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We use the formalism of noisy Gaussian channels to derive explicit transformation laws describing how
an arbitrary multimode Gaussian state of a scalar quantum field is perceived by a number of accelerating
observers, each having access to at least one of the modes. Our work, which generalizes earlier results of
Ahmadi et al. [Phys. Rev. D 93, 124031 (2016)], is the next step towards a better understanding of the effect
of gravity on the states of quantum fields.
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I. INTRODUCTION

The paradigm of quantum field theory offers the most
accurate description of reality on a microscopical level we
currently have. It takes into account all known types of
fundamental particles and their mutual interactions. Among
these interactions, gravity has a special status [1]. While all
the other types are represented by quantum fields, gravity is
taken into account in the theory, as a classical curved
playground for the quantum dynamics of all the other fields
[2]. Moreover, the effect of gravity is believed to be locally
equivalent to the effect of noninertial motion of the
observer, and as such can still lead to nontrivial conse-
quences in the dynamics of quantum fields including decay
rates of unstable particles [3]. Therefore a simpler approach
to the effect of gravity on quantum fields has been
developed, namely, the one that considers the perspective
of uniformly accelerated observers and its relation to the
observations of inertial observers [4]. Since the discovery of
the Unruh effect, it has been known that a transformation
between different observers involves a nontrivial transforma-
tion of the state of any quantum field. This has far-reaching
consequences for the theory of quantum information
and leads to its relativistic generalization that takes into
account themutualmotionof observers performingquantum-
informational protocols such as teleportation [5].
One of the major problems in this approach lies in the

difficulty of explicitly writing the transformation laws for a
generic state of a quantum field. For a long time the only
examples of quantum states that were given an explicit
description in the uniformly accelerated reference frames
were the vacuum state as well as some simple states defined
as excitations of so-called Unruh modes [6]. Unfortunately,
the latter ones were found to be unphysical and therefore no

solid description of quantum states other than vacuum was
known [7]. Recent progress in this field has been triggered by
an observation that it is possible to provide a relatively simple
transformation law of Gaussian states between an inertial
frame and a uniformly accelerated frame of Ref. [8]. This
resulted in an immediate application of the finding to the
study of the degradation of continuous-variable entangle-
ment due to acceleration [9] as well as continuous-variable
teleportation and dense-codingprotocols carried out between
an inertial and a noninertial observer [10]. The transforma-
tion laws have been generalized to an arbitrary two-mode
Gaussian state using the language of quantum Gaussian
channels [11]. In the present work we build on the previous
results and present a generic scheme for transforming an
arbitrary, multimode Gaussian state to a number of accel-
erating frames,where each of themodes can be observed by a
different accelerated observer.We also showhowour scheme
can be applied to the case, in which each of the observers
accelerates in a different direction in space [12].
The paper is organized as follows. In Sec. II we introduce

our formalism of noisy channels representing a change
of the reference frame. In Sec. III we discuss Bogoliubov
transformations between different decompositions of the
field operator. In Sec. IV we provide a complete charac-
terization of a general, multimode Gaussian channel. In
Sec. V we give an example of how our formalism can be
used in practice. Finally, Sec. VI concludes this paper.

II. STATE TRANSFORMATION
AS A NOISY CHANNEL

The focus of this paper is on the real scalar massive
quantum field in 1þ 1-dimensional spacetime. Such a field
satisfies the Klein-Gordon equation, ð□þm2Þϕ ¼ 0, writ-
ten in natural units of c ¼ ℏ ¼ 1. The field equation can be
solved in an arbitrary coordinate system, with the only
restriction that the chosen coordinates should allow for
the decomposition of the field operator into positive- and
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negative-frequency solutions. We will investigate two such
systems: Minkowski coordinates corresponding to an
inertial observer, and Rindler coordinates representing
uniformly accelerated observers. Consider two alternative
decompositions of the field operator Φ̂ involving ortho-
normal positive-frequency solutions in the Minkowski
frame, ϕi, and orthonormal positive-frequency solutions
in the Rindler frame, ψ i:

Φ̂ ¼
X
i

ϕif̂i þ ϕ�
i f̂

†
i ¼

X
i

ψ id̂i þ ψ�
nd̂

†
i ; ð1Þ

with corresponding annihilation operators f̂i, and d̂i, respec-
tively. These two families of solutions are labeled by a
discrete index i, becausewewill focus on scenarios in which
these orthonormal solutions consist of a countable number of
wave packets rather than a continuum of plane waves.
Out of these two infinite families of mode solutions we

will select two finite subsets fϕngn∈ð1;ZÞ and fψngn∈ð1;ZÞ.
We will choose them in such a way that some of these
modes will be localized within the Rindler wedge I, and the
remaining modes will be localized within the Rindler
wedge II, depicted in Fig. 1. Following the construction
introduced in Ref. [11], we will consider a generalized
scenario in which the two wedges are separated by an
arbitrary (positive or negative) distance D.

