Ô�Û2Ì�Ü�Ë@ÍNÊ-Ð�
iØ
�yÊ-Ë-Ì£ÞÏöNÔ

t 7→ exp
(z

2
(t− t−1)

) 1

tmø>Ô2ÍNÑ[ÛeÔZø>ÑÖØ$ÔZÐNÍNÜ£àeÞAÚóË�Ô�Ì�Ü�Ý�ÞQÔ�Þe÷
γ
Úóü^ÓÕÔZÍNÑQÒ�Ü

0 = 2
∫

γ ∂t
(

exp
(

z
2 (t− t−1)

)

1
tm

)

dt

= −2m
∫

γ exp
(

z
2(t− t−1)

)

dt
tm+1 + z

∫

γ exp
(

z
2(t− t−1)

)

dt
tm + z

∫

γ exp
(

z
2(t− t−1)

)

dt
tm+2 .

2

�$ßQú�ÛNÍNÜ>Ø	ÎJÒ�Ü^ü^Ë-ÚÈÑ öeÛNßQÑÖÛ��2Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÑ[äGÜ£ÛeÍeÔ�ÞAÚóßQØ	Ú	�ZßQÌ�
iØ ÐNÑQÌJÊ-ÐNÑQË�ÞAÎiöjËJÎ&Þ�÷ �
� ³�µT¼*Á�½J» � �y¯��

1

z
∂z (zmJm(z)) = zm−1Jm−1(z),

&k5*3��1� (

∂z +
m

z

)

Jm(z) = Jm−1(z),

−1

z
∂z

(

z−mJm(z)
)

= z−m−1Jm+1(z),
&k5*3��1� (

−∂z +
m

z

)

Jm(z) = Jm+1(z).

� 8e5e);-43�:
(

1

z
∂z

)n

zmJm(z) = zm−nJm−n(z),

(

−1

z
∂z

)n

z−mJm(z) = z−m−nJm+n(z).

è@â
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 � �	� >�
	� D
�¢Ü�ÐNßQÎ^ÛNÍeÔEö���Þ�ß � á&Çvá�×E�hÓÈÊ-æ � á&Çvá�âE�hÛNä-ÐeÔiØ¢ü^ß�ÔZø�Î � �QÑ§öNÑ�àNÓÈÚ m = −1

2
� ÍNÜ!äGÜ^ü-ÛNÍeÔiØ	ÚÈÑQË-ÚÈÑ v(z) =

√
zṽ(z)ä-ÐNÜiØ�Ô�ü^ßQÚ�ü^Ü(Ð�
EØ	Ë�ÔZË-ÚÕÔ(Ü>ÛeÍeÔ@û9Î&Þ�÷!Ø¢ÛNä 
JûTÞAßQÎJË-Ë-ÚÈÌZÔ�Þe÷¾Ë�Ô

ṽ
�

(∂2
z + 1)ṽ = 0,

Ì&Í�
�ÐNÑ'ø�Ô>ÐNÜ�ßQØ	Ú	�Zß�ÔZË-Ú9Ô
eiz � e−iz Ç �hÓÕÔZÍNÑQÒ�ÜÙä-ÐNßQÑ�ÛNÍNÐNßQÑQÝ ÐNÜ�ßQØ	Ú	�Zß�ÔZÝ Ð�
iØ	Ë�ÔZË-ÚÕÔ ��Ñ�ÛeÛeÑQÓÕÔ>ü^ÓÕÔ m = 1

2

öNÑ�ÛNÍ
ÐNÜ�ßQä-ÚÈúQÍeÔ¾ä-ÐNßQÑQß��yÊ-Ë-Ì£ÞÏöjÑ

z−
1
2 eiz � z− 1

2 e−iz Ç � Ñ�ü^Î&Ë@Î&ø�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÑQø ß�Ô�Þe÷-ÜEØ	Ê4ö���ÞAÎ&ø ÛNÚÈú(Ø�ßQÑQÐNßQÑ[öNÔZÌ
(

z
2

) 1
2 1

Γ(1+ 1
2
)

öjÑ�ÛNÍ

J 1
2
(z) =

(z

2

) 1
2 1

Γ(1 + 1
2)

sin z

z
=

(

2

πz

)
1
2

sin z.

nkÔZø�ÎwäGÜ�ß�Ô2ÍÏÎJø
J− 1

2
(z) =

(z

2

)− 1
2 1

Γ(1 − 1
2)

cos z =

(

2

πz

)
1
2

cos z.

