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a b s t r a c t

We show how the use of entanglement can enhance the precision
of the detection of the Unruh effect with an accelerated probe. We
use a two-level atom interacting relativistically with a quantum
field as the probe, and treat it as an open quantum system to derive
themaster equation governing its evolution. Bymeans of quantum
state discrimination, we detect the accelerated motion of the atom
by examining its time evolving state. It turns out that the optimal
strategy for the detection of the Unruh effect, to which the accel-
erated atom is sensitive, involves letting the atom-thermometer
equilibrate with the thermal bath. However, introducing initial en-
tanglement between the detector and an external degree of free-
dom leads to an enhancement of the sensitivity of the detector.
Also, the maximum precision is attained within finite time, before
equilibration takes place.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Quantum field theory predicts that a relativistically accelerated observer views theMinkowski vac-
uumas a thermal bathwith a temperature proportional to the proper acceleration of the observer. This
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phenomenon, known as the Unruh effect [1], is extremely weak, and even the acceleration as high as
a ∼ 1021 ms−2 should result in the temperature as low as 1 K. Although several experimental propos-
als have been put forth [2–14], verification of the Unruh effect still remains an open question [15–17].

The theory of the Unruh effect has attracted widespread interest in the physics community and it
has been extensively examined from different perspectives. These include the approaches involving
Bogolyubov transformation between the Minkowski and Rindler frames of Refs. [1,15,18–21], the ap-
plication of the Unruh–DeWitt detector model which offers an operational definition of a particle as
a trigger for the transitions between the atomic energy levels [1,22], the manifestation of thermaliza-
tion of open quantum systems involving decoherence and dissipation [23], understanding as a quan-
tum noise channel [24], and the thermal correction to the energy shift and spontaneous excitation of
atoms [25–27]. In recent years, the Unruh effect has been extensively considered in the field of quan-
tum information. It has been studied how the Unruh effect affects quantum entanglement between
different observers [18–21,28–36], as well as other types of non-classical correlations [20,37–43] and
consequently quantum nonlocality [44–47], quantum teleportation [48,28], entropic uncertainty re-
lations [49], and parameter estimation [50–52]. The Unruh effect has also been used to analyze how
to improve information processing protocols [53,54] and quantum measurement techniques [55].

In order to detect the Unruh effect several metrological tools have been employed. Different ap-
proaches include using Gaussian probes [56], applying the framework of open quantum systems to
compute Fisher information and quantum Fisher information [57], and using the technique of quan-
tum channel discrimination [58].

In this work, we study an overlooked possibility of increasing the detection precision for the Unruh
effect and show how entangled states can be used to enhance sensibility of the accelerated detectors.
We use quantum state discrimination technique [59] to search for the optimal strategies that can
facilitate the detection of the Unruh effect. We employ the model of a two-level atom coupled to the
massless scalar fields in the Minkowski vacuum state as a probe and study its time evolving state to
discriminate between two possible scenarios: one, in which the atom has been inertial, and the other,
in which the atom has been uniformly accelerated. We discuss different strategies of detection and
show how initial entanglement between the atom and an external degree of freedom can enhance the
performance of the atom as a thermometer.

Our paper is constructed as follows: in Section 2 we introduce the model of our probe, we analyze
the optimal detection of the Unruh effect in Section 3, and Section 4 concludes the paper.

2. Detection model

Let us note that the detectormodel wewill consider was firstly introduced in Ref. [23] by F. Benatti
and R. Floreanini, where the Unruh effect has been reexamined from the perspective of the thermal-
ization phenomenon and entanglement generation of accelerated atoms. Recently thismodel has been
fruitfully applied to understand the Hawking and Gibbons–Hawking effects [60]. Herewewill use this
model to investigate the detection of the Unruh effect with the assistance of entanglement.

A combined system consists of a detector and an external fluctuating vacuum field with the total
Hamiltonian of the general form:

H = HD + HΦ + HI , (1)

where HD is the Hamiltonian of the detector, HΦ is the free Hamiltonian of the scalar field, and HI
represents their mutual interaction. The detector will be described with a two-level atom governed
by the Hamiltonian HD =

1
2ω0σz , where ω0 is its energy-level spacing and σz is the Pauli matrix. The

interaction Hamiltonian takes the form:

HI = µ(σ+ + σ−)Φ(x(τ )), (2)

where µ is the coupling constant, σ+ (σ−) is the atomic raising (lowering) operator, and Φ(x)
corresponds to the scalar field operator taken at x(τ ) representing the classical trajectory of the atom.

