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We study the effects of acceleration on fermionic Gaussian states of localized modes of a Dirac field.
We consider two wave packets in a Gaussian state and transform these to an accelerated frame of reference.
In particular, we formulate the action of this transformation as a fermionic quantum channel. Having
developed the general framework for fermions, we then investigate the entanglement of the vacuum, as well
as the entanglement in Bell states. We find that with increasing acceleration vacuum entanglement
increases, while the entanglement of Bell states decreases. Notably, our results have an immediate

operational meaning given the localization of the modes.
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I. INTRODUCTION

In general spacetimes the notion of particles loses its
invariant meaning. One consequence of this observation
is the detection of thermal particles in the Minkowski
vacuum by a uniformly accelerated observer. This phe-
nomenon is known as the Unruh effect [1]. It has immediate
consequences for quantum states observed by accelerated
observers. Their description becomes observer dependent.
In particular, the entanglement present in quantum states
cannot be assumed to be independent of the observer [2,3].

In the past, several investigations of entanglement in
uniformly accelerating systems used nonlocalized Fock
states; see, e.g., [3-5] and references therein. Therefore, it
was not clear how to obtain an operational meaning of
entanglement in these states. Furthermore, as pointed out
in [6,7], it is questionable that these simplified models
capture the consequences of acceleration correctly. Another
approach that is commonly used to study entanglement in
the Minkowski vacuum is employing accelerated Unruh—de
Witt detectors [8]. In these models, a two-level system is
linearly coupled to a scalar field and the effect of finite time
interactions is studied [9]. In particular, it was shown that
entanglement can be extracted from vacuum correlations
[10,11]. The process of extracting entanglement from the
vacuum sometimes is referred to as “entanglement harvest-
ing” [12]. Since these effects are typically small, a direct
observation is a challenging task. However, analog systems
to study these and related phenomena were proposed
[13—15]. Another approach to localize quantum states
was taken in [6,7,16,17]. Instead of making use of
Unruh—de Witt detectors, the modes constituting the state
itself were constructed to be localized. That is also the
approach we are following in this work.
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The goal of this work is to give a fully analytic treatment
of the effect of acceleration on general localized fermionic
Gaussian states. These states are of great relevance, as the
class of fermionic Gaussian states contains a broad variety
of states such as vacuum states of quadratic Hamiltonians,
thermal states, and Bell states. Our approach is based on a
method that was developed to study bosonic two-mode
Gaussian states of localized wave packets [7]. Similarly to
the bosonic case, we are able to formulate the trans-
formation connecting inertial and accelerated observers
as the action of a Gaussian quantum channel.

The framework developed in this work is then used to
study the entanglement of the vacuum. In particular, we
quantify the amount of entanglement that could possibly be
harvested from the vacuum by local detectors and show that
it increases with increasing acceleration. Furthermore, we
are able to obtain the entanglement in Bell states, a problem
that attracted a lot of attention [3-5], and show that this
effect is due to an inevitable mismatch of the wave
functions in Minkowski and Rindler spacetime.

The structure of this work is the following. In Sec. II we
introduce the setting that we study in this work. In Sec. III
we calculate the transformation of general fermionic
Gaussian states for the case of two uniformly accelerated
observers with arbitrary accelerations. With these results in
hand, we study the vacuum entanglement in Sec. IV. In
particular, we compare our findings to the case of bosonic
Gaussian states. In Sec. V, we study the entanglement in
Bell states. Finally, we give the conclusions in Sec. VI.

II. FRAMEWORK
A. Outline

As anticipated above, we study the effect of acceleration
on spatially localized fermionic modes. These modes are
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solutions of the equation of motion for the Dirac field .
The Dirac equation is obtained by varying the action

Sp = /dzxw/—g(i‘i’gwy"a’“‘i’ —m¥ ¥), (1)

where g denotes the determinant of the metric g, y* are the

gamma matrices, m is the mass of the field, and Y= ‘iﬁyo.
The field can be expanded in a complete set of solutions of
the Dirac equation. Since we are interested in modes that
are sufficiently localized, we choose to expand W in terms
of localized wave packets ¢f. This gives the expansion

U= (¢ Fi+ droh) (2)
k

in Minkowski space, where the ]A‘z / g,i are the creation
operators for the wave packets ¢; of particles/antiparticles.
The Dirac equation dictates the anticommutativity of
the creation and annihilation operators; {f;.f,} =0,
{f,t,f;} =0 and {j‘k,ﬂ} = &;;, where the same holds
for g, and gi with vanishing mixed anticommutators.
Alternatively, we can carry out an equivalent expansion
in Rindler space and obtain in terms of the respective
creation and annihilation operators ZZZ / é,t and d, /2,

= wid+yre)). (3)
k

Here the i denote the respective wave packets and the d
Vi p p k

and ¢, satisfy the same algebra as the j‘k and §;.

