B -l ¢ v IO
Energy density functional methods
in nuclear physics

Jacek Dobaczewski
University of Warsaw & University of Jyviaskyla

2(0th ‘Chr‘_i_s Engelbrecht Summer School
in Theoretical Physies
19-28 January 2009, STIAS,

Swenposch South,_Afrlca

mrr"r A sou

.




Jacek Dobaczewski

IH T “' i b -
LI 1




ey




Reading materials:

(@

Jacek Dobaczewski:2004 RIA Summer School
http://www.fuw.edu.pl/~dobaczew/RIA.Summer.Lectures/slajd01.html
Jacek Dobaczewski:2005 Ecole Doctorale de Physique, Strasbourg
http://www.fuw.edu.pl/~dobaczew/Strasbourg/slajd01.html

Witek Nazarewicz:2007 Lectures at the University of Knoxville
http://www.phys.utk.edu/witek/NP622/NuclPhys622.html

Jacek Dobaczewski: 2008 the 18th Jyvaskyla Summer School
http://www.fuw.edu.pl/~dobaczew/JSS18/JSS18.html

Jacek Dobaczewski: 2008 Euroschool on Exotic Beams
http://www.fuw.edu.pl/~dobaczew/Euroschool/Euroschool.nhtml
Jacek Dobaczewski: 2008 Lectures at University of Jyvaskyla
http://www.fuw.edu.pl/~dobaczew/FYSN305/FYSN305.nhtml
Jacek Dobaczewski:1986-2005 draft of a book (in Polish)
http://www.fuw.edu.pl/~dobaczew/Czesc057d.pdf

[ Home page: http://www.fuw.edu.pl/~dobaczew/ ]




Price of land
in Poland per
voivodship

!

Price
voivodship
functional

!

Energy
density
functional




gy Blesen b s wreh. W 3T

&

o 5 S _
o Q. ‘= g )
S5 g & 2 g
w o s B U e
SEFL) BE L) ET
oL T 9 5 =5 £
Y
D«u.m Pf oy

-

-
-

Jacek Dobaczewski

- N

WL

AN YLI




Price of land
in Eurpe per
country

U

Price country
functional

!

Energy
density
functional

-

s s




Hohenberg-Kohn theorem

For any many-fermion state |¥) one can determine spatial distribution of particles
p(7) in the following way:

p(F) = (Wl @a@ ) = [ Eraw @ 7a) (Y 66— 7)) W 7).

This creates a map
|¥) — p(7)
and defines the class of states {|¥)} . that all have the same density distribution

p(7) — {|‘1’>}p(-ﬁ"}*
Within the class of states {|¥)} ) there is also a Slater determinant |®), which has
the same density distribution p(7) as the other (correlated) states in the class. By
minimizing the energy of the system within the class {| W)} (7 We now define the
energy-density-functional €[p(7)]:
Elp(7)] = o (T|H|P).
>}p (7)

It is then obvious that the exact gmund-state energy Ej is obtained by minimizing
the functional £[p(7)] with respect to densities p(7).

Ey = min E[p(7)].
p(7T)
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Hohenberg-Kohn theorem (trivial version)

For any many-fermion state |¥) one can determine mean-square radius (7%) in the
following way:

- . A
() = ﬁidﬂ e BT (F L TY) (Zizl«ﬁfj U (7 ... 7).
This creates a map
(@) — ()

and defines the class of states {|¥)} 2, that all have the same mean-square radius

(™) — {1¥)} 2 -

Within the class of states {|¥)} 2, there are also Slater determinants [®), which
have the same mean-square radii (72) as the other (correlated) states in the class.
By minimizing the energy of the system within the class {|‘I'}}{Fg>, we now define
the energy-density-functional E[(7?)]:

E[(#®)] = min (¥|H|D).

()] = pin, (¥IH1)

It is then obvious that the exact ground-state energy Ej is obtained by minimizing
the functional £[(7?)] with respect to mean-square radii (72):

I )
Ey = 1{1‘11"%18[(?‘ M.
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Nuclear Energy Density Functional
(physical insight)

1° The energy-density functional that can be universal (valid for systems with any
particle number) must depend at least on the local particle density:

1p(7) = Elp() — A [@*7ip(7).

2° The energy-density functional that can describe shell effects must depend on the
local kinetic density (Kohn-Sham approach):

2 .
E[P(T_"}, T(‘F')] = ;mﬁ:iFT(T—,v) 4 Emt[p(»ﬁ’)]_

3° The energy-density functional that can describe effective-mass, surface, and spin-
orbit effects must in addition depend on the gradient of density and spin-momentum
density:

Elp(), 7 (), T o), T ()] =

2mﬁ3FT(F)+£int[p(“’?):~§ﬂ(?’_"),uhw(17)]_

4° The energy-density functional that can describe time-odd effects must in addition
depend on time-odd densities.
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Hydrogen atom perturbed near the center
G.P. Lepage, nucl-th /9706029
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Dimensional analysis - regularization

e[ (f) L= [ dn
— T exXp|——]s 2 = T
1 . P a2 2 . a? + x?

I1_ — K1 Q, Ig=ﬁgﬂ_1,

Integrals

are equal to

where k’s stand for dimensionless constants, because

1 1

dim I}, = dimax = dim a, diml, =dimzx " =dima ".
Explicitly, we have k; = v/ and Ky = .
Dimension of the § distribution is dim d = dim !, because
o0
f daxd(xz) = 1.
Hence we have two possible regularized 6 distributions:
1 x? a 1
s (z) = ex (——) 83 (z) = —
or in three dimensions:
1 72 a® 1
SV (7) = ex (— ] 02 (7) = :
o (7) Va3 P a2 a (T) 73 (a2 + x2)(a? + y?)(a? + 22)
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Dimensional analysis - the hydrogen-like atom

Hydrogen-like atom (one-electron) Hamiltonian reads

. h? o
H=—A——,
2m i

where a = Ze2.
Dimensions of terms are

dim H = dim E,
dim [ﬁﬂ = dim Er?,
dima = dim Er.
Therefore
E = kg—— = kg Z*Ry,

<T2>1f2 = Kr - = Ky
Qm Z
where Ry and ag are one Rydberg and Bohr’s radius, respectively. For example, for
the n-th radial state we have
g n?
E — __R . T'ﬂ’lﬂ,;ﬂ - —a
n ﬂ2 Y n 7 0
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Emission of long electromagnetic waves

(1) EXACT

For an arbitrary current J e t’)-

fdﬁﬂ;f o dl = (t I:E" - :fl))f(f,?t,}

For harmonic currents (or a single Fourier component),
J(&,t) = J(&)e ™,
the fields are also harmonic,
A(Z,t) = A(Z)e ™,
and the amplitudes outside the sources read
ﬁ(;f:') 411 ka‘“lhm(kr)l”gm(ﬁ (i’)th(k)
for :
M, (k) = = fd:"’;ﬁ’jg(kr’)}’;:n(ﬂ’, ¢')J (&)
and k = w/c.