Since each of the modes ϕn consists only of positive
Minkowski frequency modes, and each of the modes ψn
contains only positive Rindler frequencies, and they form
orthonormal families of solutions, they must satisfy the
following conditions:

∀n≠k ðϕnjϕð�Þ
k Þ ¼ ðψnjψ ð�Þ

k Þ ¼ 0; ð2Þ
where the asterisk symbol in the parentheses is optional.
Similarly, creation and annihilation operators associated
with these modes must satisfy the following conditions:

∀n≠k ½f̂n; f̂ð†Þk � ¼ ½d̂n; d̂ð†Þk � ¼ 0: ð3Þ
Our goal is to study how quantum information encoded in
Z modes ϕn by an inertial observer can be decoded by an
accelerated observer who only has access to Z modes ψn
defined in his frame. We will assume that the modes of the
accelerated observer are chosen such, that each of them
corresponds to a single mode of the inertial observer and
they do not overlap with each other. Therefore we will
impose the following additional condition:

∀n≠k ½f̂n; d̂ð†Þk � ¼ 0: ð4Þ
A transition between two reference frames in which a
quantum state is defined is described by a linear
Bogoliubov transformation of creation and annihilation
operators [1]. It has been noticed that such an operation
transforms Gaussian states into Gaussian states, which are
completely characterized by first and second moments of
the quadrature operators defined below. Moreover, the
whole operation of changing the reference frame can be
described as an action of a quantum Gaussian channel [11]
on the input states prepared by the inertial observer. The
output of such a channel is a Gaussian state observed in
the accelerated reference frame. Because of the simplicity
of such a description we will only be interested in
investigating Gaussian states prepared by the inertial
observer.
The quadrature operators, corresponding to a mode f̂k

are defined as

q̂ðfÞk ≡ f̂k þ f̂†kffiffiffi
2

p ; p̂ðfÞ
k ≡ f̂k − f̂†kffiffiffi

2
p

i
: ð5Þ

Let us define a vector of quadrature operators of all of the Z
input modes:

X̂ðfÞ ≡ ðq̂ðfÞ1 ; p̂ðfÞ
1 ;…; q̂ðfÞZ ; p̂ðfÞ

Z ÞT

¼
�
f̂1 þ f̂†1ffiffiffi

2
p ;

f̂1 − f̂†1ffiffiffi
2

p
i

;…;
f̂k þ f̂†kffiffiffi

2
p|fflfflfflffl{zfflfflfflffl}
2k-1

;
f̂k − f̂†kffiffiffi

2
p

i|fflfflffl{zfflfflffl}
2k

;…;

f̂Z þ f̂†Zffiffiffi
2

p ;
f̂Z − f̂†Zffiffiffi

2
p

i

�
T
: ð6Þ

D > 0
t

x
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D
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t

x
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FIG. 1. Rindler wedges I and II in Minkowski spacetime.
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The first moment XðfÞ of a quantum state is simply given
by an average value of X̂ðfÞ [13]:

XðfÞ ¼ hX̂ðfÞi: ð7Þ

The second moments that form a covariance matrix, are
given by [13]

σðfÞkl ≡ hfX̂ðfÞ
k − XðfÞ

k ; X̂ðfÞ
l − XðfÞ

l gi; ð8Þ

where f·; ·g is an anticommutator. An analogous construc-
tion can be carried out for the output modes d̂k correspond-
ing to the accelerated observers by replacing the letter f
with the letter d in the formulas (7) and (8).
The action of a generic Gaussian channel on any

Gaussian state be completely characterized by a pair of
matrices M and N [14]:

XðdÞ ¼ MXðfÞ;

σðdÞ ¼ MσðfÞMT þ N: ð9Þ

For Z-mode input and output states the M and N matrices
are both 2Z × 2Z dimensional. In order to completely
characterize the effect of uniform acceleration on the
Gaussian states it is sufficient to determine these two
matrices. This analysis has been previously carried out
for the special case of two-mode input/output states [11].
Here we extend the investigation to account for a generic,
multimode Gaussian state.

III. SOLUTIONS TO THE KLEIN-GORDON
EQUATION

A commonly used orthonormal basis of solutions of the
Klein-Gordon equation in an inertial reference frame is
given in terms of Minkowski plane waves parametrized by
a wave vector k:

uk ¼
1ffiffiffiffiffiffiffiffiffiffiffi
4πωk

p eiðkx−ωktÞ; ð10Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
. The orthonormality conditions

can be expressed as ðukjulÞ ¼ δðk − lÞ and ðu�kju�l Þ ¼
−δðk − lÞ. We will denote annihilation operators associated
with these solutions by âk.
A similar construction can be carried out in the Rindler

reference frame, with the orthonormal solutions corre-
sponding to regions I and II, parametrized by a positive-
frequency Ω, of the form [15]

wIΩ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhðπΩa Þ
π2a

s
KiΩa

ðmχÞe−iΩη in region I;

wIIΩ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhðπΩa Þ
π2a

s
KiΩa

ð−mχÞeiΩη in region II: ð11Þ

The orthonormality conditions for these solutions take
the form ðwIΩ;wIΞÞ¼δðΩ−ΞÞ, ðw�

IΩ; w
�
IΞÞ ¼ −δðΩ − ΞÞ,

ðwIΩ; w�
IΞÞ ¼ 0, and analogously for region II. In addition,

forD ≥ 0when the regions I and II do not overlap, we have
ðwIΩ; wIIΞÞ ¼ ðw�

IΩ; w
�
IIΞÞ ¼ ðwIΩ; w�

IIΞÞ ¼ 0. The associ-
ated annihilation operators corresponding to these solutions
will be denoted by b̂ΛΩ, where Λ ∈ fI; IIg.
All the above annihilation and creation operators satisfy

canonical commutation relations. Additionally for D ≥ 0

we have ½b̂IΩ; b̂IIΩ0 � ¼ ½b̂†IΩ; b̂†IIΩ0 � ¼ ½b̂IΩ; b̂†IIΩ0 � ¼ 0. These
conditions are not satisfied for D < 0, due to a nonzero
overlap between individual Rindler regions. However, we
will still choose all the wave-packet modes such that

∀n≠k½d̂n; d̂ð†Þk � ¼ 0 for any D.
Since all of the introduced bases are appropriate for the

description of the quantum field, we can write the field
operator using any of the equivalent decompositions:

Φ̂ ¼
Z

∞

−∞
dkukâk þ H:c:

¼
Z

∞

0

dΩðwIΩb̂IΩ þ wIIΩb̂IIΩÞ þ H:c:þ Φ̂IIIðDÞ; ð12Þ

where Φ̂IIIðDÞ is an additional part of the field operator
covering the additional region between regions I and II,
labeled as region III. Note that Φ̂IIIðDÞ ≠ 0 even for D < 0
and vanishes only when D ¼ 0 [11]. All the results
discussed in this work are independent of the specific
details of Φ̂IIIðDÞ.
We have introduced two decompositions of the field

operator into a wave-packet basis of modes [Eq. (1)] and
into continuous frequency modes [Eq. (12)]. Since the
wave packets contain only positive-frequency modes of
their respective frames, we have

∀n∈ð1;ZÞk∈RΩ>0ðϕn; u�kÞ ¼ ðψn; w�
IΩÞ

¼ ðψn; w�
IIΩÞ ¼ 0: ð13Þ

We can also relate the associated annihilation operators via
the following identities:

d̂n ¼
Z

∞

0

dΩððψn; wIΩÞb̂IΩ þ ðψn; wIIΩÞb̂IIΩÞ; ð14Þ

f̂n ¼
Z

∞

−∞
dkðϕn; ukÞâk: ð15Þ
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As a consequence, the canonical commutation relations
for the wave-packet annihilation operators lead to the
requirements

1 ¼
Z

∞

0

Z
∞

0

dΩdΩ0ððψn; wIΩÞðψn; wIΩ0 Þ�½b̂IΩ; b̂†IΩ0 �

þ ðψn; wIΩÞðψn; wIIΩ0 Þ�½b̂IΩ; b̂†IIΩ0 �
þ ðψn; wIIΩÞðψn; wIΩ0 Þ�½b̂IIΩ; b̂†IΩ0 �
þ ðψn; wIIΩÞðψn; wIIΩ0 Þ�½b̂IIΩ; b̂†IIΩ0 �Þ; ð16Þ

that restrict the possible choice of the modes. When D ≥ 0
then the above condition simplifies to

1 ¼
Z

∞

0

dΩðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þ: ð17Þ

And for D < 0 we assume that the above relation is
satisfied by the appropriate choice of the wave-
packet modes.

IV. CHARACTERIZATION OF THE MULTIMODE
GAUSSIAN CHANNEL

Let us proceed with the computation of the matrices M
and N characterizing the Gaussian channel (9). A generic
transformation describing a transition between two refer-
ence frames has the following linear form:

d̂k ¼
X
n

αk;nf̂n − βk;nf̂n
†; ð18Þ

d̂k
† ¼

X
n

− β�k;nf̂n þ α�k;nf̂n
†; ð19Þ

where

αi;j ¼ ðψ ijϕjÞ;
βi;j ¼ −ðψ ijϕ�

jÞ: ð20Þ

We can substitute the above relations into the definition of
the first moments corresponding to the wave packets in the
accelerated frame:

XðdÞ
2n−1¼

�
d̂nþ d̂n

†ffiffiffi
2

p
�

¼ 1ffiffiffi
2

p
�XZ

n0¼1

ðαn;n0 −β�n;n0 Þf̂n0 −ðβn;n0 −α�n;n0 Þf̂†n0
�

¼
XZ
n0¼1

Reðαn;n0 −βn;n0 ÞXðfÞ
2n0−1− Imðαn;n0 þβn;n0 ÞXðfÞ

2n0 ;

ð21Þ

XðdÞ
2n ¼

�
d̂n − d̂n

†ffiffiffi
2

p
i

�

¼ −iffiffiffi
2

p
�XZ

n0¼1

ðαn;n0 þ β�n;n0 Þf̂n0 − ðβn;n0 þ α�n;n0 Þf̂†n0
�

¼
XZ
n0¼1

Imðαn;n0 − βn;n0 ÞXðfÞ
2n0−1 þ Reðαn;n0 þ βn;n0 ÞXðfÞ

2n0 :

ð22Þ
The above expressions allow us to determine the form of

the matrix M appearing in the transformation properties
of the first moments (9). This matrix can be cast in the
following block form:

M ¼

0
BB@

M1;1 � � � M1;Z

..

. . .
. ..

.

