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We demonstrate and characterize the extraction of genuine tripartite entanglement from the vacuum of a
periodic cavity field. That is, three probe quantum systems (detectors) can become both bipartitely and tripartitely
entangled without coming into causal contact, by means of interaction with a common quantum field. We do this
by using an oscillator-detector model that forgoes the need for perturbation theory and which instead is solved
exactly. We find that the extraction of tripartite entanglement is considerably easier than that of bipartite. As a
secondary result, we also compare a periodic cavity with one that has Dirichlet boundary conditions. We find
that the extraction of both bipartite and tripartite entanglement is more easily achieved using the former case.
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I. INTRODUCTION

It is known that the vacuum state of a relativistic quantum
field is entangled. The entanglement structure can be seen
explicitly by describing the vacuum state from a doubly
uniformly accelerated Rindler frame (see, for example, [1]),
but it can also be a subject of interactions with external
localized systems such as pointlike Unruh-DeWitt detectors
[2]. In this case the interactions lead to entanglement swapping
from the field onto the pairs of detectors that have never been in
contact in the past [3]. These detectors (for example, qubits or
harmonic oscillators) can then potentially be used for quantum
computational purposes. That is, we are extracting a resource
(entanglement) from a reservoir. So far the studies have largely
been limited to the case of bipartite entanglement because
perturbative calculations involving more than two detectors
are quite intense and because, in general, computing tripartite
entanglement measures for mixed states can be exceedingly
difficult. In this paper we demonstrate the existence of tripartite
entanglement in a vacuum field and characterize its extraction
by a trio of Unruh-DeWitt-type detectors. One may find
this surprising given the fact that all three-point correlation
functions vanish in the vacuum. However, while it is true
that Greenberger-Horne-Zeilinger (GHZ)-type tripartite en-
tanglement is witnessed by the three-point function, tripartitely
entangled states also include those of W-type entanglement,
which may be nonzero even when the three-point function
is vanishing. Furthermore, we show that, surprisingly, in the
case under study the tripartite entanglement turns out to be
more easily accessible than the bipartite. We observe a rich
and interesting structure of the vacuum entanglement that has
yet to be fully understood.

To probe and harvest the vacuum entanglement we employ
the Unruh-DeWitt detector model with the two-level systems
replaced by harmonic oscillators. Since the vacuum state is
Gaussian and the interaction Hamiltonian quadratic, the final
state of the overall system will remain Gaussian. This approach
allows one to perform analytical calculations without the need
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for perturbative expansion, as proposed in [4]. The authors,
however, took into account only a single mode of the field,
which led to problems with causality violation. The problem
was fixed in [5] by adding more field modes and the idea
was further developed, providing a useful formalism for the
analytical treatment of pointlike detectors interacting with the
vacuum. This formalism has been extensively used to study
various scenarios in the harvesting of entanglement [4—6] and
more general quantum correlations [7] in the case of bipartite
harvesting (i.e., two detectors).

Here we employ this approach for the case when three point-
like detectors, initially all uncorrelated and in their ground
states, interact with the vacuum state of the scalar massless
field. We only consider the case when the time of interaction
is shorter than the light crossing time between the detectors.
This rules out the possibility of creation of entanglement via
direct interactions between detectors. All of the entanglement
generated between the detectors must therefore have been
harvested from the preexisting entanglement present in the
vacuum. In particular we consider the case of a periodic
field in which the three detectors are placed equidistantly.
Although the final state of the detectors alone is mixed, this
symmetry allows for the easy verification of genuine tripartite
entanglement between them that has been swapped from
the field. We compare the regime of parameters for which
the tripartite entanglement is harvested with the parameters
for which bipartite entanglement is achieved between two
detectors alone, and we find that in fact tripartite entanglement
is more easily harvested.

In addition, we note that both bipartite and tripartite
entanglement are considerably more easily harvested within a
periodically identified cavity, as opposed to one with Dirichlet
boundary conditions (i.e., mirrors). This fact may be important
knowledge, for example, when designing an experimental
setup for entanglement harvesting.