H
(1,2)
1
2

(z) =
(

2
πz

)
1
2 e±i(z−

π
2
),

H
(1,2)

− 1
2

(z) =
(

2
πz

)
1
2 e±iz

�%ÔZÍNÑQø�Ì�Ü�ÐNßQÎ^ÛNÍeÔEö���Þ¤ß	ì·Ë-ÚÈÜ£ÛNÌ&Ê(á&ÇÈÆiç�Ø	Ú9ü^ßQÚÈø�Î � �QÑ �yÊ-Ë-Ì£ÞÏöNÑ(�$Ñ�Û�ÛNÑQÓÕÔ�ß	ä�ÔZÐeÔZø�ÑQÍNÐNÑQø m
æGú�ü ��ÞAÎ&ø�ä%ÜJû9ÜiØ �

ÓÈÚÕÞAßQæJÎ>Ë-ÚÈÑQä�ÔZÐNßQÎ^ÛNÍNÑ ö¢ü-ÔEö��(ÛeÚÈú§Ø	ÎJÐeÔZßQÚ	�§ä-ÐNßQÑQß �TÊ-Ë-Ì£ÞÏöNÑ[ÑQÓÈÑQø�ÑQËJÍeÔZÐNË-Ñ � Ë�Ô2ä-ÐNßQÎ&Ì-ûTÔ�ü

H
(1)

n+ 1
2

(z) =

(

2

πz

)
1
2

eizpn

(

1

iz

)

,

Ò£ü^ßQÚÈÑ
pn
öjÑ�ÛeÍ	äGÑQØ	ËJÎJø Ø	ÚÕÑQÓÈÜ�ø�ÚÕÔZË-ÑQø!Ç

�@796.6 � C 

��� > �9I�<,A C 
���� ��� � I � C	�	��<HI�<��9I � D	� ��DFG9I
ì·ÐNÜ�Ë�ÛNÌ&ÚÕÔZË!ü^Ø 
^Þe÷LÐNÜ�ßQØ	Ú	�Zß�ÔZÝ�Ð�
iØ	Ë�ÔZË-Ú9Ô���Ñ�ÛeÛNÑQÓÕÔ2ÛNä%ÑEû9Ë-ÚÕÔ'Ð�
iØ	Ë�ÔZË-ÚÕÑ

(

∂z +
1

z

)

W (z) = 0.

�%ÔZÍNÑQø
W (z)

öNÑ�ÛNÍ	ä-ÐNÜ�äGÜ�ÐeÞÏöNÜ�Ë�ÔZÓÈËJÎwü^Ü 1
z

Ç �¢Ü�ÐNßQÎ^ÛNÍeÔEö���ÞÖß

J±m(z) ∼ 1
Γ(±m+1) (

z
2 )±m, J ′

±m(z) ∼ 1
Γ(±m) (

z
2 )±m−1,

ø�Ü��QÑQø'Î�ä%Ü�ÓÈÚÕÞAßQÎ���ì·ÐNÜ�Ý�ÛNÌJÚ9ÔZË
Jm(z) � J−m(z)

�

W (Jm, J−m) = − 2
πz sinπm,

W (H
(1)
m ,H

(2)
m ) = − 4i

πz ,

W (Jm, Ym) = 2
πz .