MZ;1 � � � MZ;Z

1
CCA; ð23Þ

where

Mi;j ¼
�
Reðαi;j − βi;jÞ −Imðαi;j þ βi;jÞ
Imðαi;j − βi;jÞ Reðαi;j þ βi;jÞ

	
: ð24Þ

Therefore the matrix M is completely characterized by the
coefficients of the Bogoliubov transformation (18).
In order to compute the matrix N characterizing the

transformation properties of the covariance matrix given by
Eq. (9) we first consider the transformation properties of the
vacuum state, whose covariance matrix is just an identity,

σðfÞvac ¼ 1. This allows us to write the matrix N as [11]

N ¼ σðdÞvac −MMT: ð25Þ
Therefore in order to determine thematrixN it is sufficient to
characterize the properties of theMinkowski vacuum state in
the accelerated frame of reference. We proceed with this
calculation by considering two special cases: when the two
Rindlerwedges share a commonapex, andwhen they do not.
By explicit calculation given in detail in Appendix Awe

find the form of the covariance matrix of the vacuum state
in the Rindler frame for D ¼ 0. Let us choose the indices
n ∈ f1; 2;…; Zg, k ∈ fnþ 1; nþ 2;…; Zg. It follows that

ðσðdÞvacÞ2n−1;2k−1 ¼ ReNþ
n;k; ð26Þ

ðσðdÞvacÞ2n−1;2k ¼ ImN−
n;k; ð27Þ

ðσðdÞvacÞ2n;2k−1 ¼ ImNþ
n;k; ð28Þ

ðσðdÞvacÞ2n;2k ¼ −ReN−
n;k; ð29Þ

ðσðdÞvacÞ2n;2n−1 ¼ ðσðdÞvacÞ2n−1;2n
¼

Z
∞

0

dΩ
Im½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
; ð30Þ
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ðσðdÞvacÞ2n;2n ¼ 1þ
Z

∞

0

dΩðjðψn; wIΩÞj2

þ jðψn; wIIΩÞj2Þ
e−

πΩ
a

sinhðπΩa Þ

−
Z

∞

0

dΩ
Re½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
; ð31Þ

ðσðdÞvacÞ2n−1;2n−1¼1þ
Z

∞

0

dΩðjðψn;wIΩÞj2

þjðψn;wIIΩÞj2Þ
e−

πΩ
a

sinhðπΩa Þ

þ
Z

∞

0

dΩ
Re½ðψn;wIΩÞðψn;wIIΩÞ�

sinhðπΩa Þ
; ð32Þ

where

N�
n;k¼

Z
∞

0

dΩ
�ðψn;wIΩÞðψk;wIIΩÞþðψn;wIIΩÞðψk;wIΩÞ

sinhðπΩa Þ

�e
πΩ
a ½ðψn;wIΩÞðψk;wIΩÞ�þðψn;wIIΩÞðψk;wIIΩÞ��

sinhðπΩa Þ
	
:

ð33Þ

Similarly, when the respective Rindler wedges do not
have a common apex, D ≠ 0, the covariance matrix of the
vacuum state can also be computed explicitly; see the
details in Appendix B. Let us choose the indices
n ∈ f1; 2;…; Zg, k ∈ fnþ 1; nþ 2;…; Zg. Then we find

ðσðdÞvacÞ2n;2n ¼ 1þ
Z

∞

0

dΩ
ðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þe−πΩ

a

sinhðπΩa Þ
þ 2

Z
∞

0

Z
∞

0

dΩdΩ0I3ðΩ;Ω0Þ½ðψn; wIΩÞðψn; wIIΩ0 Þ�

þ ðψn; wIIΩÞðψn; wIΩ0 Þ�� − 2Re
Z

∞

0

Z
∞

0

dΩdΩ0I1ðΩ;Ω0Þ½ðψn; wIΩÞðψn; wIIΩ0 Þ þ ðψn; wIIΩÞðψn; wIΩ0 Þ�; ð34Þ

ðσðdÞvacÞ2n−1;2n−1 ¼ 1þ
Z

∞

0

dΩ
ðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þe−πΩ

a

sinhðπΩa Þ
þ 2

Z
∞

0

Z
∞

0

dΩdΩ0I3ðΩ;Ω0Þ½ðψn; wIΩÞðψn; wIIΩ0 Þ�

þ ðψn; wIIΩÞðψn; wIΩ0 Þ�� þ 2Re
Z

∞

0

Z
∞

0

dΩdΩ0I1ðΩ;Ω0Þ½ðψn; wIΩÞðψn; wIIΩ0 Þ þ ðψn; wIIΩÞðψn; wIΩ0 Þ�;