Let Alice and Bob be two observers that are each in
possession of a (localized) mode of the fermion field W.
These modes have negligible overlap and we denote these
by ¢; and ¢}, respectively. It follows that the correspond-

ing operators commute; []A’Iﬂl] = 0. Initially, these modes
are prepared in a fermionic Gaussian state p that is
completely characterized by its first and second moments
(covariance matrix). Then to describe the state of the shared
pair of modes from an accelerated perspective, Rindler
space offers a convenient reference frame. The modes in
both spacetimes are related to each other by a Bogolyubov
transformation. Hence, the Gaussianity of state p is
preserved under such a transformation. The resulting state
of Alice’s and Bob’s modes is thus again a Gaussian of the
transformed modes i and yi:. As for bosons [7,18], the
map transforming the covariance matrix of the inertial
modes, into the state of the accelerated modes, is a trace
preserving Gaussian map ¢\/) — ¢(?) which takes the form

6@ = Mc)MT + N, (4)

where M and N are 8 x 8 matrices [19] and we use the
superscripts (f) and (d) to indicate the modes that are used
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to calculate the covariance matrix. One of the main results
of the present work is the exact analytic calculation of the
matrices M and N for the generic case of two uniformly
accelerated observers.

B. Fermionic Gaussian states

While bosonic Gaussian states are intensively studied in
the context of quantum information and extensive literature
exists [20,21], fermionic Gaussian states are much less
investigated. Therefore, we insert a brief discussion of these
states. The most prominent members of the family of
fermionic Gaussian states are vacuum states of quadratic
Hamiltonians, thermal states, and Bell states. Even so
fermionic Gaussian states share some similarities with their
bosonic counterparts; there are crucial differences due to
the anticommutativity of fermions. Starting from the
creation and annihilation operators f”k and ]AC,T( that satisfy
the canonical anticommutation relation (CAR) algebra, i.e,

{fe. 1} =0 and {j‘kﬁ} = &;;, we define the Majorana
fermion operators ¢ as

. e

These form a Clifford algebra

{ew. ¢} = o (6)

By definition, the density matrix of an even fermionic
Gaussian state can be written as

p = Ce A2 (7)

where A is a real, antisymmetric matrix and C is the
normalization [19]. That is, these states are thermal states of
a quadratic Hamiltonian H = £¢"A¢. Upon an SO(2n)
transformation O with n being the number of Majorana
fermions ¢;, we can write the density matrix in the form

n

1 A
p =5 110+ ik, (8)
k=1

where the 4; live in [~1, 1] and ¢ = O ¢. Further, using the
Bloch-Messiah reduction [22], we can find a basis of
modes « such that every pure fermionic Gaussian state can
be written in the form

pP= (g + Ukilﬁik)v )
k=1

where |u;|*> + |v¢)*> = 1. Even Gaussian states are com-
pletely characterized by the corresponding covariance
matrix oy; [19]. The real antisymmetric covariance matrix
oy for a Gaussian state p is given by
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o = iTr(p[er, &)]) = i(Ex8; — €184). (10)

The diagonal elements in (10) are vanishing due to the
commutator and the covariance matrix is completely
characterized by the elements

Oy — 2l<ékel>v with &k > [. (11)
All higher moments of p can be obtained by Wick’s
theorem [19]. So far we concentrated on even states.
While these are completely characterized by oy, the

description of odd Gaussian states requires, in general,
also the knowledge of the first moments

Tr(pey) = (&) (12)

These are naturally vanishing for even states due to the
vanishing commutator with the parity operator P, [P, p] = 0
[19]. More information regarding fermionic Gaussian states
and Gaussian linear maps can, for example, be found in
[23-27].

C. Dirac field in Rindler spacetime
We briefly introduce solutions of the Dirac equation that

are obtained by varying action (1) with respect to v,
For simplicity, we restrict our attention to the 1+ 1-
dimensional case. However, the generalization to 3 + 1
dimensions 1is straightforward. Furthermore, we use units
such that ¢ = 7 = 1 throughout the entire work. We start by
deriving the solutions of the Dirac equation in Minkowski
coordinates (7, x). The Dirac equation takes the form

i0,¥ = (—iaz0, + mp)¥, (13)

where m denotes the mass of the field and the matrices f and
as are given by

+
27%a

+
Wi =
1 27%a

where K, (x) is the modified Bessel function of the second
kind of order y. The Dirac inner product of the mode
functions @; and w, is defined as (w(x),w,(x))y =
[ A (x)y%y,@,(x), where d* =n*ds is spacelike
with normal vector n# and volume element ds. It has the
properties (@) (x), ;(x))35 = (0] (x), @3(x))5 = (@;(x),
®;(x))y. Here, in Rindler coordinates, we make the
particular choice

mcosh(z2) [ Key(my) +iK o 1 (my)
wibh, = | ————%>
@ K01 (my) +iK 0 1(my

mcosh(22) [ Kygoy(=my) +iK o y(—my)
—K o (—my) +iK e 1(—my
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(30wl