It should be noted that a previous paper [8] has also
demonstrated the extraction of W-type tripartite entanglement
from a quantum field. The differences between this work and
our own are significant, however, in that here our computations
are entirely nonperturbative and we provide detailed data
on the regions in parameter space in which the detectors
obtain tripartite entanglement. Furthermore, in our study we
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consider a cavity field rather than one in free space. This
is important because any verification and utilization of such
harvested entanglement is very likely to come about through
a cavity-type scenario similarly as in the case of [9].

In Sec. II we present the scheme we are using for the
calculations, in Sec. III we show the results and compare
different settings, and finally Sec. IV concludes the paper. In
all the calculations we use natural units such thatc = A = 1.

II. THE SETTING AND MODEL

In this work we consider three detectors in a one-
dimensional cavity of length L with a massless scalar field.
Both the field and the detectors are initially in their ground
states and are thus not entangled with each other. Attime ¢ = 0
the detectors start interacting with the field and the system is
allowed to evolve until time ¢ = T. After this interaction the
entanglement between the detectors is examined.

The detectors are modeled by harmonic oscillators with cor-
responding annihilation operators labeled by d i, J€{1,2,3}
and the interaction between the detector and the field is of
the Unruh-DeWitt type. For more in-depth information on
the oscillator-detector model the reader is referred to [5].
The formalism also involves the use of Gaussian quantum
mechanics; the unfamiliar reader may find many review
articles on this subject, for example, [10].

A. Periodic boundary conditions

We consider two types of cavity wall boundary conditions.
The first type is a periodic boundary condition, for which
the cavity field operator has the following expansion into the
frequency modes:

P(x) = (an x4 qlemikny, (1)

where k, = z’z—” The above sum excludes the zero mode (n =

0). The Hamiltonian governing the free evolution of the system
is given by

Aiee = Z Qdld; + Za),,a an, )

j=1

where the former term corresponds to the detectors and the
latter to the field. Here €2 is the frequency of a detector, taken
to be the same for each of the detectors, and w, = |k,| (the
field is massless).

The interaction Hamiltonian is in turn given by the standard
Unruh-DeWitt interaction:

3
A =Y Md; + dD(x;), (3)
j=1

where x; is the position of the jth detector, and A is the
coupling, again taken to be the same for each of the detectors.
Throughout the time of the interaction between t = 0 and

t = T it has a constant finite value and it is zero otherwise.
In theory each detector interacts with the infinite number
of cavity frequency modes. However, in practice the modes
of sufficiently high energy have negligible impact on the
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FIG. 1. (Color online) Convergence of the value of entanglement
E,.s (notation explained in Sec. III) under increasing number of cavity
field modes, N. The parameter values are A = 0.01, L =10, T =
r, and 2 = 0.47 in natural units and the boundary conditions are
Dirichlet.

evolution of the detectors, and similarly the detectors have
negligible impact on the evolution of these modes. We are thus
safe in applying a UV cutoff to the field and only considering
the evolution of the detectors with some finite number N of
field modes. In our work we choose N such that increasing
it further does not noticeably change the dynamics of the
detectors. The results that we obtain, therefore, are equivalent
to those that would be obtained from a complete scalar field,
without a cutoff. Quantitatively, for the given scenario, the
value of N = 50 is sufficient for our results to converge. An
example of this behavior has been displayed in Fig. 1.

In order to utilize the phase-space Gaussian techniques that
make oscillator detectors so powerful we need to represent
these Hamiltonians by phase-space matrices. This is done as
follows. First, we define the canonical quadrature operators
for a given mode j as

g, =\/_(a +al), ﬁ_,~=ﬁ(a}—&j>, @)

where these definitions hold for both the oscillators and the
field modes. We then define a vector of operators consisting
of these operators, where the first entries correspond to the
detector operators and the rest to the field. In the case of
periodic boundary conditions, it has the form
o A A N\T
qa3.Paz.G-x.P_x.....qu.py) . (5)

2

% = (Gar. Pt - - -

vl

From here, any quadratic (in general even time-dependent)
Hamiltonian can be written as

H(@) =%"F()R, (6)

where F is a phase-space matrix that fully characterizes the
Hamiltonian. As we see, it is only the symmetric part of
this matrix that impacts the evolution of the system. We
thus define F¥™ = F + F7. From the Hamiltonians above
it is straightforward to see that under the periodic boundary
conditions the symmetrized matrices corresponding to the free
and interaction Hamiltonians, respectively, are