ð35Þ

ðσðdÞvacÞ2n;2n−1 ¼ 2Im
Z

∞

0

Z
∞

0

dΩdΩ0I1ðΩ;Ω0Þ½ðψn; wIΩÞðψn; wIIΩ0 Þ þ ðψn; wIIΩÞðψn; wIΩ0 Þ�; ð36Þ

ðσðdÞvacÞ2n−1;2k−1 ¼ ReNþ
n;kðDÞ; ð37Þ

ðσðdÞvacÞ2n−1;2k ¼ ImN−
n;kðDÞ; ð38Þ

ðσðdÞvacÞ2n;2k−1 ¼ ImNþ
n;kðDÞ; ð39Þ

ðσðdÞvacÞ2n;2k ¼ −ReN−
n;kðDÞ; ð40Þ

where

I1ðΩ;Ω0Þ≡ e
πðΩ−Ω0Þ

2a ð1− D
jDjÞ

2πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q KiΩ−Ω
0

a
ðjmDjÞ; ð41Þ

I3ðΩ;Ω0Þ≡ e
πðΩþΩ0Þ

2a ð1− D
jDjÞ

2πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q KiΩþΩ0
a
ðjmDjÞ; ð42Þ

N�
n;kðDÞ ¼ 2

�ZZ
dΩdΩ0I1ðΩ;Ω0Þ½ðψn; wIΩÞðψk; wIIΩ0 Þ þ ðψn; wIIΩÞðψk; wIΩ0 Þ�

�
Z

dΩ
ðψn; wIΩÞðψk; wIΩÞ� þ ðψn; wIIΩÞðψk; wIIΩÞ�

1 − e−
2πΩ
a

�
ZZ

dΩdΩ0I3ðΩ;Ω0Þ½ðψn; wIΩÞðψk; wIIΩ0 Þ� þ ðψn; wIIΩÞðψk; wIΩ0 Þ��
�
: ð43Þ
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The explicit form of the N matrix can be calculated via
the formula (25). The above result provides a complete
characterization of a Gaussian channel responsible for the
transformation of a generic multimode Gaussian state due
to uniformly accelerated motion of the observer. It is a
direct generalization of a special case derived in Ref. [11].
At this stage we have not discussed the possible choice of
wave-packet modes ϕn and ψn assuming only, that each of
them is fully supported within a single Rindler wedge and
contains only positive frequencies in its respective frame.
Also, the number of accelerated observers involved in the
characterization of the quantum state is arbitrary. It only
depends on the spatial localization of all the modes. For
instance, if each of the modes is localized within the same
region of spacetime, in principle their state could be
measured by a single accelerated observer having access
to a multimode measurement device. On the other hand, if
each of the modes is localized in a different region, in
general the total number of Z accelerated observers is
needed in order to observe the overall state. In the next
section we discuss a special case of a Z-partite symmetric
Gaussian state and apply our scheme to describe its
properties in a noninertial frame.

V. APPLICATION EXAMPLE: Z-PARTITE
SYMMETRIC GAUSSIAN STATE

Let us apply our multimode quantum channel to the case
of noninertial observers accelerating in Z different direc-
tions (see Fig. 2). Although the scheme discussed in this
work involves only 1þ 1-dimensional spacetime, a gen-
eralization to the 3þ 1-dimensional case discussed in
Ref. [12] allows us to draw conclusions based on our
simplified scheme to a good approximation.

We will consider Z noninertial observes accelerating
with identical proper acceleration. Each of these observers
accelerates in a direction forming a 2π

Z angle with the
remaining pair of accelerated observers, so that the scheme
is completely symmetrical. As a consequence, the overlap
coefficients appearing in Eq. (24) will be the same:

αi;j ¼ δijðψ ijϕjÞ ¼ δijα;

βi;j ¼ −δijðψ ijϕ�
jÞ ¼ δijβ: ð44Þ

In order to proceed with the explicit computation of these
coefficients we will choose to work with the mode
functions introduced in Ref. [10]. For these wave packets
the calculated β coefficients are at least 8 orders of
magnitude smaller than the α’s and can be safely neglected.
For such a choice, the dependence of the α coefficient on
the proper acceleration of the observer is shown in Fig. 3.
The resulting quantum channel can be used for trans-

forming a fully symmetric Z-mode pure squeezed vacuum
state. The covariance matrix of such a state can be written
as [16,17]

σðfÞ ¼

0
BBBBB@

β ζ … ζ

ζ β ζ ..
.

..

.
ζ . .

.
ζ

ζ � � � ζ β

1
CCCCCA: ð45Þ

The elements of the covariance matrix depend on the
squeezing r and number of modes Z in the following way:

β ¼
�
b 0

0 b

	
; ζ ¼

�
z1 0

0 z2

	
; ð46Þ

z1 ¼
2ðZ − 2Þ sinh2ð2rÞ þ Z sinhð4rÞ

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðZ − 1Þ coshð4rÞ þ ðZ − 2ÞZ þ 2

p ; ð47Þ

FIG. 2. Scheme of motion of Z noninertial observes accelerat-
ing with identical proper acceleration A.