We find the solutions in Minkowski coordinates to be
given by

= 71 Wk +m Fiwt+ikx 15
Up+ € ) (15)
Varw, \ /o, F m

where w, = Vk*> + m?. These are normalized as given in
(21). For further details, see [8]. Next, to describe the physics
of an accelerated observer [28,29], we work in Rindler
coordinates

t = ysinh(an), (16a)

x = ycosh(an), (16b)
where a is a parameter that does not have an immediate
physical meaning. However, if we consider the worldline of
a particle with a proper acceleration A, namely, y = ﬁ, its
proper time 7 can be related to the coordinate time 7 as
Az = an. In Rindler coordinates, the equation of motion
obtained from (1) is given by

R I )
156,7‘1’ = <m)(ﬁ 5% z)(a381>‘1‘, (17)

where m denotes the mass of the field and the matrices f and
as are given by (14). Solving the Dirac equation using the
ansatz wi, (7, y) = eT¥w®(y) for particles and antipar-
ticles, respectively, one finds the normalized solutions to be
given by

) > T in Rindler wedge I, (18)

))ei’m, in Rindler wedge 1I, (19)

(0. 05) = / dyalor, (20)

where we suppressed the coordinate dependence of the
mode functions. The positive and negative energy solutions
satisfy the relations

(Wig. Wiey) = 6(Q — &), (Wig-wiy) = 0. (21)
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The decomposition of ¥ in terms of localized modes is
given by

U= (@ i+ dra) =) (widi+wie). (22)
k

k

where f;/¢, are the annihilation operators of particles/

antiparticles in the Minkowski case and Zik/ e, are the
annihilation operators of particles/antiparticles in the
Rindler case. These are related to the Rindler particle

and antiparticle operators, bg and dg, by

dy = / dQ(yy, win)bia, (23a)
a11 = / dQ(WﬁvWﬁQ)l;ng’ (23b)
il = [ datwr v, (230)
& = /dg(‘l/fpwﬁg)&;m' (23d)

The Minkowski vacuum |0),; is related to the Rindler
vacuum |0)g by a squeezing operator S as

0)m = S|0)w, (24)

where S acts on big and apq as

STIA?IQS = COS(I‘Q)BIQ - Sin(rQ)&;m, (253)
STanqS = cos(rq)ang + Sin(”g)i’}hsz’ (25b)
with tan(rq) = ¢~"¢. To obtain the transformations of

the operators lgm and @, one simply has to interchange
a < b in (25).

D. Modes

Most of our calculations are general and do not depend
on the particular choice of modes. However, when con-
sidering concrete examples, namely, in Secs. IV and V, we
have to make a specific choice. Physically, cavity modes
are suitable candidates for localized solutions. In particular,
motivated by the solutions obtained in [30], for A € {I, I},
we consider the Minkowski modes

23100 (%))2 +ikx
9 (x.0) = Cpéyk)e TR (96)

where L is the width of the wave packet that is centred at x,
and & (k) is
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Re[g¢™ (2, 0)] ——=—= Re["(x,0)]

6 8 10 12 14

FIG. 1. Comparison between the real parts of the spatial modes
¢t and w* for the following choice of parameters:
xl=A=0.1, L =2, Qy=4.71, m =0.1. These modes are
localized and, therefore, a single proper acceleration A can be
assigned.

= (T e

with k = arctan(%) and C, being a constant of normaliza-
tion. As in [7], we use a Gaussian profile to sufficiently
localize the mode.

For the accelerated case, we choose wave packets of
particle solutions of the Dirac equation in Rindler space,
(17). Specifically, the localized modes we work with are

_2(%0 FAN]
IIIX(/'{/, 0) _ Cwéw()()e 2(Llog(m)) , (28)

where &, () is given by the spinor

Il-g_l m +i1ig+l m
5w0{)_< a1 (my) + ili2,4( )()) 29)

Lo 1(my) — ilia 1(my)

and C, is
¢, = éw(l—ig—%(mﬂ(o) —1_ja,1(myy)) (30)

with the constant of normalization, C,, and I;,(x) being the
modified Bessel functions of the first kind. The modes are
plotted in Fig. 1.

The physical motivation for choosing localized cavity
modes is that these modes can possibly be detected by a
local detector (in our case a cavity). Therefore, the choice of
localized modes enables us to assign an operational mean-
ing to quantities like entanglement. Furthermore, the modes
(26) and (28) are purely positive frequency solutions. This
guarantees that the average particle and antiparticle num-
bers are O in the Rindler vacuum, as expected. In conse-
quence, the modes do necessarily have noncompact
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support. However, due to the Gaussian profile they are still
sufficiently localized.