è�è
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� ÔZä-ÓÕÔ�ÛyöNÔZË

∆ = ∂2
x + ∂2

yØ�ÑXØ¢ÛNä 
Jû9ÐNßQú�ü^ËJÎ&Þ�÷¾æ-ÚÈÑQÒ�Ê-Ë-ÜEØ	Î&Þ�÷

x = r cosφ, y = r sinφ

öNÑ�ÛNÍ	Ð�
iØ	ËJÎ
∂2
r +

1

r
∂r +

1

r2
∂2
φ.

ã 
EØ	Ë�ÔZË-ÚÈÑ���ÑQÓÈø�÷-Ü�ÓÈÍNß�Ô
(∆ + 1)f = 0

ø�Ü��QË�Ô2ÐNÜ�ßQØ	Ú	�Zß�Ô��§Ø ä%Ü£ÛNÍeÔ�ÞAÚ��qÔZÓÈÚ;äGûTÔ�ÛNÌJÚÕÑ ö$æ-ÚÈÑQÒ�Ë ��ÞAÑ ö	äGÜ^üwÌ �ZÍNÑQø
ψ � Ì&Í�
�ÐeÔ2Ø Ê-Ì-ûTÔ�ü^ßQÚÕÑÖÌ4ÔZÐNÍNÑQß öeÔZÝ�ÛNÌ&ÚÈøöNÑ�ÛNÍ	Ð�
iØ	Ë�Ô

fψ(x, y) := ei(x cosψ+y sinψ)

Ô2Ø�Ê-Ì�ûTÔ�ü^ßQÚÈÑÖæ-ÚÈÑQÒ�Ê-Ë-ÜEØ	ÎJø öNÑ�ÛNÍ	Ð�
EØ	Ë�Ô

fψ(r, φ) = eir cos(φ−ψ).

ì·ä-ÐNÜEØ$Ô�ü �Qø'Î!Ò�ÑQË-ÑQÐeÔZÍNÜ�Ð¢Ü�æ-ÐNÜ�Í�
iØ

L := x∂x − y∂x,

Ð�
iØ	ËJÎ�Ø�Ê-Ì-ûTÔ�ü^ßQÚÕÑÖæ-ÚÈÑQÒ�Ê-Ë-ÜiØ	Î&ø
L = ∂φ.

L
Ì�Ü�ø'Ê-ÍNÊ4öjÑXß

∆ � ü^ÓÕÔZÍNÑQÒ�Ü(ø�Ü��QË�ÔhöNÑ�ü^Ë-Ü^ÞAßQÑ�àNË-ÚÈÑ[ÛNßQÊ-ÌZÔ��§ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔ

(∆ + 1)f = 0, Lf = imf.

� Ñ�ÛNÍ�ÍNÜ�ÛNäGÑEû9Ë-ÚÕÜ�Ë-ÑÖä-ÐNßQÑQß �yÔZÓÕúhÌ�Ü�ÓÕÚÕÛNÍ�� � ÌJÍ�
�ÐeÔ�Ø�Ê-Ì-ûTÔ�ü^ßQÚÈÑXæ-ÚÈÑQÒ�Ê-Ë-ÜiØ	Î&ø öNÑ�ÛNÍ	Ð�
iØ	Ë�Ô

fm(r, φ) = Jm(r)eimφ.

L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯ ��� )0� R B���)0,k$�];:=8 @ "D) H 8e5 � 8 @ 3 � "D)=$�8/���`,�-G� �

fψ(r, φ) =
∞
∑

m=−∞
fm(r, φ)e−im(ψ−π

2
). � á&ÇoçEè%�

� )/� R $�80�1�`,�-9]6:?8 @ "	) H 8F5 � 8 @ 3 � "	) �!)/�j��B�� )�,�$F�(� �

fm(r, φ) =
1

2π

∫ 2π

0
fψ(r, φ)(−i)meim(ψ−π

2
)dψ. � á&ÇoçZëE�

è@ë



� ¼&²�±�¿l� � á&ÇoçEè%��öjÑ�ÛeÍ�ä-ÐNßQÑ �yÜ�ÐNø'ÊGû9ÜiØ$ÔZË-ÚÕÑQø Ø	ßQÜ�ÐNÊ!Ë�Ô �TÊ-Ë-Ì£ÞÏöNúÖÍåØ$Ü�ÐNß
��Þ ���

eir sinφ =

∞
∑

m=−∞
eimφJm(r),

Ô � á&ÇoçZëE�óöNÑ�ÛNÍ¤ä-ÐNßQÑ �yÜ�ÐNø�ÊGû9ÜEØ$ÔZË-ÚÈÑQø Ø	ßQÜ�ÐNÊ ��Ñ�ÛeÛNÑQÓÕÔ

Jm(r) =
1

2π

∫ 2π

0
eir sinψ−imψdψ.

2

�@796 � � � � C � > � I �HI�<��9I���C�I�� I
É�Ü�Ë-Ú ��ÛNßQÎkØ	ß 
�ÐÖø�Ü��QË�ÔÙßQÚÈË@ÍNÑQÐNä-ÐNÑQÍNÜEØ$Ô��>Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÜ�� �qÔZÓÈÑ2Ì�Ü�ÓÈÚÕÛeÍ��>ØYöNÑ�ü^Ë@Î&øÀÊ-Ì-ûTÔ�ü^ßQÚÕÑ'æ-ÚÕÑQÒ�Ê-Ë-ÜiØ	Î&ø
ø�Ü��QË�Ô2ÐNÜ�ß 
��QÎ��AË�Ô �qÔZÓÈÑ§Ì�Ü�ÓÈÚÕÛNÍNÑ§Ø�ü^ÐNÊ-Ò�ÚÈø ä-ÐNßQÑ�ÛeÊ-Ë-ÚÈúQÍåÎ&ø Ê-Ì�ûTÔ�ü^ßQÚÈÑ[æ-ÚÈÑQÒ�Ê-Ë-ÜEØ	ÎJø!Ç
L ²�µ9½J¶E¿�º£½J³�µT½ � �y¯ � � )�� < @ :?3 7 @ � R 7 r 7 ρ 8 H )e5 Φ 7 φ 7 ψ ,!]NB#8/�>�(]e5+)/" � H ���j)�&('*)/:?�

R =
√

(reiφ + ρeiψ)(re−iφ + ρe−iψ), eiΦ =

√

reiφ + ρeiψ

re−iφ + ρe−iψ
.

fg-G� T 3
Jm(R)eimΦ =

∞
∑

n=−∞
Jm−n(r)e

i(m−n)φJn(ρ)e
inψ.



�����1�
m ∈ Z 7 -98b"J�4�6:?) @ ) T "J3/&�Pc8SI H )/"	�2&k5F��� "	) B#) H )/: �!- H 3b�>3F,�- R BD �'*]�&k�g�d-430: �C5e8 H 5F�*� 

�������

m'+��,�-l"J�(�S&S)��9$�8/�>�2-G� ) �A,S5*3F,�-2$F�4� 5*:?�(�*"J"D� H 5e�S&k5*30�>�`,�-G� 7 -986- H 5F� Q )=5+) ��8 @ 3 � 7A@ � ρ < r
�G�� Q 7 H </�>"	8/��) @ "J�4� 7

|Φ − φ| < π
2

�0� 	 8 @ "	) -G� @ �>-G� T 3?5+)�,!-9]�BD� ���! #"%$�&('+� � ��,k,*�!�1);�
Jm(R)

�
Jm−n(r)

B H 5e�k5 H(i)
m

)0� Q 8 Ym
� ¼&²�±�¿l� �XûTÔ�ü ��Þ

ψ̃ = ψ − φ � Φ̃ = Φ − φ
ø�Ü��QË�Ô2ä-ÐNÜ�æ-ÓÕÑQø ÛNä-ÐNÜiØ�Ô�ü^ßQÚ	�Xü^Ü(ä-ÐNßQÎ&ä�Ô�ü^ÌJÊ