FIG. 3. The dependence of the α coefficient on the observer’s
acceleration. The figure is from Ref. [10].
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z2 ¼
2ðZ − 2Þ sinh2ð2rÞ − Z sinhð4rÞ

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðZ − 1Þ coshð4rÞ þ ðZ − 2ÞZ þ 2

p ; ð48Þ

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðZ − 1Þ coshð4rÞ þ ðZ − 2ÞZ þ 2

p
Z

: ð49Þ

Let us now investigate how the purity of the state
changes, when observed by Z symmetrically accelerated
observers. The noninertial effects are represented by the
action of the Gaussian channel we have introduced above.
A purity μ of a generic Z-mode Gaussian state described by
a covariance matrix σ can be written as [18]

μ ¼ 1

2Z
ffiffiffiffiffiffiffiffiffiffi
det σ

p : ð50Þ

Therefore we will be interested in the relative purity of the
state defined as

μrel ¼
μðdÞ

μðfÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det σðfÞ

det σðdÞ

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

det σðfÞ

det ðMσðfÞMT þ NÞ

s
: ð51Þ

The choice of modes, introduced in the previous section,
leads to a significant simplification of theM matrix. Due to
the fact that we neglected all the β coefficients and the
values of α are real we have

M ¼ ðαI2×2Þ⨁Z;

N ¼ ½ð1 − α2ÞI2×2�⨁Z: ð52Þ
The resulting relative purity as a function of the proper

acceleration A of all the Z observers, as well as the initial
level of squeezing r of the symmetric Gaussian state has
been studied numerically. The results are plotted for

different values of Z in Fig. 4. We find that the purity
of the Z-partite pure state is reduced as the acceleration
increases and the effect is stronger for the states with larger
entanglement. We also find that the degradation of the
purity is increased with the number Z of parties involved.

VI. CONCLUSIONS

In this paper, we studied the transformation of multimode
Gaussian states between an inertial frame and a uniformly
accelerated frame of reference. The formulation of the
problem was also localized, which is a crucial requisite
for any feasible theory [19]. We generalized the previous
results [11] to a generic scheme for transforming an arbitrary,
multimode Gaussian where each of the modes can be
observed by a different accelerated observer. Finally, we
applied our results to the exemplary case, where each of
the observers accelerates in a different direction in space
observing a fully symmetric Z-mode pure squeezed vacuum
state. We showed how the purity of the initial state changes
when we consider Z symmetrically accelerated observers.
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APPENDIX A: COMPUTING THE COVARIANCE
MATRIX OF THE MINKOWSKI VACUUM IN
THE ACCELERATED REFERENCE FRAME

WHEN D= 0

In this appendix we derive elements of the covariance
matrix of the Minkowski vacuum state in the accelerated
reference frame when D ¼ 0. Let us first compute the

even, diagonal elements of the matrix ðσðdÞvacÞ2n;2n. Since the
vacuum state has a vanishing mean value for all the

annihilation and creation operators d̂ð†Þn , we have

ðσðdÞvacÞ2n;2n ¼M h0j


d̂n − d̂†nffiffiffi

2
p

i
;
d̂n − d̂†nffiffiffi

2
p

i

�
j0iM:

In order to proceed with the computation we will use some
of the results derived in Ref. [11], namely

Mh0jb̂ΛΩb̂ΛΩ0 j0iM ¼M h0jb̂†ΛΩb̂†ΛΩ0 j0iM
∝
Z

dkαðΛÞΩk α
ðΛÞ
Ω0k ¼ 0; ðA1Þ

Mh0jb̂ΛΩb̂†ΛΩ0 j0iM ¼
Z

dkαðΛÞ�Ωk αðΛÞΩ0k ¼
δðΩ − Ω0Þ
1 − e−

2πΩ
a

; ðA2Þ

Mh0jb̂†ΛΩb̂ΛΩ0 j0iM ¼ e−
πðΩþΩ0Þ

a

Z
dkαðΛÞΩk α

ðΛÞ�
Ω0k ¼ δðΩ − Ω0Þ

e
2πΩ
a − 1

;

ðA3Þ
FIG. 4. The dependence of μrel ¼

ffiffiffiffiffiffiffiffiffiffi
det σðfÞ
det σðdÞ

q
on the observer’s

accelerationA and squeezing parameter r for different values ofZ.
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Mh0jb̂IΩb̂IIΩ0 j0iM¼Mh0jb̂†IΩb̂†IIΩ0 j0iM¼e−
πΩ
a

Z
αðIÞΩkα

ðIÞ�
Ω0kdk¼

δðΩ−Ω0Þ
2sinhðπΩa Þ

; ðA4Þ

Mh0jb̂†IΩb̂IIΩ0 j0iM ¼ Mh0jb̂IΩb̂†IIΩ0 j0iM ∝
Z

dkαðIÞΩkα
ðIÞ
Ω0k ¼ 0: ðA5Þ

Upon substitution, we have

Mh0jd̂nd̂kj0iM ¼
Z

∞

0

dΩ
ðψn; wIΩÞðψk; wIIΩÞ þ ðψn; wIIΩÞðψk; wIΩÞ

2 sinhðπΩa Þ
; ðA6Þ

Mh0jd̂nd̂†kj0iM ¼
Z

∞

0

dΩ
ðψn; wIΩÞðψk; wIΩÞ� þ ðψn; wIIΩÞðψk; wIIΩÞ�

1 − e−
2πΩ
a

: ðA7Þ

This leads to the following result:

ðσðdÞvacÞ2n;2n ¼ Mh0jfd̂n; d̂†ngj0iM − Mh0jd̂nd̂n þ d̂†nd̂
†
nj0iM ¼ Mh0jfd̂n; d̂†ngj0iM −