III. ACCELERATED FERMIONIC
GAUSSIAN STATES

In this section, we study the Bogolyubov transformation of
fermionic Gaussian states relating modes in Minkowski
space to those of Rindler space. We give the analytical
solution for the general case of two uniformly accelerated
observers.

A. Transformation of the Minkowski vacuum

To study the effect of acceleration on the Minkowski
vacuum, we restrict our attention to two localized fermion
modes with respective creation operators f] and f5. Then,
using (5), we can write the corresponding Majorana
operators ¢; as

61 }.il—'—jcl

& | 1| U -7 61)
C3 V2 JACITI‘HACH

¢

E

(= F)

From (10)itis clear that in the case of two modes, there are six
independent entries in the fermionic covariance matrix. The
same is true for the corresponding antiparticles. Therefore,
we find the covariance matrix of the Minkowski vacuum

0 N 0 0

N 0 0 0

0 0 0 N

0 0 0 _Nj; 0
0 0 Im[Nry]  Re[Ngy]
0 0 Re[Niy] —Im[Nyy]

—Im[N E—II] —Re[N P_ 1l 0 0

—Re[N{y] Im[N{y 0 0

where the entries of the matrix are given by

+ + 1\ 2
N%:l—z/dﬂw, (35a)

1+ea

+ + 2
N§:1—2/dgw, (35b)

1+ e

PHYSICAL REVIEW D 95, 076004 (2017)

0 1.0 0 0 0 O O
-1 0 0 0 0 0 0 O
0 0 01 0 0 0 O
) 0 0 -1 0 0 0 0 O
om = . (32)
0O 0 0 001 0 O
0o 0 0 0 -1 0 0 O
0 0 0 0 0 0 0 1
0o 0 0 0 0 0 -10

where this expression describes two particle modes and two
antiparticle modes. However, it generalizes trivially to an
arbitrary number of particles and antiparticle modes; see
Appendix B 1 for details. As it is known for pure states [19],

,
al(\f;) 01(\? = 1 and the first moments vanish, as the vacuum is

an even state. To obtain the covariance matrix 0'1(\? of the
Minkowski vacuum in the Rindler frame, we need to trans-

form the operators j‘ and g (for details see Appendix B 3). We
find the covariance matrix of the Minkowski vacuum in the
Rindler basis to be of the form

(d) (d)
@) o))

oc

(33)

where the block o(f) captures the effect of acceleration on the

respective mode and displays the thermal character of the
Unruh effect [6(9) is the analog for antiparticles]. agd) and &ﬁd)
describe the correlations between particles and antiparticles
that arise due to the acceleration. Explicitly, (33) reads

0 0 Im[Nyy]  Re[N/y]
0 0 Re[Nfy]  —Im[N{y]
—Im[Nyy]  —Re[Nyy] 0 0
—Re|N7; Im|[NT- 0 0
Nin) N .
0 Ny 0 0
=\ 0 0 0
0 0 0 Ny
0 0 —Ny 0
|
£ 0, F W
" +eo

and we used (wi,wi,)* = (wi,wp,). We note that (33)

reduces to (32) in the limit of vanishing accelerations,
a — 0. That is, the correlated noise is absent in this
limit.
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B. Transformation of general fermionic Gaussian states

Using the results of the previous section, we derive the
transformation for general fermionic Gaussian states. We
recall that the transformed covariance matrix ¢(¢ can be
obtained using (4). Therefore, we can completely describe
the transformation of general Gaussian states by the two
matrices M and N that we calculate in the following. To
obtain M, we consider the transformation of the first
moments (12). The Bogolyubov transformations can be
obtained from (22) and read

A=Y (i dOF+ w03

k

&l = i b i+ Wi d0)3

k

(36a)

(36b)

where, in the following, we denote the overlaps by
C =), B ==, ar = (i)
pr = —(y7,¢;), and accordingly for modes II. We note

that both the Minkowski wave packets qﬁli/n as well as the
Rindler wave packets l//Ii/H are composed of either only
particles or only antiparticles. Therefore, the overlaps ,Bf;n
are vanishing and we can write (36) as

211 = 0’1+JA£1, e = ar g- (37)

The transformation of the first moments can be written as

(@(d)> - M(@(f)> (38)
|
0 N
v, | NE il 0
- 0 0
0 0

With the matrices M and N we now have all the data that
is necessary to completely characterize the effect of
acceleration to fermionic Gaussian states. In the following,
we use the developed formalism to quantify vacuum
entanglement and, as an example of a nonvacuum state,
we study a maximally entangled state, the Bell state

|B) = 75 (|00) + [11)).