), (D)

free -5 =5

Sym—dlag(QQ Q,Q,Q,Qw_~,w Ny ON,O

w\z
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where note that w, = |k,| = w_,, and
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where 0, is an n x n zero matrix, and the matrix X takes the
form

0, X
Y =2 , (8)
int XT 02N
J
COS(ka/le) —sin(k_y/2x1) cos(ki_n2x1) —sin(ki_n/2x1) cos(ky/2x1) — sin(kn2x1)
V2nN V27N 2n(N=2) 2m(N-2) V27N V2nN
0 0 0 0 . 0 0
cos(k_n/2x2) —sin(k_npx2)  cos(ki—n/2x2) —sin(ki—n/2x2) cos(ky/2x2) — sin(ky 2x2)
X= V2nN V2rN 2n(N-2) 2n(N-2) V27N V27N 9)
0 0 0 0
cos(k_y/2x3) —sin(k_y/2x3) cos(ki—n2x3) —sin(k1—n/2X3) cos(kn/2x3) —sin(ky/2x3)
V2x N V27N 2r(N-2) 2n(N-2) V2N V2r N
0 0 0 0 e 0 0

B. Dirichlet boundary conditions

The second type of boundary condition that we investigate
is the the hard-wall Dirichlet boundary condition. For this case,
the expansion into the frequency modes takes the form

. S | ,
dx) =) ——(a, + a))sin(k,x), (10)

where k, = 7*.

The description given above for the periodic boundary
conditions holds here as well. Equations (2)-(4), (6), and (8)
are obeyed. There are, however, the following differences:

First, due to a different mode structure, the vector (5) should
be written here as

(1)

Hence, also the form of the phase-space free Hamiltonian
is changed to

= diag(2,22,2,2,Q,Q2,0,,0, ..

A A A A A A A A A T
X = (Ga1,Pars - -+G4az.Paz-41.P1, - - . .gn.DN)" .

sym
Ffree

.,CL)N,CL)N). (12)

While the phase-space interaction Hamiltonian still has the
block form given by Eq. (8), the matrix X now looks as follows:

silky ) Siky () Silkyx;
NG Nz VN7
0 0 0 o0 00
SINk; x, 0 SNk xp 0 SINkyx» 0
X= VT Nozd VN7
0 0 0 o 00
SlnkIJC3 O Slnk2x3 0 SlnkN)C3 0
VT Nz VN7
0 0 0 0 0 0

13)

C. Time evolution

Here we very briefly recapitulate the time-evolution method
presented in [5]. When working with Gaussian states, the state
is fully characterized by the covariance matrix o, the entries
of which are given by

0jj = ()’E,XA] +)’5ij,‘> s

(14)

where £; are the entries of the vector in Eq. (11) or Eq. (5).
Note that we are assuming here Gaussian states of zero
mean; extending the formalism beyond this assumption is
straightforward but unnecessary here.

A Gaussian state will remain Gaussian over the course of
evolution only if the Hamiltonian generating the evolution is

(

quadratic or less in the quadrature operators (note that both
Hiree and Hyy are as such), and this evolution is represented in
phase space by a symplectic matrix S such that the covariance
matrix (i.e., the state) evolves from time ¢t = 0 according to

(1) = St)a(0)S(r)". (15)
As pointed out in [5], the evolution matrix obeys a
Schrodinger-type equation:

3;S(t) = QFY™(1)S(1), (16)
where F%¥™ is the symmetrized matrix corresponding to

whatever Hamiltonian describes the system and 2 is the
symplectic form, given by

=@ (" o)

where i runs through all degrees of freedom (both detectors and
field modes). Here we opt to work directly in the Schrodinger
picture (although this formalism can also be performed in
the interaction picture; see [11], for example) and so we take
F¥m = F27 + Fo as given by Eqs. (7) and (8).

In our scenario we choose to sharply switch on the
interaction at time t = 0 and keep the coupling constant A
constant during the course of evolution. As such, during the
course of evolution we have that the Hamiltonian matrix F*™
is independent of time. This allows us to trivially solve the
equation of motion, Eq. (16), with the solution

a7

S(t) = exp(QF¥™r). (18)
That is, the exact (nonperturbative) evolution of the system is
fully given by taking a matrix exponential. Once S(¢) has been
solved, the evolved state (covariance matrix) is simply given
by Eq. (15).