φ = 0
Ç

∑∞
n=−∞ Jm−n(r)Jn(ρ)einψ

= 1
2πi

∑∞
n=−∞

∫

γ exp ( r2 (t− t−1))t−m−1Jn(ρ)(te
iψ)n

= 1
2πi

∫

γ exp
(

r
2(t− t−1)) + ρ

2 (teiψ − (teiψ)−1)
)

t−m−1dt

= 1
2πi

∫

γ exp (R2 (s− s−1))s−m−1dseimΦ = eimΦJm(R),

Ò£ü^ßQÚÈÑ�Ø Ü£ÛNÍeÔZÍNË-ÚÈø ÌJÐNÜ�Ì&Ê¾ä%Ü^ü-ÛNÍeÔ�Ø	ÚÈÓÕÚÕàNø'Î
s = teiΦ � ÛNÌ�Ü�ÐNßQÎ^ÛNÍeÔZÓÈÚ9àNø�Î�ß r + ρeiψ = ReiΦ Ú�Ü�æ-Ð�
^ÞAÚÈÓÈÚÕàNø'Î

Ì�Ü�Ë@ÍNÊ-ÐQÇ
2

É�Ü&ü-ÛeÍeÔ�Ø	ÚÕÔEö���Þ
x1 = r cosφ, y = r sinφ,

x2 = ρ cosψ, y2 = ρ sinψ,

x = R cos Φ, y = R sinΦ,

è@á



ø>ÔZø'Î
(x1, y1) + (x2, y2) = (x+ y)

Ú�Ø	ß 
�Ð�ÛNÌ�ûTÔ�ü-ÔZË-ÚÕÔ2ø�Ü��QÑQø'Îwä-ÐNßQÑQä-ÚÕÛeÔ��$öeÔZÌ�Ü

Jm(
√

x2 + y2)
(

x+iy√
x2+y2

)m
=

∑

n∈Z
Jm−n(

√

x2
1 + y2

1)
(

x1+iy1√
x2
1+y21

)m−n
Jn(

√

x2
2 + y2

2)
(

x2+iy2√
x2
2+y

2
2

)n
.

�%ü^Ñ ��Ë-ÚÈÊ4öNø'Î�Ü�ä%ÑQÐeÔZÍNÜ�Ð¢Ø
L2(Z)

ß�Ô�ü-ÔZËJÎwø�Ô�ÞAÚÈÑQÐNß
�

Um,n(x, y) := Jm−n(
√

x2 + y2)
(

x+iy√
x2+y2

)m−n

ìYÍNÑ�ü^Î
U(x, y)−1 = U(−x,−y) � U(x, y)

öjÑ�ÛeÍ	ø>Ô�ÞAÚÈÑQÐNß
�2Ê-Ë-ÚÈÍeÔZÐNË � � ÞAßQÎ&ÓÈÚ

Un,m(x, y) = Um,n(−x,−y),
Ü�ÐeÔZß

R
2 3 (x, y) 7→ U(x, y)

öNÑ�ÛNÍ	ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏö�� � ÞAßQÎ&ÓÈÚ

Uk,n(x2 + x1, y2 + y1) =
∞
∑

m=−∞
Uk,m(x2, y2)Um,n(x1, y1).