IV. VACUUM ENTANGLEMENT

A. Vacuum entanglement for fermions

In this section, we study the entanglement in the
vacuum as seen by an accelerated observer. As a measure
of entanglement we employ the logarithmic negativity.
In [31], it was shown that the partial transpose of a
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with the block-diagonal 8 x 8-matrix

M) 0 0 0
M= g M((‘)"H) MO_ . (39)
(a7)
0 0 0 M (o)
where we defined M(-) as the matrix given by
([ Re[] Im[]
0= oy ) o

We now gather all the quantities that we need to specify the
transformation of a general Gaussian state characterized
by (¢Y)) and o). First, we explicitly calculate the noise
matrix N. The matrix describing the noise arising due to
acceleration is given by

N =6 — Mol MT, (41)
where ¢(@ is given in (33). Therefore, in total we obtain
N N
N—(~+ vac>’ (42)
Ny N_

where N,,. and N vac are given by the off-diagonal blocks of
(33) and

0 0
0 0
5 (43)
0 Nu |a11|
=N + |ag|? 0

|

fermionic Gaussian state is, in general, not Gaussian and
therefore it is difficult to calculate the negativity exactly.
However, it was shown that a lower bound can be
obtained [31,32]. Building on this construction, we derive
the respective bound & for our case in Appendix C. It is
given by

(1 + N{ Ny + [N{yl?

| =

(E;N’:ln

+Re[\/(N] = Ng)?
—l—Im[\/ NH 4|NIII D>’ (44)

— 4IN P
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0.12

Ap

0.1

0.08

FIG. 2. Negativity £ v of the Minkowski vacuum as a function
of the proper accelerations. The parameters are m = 0.1, L = 2,
and Q; = 4.71. The vacuum entanglement increases with in-
creasing acceleration.

where N, Nj;, and Ny}, are the elements of the covari-
ance matrix (33) that are given by (35a)-(35¢).

To obtain the entanglement of the vacuum, we choose the
modes as described in Sec. II D and solve (44) numerically.
We show the results for the entanglement between two
modes of different accelerations in Fig. 2. _

First, it is important to emphasize that £,  is a lower
bound for the negativity and therefore it is difficult to make
strong quantitative statements. However, it is reasonable to
assume that the actual value of the negativity is close to the
lower bound & - Therefore, in the following, we refer to
£ '\ as negativity, keeping this subtlety in mind.

The entanglement between the state of a mode in Rindler
wedge I and its respective counterpart in wedge Il increases
with increasing acceleration; see Fig. 2. For the parameter
regime we are interested in, the entanglement is of the order
1072, as measured by the logarithmic negativity. That is,
the particles that are produced due to the Unruh effect are
correlated across the acceleration horizon. Interestingly, the
vacuum entanglement has an operational meaning, as it
can, in principle, be extracted by suitable detectors [10,11].

B. Comparison to bosons

The aim of this section is to compare our results for
fermionic states to the results in the case of localized modes
of a massive scalar field studied in [7]. For bosonic

PHYSICAL REVIEW D 95, 076004 (2017)

. . . d
Gaussian states the covariance matrix aéo)s of the vacuum

takes the form

NY 0 Re[Nyy] Im[N fn]
(d) _ 0 Ny Im[Nyy]  —Re[N7y]
Ohos — b b b s
Re[Nyy] Im[N7y] Ny
Im[Nyy]  Re[N7y] 0 N}
(45)
where the matrix elements are given by
2
W
Ny =1+ 2/dQ |(ll/1/121”_Q ol ’ (46a)
ea —
Moy =2 [aptreine) s g
: 2

where wi, wy are localized modes and the wyq are
solutions of the Klein-Gordon equation spanning the
Hilbert space for regions I and II, respectively. The effect
of acceleration on bosons is manifest in the covariance
matrix (45). While the Minkowski vacuum is described by

the covariance matrix o\" = I, for nonvanishing accel-

eration, correlations build up and the off-diagonal elements
increase. As expected, the occupations are governed by the
Bose-Einstein distribution that are explicit in the matrix
elements (46). This contrasts with the case of fermions
where the occupation is characterized by the Fermi-Dirac
distribution, (35). Furthermore, due to the presence of
antiparticles for fermions, the correlations that are built up
in fermionic Gaussian states are between particles and
antiparticles, while for bosons particles and antiparticles are
identical.

Besides the differences outlined above, the results for
fermions qualitatively agree with the findings for bosons.
Quantitatively, the entanglement we observed for fermions
is less than in the bosonic case. In the parameter regime we
studied, bosons develop ten times more entanglement [7].
However, one should keep in mind that we were calculating
a lower bound for the negativity and that the amount of
entanglement also depends on the explicit choice of modes.