Emission of long electromagnetic waves

(I) APPROXIMATE

Details of the current distribution become totally invisible when a long
wave, kr’<1, is recorded at a large distance, kr>1:
AT Eikr

E(E) - Zhn(_ik)f-}ifn(gﬂ (ab)ﬂ_)j'hn

cC T

for

—

lm —

3= Hxr® / AN i
(2£+1)!!fd xr'Y, (6°,¢")J(Z)

Within the long wavelength approximation, only a few numbers (the
multipole moments M;,,) are needed to fully describe the emitted ra-
diation. Details of current distribution inside the source become irrel-
evant.
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Blue-sky problem - Compton scattering

(I) CLASSICAL EM: A charge q confined by a potential with eigen-frequency of
wo, shaken by an external force F' with frequency w, radiates a wave with power

P: qz 2 wi

~ 3c3m? (w? — w?)?
(II) QED: Sum of three 2nd order diagrams.
(IIT) EFT: The energy density HQg of an atom in state ¥ reads:

p?
Hlg = ¥* (% + E¢*) v

When the atom is placed in an EM field it acquires additional energy density Héff
that must be a scalar, T-even, and P-even function of fields, i.e., for sufficiently

weak fields: . 1 v =,
Hig = —_ U ¥ (cpE? + cpB?)

e
Since the coupling constants c¢g and cp have dimensions of a volume, they must
be related to the volume of the atom a; by: cg = xga; , cp = Xxpa; with

dimensionless coupling constants xg and xp of the order of 1. Finaly, for the EM

wave, |E|~w and |B|~w we obtain:

do ‘ .
10 - [(f|Higle)|* ~ wiag.
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N3LO in the chiral perturbation effective field theory

Table 1: Contact- grﬂrii:*nt s-xp;lmiml for rnlatiw coordinate two-particle mrltri\ elements. Here D3 = [‘E ® E}gﬂ.{ Dy= [(e(1) ®
0'{2} 2 & Dz]uu Ff,;— {v @ Dz}uM Fl-f: [(ﬂ'{l) & 0'{2}}2 @ F:}]lM GM— {D2 @ Dz)dMs G?u-: [(ﬂ'{:l] '2]'0'{2}}2 ® G4]JM

aPEI5 (T .5(r) V2F! 4+ FIV? .5(r) V)

1R s 1Py allfd F‘! H(r) Fa'
or *Fp + 3F;

—_—
0 0]
)
)
Gy

and the sealar product of tensor operators is defined as AY - BY = M— JI: I}MAL.BJ
Transitions LO NLO NNLO NILO 8
ag 3g a3s) 2351 (o2 o2 351,22 o2 =2 351,42 a5 ©2 4 O2 = ()
8 « 38, $15(r) | a3S1o(V? 8(r) + 6(r) V3) ainio V2 8(r) ¥ adie (V4 6(x) V2 + V2 6(x) V4 =
or 18y < 18, ‘;ﬁ;g?,{vd 5(r) + 8(r) V4) aiiﬁ,“qvﬂ a(r) + 5(r) V) 8
36, — 3D, a3B o (8(r) D° 4 D° §(r)) iﬁiﬁ{ﬁ 8(r) D 4 DO 3(r) v2) i‘;‘;g(v* 8(r) D° + DO 8(r) v‘*} >
aSRTo(6(r) V2D° + DOV 6(r) | aRBpa(V? 6(r) VDO + DOV 6(r) VP | IN
asare(8(r) V4D° + DOV &(r)) U
1Dy s 1Dy alb2 _ D? .§(r) D? alB2 (D?V2 .5(r) D? 4+ D? -5(r) V2D?) q>)
or30; +— 3D, m
3Dy « 3Gy aB9,,(D? -6(r) G* + G? -6(r) D?) 5
1P, « 1P, alfl, ¥ -5(r) ¥V alFl, (VW2 §(r) V + V -3(r) V2V) aNeLo vv? ? -5(r) vV E\
or 3Py « 8P; Lﬂ;g‘(vv4 8(r) V + V -5(r) VIV) o
3P, s R, afE,, o(V -5(x) F* + F' .5(r) V) g{fg(vvﬂ -4(r) F + F' 5(r) vﬂv} )
=]
s
X
T
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EFT phase-shift analysis o
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Indistinguishability principle
We define the exchange operator P;; as
PiyW(Zyyeeey@iyeees@jyenes®a) = W(Rpyeens@jyenns@iyennyTy).
131-].- is hermitian and unitary:
El=k L =

and has eigenvalues equal only to +1 or —1.

Any measurement performed on states ¥ and ﬁj‘l’ must give the same result

Hence:

P;¥ =p;¥ , p;==l,
4 Pi=+1 for all ij, i.e., P v=v,
pij:—l for all 13.. i.e., Pt'j‘I':—‘I'.

. : P, =¥ —> bosons
In nature, we have only two kinds of particles: "."
W v y W P P;; W —=—W¥ —> fermions
Eigenstates of the many-body Hamiltonian H must simultaneously be eigenstates of

Pij: Le.,

for all 27, an

)

ﬁJﬁRJ = ﬁ or [ﬁj,ﬁ] = 0.
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Fock space

Let us consider a (finite) space of single-particle states spanned by M wave-
functions that form the one-body Hilbert space H,;

ﬁi)l(m}ﬂ Qf)z(m], S ﬁi)ﬁf(m)ﬂ

which are orthogonal:
w6, @)1(2) = by

Products of single-particle states ¢, (x1)®.,(x2) span the two-body space
Hs: = H; ® H;; hence the two-body fermion space is spanned by antisymmetrized
products:

‘i';w(ﬂ?n%) - fog (‘f’ft(iﬂl)‘?u(J’Z) - ¢;L($2)¢u($l))
for p < v. Similarly, the A-body Hilbert space H 4 is spanned by the wave-functions
P, .u.(T1,...,x4) (Slater determinants):

(I)Iu-..u.—i(mla =y mﬂ) - (A!)_Iﬁ jl;:(_l)pgbm(mil) e (ﬁiiﬂ(mfﬁ)ﬁ

The set of Hilbert spaces H;,Hs,...,Hyr can now be completed with the zero-body
Hilbert space Hy containing only one "wave-function" ¢vyac called vacuum state,
which gives the Fock space:

H:=Ho®@H1D...DHu.
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Creation and annihilation operators

In the Fock space, the creation operators are defined as

. _ { 0 for p e {pi},
i Lhereeia Dy for p & {pi}.

- - L] - _ _|_ _|_ - -
Hence, their hermitian conjugates a, = (a”) act on states ®,,,,..,, as the annihi-
lation operators:

. (o for p & {p:},
BEpR bt — (—l)k“@ﬁ_;{i}fi_ . for p = py,

cll".t-A_I_

where symbol <* denotes that index p = p; must be omitted.
Based on these definitions, one can derive the following anticommutation properties
for {A, B}:=AB+BA:

{aI,aj = 0,
{a,,a,} = 0,
{ap,al} = 6,0,

which imply that in particular

(a})* =0, (a,)® = 0. The Pauli Principle!!
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Operators in the Fock space

We define the K-particle position-representation operator acting in the A-body
Hilbert space as

- A
FH:Z f(mjlﬁ"‘?mj.rf)?

N<..<JK
where f(xj,,...,x;.) is a symmetric function to comply with the indistinguisha-
bility principle. By definition, in all Hilbert spaces with A < K, we have Fx = 0.
Operator Fx = 0 is fully determined through its matrix elements in the A-body
space for A = K. In particular,

Fur = [d2g,@)5@)u(@),

JF,[L,LHW" - fdmdm’qb:{m}qb;,(m')f(m.:11’) X (qbu(m)‘i’u’(mf) _ ‘i’u’(m)‘i’u(mq) y

and
F1 - jers 1::{:.1)'1;: Qs
- 1 L+
F> = i E I,M“;yp;-F;uL’vu"ﬂ“ A,y dy,
F3 - ﬁ ,!L.FL"_IL”IJU"U”EL-’H“HI‘WIPHai* ".Lrﬂ“nﬂu”ﬂy!ﬂy-

Note the inverted order of indices in Fy and Fj!
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Nn-n versus ‘ ) ‘ .
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Thouless theorem for even states

Any even product state that is non-orthogonal to the vacuum |0) can be
uniquely represented as:

|®)even = N exp (—% Z+ ) |0), where 7zt = —Z.

i p, a,

The Thouless theorem is an immediate consequence of the Gauss factorization:

Any proper Bogoliubov transformation A for det A#0 can be uniquely rep-
resented as:

Ead

A = exp (—.’Z+) exp (fJ) exp (Z’) ,

for
A i 1
Z — EZ Z}jck Cl = EZ;_},V I‘Lpﬂ:“ﬂ:—}
D = EZH‘DHCA C — Z D;w'ﬂ;tﬂw _ %'TID!
= 1
Z' = EZMZJ:.ICA: Gl =3 “,,,.Z;mﬂ'uﬂ'uv
i.e.,
0 Z* D 0 0 O
Z+ — ID — Zf —
o ) 2=(d ) #=(z0);

where matrices Z and Z’ are antisymmetric.
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Gauss factorization

The Gauss factorization can easily be proved for the matrix Bogoliubov transforma-

tion:
A = exp (—Z"') exp (D) exp (2').