Z
∞

0

dΩ
Re½ðψn;ωIΩÞðψn;ωIIΩÞ�

sinhðπΩa Þ
; ðA8Þ

but

Mh0jd̂nd̂†n þ d̂†nd̂nj0iM ¼ 1þ
Z

∞

0

dΩðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þ
e−

πΩ
a

sinhðπΩa Þ
: ðA9Þ

Finally, an even diagonal element of the covariance matrix has the form

ðσðdÞvacÞ2n;2n ¼ 1þ
Z

∞

0

dΩðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þ
e−

πΩ
a

sinhðπΩa Þ
−
Z

∞

0

dΩ
Re½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
: ðA10Þ

For odd diagonal elements the derivation is analogous. We have

ðσðdÞvacÞ2n−1;2n−1 ¼ Mh0j2
�
d̂n þ d̂†nffiffiffi

2
p

	2

j0iM ¼ Mh0jd̂nd̂n þ d̂†nd̂
†
nj0iM þ Mh0jd̂nd̂†n þ d̂†nd̂nj0iM

¼
Z

∞

0

dΩ
Re½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
þ Mh0jd̂nd̂†n þ d̂†nd̂nj0iM

¼ 1þ
Z

∞

0

dΩðjðψn; wIΩÞj2 þ jðψn; wIIΩÞj2Þ
e−

πΩ
a

sinhðπΩa Þ
ðA11Þ

þ
Z

∞

0

dΩ
Re½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
: ðA12Þ

Similarly, the nearest off-diagonal elements of the matrix have the following form:

ðσðdÞvacÞ2n;2n−1 ¼ Mh0j


d̂n þ d̂†nffiffiffi

2
p ;

d̂n − d̂†nffiffiffi
2

p
i

�
j0iM ¼ −iMh0jd̂nd̂n − d̂†nd̂

†
nj0iM ¼

Z
∞

0

dΩ
Im½ðψn; wIΩÞðψn; wIIΩÞ�

sinhðπΩa Þ
: ðA13Þ

All the remaining matrix elements are

ðσðdÞvacÞ2n−1;2k−1 ¼ Mh0j


d̂n þ d̂†nffiffiffi

2
p ;

d̂k þ d̂†kffiffiffi
2

p
�
j0iM; ðA14Þ
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ðσðdÞvacÞ2n−1;2k ¼ Mh0j


d̂n þ d̂†nffiffiffi

2
p ;

d̂k − d̂†kffiffiffi
2

p
i

�
j0iM; ðA15Þ

ðσðdÞvacÞ2n;2k−1 ¼ Mh0j


d̂n − d̂†nffiffiffi

2
p

i
;
d̂k þ d̂†kffiffiffi

2
p

�
j0iM; ðA16Þ

ðσðdÞvacÞ2n;2k ¼ Mh0j


d̂n − d̂†nffiffiffi

2
p

i
;
d̂k − d̂†kffiffiffi

2
p

i

�
j0iM; ðA17Þ

where k ∈ fnþ 1; nþ 2;…; Zg. Following the same pro-
cedure as for the diagonal elements, we find

ðσðdÞvacÞ2n−1;2k−1
¼Mh0jd̂nd̂kþðd̂nd̂†kÞ�þ d̂nd̂

†
kþðd̂nd̂kÞ�j0iM

¼2ReðMh0jd̂nd̂kj0iMÞþ2ReðMh0jd̂nd̂†kj0iMÞ

¼
Z

∞

0

dΩ
�
Re½ðψn;wIΩÞðψk;wIIΩÞþðψn;wIIΩÞðψk;wIΩÞ�

sinhðπΩa Þ

þe
πΩ
a Re½ðψn;wIΩÞðψk;wIΩÞ�þðψn;wIIΩÞðψk;wIIΩÞ��

sinhðπΩa Þ
	
;

ðA18Þ

and analogously for the remaining elements.

APPENDIX B: COMPUTING THE COVARIANCE
MATRIX OF THE MINKOWSKI VACUUM IN
THE ACCELERATED REFERENCE FRAME

WHEN D ≠ 0

In this appendix we generalize the results obtained in
Appendix A for the case, when D ≠ 0. From the equa-
tion (12) we have for Λ ∈ fI; IIg

b̂ΛΩ¼
Z

dkððwΛΩ;ukÞâkþðwΛΩ;u�kÞâ†kÞþðwΛΩ;ΦIIIðDÞÞ;

ðB1Þ
but ðwΛΩ;ΦIIIðDÞÞ ¼ 0 because the decomposition of
ΦIIIðDÞ contains only modes from the region between
the Rindler wedges. Therefore

b̂ΛΩ ¼
Z

dkðαðΛÞ�Ωk âk − βðΛÞ�Ωk â†kÞ; ðB2Þ

where the Bogoliubov transformation coefficients are
defined as

αðΛÞΩk ¼ ðuk; wΛΩÞ; ðB3Þ

βðΛÞΩk ¼ −ðu�k; wΞΩÞ: ðB4Þ

A transition from the case when D ¼ 0 to the case when
D ≠ 0 corresponds to the following change of the
Bogoliubov coefficients [11]:

α̃ðIÞΩk → e−i
D
2
kαðIÞΩk; ðB5Þ

α̃ðIIÞΩk → ei
D
2
kαðIIÞΩk ; ðB6Þ

β̃ðIÞΩk → ei
D
2
kβðIÞΩk; ðB7Þ

β̃ðIIÞΩk → e−i
D
2
kβðIIÞΩk : ðB8Þ

Therefore in the case when D ≠ 0 we have

Mh0jb̂†IΩb̂IIΩ0 j0iM
¼Mh0j

Z
dkðα̃ðIÞΩkâ†k− β̃ðIÞΩkâkÞ

×
Z

dk0ðα̃ðIIÞ�Ω0k0 âk0 − β̃ðIIÞ�Ω0k0 â
†
k0 Þj0iM

¼
Z

dkβ̃ðIÞΩkβ̃
ðIIÞ�
Ω0k ¼

Z
dkei

D
2
kβðIÞΩke

iD
2
kβðIIÞ�Ω0k

¼
Z

dkeiDke−
πΩ
a αðIÞΩke

−πΩ0
a αðIÞΩ0k¼e−

πðΩþΩ0Þ
a

Z
dkeiDkαðIÞΩkα

ðIÞ
Ω0k:

ðB9Þ

An analogous procedure involving other quadratic mono-

mials of the annihilation and creation operators b̂ð†Þn and

b̂ð†Þk leads to the following results:

Mh0jb̂ΞΩb̂ΞΩ0 j0iM ¼ Mh0jb̂†ΞΩb̂†ΞΩ0 j0iM ¼ 0; ðB10Þ

Mh0jb̂ΞΩb̂†ΞΩ0 j0iM ¼ δðΩ − Ω0Þ
1 − e−

2πΩ
a

; ðB11Þ

Mh0jb̂†ΞΩb̂ΞΩ0 j0iM ¼ δðΩ − Ω0Þ
e
2πΩ
a − 1

; ðB12Þ

Mh0jb̂IΩb̂IIΩ0 j0iM ¼ I1ðΩ;Ω0Þ; ðB13Þ

Mh0jb̂IIΩ0 b̂IΩj0iM ¼ I1ðΩ0;ΩÞ; ðB14Þ

Mh0jb̂†IΩb̂†IIΩ0 j0iM ¼ I1ðΩ0;ΩÞ; ðB15Þ

Mh0jb̂†IIΩ0 b̂†IΩj0iM ¼ I1ðΩ;Ω0Þ; ðB16Þ

Mh0jb̂†IΩb̂IIΩ0 j0iM ¼ I3ðΩ;Ω0ÞeπðΩþΩ0Þ
a ð1− D

jDjÞ; ðB17Þ

Mh0jb̂IIΩ0 b̂†IΩj0iM ¼ I3ðΩ;Ω0Þ; ðB18Þ

Mh0jb̂IΩb̂†IIΩ0 j0iM ¼ I3ðΩ;Ω0Þ; ðB19Þ

Mh0jb̂†IIΩ0 b̂IΩj0iM ¼ I3ðΩ;Ω0ÞeπðΩþΩ0Þ
a ð1− D

jDjÞ; ðB20Þ

where
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I1ðΩ;Ω0Þ≡ e
πðΩ−Ω0Þ

2a

2πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q e−
D
jDj

πðΩ−Ω0Þ
2a KiΩ−Ω

0
a
ðjmDjÞ; ðB21Þ

I3ðΩ0;ΩÞ≡ e
πðΩþΩ0Þ

2a

2πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q e−
D
jDj

πðΩþΩ0Þ
2a KiΩþΩ0

a
ðjmDjÞ≡ I3ðΩ;Ω0Þ; ðB22Þ

I2ðΩ;Ω0Þ≡ e−
πðΩþΩ0Þ

2a

4πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q Z
dk

eiDk

ωk

�
ωk þ k
ωk − k

	
−iðΩþΩ0Þ

2a ¼ e−
πðΩþΩ0Þ

2a

4πa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πΩ

a sinh πΩ0
a

q e
D
jDj

πðΩþΩ0Þ
2a KiΩþΩ0

a
ðjmDjÞ

¼ I3ðΩ;Ω0Þe−πðΩþΩ0Þ
a e

D
jDj

πðΩþΩ0Þ
a ≡ I3ðΩ;Ω0ÞeπðΩþΩ0Þ

a ð1− D
jDjÞ: ðB23Þ

It is worth noticing that the integral expressions I1, I2 and I3 are real valued and we can omit complex conjugations.
Moreover, the operators d̂n with different indices always commute. This leads to the following results:

Mh0jd̂nd̂kj0iM ¼
Z

∞

0

Z
∞

0

dΩdΩ0I1ðΩ;Ω0Þ½ðψn; wIΩÞðψk; wIIΩ0 Þ þ ðψn; wIIΩÞðψk; wIΩ0 Þ�; ðB24Þ

Mh0jd̂nd̂†kj0iM ¼
Z

∞

0

dΩ
ðψn; wIΩÞðψk; wIΩÞ� þ ðψn; wIIΩÞðψk; wIIΩÞ�

1 − e−
2πΩ
a

þ
Z

∞

0

Z
∞

0

dΩdΩ0I3ðΩ;Ω0Þ½ðψn; wIΩÞðψk; wIIΩ0 Þ� þ ðψn; wIIΩÞðψk; wIΩ0 Þ��: ðB25Þ

The above expressions are sufficient to completely characterize all the elements of the covariance matrix in the case
when D ≠ 0.
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