In the next section, we go beyond vacuum entanglement
and study the degradation of entanglement for Bell states.

V. ENTANGLEMENT IN BELL STATES

Interestingly, Bell states of fermions are fermionic
Gaussian states, while maximally entangled states of two
bosons are non-Gaussian. This fact enables us to apply
our formalism to Bell states. Therefore, as an example for a
nonvacuum state, we consider a maximally entangled state
|B) of two particles in the following. We choose
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L I
—\/5(|00>+|11>)—ﬁ(1+f1f2)|0>- (47)

This state is an even Gaussian state and it is described by
the following covariance matrix (cf., Appendix B 2):

|B)

0O 0 o001 0 0 0 O
0O 0 1 0o 0 0 0 O
0O -1 00 0 0 0 O
O PR
0O 0 00 -1 0 0 O
0O 0 00 0 0 0 1
0O 0 00 0 0 -1 0

The transformed state is obtained according to Eq. (4) with
the matrix M given in (39) and N given in (42). Then the
transformed covariance matrix, neglecting some terms
much smaller than 1, is given by

0 N{ = laf']?
01(3[211 = Nl ’
—(Ugle)u)m _(51(3?11
—(01(3621)14 —(51(3?11

where
d

()13 = Im[ai[Re[aif ] + Im|af JRe[or)]. (50a)
(d) :1 + 4\ * 50b

(53e11)14 3 (“1 ay + (0‘1 0‘11) ) ( )
(d) :l + ot + ) 50

(53e11)23 3 (0‘1 ay + (0‘1 0‘11) ), ( C)
d

(0m)2s = —Imlaj |Re[a;f] — Im|a;|Re[a] (50d)

with 0‘1+/11 as defined in (37). In (49), we neglected
contributions from the vacuum noise matrix N, as these

are insignificant corrections to 01(3‘?11 = MaggnMT.
To quantify the entanglement we employ a lower bound
for the negativity given by

- 1 Rev'v-+vh —v7]
Ex =In(=
N n<2 + 2

Imyvt v + vt - y‘])

- (51)

PHYSICAL REVIEW D 95, 076004 (2017)

0.8 :
0 0.1 A 02

FIG. 3. Negativity b v of a Bell state as a function of the proper
acceleration A = A; = Ay, The parameters are m = 0.1,
Q, =4.71, and L = 2. We normalized £ ' such that for vanish-
ing accelerations £, = 1. The blue continuous line gives the
numerical results, while the gray dotted line is an extrapolation to
A = 0. From an inertial perspective Bell states are maximally
entangled. However, for an accelerated observer, entanglement
gets degraded with increasing acceleration.

(01(321)13 (553[211)14
(‘71(3?1023 (01<3de)11)24 (49)
0 Nip = lag
—Nj + e 0

|
where the v* can be calculated from (49); cf., (C7) in
Appendix C.

We show the results for the entanglement of state |B) in
Fig. 3. For vanishing acceleration the modes are maximally
entangled, while the entanglement decreases with increas-
ing acceleration. The constraint AL < 1 that ensures that a
single acceleration can be associated to a localized mode
prevents us from studying arbitrarily large accelerations.

The physical reason for the degradation of entanglement
is that the overlap between the inertial wave packets ¢} and
the accelerated ones ¢, decreases with increasing accel-
eration. This is an inevitable effect of the Bogolyubov
transformation connecting Minkowski and Rindler solu-
tions. Therefore, with increasing acceleration the mismatch
between the modes increases and the entanglement in
the initially maximally entangled Bell state decreases.
Interestingly, the effect of Unruh radiation is negligibly
small. That is, the production of thermal particles due to the
Unruh effect has only a very small effect on entanglement
degradation of states of localized modes.

VI. CONCLUSIONS

In this work, we developed a general framework to
describe the effect of acceleration on arbitrary fermionic
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Gaussian states of two localized modes. We formulated the
transformation between the quantum state seen by initial
observers and the state seen by uniformly accelerated ones
as the action of a fermionic Gaussian channel, and
completely characterized this channel. This enabled us to
study how the entanglement of the vacuum and the
entanglement in Bell states is affected by acceleration.

We found that vacuum entanglement is enhanced by
acceleration. That is, the correlations in the vacuum that
build up due to the Unruh effect lead to entanglement
between particles and antiparticles. In particular, as our
framework is employing localized modes, entanglement
has an operational meaning and can be extracted by suitable
local detectors, a process that is sometimes referred to as
entanglement harvesting. We also compare these findings
with the case of bosons [7] and find a qualitative agreement.

Furthermore, we quantified the entanglement degrada-
tion in a localized maximally entangled state of fermions.
The degradation is due to an increasing mismatch between
the initial modes and the accelerated modes that causes
their overlap to decrease and, therefore, entanglement
decreases as well. The effect of particle creation on
entanglement degradation is negligible.