First we note that squares of matrices Z i Z’ are equal to zero; hence by Taylor
expanding the exponents we have:

4= (B 5) (0T[5 o) (32):

and therefore

A = exp(D) — Z* exp(—DT)Z’,
B* = —Ztexp(—D7),
B = exp(—D")Z’,
A = exp(—D7).
which gives
exp(D) = (A*),
Z = BA™!,
zZ' = (A*)7'B,

while the remaining relation is automatically fulfilled:

exp(D) — Zt exp(=DT)Z' = (At)~! — (A*)"'BTA*(A*)"'B
= (A7)7'(1 - B™B) = A,
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Lessons learned

Energy density functional exists due to the two-step
variational method and gives exact ground state
energy and its exact particle density.

Whenever the energy scales (or range scales) between
the interactions and observations are different, the
observations can be described by a series of
pseudopotentials with coupling constants adjusted to
data (an effective theory).




Density matrices and Wick theorem
(8|ABCD|®) = ABCD + ABCD + ABCD

+ ABCD + ABCD + ABCD

+ ABCD + ABCD + ABCD + ABC D.
=(®|AB|®){(®|CD|®) + c(P|AC|P)(P|BD|®) + (P|AD|P)(P|BC|P)
—(1+¢)(2|A|®)(2|B|2)(2|C|®)(®|D|®).
Density matrix and pairing tensor:

1
Puv = (‘Plﬂiﬂul‘f’) — aja”, Ky = (Playa,|®) = ﬂflv—ﬂ’,lu-?

Many-body Hamiltonian H and average energy E:

-

H = T + ff — Z”H{I}Luﬂ':ﬂw + izﬂhvﬂ‘/;jkuwﬂf:a:{awﬂ'vﬁ
FE = ((I)|H|(I)> — !LUT,uupu;L + %Z;;,Auwvﬂluw (pv_u,pw)t —I_ %f‘a;k&vw)

= Tr (Tp + ;Tp — AK*),

Single-particle Hamiltonian h and self-consistent potential I':

— __ OFE __
F;u/ — ZAH“LAVTIPTTJ& ’ h',uu — pun  HV + F,uu




Coulomb force - the direct self-consistent potential

V(Flﬂ'l,Fz{Tg; ‘F;{T;, ’F;{T;) — 5(F1 e Fi)a(Fz "2) rTille_f:z"l’z

We define the non-antisymmetrized matrix elements by

o iTTldlindziFiﬂ'iiFéﬂé

@ (Tr01) @3(T202) V (Tio1, 72023 7107, T 505) du(70]) ¢=(T50%).

Then, the direct selfconsistent potential reads:

Fﬁij — gtlufrﬂ:rrk
— ZhﬂiTIJI ir;agir lgli

¢, (T101) ¢3(T202) V (F101, 202370, T 503) ¢y Gr (7 50%) Pra
Ziﬂif‘]ﬂliiﬁﬂgifiﬁi

6:}'1 oy / -
Q’);(Flﬂ-l) @1(?720'2)6('?1 - Fi) : ¢’u( J]) G’-”n('f‘zﬂz)ﬂw)\

|7 — 72|
— iﬂﬂ'lif'iaiqb:(?:*lal)

which gives T'“" (7)) = f | p(72)

Fz_ﬂ — ’le

I

P(‘Fzﬂ'?s Fzﬂ'z)

S = T ooy ey | Po(FlO0).

|’*"'1 — T|

for p(7) = Zgzp(?"gag,f“’gag).
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Coulomb force - the exchange self-con51stent g)otentlal

V(T‘ﬂfl,?‘zgzﬁr lglﬂ gg) — 5(1"1 — 7 )6(?"2 lW“ﬂ"l 02,09
|7 — 73]

We define the non-antisymmetrized matrix elements by

pAVT iﬂﬂ'liﬁagi'ﬁ'iﬂ'{ i?"ﬁa

¢, (T101) P\(T202) V(Fio1, T202; 710, T 50,) ¢ (F07) (T 503).

Then, the emchange selfconsistent potential reads:

I‘:;,P — p,}.p:rrpfrl
— Z)\ﬂ'irlal irzagir lalir 2;:1'2

¢;(Flﬂ'l) Qbi(ﬁ;ﬂ'g) V(FIUI:'FEU—E"; Fiﬂ-p qzﬂ-g) 1‘71) Q’)v(r 20'2 P
- Zlﬂi'ﬁldlif‘bﬂ‘z

1
ﬁf?p(?‘lﬂ'l) fi’;,.‘(f'?ﬂ'z) ﬁbfr(ﬁﬂ"l) d)u(FEU?)prr)\

b ™=

|'-"'1 —( 2| ~ )
— P\T1 01, T202 _
— ijﬂﬂ'li'?ggqu;(?’{ﬂ'] |"_I"‘1 B le Qby(rgﬂ'z)j

p(T101, To03)

which gives I'“"“(70,, T203) = 7 =
|7 — T2
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Density-matrix expansion (Negele-Vautherin)
(or do we need the non-local density)

We begin by considering the simplest (and academic) case of fermions with no spin
and no isospin. For an arbitrary non-local interaction V (7, 7; 7, 72) the Hartree-
Fock interaction energy has the form

2

glllt — .1fd“—ﬁ'{d"‘ﬂd:‘ﬂd:‘ﬁV(ﬁ,*F'f;T"'laf*fz)x

(p(71, 7)) p(T2, 7)) — p(T2, 7)) p(T1, T5)
. . . R VP T Nonlocal
while for a local interaction,
V(T , Th; T1, To) = O(7;, —771)0 (7, —75) erer
BT E - 1 1 9 2 | denSIty

the interaction energy reduces to: A\

gt = 3[R amY (71, 72) (o) p(7) — (7 )07 7)),
where p(71) = p(71,71) and p(72) = p(7., 72) are local densities.
Edir = ﬁ3F1d3FzV(FnFz)p(ﬁ)p(ﬂ),
5@2:2 - éﬁl’“‘ﬂ d°7V (71, 72) p(F2, 1) p(F1, T2) 5

int _ eint int
£ — g{lir - SCX(T'
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Nuclear densities as composite fields

©
=
o

100
S

n

(n)

0.05

Particle density (fm'3)

R (fm)

Modern Mean-Field Theory = Energy Density Functional

o > - - —
p1 T! \] | J | T! S | F!
(' Hohenberg-Kohn | mean field = one-body densities
m Kohn-Sham | | .
m Negele-Vautherin zero range = local densities
m Landau-Migdal finite range = non-local densities
\ = Nilsson-Strutinsky )
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Density-matrix expansion (2)

Denoting the standard total (ﬁ) and relative (7¥) coordinates and derivatives as

= I —+ — S _6' _ 0 %)

R — E(TI +T2)3 V - ﬂf_i;, - ﬂf_"| ﬂf;’z?
- A ~_ 9 _1(8 _ '8
r="rT—T 0 = 5=3em —35)°

we have the expansion of local densities,

p(71) = p(B+57) = p(B) + 57" Vip(R) + ir'r/V,Vip(R) + ...,
p(72) = p(R — ;7) = p(R) — 57'Vip(R) 4+ ;7'rIV;Vjp(R) + ...,

and hence

p(P)p(7) = p*(R) ) } )
+ 371 (p(R)VVip(R) — [Vip(R)][V;p(R)])

: o . Local
where summation over repeated Cartesian indices ¢ and 7 is assume
Assuming that the local potential V (7, 7;) depends only on - energy
interacting particles, V (7, 72)=V (|71 —72|)=V () oo densil’y

given by the integral of a local energy densityA

-

et =} [@RVas? + LVilpAp — (Fp)))] + ...

where coupling constants, V;; and V5, are given by the lowest two moments of the
interaction,

Vi = Fl:*FrkV(r) = 47 ﬁifr r* 2V (r).
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Density-matrix expansion (3)

In the exhange term, the range of the interaction is relevant only for the non-local
dependence of the density matrix on space variables. As function of #, the scale
at which the density matrix varies is given by the Fermi momentum kr. Hence,
for short-range interactions one may expand p(ﬁ, 7) with respect to the variable 7,
which gives

p(r1, T2) = p(ﬁ, Eil= p(ﬁ) + 7 ip(ﬁ, T) + %rirjaiﬂjp(ﬁ, )+ ...,

where derivatives 8;, are always calculated at r?=0. This parabolic approximation
does not ensure that p(7,72)—0 for large |¥|=|7—72|. One can improve it by
introducing three functions of r=|7|, mwo(r), 71(r), and m2(r) that vanish at large r,
i.e., we define the LDA of the density matrix by:

p(71,7) = p(R,7) = mo(r)p(R) + m(r)r'dp(R,7)
—- éﬁg(r)rirjaiﬁjp(ﬂ, )+ ...