We have not yet specified the initial covariance matrix o (0)
to be used in Eq. (15). Since we are starting the field off in its
vacuum state and the three detectors each in their respective
ground states, the corresponding initial covariance matrix is
just the identity matrix: ¢ (0) = Is @ L,y . In this specific case,
the covariance matrix of the system at time 7 is therefore
a(t) =SEHSE)T.

Once we have a(t), the covariance matrix of the three
detectors is simply the upper-left 6 x 6 block, which we label
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0 123. [t can be further decomposed into smaller block matrices:

(<81 Yiz Yi3
ogi3=|Y12 02 ¥Yn|. (19)
Y13 VY23 03

The diagonal blocks are the covariance matrices of corre-
sponding detectors alone, and the off-diagonal blocks contain
information about the correlations between the different
detectors. It is this matrix from which we extract information
regarding the entanglement among the detectors.

D. Detectors’ alignment

In order to properly compare the amount of entangle-
ment under Dirichlet and periodic boundary conditions, the
detectors have been chosen in both cases to be aligned as
(x1,%2,Xx3) = (éL, %L, 31, where 0 and L are the coordinates
of the walls of the cavity.

For periodic boundary conditions this alignment is symmet-
ric in the sense that each detector is placed at the distance %
away from either of the remaining two, and hence the state of
the system is invariant under the exchange of any two detectors.
This property allows us to easily determine whether the trio is
tripartitely entangled.

For Dirichlet boundary conditions this alignment keeps the
middle detector at the distance % away from the ones on the
sides. In this case also the exchange of the detectors on the
sides leaves the state of the system unchanged; however, the
asymmetry under the exchange of the middle detector with one
on a side is unavoidable. For this reason we do not attempt to
compute the extracted tripartite entanglement in the case of a
Dirichlet cavity, but rather only compare the extracted bipartite
entanglement with that of the periodic cavity.

E. Bipartite entanglement

Given a covariance matrix for three detectors, we can
calculate the amount of bipartite entanglement between each
pair. As a measure of the bipartite entanglement, we choose
the logarithmic negativity [12]. In order to calculate the
logarithmic negativity between the ith and jth detector,
we construct the reduced covariance matrix of this pair by
selecting out the appropriate blocks of o 33:

o Vij
i = . 20
! [75 "f} .
The logarithmic negativity between the ith and jth detector

is then given by [12]
E;; = max(0, — log,7_), 2n

where 7_ is calculated from

20?7 = A — /A2 — 4deto;, (22)

where A = deto; + deto; —2dety;;.

F. Tripartite entanglement

By definition, a tripartite system ijk contains genuine
tripartite entanglement if the state is inseparable across all three
of the possible bipartitions i | jk [10]. Here what we truly care
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about is the existence or absence of tripartite entanglement,
and less so its actual value. Thus, we estimate the amount of
tripartite entanglement using the geometrical average of the
logarithmic negativities across all the bipartitions:

Eiji =  EiljkE jiik Exiij - (23)
This quantity does not constitute a proper entanglement
measure, but certainly it provides a yes-or-no answer to
whether there is tripartite entanglement in the system. In the
case of the periodic cavity, which is the scenario in which
we actually utilize this, the fact that the three-detector state is
symmetric under detector permutation means that to determine
the presence of tripartite entanglement we need only consider
a single bipartition, since the other two will be equivalent.

In general, computing the bipartite entanglement in a
mixed, (1 4+ 2)-mode Gaussian state is difficult. In the case of
the periodic cavity, however, we can use the symmetry under
detector swap to compute it easily. The fully symmetric state
in this case is of the form

oL Y Y
0O periodic = Yy (B 4B B (24)
4 y oy

The entanglement across, say, the bipartition 12|3 can be easily
computed by using an example of what has been called unitary
localization [13,14]. To this end, we consider applying a beam-
splitter operation to the 12-mode subsystem, which globally is
given by

I/V2 -I/V2 0
Ses=|I/vV2 1/v2 0] (25)
0 0 I

Being a unitary operation within the subsystem 1 and 2, this
does not affect the entanglement across the 12|3 bipartition.
Furthermore, with mode symmetry this operation is seen to
isolate all correlations solely between modes 2 and 3:

o,—y 0 0
SBSO'periodiCSgs = 0 o+ Yy ﬁ}’ . (26)
0 2y 0]

From here, we can apply the formula in Sec. IIE to compute
the entanglement between modes 2 and 3 of this transformed
state. This is equivalent to the bipartite entanglement across
the 12|3 partition which, as stated above for the periodic case,
is a necessary and sufficient indicator of genuine multipartite
entanglement among all three detectors.