ã�Ü�ß�ÛNßQÑQÐNßQÎJø'Î'ÍNÑQÐeÔZß¢ÍNú¢ÐNÑQä-ÐNÑQßQÑQË@ÍeÔ�ÞÏöNú�ü^Ü�Ô���Ë-ÚÕÞAßQË-Ñ ö�Ò�ÐNÊ-äJÎ(Ü�ÐNÍNÜ�Ò�Ü�Ë�ÔZÓÈË-Ñ ö�Ø
R

2 ÇH�hÐNÊ-äGú�ÍNú	ø�Ü��QÑQø�Îä�ÔZÐeÔZø�ÑQÍNÐNÎ&ßQÜiØ�Ô��[ä-ÐNßQÑQß
R

2 × S1 Ç$��ßQÚ9Ô@ûTÔZË-ÚÈÑÖØ�Ë-ÚÈÑ ö	ü^Ñ ��Ë-ÚÈÊ4öjÑQø'ÎXöNÔZÌ�Ü

(x2, y2, θ2)(x1, y1, θ1) = (x2 cos θ1 + y2 sin θ1 + x1,−x2 sin θ1 + y2 sin θ1 + y1, θ2 + θ1).

ã¢ÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöjú'ü^Ñ ��Ë-ÚÈÊ4öNÑQø�Î�Ë�Ô�ÛNÍNúQä-Ê4ö���ÞAÜ��

R
2 × S1 3 (x, y, θ) 7→ U(x, y, θ),

Um,n,θ(x, y) := eimθJm−n(
√

x2 + y2)
(

x+iy√
x2+y2

)m−n
.

ìYÍNÑ�ü^Î
U(x, y, θ)

öNÑ�ÛNÍ	ø>Ô�ÞAÚÈÑQÐNß
�'Ê-Ë-ÚÈÍeÔZÐNË ��Ú&öjÑ�ÛNÍ	ÍNÜ(ÐNÑQä-ÐNÑQßQÑQËJÍeÔ�ÞÏöNÔ � ÞAßQÎ&ÓÈÚ

Uk,n

(

(x2, y2, θ2)(x1, y1, θ1)
)

=

∞
∑

m=−∞
Uk,m(x2, y2, θ2)Um,n(x1, y1, θ1).
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ã 
EØ	Ë�ÔZË-ÚÈÑ ��ÚÈÐNÎ �éÑQÒ�Ü'ø�Ô2äGÜ£ÛNÍeÔ��

(∂2
z − z)u(z) = 0.

L ²�µ9½J¶E¿�º£½J³�µT½ � �ÕÅ�� 

�������
u(z)

'+��,�- H 8e5+�>�2]e5e)/"J�4�!: H <��>"	)/"J�() � � H 3�� �4I�8 7 -98 u(e± 2πi
3 z)

'+��,!-[-G� @ '+�4I�8H 8e5*�>�(]e5+)�"J�(�*:?�

èJç



L ²�µ9½J¶E¿�º£½J³�µT½ � �ÕÅ;¯ M[�4�O&�Pg$ H 5*30��) γ ,�B%� ��"J�()

e
i
3
t3+itz

∣

∣

∣

γ(1)

γ(0)
= 0.

fg-G� T 3
C

∫

γ
e

i
3
t3+itzdt

'+��,�- H 8e5+�>�2]F5+)/"J�4�!: H </�>"	)�"J�2) � � H 3�� �4I�8��
� ¼&²�±�¿l�

(∂2
z − z)

∫

γ e
i
3
t3+itzdt

=
∫

γ(−t2 − z)e
i
3
t3+itzdt =

∫

γ i∂te
i
3
t3+itzdt = 0.

2

É�Ü&ü-ÛeÍeÔ�Ø	ÚÈÑQË-ÚÈÑ
t = is

ü-ÔEöjÑ[ÔZË�ÔZÓÈÜ�Ò�Ú9ÞAßQË-ÑÖÍåØ	ÚÈÑQÐeü^ßQÑQË-ÚÈÑXß �TÊ-Ë-Ì£ÞÏö��
e

1
3
t3−tz Çõ-Ê-Ë-Ì£ÞÏöeÔ ��ÚÈÐNÎ �éÑQÒ�ÜhöjÑ�ÛNÍ	ß�ü^Ñ ��Ë-ÚÕÜiØ$ÔZË�Ô>Ø	ßQÜ�ÐNÑQø