Such a postulate has to be compatible with the Taylor expansion, which requires
that
7o(0) = 71(0) = w2(0) =1 and m,(0) = w;(0) = 7 (0) = 0.

Of course, for mo(r)=m(r)=m2(7r)=1 one reverts to parabolic approximation.
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Density-matrix expansion (4)

The product of nonlocal densities in the exchange integral now reads

p(71, T2) p(72, T1) = ré(?‘)f‘*(ﬁ) . . .
+ mo(r)m2(r)r'r’{p(R)3:0;p(R, 7) — [0ip(R, 7)|[9;p(R,T)]} + ...,

where we have introduced a supplementary condition,
mi(r) = mo(r)ma(r).

This condition ensures that the LDA of is compatible with the local gauge invariance;
indeed only the difference of terms in curly brackets of is invariant Local
the local gauge transformation,

energy

. density

—

P’(T_‘L‘T'z) — '®(T1)—ip(r2)

p (7
Within the LDA one obtains the exchange iglgraction energy,

et = § [@RVOw + LV2(0ap — 4(om — )] + ...

where 7 and ; are the standard kinetic energy and current densities, respectively,
and the coupling constants V,° and V;** are given by the following moments of the
interaction,

Vi = fd:j‘FT‘k?Ti(T)‘]‘Tj{T)V(T‘) = 4‘?1'de‘ r* T2 (r)mi(r)V (7).
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Density-matrix expansion (6)

Auxiliary functions my(r) and m2(r), which define the LDA, can be calculated «

posteriori, to give the best possible approximation of a given density matrix p(R, 7).

However, they can also be estimated a priori by making a momentum expansion

around the Fermi momentum ky of an infinite system (Negele and Vautherin):
671(krr) + 21j5(kFr) _ 10573(kFr)

mo(r) = 2kpr  malr (kpr)?

where j,(krr) are the spherical Bessel functions. The standard Slater approximation
corresponds to mo(r) = *2EET) and 7, (r) = 0.

kpr
1.0 — - n
b O 2
T O(4) T, O(2) ]
......... no Gauss TEZ GaUSS i

Infinite-matter no(a) & nz(a)
©
o1

o
o
T
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Exchange interaction energy in infinite matter

In the exchange term, the situation is entirely different. Here, the range of interaction
matters in the non-local, relative direction 7. To get a feeling what are the properties of
the one-body density matrix in this direction, we can calculate it for infinite matter,

(2 ) f i &Pk - &) exp(—ik - 7)
r,aY) = . . ’
P k| <kp V873 vV 8m3

where the s.p. wave functions (plane waves) are integrated within the Fermi sphere of
momenta |k| < kgp. Obviously, p(&, ¥) depends only on the relative coordinate, i.e.,

2

sin(kpr) — kprcos(kpr)] k. [3j1(kpr)
(kpr)? - 62 | kpr '
Function in square parentheses equals 1 at »=0, and has the first zero at r ~ 4.4934 /kyp ~

3 fm, i.e., in the non-local direction the density varies on the same scale as it does in the
local direction. Therefore, the quadratic expansion in the relative variable,

p(R,+7) = p(R) £ r'd;p(R,7) + jr'178,8;p(R,7) + ...,

= 1 F
p(R,7) = — f dk k sin(kr) =
2m2r J

) 67

where derivatives 8;—8/0r" are always calculated at r'=0, is, in principle, sufficient for the
evaluation of the exchange interaction energy. However, we can improve it by introducing
three universal functions of » = |¥|, mo(7), m1(7), and mw2(r), which vanish at large r, i.e.,
we define the LDA by:

p(R, £7) = mo(r)p(R) £ m1(r)r'd;p(R, 7) + éwz(r)riri’ﬂ@@jp(ﬁ, )+ ...
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Lessons learned

Energy density functional exists due to the two-step
variational method and gives exact ground state
energy and its exact particle density.

Whenever the energy scales (or range scales) between
the interactions and observations are different, the
observations can be described by a series of
pseudopotentials with coupling constants adjusted to
data (an effective theory).

In nuclei, the non-local energy density functionals
can be replaced by the local ones. This is because the
range of the interaction is shorter than the range of
variations in the local and non-local density matrix.




Density-matrix expansion (5)

In summary:

Séllil;t-' = ﬁ*f‘id TV (71, T2) p(71) p(72),

5(11?}( — %‘_ﬁ-jiﬁld T"?V(Tl Tz)p(rzﬂ Tl)p(Fl’Fz)’

bl [ =

int int int
£ 8{ lir Sexc

glllt_ fd:ié["{]pg‘l'112%(9&.‘3_(69)2)]"'---3

dir

Vi = fd'jf r*V(r) = 4ﬂ'fd?‘ r* T2V ().

5{1\1;1';: _ ﬁJR[V{mpz +1 1 Vﬂz(P&p — 4(pT — }2))] ...,

Vf-’ = fd3Frkﬂ@(r)wj(r)V(r) = 4wﬁr Tk+2‘?ri(T)?Tj(T)V(T).
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Nuclear densities as composite fields

Density matrix:

p(Fo,7o’) = (®|la™ (7Fo’)a(Fo)|P)

Scalar and vector part:

Symmetries:

Local densities:

p(7,7) = Y p(Fo,#o)

3(77) = ), P70, 7o) {(0'|5|o)
pr (7 7) = p*(F7) = p(,7)
sT(7,7) = —5(7,7) = —3(#,7)

Matter: p(7) = p(7,T)

Momentum: () = (1/20) (V=V") p(7, )] r=
Kinetic: 7(7) = [V - V' p(F, 7)) per

Spin: 3(7) = (7, 7)

Spin momentum:
Spin kinetic:
Tensor kinetic:

Ty (F) = (1/28)[(V = V,) 80 (7, ™) | p=pr
7(7) = [¥ - 957 7l
F(F) = L(VRV'+V'QV)-3(F,7)],_.




Phenomenological effective interactions

® Gogny force.* i
L;:r:'_t;.'::"y" = J(i: — :-E;)J(ﬁ T f)v(m'} y):'

where the tilde denotes a non-antisymmetrized matrix element (V.1 = f’mymrya —
Veyy'z'), and V (x, y) is a sum of two Gaussians, plus a zero-range, density dependent
part,

V(z,y) = Zizlﬁze—“’—"f}“fﬂf x (W; + B;P, — H;P;, — M;P,P;)

+t3(1+ Pp)do(Z — §)p'? [3(Z + )] .
In this Equation, PJ:%(1+&'1 . &3) and P, :%(1—|—'F1 - T5) are, respectively, the spin
and isospin exchange operators of particles 1 and 2, p(7) is the total density of the
system at point ¥, and p;=0.7 and 1.2 fm, W;, B;, H;, M;, and t; are parameters.
® Skyrme force.*

—

VJ:y:::'y" — {tﬂ(l + -T{]PJ) + ]Eti(l + *T::‘-Pa-)pu (]E(:E + ﬁ))

+16(1 4 21 P7)[R? + B2 + ta(1 + 2,PO)R" - K} 6(Z — )8(5 — 7)5(F — 5),

where the relative momentum operators read

- it 4 — -
k=3 (Vo= V), k=g (V,-V).
*We omit the spin-orbit and tensor terms for simplicity.
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Density-matrix expansion (7)