We emphasize that due to the localization of the modes,
the framework presented in this work can be applied to
quantum information protocols, in scenarios where local
gravitational effects or effects due to acceleration are not
negligible. In particular, the entanglement can be exploited
as a resource.

For the future, we are interested in extending our studies
to localized modes of fermions with arbitrary mutual
separation, as well as studying localized Gaussian states
in higher dimensional spacetimes.
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APPENDIX A: VACUUM EXPECTATION
VALUES

We calculate the vacuum expectation values of the
Rindler creation and annihilation operators in the

PHYSICAL REVIEW D 95, 076004 (2017)

Minkowski vacuum. Using the transformations between

the Minkow§ki Aand the Ringller vacuum given in (25), we

obtain for (biobiz)y = (SThioSSThizS)g
(brabiz)y = cos’(rq)5(Q ~ ). (A1)

Similarly, we obtain for (b} bh)y = (STh SSThLS)x

(Blabrzhy = sin?(rq)5(Q - ). (A2)
Considering operators in different wedges, we find
<Z;I£25HE>M =0. (A3)

Also the remaining expectation values containing only
particle creation and annihilation operators are vanishing.
To summarize

<BIQBIIE>M = _<BHQBI:> =0, (Ada)
<Z;IQBIE>M _<bIIQZ;IIE>M = @ITQZ’ITEN =0, (Adb)
<[;ITQBHE>M _<I;IIQI;IE>M = <ZA719IA711:>M =0, (Adc)
(blobi)m =(blighuz)w = sin*(rg)3(Q - 2), (Add)
{brabiz)m = (buabiiz)y = cos*(ro)5(Q ~ E) (Ade)

The same relations also hold after replacing particle by
antiparticle operators. Finally, there are nonvanishing
correlations between particles/antiparticles in wedge I
and antiparticles/particles in wedge II. This manifests in
the vacuum expectation values

<&IQBHE>M = _<&HQBIE>M = COS(rQ) sin(rg)é(Q - E),
(A5)

<1;IQ&IIE>M = _<BHQ&IE>M = cos(rq) sin(rq)o(Q2 — E).
(A6)

APPENDIX B: CALCULATIONS OF THE
COVARIANCE MATRIX

In this appendix, we give the details of the calculations of
the covariance matrices we used in this work.

1. Calculation of the covariance matrix for the
Minkowski vacuum

The covariance matrix and the first moments of the
Minkowski vacuum are obtained according to (10) and
(12), respectively. Because of the antisymmetry of the
covariance matrix not all matrix elements are independent
and we are left with, in general, %n(n — 1) independent
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entries for n being the dimension of the matrix. A short
calculation shows that, in the case of the Minkowski
vacuum, the only nontrivial elements of the covariance
matrix originate in terms of the kind

o) = (1 = (i1

The covariance matrix of the Minkowski vacuum is
obtained to be

(B1)

oM — . . . ’
0 0 0 oy

1 (1)) and the first moments vanish, as

the vacuum is an even state.

where ic, = (

2. Calculation of the covariance matrix
for even Bell states

The covariance matrix of the even Bell state |B), given in
(47), is derived as
oy = 2i(B|e,2,|B).
= i(0[242/]0) + i(0|fuf1eee f{ F10)

+ i<0|5k51ﬂﬂ1|0> + i{0| fuf1€421]0). (B3)

We give the calculation term by term. The first one just
gives us % times the vacuum matrix. Further, we need to
calculate the following vacuum expectation values:

i{0fexe,fiFil0) = 5. for k=3.1=1
{0l I 7h0) = =2, for k=3,1=2
k)11 27 )
i<0|€’5}ACTJACT|0>=—l for k=4,1=1
kCiJ1J 11 2’ 5
i(0|e,f1f1il0) = —%, fork=4,1=2. (B4)
Similarly, we find
i<0|JAcHJAclékél|0> I—%, for k=3,1=1
- 1
i(0[fuf1ex¢/]0) =-3 for k=3,1=2
- 1
(0] fificxe|0) =-5 for k=4,1=1
i(0|fufiére|0) = % for k=4,1=2 (B5)
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and

A A a AR 1
i(0]fnfiea1 F11110) = 3 (B6)
where the same holds for i(O\fH]A”Ié463fITﬂI|O> and the
remaining ones are vanishing. Combining the above, we
obtain for the covariance matrix of particles and their
corresponding antiparticles

0 0 01 0 0 0 0

0 0 10 0 0 0 0

0 =100 0 0 0 0

. 1 0 00 0 0 0 0
Uge)“:00000100 (B7)

0 0 00 =1 0 0 0

0 0 00 0 0 0 1

0 0 00 0 0 =1 0

3. Calculation of the covariance matrix for the
transformed Minkowski vacuum

In this subsection, we calculate the transformed covari-
ance matrix 6\ = 2i(¢e;). Usi Its for th
W = «¢1). Using results for the vacuum
expectation values from Appendix A, we find

@ap) = / 40| (it wi) Peos? (rg).