Ai(z) := 1
2π

∫

]−∞,∞[ e
i
3
t3+itzdt = 1

2iπ

∫

]−i∞,i∞[ e
− 1

3
t3+tzdt

= 1
π

∫

]−∞,∞[ cos(−1
3 t

3 + tz)dt

= e
iπ
3

2πi

∫ ∞
0 e−

s3

3
−sze

iπ
3 ds− e

−iπ
3

2πi

∫ ∞
0 e−

s3

3
−sze

−iπ
3 ds

É�Ê-Ë-Ì&Í
0
öNÑ�ÛNÍ;ÐNÑQÒ�Ê-ÓÕÔZÐNË@Î&ø�ä-Ê-Ë-Ì&ÍNÑQø�Ð�
iØ	Ë�ÔZË-Ú9Ô^Ç � ßQÊ-ÌZÔEö���Þ�ÐNÜ�ßQØ	Ú	�Zß�ÔZË-ÚÕÔ¤Ø0ä%Ü£ÛNÍeÔ�ÞAÚ

u(z) =
∑∞

m=0 umz
mü^Ü£ÛNÍeÔEöNÑQø�ÎwÐ�
iØ	Ë�ÔZË-ÚÕÑ[ÐNÑQÌJÊ-ÐNÑQË�ÞAÎiöNË-Ñ

n(n− 1)un = un−3.

�%ÔZÍNÑQø Ü�Ò�
�ÓÈË-ÑÖÐNÜ�ßQØ	Ú �Zß�ÔZË-ÚÈÑ¤öNÑ�ÛNÍ¤Ì�Ü�ø�æ-ÚÈË�Ô�ÞÏö��2ÓÈÚÈË-ÚÕÜiØ ���yÊ-Ë-Ì£ÞÏöNÚ

Ai(0)(z) :=

∞
∑

m=0

m
Π
j=1

1

3j(3j − 1)
z3m,

Ai(1)(z) :=

∞
∑

m=0

m
Π
j=1

1

3j(3j + 1)
z3m+1,

Ò£ü^ßQÚÈÑ
Ai(0)(0) = 1, Ai(0)

′(0) = 0;

Ai(1)(0) = 0, Ai(1)
′(0) = 1.

L ²�µ9½J¶E¿�º£½J³�µT½ � �ÕÅ*Å

Ai(z) =
3−

2
3

Γ(2
3)

Ai(0)(z) +
3−

1
3

Γ(1
3 )

Ai(1)(z).

è �



� ¼&²�±�¿l�
Ai(0) =

sin π
3

π

∫ ∞
0 e−

s3

3 ds = 3−
2
3

Γ( 2
3
)
,

Ai′(0) = − sin 2π
3

π

∫ ∞
0 e−

s3

3 sds = 3−
1
3

Γ( 1
3
)
.

2

�GØ	Ú	�ZßQÌ&Ú�ß �yÊ-Ë-Ì£ÞÏöNÔZø�Ú8��Ñ�ÛeÛeÑQÓÕÔ��

Ai(0)(z) = I− 1
3
(2
3z

3
2 )z

1
2 (2

3 )
1
3 Γ(2

3 )

= J− 1
3
(2
3(−z) 3

2 )(−z) 1
2 (1

3 )
1
3 Γ(2

3),

Ai(1)(z) = I 1
3
(2
3z

3
2 )z

1
2 (2

3 )−
1
3 Γ(4

3 )

= −J 1
3
(2
3(−z) 3

2 )(−z) 1
2 3−

1
3 Γ(4

3),

Ai(z) = π−1( z3 )
1
3K 1

3
(2
3z

3
2 ) = 1

3z
1
2

(

I− 1
3
(2
3z

3
2 ) − I 1

3
(2
3z

3
2 )

)

= 1
3(−z) 1

2

(

J− 1
3
(2
3(−z) 3

2 ) + J 1
3
(2
3(−z) 3

2 )
)
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