We can now repeat derivations performed in the previous section for an arbitrary
finite-range local nuclear interaction composed of the standard central, spin-orbit,
and tensor terms,
V(#,7) = W(r) + B(r)P, — H(r)P; — M(r)P,P;
+ [P(r) + Q(r)P;]L - S + [R(r) + S5(r) Pr]S12,

where T’:|"I’-"‘|:|F1—F2|, P, :%(1+El'ﬁg), P :%(1—|—F1'112),, E:—IHFX 5, g’:g(&*l—i-&g),
and S1,=3(&, - 7) (&2 - ¥) /7 =& - G2. After straightforward calculations, one obtains
the interaction energy in the form of a local integral,

glllt — fdaFZt:[],l[Cfpfz + Ct&pptaﬂt + C;-(PtTt . 3;2)
1 - . L o 2
+C;’-§.f+cf&h5t '&5t+031(5t'ﬂ_ Jt )
+ CY(peV - Ty + 5 (V X 3y))]
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Density-matrix expansion (8)
C8\ (4 2-2-1)(Wo+ M®

- C/| |0 0-2-1|| Bo+ HY°
cCs| |0 2 0-1|| Hy+BY) |’
C; ) \0 0 0-1 M{,+W““
([ CE* ) (8—1 4-2—-4 2-2 4\ (W, )
Cy’ 0—-1 0-2—-4 0-2 0 || W2
C? 0 4 0 8 0—-8 0-16 || B
06| CT | |0 4 0 8 000 0 BY?
ﬂ.s o ?
C§ 0—-1 4 0 0 2—2 0 || H
CA* 0—-1 0 0 0 0—-2 0 || H?
CT 0 4 00 0-8 0 O0f]|M
\C{ ) \0 4 0 0 0 0 0 O0)\NM)?)
o [CY7) _ (2 1)( P+ QS
o) = (01 )(a 5

All coupling constants of the lecal energy density depend linearly on the following

moments of potentials:
fd:‘*ﬁ'r kX (7),

XV = fd‘r?‘ mi(r)mi(r) X (r),
where X stands for W, B, H, M, P, @), R, or S.

X
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Density-matrix expansion and the Skyrme force

In general, the number of moments entering is higher than the number of final
coupling constants, and all the coupling constants are independent from one an-
other. On the other hand, for the quadratic Taylor expansion, which corresponds
to mo(r)=m2(7r)=1, the direct and exchange moments become equal to one onother,
XE:X;;. Then, the coupling constants become dependent, and, in fact, half of them
determines the other half. This is exactly the situation encountered when the energy
density is calculated for the Skyrme interaction. Then one obtains:

(&) - (22 72)(S)
c:)]  \-1 o)lct)
CAs (—12 =12 3 9\ (C”
| O | -4 -4 3 =3[|C”
Cy 16 48 —4 12 || C7
o \ 16 —16 4 —12)\| CT
Cy’ = 3cY’.

It is obvious that the above relations among the coupling constants result from an
oversimplified approximation to the exchange energy of a finite-range interaction.
The Skyrme force parameters are given by the following relations:

to= Wo+M, , toxo = Bo+ Hy,
3t = —W,y — M, ’ 3tiyxy = —B3 — HE&
3t2 = Wg —_ .ﬂffg ’ 3'!'}21132 — Bg — Hz,
6W = —P, — Q-
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Local energy
density:

(no isospin,
no pairing)

Density | Derivative | Symmetry |Energy
T P space | density
p(7) + + scalar | p?
V p(7) + — vector |Vp-J
Ap(7) + + scalar | pAp
7(7) + -+ scalar | pT
J O (7) + — scalar | J©OJ©)
VJOF) |+ + vector
J(7) + — vector | J?
V.J(# |+ + scalar |pV . J
V x J(F) |+ + vector
J ﬁ(ﬂ + — tensor ZWJE) J:{-i
3(7) — + vector | 5
V-§(F#) |— — scalar (\'»" 5)°
V x 3(F) |— — vector|j-V x &
AS(7) — + vector |5- AS
HG) — — vector | 52
\ 5(?“') — + scalar
V x 3(7¥) |— + vector| 5-V xJ
T () — + vector|5-T
F(7) — + vector |§- F
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Complete local energy density

The energy density can be written in the following form:

E. Perlinska, et al.,

hz
H(T) = 5 —7o(F) + Dy, (e(P) + %(7) 5 Phys. Rev. C69 (2004) 014316

The p-h and p-p interaction energy densities, x;(7) and x;, for t=0 depend quadrati-
cally on the isoscalar densities, and for t—1 — on the isovector ones. Based on general
rules of constructing the energy density, one obtains

Mean field Pairing
xo(7¥) = Cp2+ C§ p%&pg+c T PoTo Xo(F) = C3|5)> + c‘:wmg-; - A5p)
Ju 2 J1 J2 vJ ~
T Cis J+Ei LA + CIRG, - T) + CllioP
3, 3 Tg
S 070 4= C’u 0 ’*(En (V x Ju))
+ C{j2 + Cy?5o - (V X Jo) Vs 2
v > 24 OF5, - F + CY*|V - 5|
+ C, S(V S0)° + Cy 30 - Fo, CFR(E . F
() = Cf “2+C&‘°ﬁ'oﬁp+C’pof B e
CJU'J2 CJIJ CJ?J C‘UJ o ﬁ J XI('F) - Gl ||P| _.j!_ C_l R(p ° ﬁp)
- -+ N -+ T+ P + é‘fm(ﬁ O'i"')
C“" C; 55.0AF C; T = Z,
+ OiF +CfF-onf+ OfF -0 + GPVIP + ST
‘|‘CJ +Cv3*°(vx.?) é:.mzz
C¥*(V.-H2+CFF.0 F + G
8 . 3.0 - . =
+ 1 §) + 13 ;] + (j'f‘rm(ﬁ ov'j).

where X stands for the vector product
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Mean-field equations
Mean-field potentials:

Ly = —V - M(?)9 + UR) + 3 Vo - B (M+ By (7)- Vor)
P — . (5 GV + 5 - Su(P) + L(V - L(7) + L(7) - ¥)—V - D)5 - ¥
where
Ut = ZCfpt + ZCEP&pf - C;-Tt -+ CFJﬁ : j;,
¥ = 2C%3, + 2C2* A8, + CIT, + CYIV X jy, —2CY* A5+ CFF,—2CY*V x (V x 5)
ﬂf_{t — Ctrpt:-
Ct = CTSt,
B. = 2CY J, —CY7 ¥V py,
I; = 2C}3:+ CY'V X 5,
ﬁt = CFSH
Neutron and proton mean-field Hamiltonians:
h., = A + Feven + I‘G{Id + reve11 + '[‘ﬂdd
L 2?1
hp — gin'& + FP\-Fn + Fndd . Feven F?dd'

HF equation for single-particle wave functions:

N
hatia(70) = €atiafo) =  pa(fo,7o’) =, bialfo)pl,(To’

where ¢ numbers the neutron (a=n) and proton (a=p) eigenstates.
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Lessons learned

Energy density functional exists due to the two-step
variational method and gives exact ground state
energy and its exact particle density.

Whenever the energy scales (or range scales) between
the interactions and observations are different, the
observations can be described by a series of
pseudopotentials with coupling constants adjusted to
data (an effective theory).

In nuclei, the non-local energy density functionals
can be replaced by the local ones. This is because the
range of the interaction is shorter than the range of
variations in the local and non-local density matrix.

Systematic energy density functionals with
derivative corrections can be constructed and the
resulting self-consistent equations solved.