Expressing (10) in terms of the operators d;, we obtain

(B8)

d .
o =1-2 / 40|y win) Psind(rg).  (BY)

Similarly, we obtain the remaining matrix elements to be
ol =2 [ agimi(ur.wig) i Wil F (1),

ol =<2 [ dORel(yr wia) i wi|F (o).

o) = =2 [ dORel(yr wig) i wi | F (o).

d -
o =2 [ aumi(r wia) i wi o). (B10)
where we used the definition F(rq) = cos(rq)sin(rq).

Replacing particles by antiparticles and vice versa in the

above equations, one obtains the elements 0(5”3”, ag‘i), Jé‘;) ,and

aéi). Because of the antisymmetry of the covariance matrix
and the symmetry between wedges I and II, these are all

independent nonzero entries. Therefore, we arrive at (33).

APPENDIX C: LOGARITHMIC NEGATIVITY
Given a fermionic Gaussian state p with covariance

i lﬂlz):ia. Then the

matrix o, we define ' = (F s
1 I
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partially transposed state can be written as the sum of two
Gaussian states O,

1—1i 14+
ppT:_lo++i0_’

> > (C1)

where the covariance matrices of the O, are I', =

[y iF12> ( Iy =il
. and I'_ = .
( iy —T'p =il —I'p

[31].If [ ,I"_] = 0 holds, the logarithmic negativity £ can
be calculated exactly. One example of such states is the
isotropic states for which I'> = —421 holds [33]. As we see
that does not hold for the transformed vacuum state.

We consider the vacuum covariance matrix (34) that we
rescale by i, i.e., (") = (9 To obtain the logarithmic
negativity we have to partially transpose the density matrix.
It is of the form (C1). Accordingly, we define I', and I"_ as
above. Then calculating the commutator [I",,I"_], we find
[[,,I_]#0 and we cannot calculate the logarithmic
negativity exactly. If O, and O_ commute they can be
diagonalized simultaneously and we find that the eigen-
values of O, and O_ are complex conjugate to each other.
What is left to do is to find the eigenvalues of O givenT,.
We denote the eigenvalues of I, by £v° and write O, as

) , respectively

1+ i ihs
0+ — H#’
s==

(C2)

where the fzf are the Majorana operators obtained from the
¢; via the operation diagonalizing I', . Then the eigenvalues
of O_ are given by
;o1

@ :Z<1 +svt)(1 4+ 5'v7). (C3)
To study the vacuum entanglement, we have to first find the
eigenvalues +2° of I',, where we restrict ourselves to the
entanglement between particles 1 and antiparticles II
(the entanglement between antiparticles I and particles II
is analogous). Fifac) reads

0 iN{ —Im[N{y] —Re[Njy]
—iN{ 0 —Re[N{, Im[Ny
i . [N{ul [ 1,_11] (C4)
Im[Nyy]  Re[Nyy] 0 —iNy
Re[N{y] —Im[N{y] iNy 0
The eigenvalues of (C4) are given by
1
vt =5 (N + N+ (N = Np)? =4IV P,
(C5a)
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1
£ =% (NI+ + Ny - \/<N1+ - Npp)? —4|N1+.n|2).
(C5b)

From these we can write the eigenvalues of O, as

w, :%(1 +uvt v+,
o__ :%(1 —vh—v +uvtu),
w,_ :%(l +vt—v—vty),
w_, :%(1 —vt+uv —vtyT) (Co)

and a lower bound for the entanglement can be obtained
[31]. It is given by
Ex > Ey =In(1 =2Tr,pT)
= In (Tr,pPT — Tr,pPT)
= In(Re[Tr, 0, — Tr,0,]
+ Im[Tr, 0, —Tr,0.]), (C7)

where Tr,,, denotes the trace over the even and odd
subspaces, respectively. We mnext calculate Tr,O, —
Tr,O, that can be given in terms of the eigenvalues w as

Tr,0, - Tr,0, = > S, 0 (C8)
with
S,y = Re[l, ¢] + Im[l ¢], (C9)
where [y =1 for s=s" and [y =is for s =—s"
Thus, we find
Tr,0, —Tr,0, = ZSS,S/a)”/
1 _ _
:5(1+1/+1/ +vt—v7)  (C10)

and, therefore, we obtain the lower bound

~ 1
Ev—In (5 (14 M V5 + NP

+Re[[y/(Nf = Ng)? = 4N ]

/0 Ve - awGP])) e

for the entanglement between two modes in the vacuum.
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