In the case of the Dirichlet cavity the asymmetry between
the detectors makes it much harder to the check the bipartite
entanglement across all three partitions and, thus, to check for
the presence of tripartite entanglement. We therefore forgo this
calculation and focus on the periodic cavity when considering
tripartite entanglement.

III. RESULTS

In this section we present the results that have been obtained
for the detector alignment described above. The amounts of
entanglement between detectors have been computed for both
types of boundary conditions. We show two results. First is
that for a periodic cavity one can acausally (i.e., without causal
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FIG. 2. (Color online) Entanglements E;;, E,,, in the system subject to periodic boundary conditions, as a function of 7 and 2 at L = 10
and A = 0.01. Right: regions of existence of E,, and E,, plotted together. All quantities are given in natural units.

contact between detectors) harvest tripartite entanglement, and
this is in fact easier to do than for bipartite. Second, we compare
the harvesting of bipartite entanglement between the cases of
a period and a Dirichlet cavity, finding that it is considerably
easier to harvest in the periodic case.

All the results have been evaluated at a fixed value of the
coupling constant A = 0.01.

The time of interaction 7 is presented here in units of r,
where r = % is the light-crossing time between neighboring
detectors. Hence, for times 7 > r neighboring detectors are
within a timelike regime, and for T < r they are within a
spacelike one, meaning that in the latter case they could not
have been in causal contact and all the entanglement generated
in the system must be due to extraction from the field.

A. Periodic boundary conditions

In this section due to symmetry we denote all the detectors
by s, so E, is the bipartite entanglement between a pair,
which is identical for each pair. Eq, is the measure we use
for tripartite entanglement, which via Eq. (21) and symmetry
is equal to Ej,. For simplicity the former is referred to
simply as “bipartite entanglement” and the latter as “tripartite
entanglement.”

For the case of periodic boundary conditions we have
produced plots of the amount of entanglement as a function
of T and 2 (the frequency of the detectors), at a fixed value

of L = 10. This is given in Fig. 2, where we plot both E
and E. In agreement with intuition, most entanglement is
being produced after the light-crossing time of the neighboring
detectors, which is r. There are, however, regions in the 7,2
plane along which both types of entanglement persist deeply
into the spacelike regime. This entanglement does not diminish
under increasing the number of field modes, N; hence, it
is not an artifact of the imposed UV cutoff but rather a
true physical effect. Moreover, the regions where tripartite
entanglement is produced are certainly broader than for those
of bipartite, meaning that the tripartite entanglement emerges
earlier and is therefore easier to be harvested. This, however,
is not surprising if we recall that E;, = E, ;s and we obtain
E,, from Ej, by tracing out one of the detectors. This is
a local operation and so can only decrease the amount of
entanglement, which implies that E;; always has to be less
than or equal to Ej,;, as can be seen from our results.

To examine the dependence of the results on L we have
produced in Fig. 3 a plot of entanglement versus L and €2,
having been produced at fixed T = 0.4r. In the L, plane
we find a hyperbolic curve along which both bipartite and
tripartite entanglement have been extracted by this time. Again,
as must generally be the case, the region of nonzero tripartite
entanglement is larger than that of bipartite. We also note that,
within this scenario, the longer the cavity is and the smaller the
detector frequency is the more entanglement can be acausally
extracted.

[3.5x10°

[0.85

l none

2n

1.51

I5m  2n

FIG. 3. (Color online) Entanglements E,;, E,,, in the system subject to periodic boundary conditions, as a function of L and Q at T = 0.4r
and A = 0.01. Right: regions of existence of E,, and E,, plotted together. All quantities are given in natural units.
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FIG. 4. (Color online) Entanglements E,,, E, and E,, s in the system subject to hard-wall boundary conditions, as a function of 7" and
Qat L = 10 and 2 = 0.01. Bottom right: regions of existence of E,,; and E,,,, plotted together. All quantities are given in natural units.