I1. Derivatives of higher order up to N3LO

—_—

00

Nr Tensor order n rank L Nr Tensor order n rank L 8
1 1 0 0 1 1 0 0 Q{
2 v 1 1 2 k 1 1 O
3 A 2 0 3 k2 2 0 ~
4 [VV], 2 2 4 [kk]s 2 2 %’J
5 AV 3 1 5 k2K 3 1 ==
6 [VIVV]2]s 3 3 6 [k[kE]2]s 3 3 o
7 A? 4 0 7 (k%)? 4 0 oe)
8 A[VV], 4 2 8 k2[kk), 4 2 I~
9 [VIV[VV]a]s]s 4 4 9 [k[k[kk]2]3)4 4 4 @)
10 A%V 5 1 10 (k*)%k 5 1 ~
11 A[V[VV]4]s 5 3 11 k*[k[kk]2]s 5 3 =
12 [V[V[V[VV]2]s]ds 5 5 12 [k[k[k[kE]2]s]4]s 5 5 -
13 A3 6 0 13 (k*)3 6 0 v
14 A%V V), 6 2 14 (k*)?[kk)2 6 2 c
15 A[V[V[VV]s)s 6 4 15 K[kkKkKs 0 6 4 9
16 [V[V[V[V[VV]2]sld]5]e 6 6 16 [k[k[k[k[kK]:]s]a]s]6 6 6 n
Total derivatives {ﬁ'”‘) ; up to N°LO Relative derivatives (E"‘) L up to N*LO g
O

1 °

V=Vi+Vyy k=_(Vi—V,), Q

21 M

Pv=0 = P(T‘la T‘z)a Pv=1 = g(“'"h ?“z)a

PnLvJ — ((EH)LPU)J (prinmry), PmInLvJQ — ((ﬁm)f ((EH)LPU)J)Q (secondary)
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Energy density functional up to N3LO

_—
Q0
)
-
order | from p from 5| T-even T-odd | total al
0 1 1 1 1 2 \O
1 1 3 3 1 4 =
2 2 4 2 4 6 3
3 2 6 6 2 8 =
4 2 5 2 5 7 ﬁ‘
5 1 1 1 1 5 U
6 1 2 1 2 3 -
total | 10 25 19 16 | 35 =
Numbers of primary (m = 0) local-densities -
up to N°LO. v
-
o
75
order | T-even T-odd |total | Galilean Gauge vc—I:
invariant invariant ¢
0 1 1 2 2 2 O
2 6 6 12 7 7 @)
4 22 23 45 15 6 e
6 64 65 129 26 6
N°LO 93 95 188 50 21
Numbers of terms in the EDF up to N3LO.
£
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Numbers of terms in the density functional up to N3LO

1000 — ' | )

= j|e-®Eq.30) _®
= || 4—& Eq. (30), Galilean mv. -~ L o
E _||mm Eq. (30), Gauge nv. _- - . @
= ®-0Lq. (28) o~ - =
= 100 5| a-A Eq. (28), Galilean inv. =
f"t.E | m-m Eq. (28), Gauge inv. W =
= - 2L - O
G 7 -~ - - o
S _ - =
2 o
% 10 = — :
— - " 3
O = z =
- = ° B H
> Eq. (28) = density dependent CCL S
1 Eq. (30) = density independent CC|

0 2 4 6 M

Order 1n derivatives
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Energy density functional for spherical nuclei (I)

For conserved spherical, space-inversion,
and time-reversal symmetries, all non-zero
densities can be defined as:

R[l = Ps
R2 — :
Raap =

&1
JE &
=} (=2l =
i1
&y T
D D

3

!
|
!

~

|
T IR
,--\l ;'!_:,HI ?5-1-

-
—
-

-

el i
1 X By

3)a;

b(k X 3)c + kpke(k X 8)a
(L(E X 8)p,

X 8)as

~
g
|

b

—~—

I+

4

—
Jﬁu

where k? = Zakakﬂ and the Cartesian
indices are defined as a,b,c = =, y, z. To
lighten the notation, in these definitions
we have omitted the arguments of local
densities, 7, and limits of ¥/ = 7.

Numbers of terms of different orders in the
EDF up to N2LO, evaluated for the conserved
spherical, space-inversion, and time-reversal
symmetries. The last two columns give num-
bers of terms when the Galilean or gauge in-
variance is assumed, respectively.

order Total Galilean Gauge

0 1 1 1
2 4 4 4
4 13 9 3
6 32 16 3
N3LO 50 30 11

B.G. Carlsson et al., C 78, 044326 (2008)
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Energy density functional for spherical nuclei (II)

We can write the N*LO spherical energy density as a
sum of contributions from zero. second, fourth, and
sixth orders:

H=Hy+ H: + H,y + Hs,

where
]
HU - CUUR*UR'U'J

H, = C,R0ARy + CJ,RR;

[0.5ez] + CY,RoV - Ji, +C3,J2,
Energy densities Hp and H» correspond, of course,
to the standard Skyrme functional with Cj, = C?,
Cy, = G Ccy,=C",C}, = C¥7, and Cy = TR
At fourth order, the energy density reads
H,4 C,‘.'UR[JQERJ - CS-_:R{}ﬁR!
Cy,RoR; + C3,R:R;
DD;EJZ vﬂvb R’ub +D{}EZ RZ(:EIR"'ﬂ.b
CLZI'IJ] &JI T Cn:;Jl J-i
G‘;.ma (V- J;) + cgunﬂ (V- J35)
C”Rz v ) Zﬂh R'.Euh ﬁu'—ﬂba

T

At sixth order, the energy density reads

H'Ei C,:]:I{}I?{}'&:i m] + Cl{l}J m] "&'ERE

+ CRoAR; + ClRoR;

+ C3,R:AR: + C2,R:R,

+ Df.}zﬁ'uﬁzﬂbﬁnﬁh R2ab +D-l;:]_|m]zﬂbﬁﬂﬁb Rias
+ Dngﬁzﬂhﬁuﬁrh Rzuh +E§22ﬂh :ﬁ‘-ﬂnh A Rzuh

+ Ff;,zﬂhn R2ab VaVe Roch +E§_.Zuh R2ab Riab

+ CLJy - AT, + ChLJy - Ay

+ CLJy« J5 + C3J5 - Js

+ D}I'j*l AV [\ﬁ ) f'} + Déii"ﬂ -V (ﬁ ’ jn

+ Eiiz i r_fl oV Ve Tsabe +Dg, . J 3abeJ 3abe

+ C“ R{}‘ﬁz (ﬁ : fl) + C:l;]:iR“& [ﬁ ’ j.iJ

+ CYRo (V- J5) + G} R:A (V - 1)

+ ChyRe (V- J) + CliRa (V - 1)

ar DU;R{JZ VaVoVe T3abe D‘fﬁzﬂbc Roab Ve J3abe
+ Dﬁlzﬂb Rzu:, AV . Jyp + E.;;Zaﬁ Raab Vadsp

+ D'hz”h ﬁ.mh ﬁr:“ﬂ:‘!

+ E:fIZ;lJ; Rzab Va Vs [ﬁ ’ 'flJ :

The energy denmtles abm’e are gwen in terms of 50 coupling
constants C™ , D  E™ and F" .

Tmn? mn? Tt mn’

B.G. Carlsson et al., C 78, 044326 (2008)
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Ammonia molecule NH;

Nitrogen atom ) 0 ‘

-
L) = Gz ®-n

Hydrogen atom

left state right state




Ammonia molecule NH;

E Symmetry-conserving
C configuration
—~ 7
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Z
v F
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r Symmetry-breaking
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Let P be the plane-reflection
operator with respect to the Hj
plane, then
P|R) L)
P|L) | R)
Let us denote overlaps and ma-
trix elements by
1 = (L|L) = (R|R)
€ (L|R)
Ey (L|H|L) = (R|H|R)
A = (L|H|R)
In the non-orthogonal basis of
|L), |[R) the Hamiltonian matrix
reads

-

1

E, A
A Ey

T he eigenstates must correspond
to the restored-symmetry states

1
+) = LY+ R
) = g (D £ R)
i.e.,
P|+) = £|£)
The eigenenergies read
Eo+ A
EyL = (X£|H|L) =
+ = (£|H|x) i

States |L) and R) are wave pack-
ets, e.g.,

L) = ; (V2+ 2€|+) + V2 — 2¢|-))

which evolve in time (e = 0 as-
sumed) as:,

L, t) = ePot/R(cos(At/R)|L,0) + isin(At/h)|R,0))
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Skyrme-Hartree-Fock Experiment

J. Dobaczewski, J. Engel, R.G. Helmer et al,, Nucl. Phys. Ad74 (1987) 77
Phys. Rev. Lett. 94, 232502 (2005)
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Fig. 5. Proposed grouping of the low-lying states of ***Ra into rotational bands. The two members of
330 =_O. 128 the K" =1 band have been reported in a study of the ***Fr decay *°); they are not observed in the
3 present study.
= 0.091
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NH; 225Ra ratio

—2A 0.1 meV | 55keV | 1.8 x107
T,,(Q.M.)| 6.6 ps 0.012as | 5.5 x10°
T, (EM.) | 16 ks ~5 ns 3.2 x1012

D 0.76 exnm |~0.1 ex fm| 7.6x10°
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Lessons learned

Energy density functional exists due to the two-step variational
method and gives exact ground state energy and its exact
particle density.

Whenever the energy scales (or range scales) between the
interactions and observations are different, the observations can
be described by a series of pseudopotentials with coupling
constants adjusted to data (an effective theory).

In nuclei, the non-local energy density functionals can be
replaced by the local ones. This is because the range of the
interaction is shorter than the range of variations in the local
and non-local density matrix.

Systematic energy density functionals with derivative
corrections can be constructed and the resulting self-consistent
equations solved.

In finite systems, the phenomenon of spontaneous symmetry
breaking is best captured by the mean-field or energy-density-
functional methods.
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Nuclear deformation

[ Symmetry-conserving
- configuration
A. __
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v |
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- configurations
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Single-particle energy (a.u.)

Origins of nuclear deformation

‘ Open-shell system: A

8 particles on 8 doubly
degenrate levels

\_ )

Elongation (a.u.)
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'HFB+THO+LN+PNP :
. V/-

1oé- ’ //

SIS _.
: \/ Z=20 SLy4(vol.) - Exp. -

J. Dobaczewski, M.V. Stoitsov, W. Nazarewicz,
AIP Conf. Proc. 726, p. 51, nucl-th/0404077
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B. Fornal et al., Phys. Rev. C 70, 064304 (2004)
D.-C. Dinca et al., Phys. Rev. C 71, 041302 (2005)
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B. Fornal, XXIX Mazurian Lakes Conference on Physics (2005)
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Evolution of the single particle orbitals
with Z going from 28 to

“fm
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Tensor Interaction

V1= (117)) ([016,]9 YO(Q) ) Z(r)

Vi couples J. and j_ orbitals and favors charge exchange processes

B. Fornal, XXIX Mazurian Lakes
Conference on Physics (2005)
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Tensor-even, tensor-odd, and spin-orbit interactions

VTe

VT o
‘7—5 0,

where
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Tensor energy densities

For conserved spherical and time-reversal symmetries,
averaged tensor and SO interactions give the following
energy densities:

Hr = teﬁztﬁp"‘ta(tfg_ﬁl‘i?)
Hso = 1[8Wodo - Vpo+ Wiy - Vi
where the particle and SO densities read

p(r) = 2a) v2(2ji + 1)Ri(r)

J(r) = g 0325+ 1)
Ji(Gi +1) — Li(l; + 1) — 3| R (r)
J="TJ(r)

W = 00| U




Single-particle spin-orbit potentials

Cj = =(3to+t), CY 2 (to — te),

_3 vy _— _1

VJ
CU

Variation of the energy densities with respect to
the single-particle wave functions gives
form factors of the single-particle spin-orbit potentials:

780 __5te+5to T | 5to T | 3Wo—Wi o L SWo+Wi o
V;} = =3 Jn =) °J, 1 Vpn 7 Vpp
7SO 5te+5to T 5to T 3SWop—Wi o | 3SWo+Wi
V50 = Stetsto ' 4 Sto J' 4 SWo Wi, | SWot Wi,

. 1 5
VSO = “vSO(p)L - § for V59 = —VSO(?")
(&




Neutron S-O Density

J. Dobaczewski, nucl-th/0604043



Neutron S-O Density
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J. Dobaczewski, nucl-th/0604043




Neutron S-O Density

J. Dobaczewski, nucl-th/0604043

OOOO B N s - ‘ i
[ TSeadizRssZl-° N=38 N=40 [ZZZS}Z
00054 v v v e
0 2 4 6 8

R (fm)

¢ 1




e (MeV)

10 [

20 k

HFB+SLy4 -

30 20 10
Proton Number Z

{|—2s 1/2
||—=—=1d 32

]|—=1d 52

J. Dobaczewski, nucl-th/0604043




(MeV) ¢ (MeV)

e

SO

cent

=
-

J. Dobaczewski, nucl-th/0604043

Jacek Dobaczewski
e
e

IFT j UW

6f — — — —— — === == ] —1d

2 L _
I t=0 N=82 - 177
[ =0 }N_BZ 1d
10 [ 1|—=1d

20 F i

HFB+SLy4 |

30 , A

30 20 10

Proton Number Z
]




=
o

g 6 | = BEEE_Q/Q/D—D\U : —{1+1d
N—’ 2 _ -
O 1 . . . 1
) -
= OF, _ _ 4 |—2s
;[te—-lOO}[N—?)ZJ
— 1d
3 0 a1
é -10 - -
w® 20 L _
HFB+SLy4
-30 . A T
30 20 10

Proton Number Z

J. Dobaczewski, nucl-th/0604043

Jacek Dobaczewski
e
e

IFT j UW




— 10 : .

%) 6 - | H%ﬂj 1 1d S"'O

- Hj -
= o T —— T §
O i I . 1 . i 8
wm O ¥ ¥ I L T T T I T > g
i — I—2] =
t,=200| N=32) g
< € . d] ¢
© 10l 1|l=1a| =
= N
. S
w” 20 i S
: a
HFB+SLy4 | o

-30 T S

30 20 10

Proton Number Z

Jacek Dobaczewski
e
e

IFT j UW




Polarization
effects
for neutron
spin-orbit
splitting

Agg, [MeV]
ok v W s U &N N

; 3p &# | M. Zalewski et al.,
‘ SLy4 I - o® | Phys. Rev. C77,

024316 (2008)
160 ‘“‘Ca 43Ca 07 1 msn 208ph,
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Single-particle levels splittings [MeV]
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Fits of C,Y/,
C,/,and C/

M. Zalewski et al.,

i //Ed;/// 3 Phys. Rev. C77,
2F ST - 024316 (2008)
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Fits of spin-orbit and tensor coupling constants

Skyrme cy’ Ccy’/CY’ Cy Cy
force [MeV fm?] [MeV fm®] |[MeV fm?]
SkP —60.0 3 —38.6 —61.7

SLy4r —60.0 3 —45.0 —60.0
SkOrp —61.8 —0.78 —33.1 —91.6
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M. Zalewski et al., Phys. Rev. C77, 024316 (2008)
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Tensorial magic numbers
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Tensor contribution to the total binding energy calculated using spherical

W. Satula, et al., to be published

Hartree-Fock-Bogolybov model with the SLy4,functional
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Tensor coupling constants
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Lessons learned

Energy density functional exists due to the two-step variational
method and gives exact ground state energy and its exact particle
density.

Whenever the energy scales (or range scales) between the interactions
and observations are different, the observations can be described by a
series of pseudopotentials with coupling constants adjusted to data (an
effective theory).

In nuclei, the non-local energy density functionals can be replaced by
the local ones. This is because the range of the interaction is shorter
than the range of variations in the local and non-local density matrix.

Systematic energy density functionals with derivative corrections can
be constructed and the resulting self-consistent equations solved.

In finite systems, the phenomenon of spontaneous symmetry breaking
is best captured by the mean-field or energy-density-functional
methods.

Energy density functionals up to the second order in derivatives
(Skyrme functionals) provide for a fair but not very precise description
of global properties of nuclear ground states.
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Thank you
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Hartree-Fock interaction energy

Neglecting for simplicity the spin-isospin degrees of freedom, we can write the HF
interaction energy in the form

Et = fd Fy PSPy V(E,73;7,7) (p(&, &) p(¥, §) — p(&, §)p(¥, T)) -

For local effective interaction, the non-antisymmetrized matrix element V(Z,§:2,7)

is given by the potential V (&, %), i.e., V(&,4:&,7) = 8(Z — )d(§ — 7))V (&, 7) ,
and the interaction energy reads

Bt = 1 [052 5V (@,9) (o( #)p(5. 9) — (@ D7, D).