B. Dirichlet boundary conditions

Throughout this section we denote the middle detector as
m and the ones on the sides as s. The behavior under Dirichlet
boundary conditions has been found to be different to some
extent. We have produced analogous plots of the amount of
entanglement as a function of 7 and €2, at fixed value of L =
10. The comparison now involves the following quantities: the
bipartite entanglement E,, the bipartite entanglement Ej;,
and the bipartite entanglement E,, |, (which can be computed
using the method of Sec. IIF). We plot these in Fig. 4.
Again we observe that most entanglement is produced after
the corresponding light-crossing time, which for the case of
neighboring detectors is r, whereas for the ones on the sides it
is 2r. Under these boundary conditions we have found points in
the parameter space for which the entanglement E,,;, which is
more broadly available, persists in the spacelike regime down
to T ~ 0.6r. This is a considerably longer time than in the
periodic case, which can be seen directly in Fig. 5. We clearly
see that it is easier to extract bipartite entanglement in the
periodic cavity than one with hard-boundary conditions.

The tripartite entanglement E s has not been calculated
for this case, for reasons described in Sec. II F; however, the
bipartite entanglement £, has been evaluated, which allows
us to draw certain conclusions. The entanglements E,,; and

0323

E, 55 have been plotted together for comparison and the region
of existence of E,; is enclosed in the region of existence of
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FIG. 5. (Color online) A comparison, between the cases of pe-
riodic and Dirichlet boundary conditions, of the regions in which
bipartite entanglement is harvested between neighboring detectors.
Here L = 10 and A = 0.01. All quantities are given in natural units.
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E, )55, which is as it must be given the argument presented in
the previous section. The region of nonzero E,, is slightly
broader than that for E,,, similarly to the periodic case.

The existence of E,,;, is a necessary (but not sufficient)
condition for the existence of tripartite entanglement; hence,
we know that no tripartite entanglement can exist in the system
if E,5s = 0. We therefore conclude that, similar to bipartite
entanglement, the extraction of tripartite entanglement is
considerably easier to achieve using a periodic cavity rather
than a Dirichlet one.

Therefore, we see from the plot that tripartite entanglement
emerges no earlier than 7 ~ 0.55r. This is again considerably
later than in the periodic case.

IV. CONCLUSIONS

We have used nonperturbative Gaussian methods to ex-
amine the harvesting of both bipartite and genuine tripar-
tite entanglement from the vacuum field of a cavity. That
is, a set of detectors interacting with a common quan-
tum field can become entangled without causal contact by
means of swapping the spatial entanglement present in the
field.

There are two primary conclusions that we have made.
First, from the vacuum state of a periodically identified cavity
field it appears that genuine tripartite entanglement can be
harvested. This tripartite entanglement is expected to be of the
W type, due to the fact that the three-point functions of the
vacuum field are vanishing. In fact, it is considerably easier to
obtain tripartite entanglement than bipartite between any two
of the three detectors. Indeed, we have been able to obtain
tripartite entanglement after a time of interaction considerably

PHYSICAL REVIEW A 90, 032316 (2014)

smaller than the light-crossing time between pairs of detectors.
Specifically we see that a time as small as t = 0.21r, where r
is the distance between detectors, can be sufficient. We have
provided detailed maps of the regions in parameter space in
which bipartite and tripartite entanglement can be harvested.

Second, we have demonstrated that there is a significant
difference between a periodic cavity field and one subject to
Dirichlet boundary conditions (i.e., mirrors) for the harvesting
of bipartite entanglement. Our finding is that such harvesting
is considerably easier to achieve in a periodic cavity than
in a Dirichlet one. Although we have not fully considered
tripartite entanglement in the case of a Dirichlet cavity, the
same conclusion can similarly be made for this.

Both of these results have applicability to the experimental
confirmation as well as possible utilization of entanglement
harvesting scenarios. They furthermore may be applicable
to more general system-bath setups than what we have
considered here, helping to point the way towards optimal
strategies for generating quantum correlation utilizing such
systems.
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