The first term (direct) depends only on the local density matrix (equal arguments),
while the second term (exchange) involves the full one-body density matrix.
It is therefore convenient to represent the one-body density matrix as

p(Z,7) = p(R,7), where R = {(Z+¥y) and F=T-—7.

Denoting the local density by single argument, p(ﬁ) = p(&, %) = p(ﬁ, 0), and noting
that by translational invariance the potential V (&, y) = V(& — ¢) depends only on
the relative coordinate, we have

EMt = gt 4+ gt — ﬁ“fé d*7V (7)[p(R + 37)p(R — 57) — p(R, 7)p(R, —7)).

Jacek Dobaczewski
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Direct interaction energy

/ Nonlocal
In the direct term, A energy
density

Bt = 1 [ERaFV @R + 1p(R ~ 1))

we can use the fact that the range of the effective force is smaller than the typical
distance at which the density changes. Hence, for the purpose of evaluating the direct
interaction energy, the density can be approximated by the quadratic expansion,

p(R + }7) = p(R) £ 3r'Vip(R) + 37'r'V;V;p(R) + ...
and
p(R + 17)p(B — 1) = p*(B) + Lriri (o(R) ViV ;p(B) — [Vip(R)|[Vip(R)]) + ...,
where V;—8/0R'. This expansion gives [for scalar interactions V (¥) = V(|F]) =

V (7)] the direct interaction energy: | Local

energy

B =} [@ RV + Va(oAp — (Fp)))] + ..
density

where coupling constants V; and V; are given by the moments of the il

Vo = 4?deTT2V(T‘) and V, = ;—lfrfdr,rflV('r).
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Exchange interaction energy (I)

In the exchange term, the situation is entirely different. Here, the range of interaction
matters in the non-local, relative direction 7. To get a feeling what are the properties of
the one-body density matrix in this direction, we can calculate it for infinite matter,

. 37 exp(ik - F) exp(—ik - 7)
p(Z,Y) = . d°k 3 3 ’
k| <kp Vv 8w v 8w
where the s.p. wave functions (plane waves) are integrated within the Fermi sphere of
momenta |k| < kgp. Obviously, p(&, ¥) depends only on the relative coordinate, i.e.,

kS

sin(kpr) — kpr cos(kpr) B k; [3.151(’1‘35‘1”)
_ :

(kpr)? - 62 | kpr
Function in square parentheses equals 1 at »=0, and has the first zero at r ~ 4.4934 /kyp ~

3 fm, i.e., in the non-local direction the density varies on the same scale as it does in the
local direction. Therefore, the quadratic expansion in the relative variable,

p(R,+7) = p(R) £ r'd;p(R,7) + jr'178,8;p(R,7) + ...,

= 1 F
p(R,7) = f dk k sin(kr) =
2m2r J

) 67

where derivatives 8;—8/0r" are always calculated at r'=0, is, in principle, sufficient for the
evaluation of the exchange interaction energy. However, we can improve it by introducing
three universal functions of r = ||, wo(r), m1(r), and 72 (r), which vanish at large 7, i.e.,
we define the LDA by:

p(R, £7) = mo(r)p(R) £ m1(r)r'd;p(R, 7) + éwz(r)rirjﬁiﬂjp(ﬁ, )+ ...
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Density matrix in the non-local direction

=
o

Infinite-matter no(a) & nz(a)
o
o

o
o




Exchange interaction energy (1I)

Since for small r, this equation must be compatible with the Taylor expansion, the aux-
iliary functions must fulfill conditions at =0,

mo(0) = m1(0) = w2(0) =1, =;(0) =w(0) =0, and =, (0) =0.
In order to conserve the local-gauge-invariance properties, we also require that
w5 (r) = mo(r)m2(r).

The auxiliary functions mo(7r) and m2(r) can be calculated a posteriori, to give the best
possible approximation of a given density matrix p(ﬁ,f’). However, they can also be
estimated a priori by making momentum expansion around the Fermi momentum kp.
This gives the density-matrix expansion (DME) of Negele and Vatherin, in which

ﬁjl(kf"r) —I— 213-3(:1’.3}7'?") 1053;(kp?‘)
wo(r) = and mo(r) = —,
Zk;n’r (k;ﬂ?‘)d
where j,(kpr) are the spherical Bessel functions. The term depending on the non-local
density in the exchange integral gives the exchange i : nergy:
int _ 1 BRIV 0?2 + WV (pA 22 Local
Eoxch = —2 R[V,p” + 472 (pAp — 4(pT — 37)) energy

where coupling constants V] and V) read
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Energy density functional in the 27 order (Skyrme)

Nr Pn’/L'v' J’ (ﬁm)l PnLvJ Skyrme

1 [Plo A Py PAP
2 [plo 1 k%pl,  pT

1 ks 0 1 ks] 0 (J(D))
2 ks, 1 ks, (J(l))
3 ks], 1 ks, (J[2))
1 1p)o \% ksl, pV-J

Time-even 2nd order terms.

Nr Pr! L'y T’ (ﬁm)f PnLvJ Skyrme

B.G. Calsson et al., C 78, 044326 (2008)

1 [kﬂ]l 1 [kPh ;2
1 s], A [s], SAS
. — =) 2
2 s, [VV, [, (V-3
3 5], 1 k?s|, g-T
4 ], 1 [[kkl,s], &-F
1 [kp]y Vv [sl, §-VXxy
Time-odd 2nd order terms.
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Energy density functional in the 4" order

o)

. - -
Nr  pprrv (V™)1 PrLvJ Nr  pprpnty (V™)1 PrLvJ 8
1 [plo A* [plg 1 [kp)y A [kply g
E [P0 > kpl, - [kply Vv, [kpl, ﬁ
3 [Plo (VV],  [lkk], pl, 3 [kp], 1 k’kp)|, o
4 lplg 1 kipl, 1 [s]y A’ [s]y <H
D lkzplﬂ 1 _kzp_g 2 [3]1 (ﬁ) [vv]z [S]I o\
6 [[kk], pl, 1 (kK] pl, 3 [s]y > k*s|, 20
1 ks], A [ks], 4 [s], (VV], ks,
2 [ksl, [VV],  [ks], 5 [sh A kK], 8],
3 [ksl, 1 Kk, 6 [s,  [VV], [kklsl, ~
4 [ks], A [kes], 7 [s], VY],  [[kk]sl, 3
5 [ksl, [VV], [ks], 8 s,  (VV], [kk,sl, B
6 [ks], [VV], [ks], 9 s, 1 [k'{ls]l c
7 [ks], 1 k2ks|, 10 [s], 1 (K?) [kK]y 8], &
8 [ks], A [ks], 11 k*s|, 1 ks, o
9 [ks], (VV], [ks], 12 [k?%s), 1 [[kk], 8], 6
10  [ks], 1 k?ks|, 13 [[kk], s], 1 [[kK], s], g
11 [ks], 1 [k [kK),], s], 14 [[kk], s], 1 [[kkK], 8], &)
1 [plo AV [ks]y 15 [[kk], s]; 1 [[kE], ], e
E [Plo Vv kks|, 1 [kply AV [s],
3 k2p|, \Y (ks], 2 [kp], \Y (k?s|,
4 [[kK]; p), Vv k3], 3 [kp], Vv [[kE], 8],
5 [kklpl, ¥ [ks], 4 [kpl, vV ([kk],s],

5 k*kp, \Y [s],
IFT) UW ]




Nuclear Energy Density Functional
We consider the EDF in the form,

£ = fd?’r’}-{(r),

where the energy density H(r) can be represented as a sum of the

kinetic energy and of the potential-energy isoscalar (¢ = 0) and isovector

(t = 1) terms,
2

h
H(r) = om0 T Ho(r) + Hi(r),
which for the time-reversal and spherical symmetries imposed read:
Hi(r)=C?p; ¥ .+ C/ pi1i + Cﬂ'”ptﬁpz + lCJJz + CvJﬂtV Jt.

Following the parametrization used for the Skyrme forces, we assume
the dependence of the coupling parameters Cf on the isoscalar density

Po as:
Cf = Cf + Cippy-

The standard EDF depends linearly on 12 coupling constants,
Cly Clp C, Cf“”, Cg, and C’f 1

for t = 0 and 1.
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