We assume that the initial state of the atom, ρ(0), is separable from the initial state of the field,
which is assumed to be in the Minkowski vacuum |0⟩M. Therefore the initial state of the total system
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is given by ρtot = ρ(0) ⊗ |0⟩M⟨0|. In the reference frame of the atom, the equation of motion of the
total system is given by:

dρtot(τ )
dτ

= −i[H, ρtot(τ )], (3)

where τ is the proper time along the trajectory of the atom, and ρtot(τ ) denotes the time-dependent
density matrix of the atom and the field. Generally, we will be interested in the evolution of the
atom and this dynamics can be obtained by tracing out the field degrees of freedom, i.e., ρ(τ) =

TrΦ[ρtot(τ )]. The reduced state density of the atom, in the limit of weak coupling, is found to obey the
Kossakowski–Lindblad equation of the form [23,61]:

dρ(τ)
dτ

= −i[Heff , ρ(τ )] + L[ρ(τ)] (4)

with the effective Hamiltonian Heff given below, and the Lindblad superoperator:

L[ρ(τ)] =
1
2

3
i,j=1

aij[2σjρσi − σiσjρ − ρσiσj]. (5)

Both the matrix aij and the effective Hamiltonian Heff are associated with the field correlation
functions, G+(x − x′) = µ2

⟨0|Φ(x)Φ(x′)|0⟩. By defining the Fourier and Hilbert transforms of the
field correlation functions, namely:

G(λ) =


∞

−∞

dτeiλτG(x(τ )), (6)

K(λ) =
P
π i


∞

−∞

dω
G(ω)

ω − λ
, (7)

we have computed that the coefficients of the Kossakowski matrix aij can be expressed as:

aij = Aδij − iBϵijkδk3 − Aδi3δj3, (8)

withA =
1
4 [G(ω0)+G(−ω0)], B =

1
4 [G(ω0)−G(−ω0)]. The effectiveHamiltonianHeff , which contains

the so called Lamb shift [62], then can be written as:

Heff =
1
2
Ωσz =

1
2


ω0 +

i
2
[K(−ω0)− K(ω0)]


σz, (9)

where we have defined a renormalized energy level spacing Ω , which contains the original atomic
energy level spacing ω0 and the energy shift i

2 [K(−ω0) − K(ω0)]. Assuming the atom is initially
prepared in the pure state |ψ(0)⟩ = sin θ

2 |0⟩ + cos θ2 |1⟩, by solving the master Eq. (4) we can obtain
the time-dependent reduced density matrix of the atom,

ρ(τ) =

e−4Aτ cos2
θ

2
+

B − A
2A

(e−4Aτ
− 1)

1
2
e−2Aτ−iΩτ sin θ

1
2
e−2Aτ+iΩτ sin θ 1 − e−4Aτ cos2

θ

2
−

B − A
2A

(e−4Aτ
− 1)

 . (10)

Let us now consider the evolution of the uniformly accelerated two-level atom, whose trajectory
can be described as:

t(τ ) =
1
a
sinh(aτ), x(τ ) =

1
a
cosh(aτ), y(τ ) = z(τ ) = 0. (11)

In order to obtain the parameters of the reduced density matrix of the accelerated atom, we need
to evaluate the correlation function of the field, which can be found from the following two-point
function of the massless scalar field:

G+(x, x′) = −
µ2

4π2

1
(t − t ′ − iϵ)2 − |x − x′|2

. (12)
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Substituting the trajectory of the atom (11) into (12), one can obtain the field correlation function in
the frame of the accelerated atom [22]:

G+(x, x′) = −
a2µ2

16π2
sinh−2


a(τ − τ ′)

2
− iϵ


. (13)

In this case, the Fourier transform of the field correlation function (6) is:

G(λ) =
µ2λ

4π


1 + coth

πλ

a


. (14)

Consequently, the coefficients of the Kossakowski matrix aij and the effective level spacing Ω of the
atom are given by:

A =
1
4
γ0


e2πω0/a + 1
e2πω0/a − 1


,

B =
1
4
γ0,

Omega = ω0 +
γ0

2πω0


∞

−∞

dω P


ω

ω + ω0
−

ω

ω − ω0


×


1 +

2
e2πω/a − 1


, (15)

where γ0 = µ2ω0/2π is the spontaneous emission rate of the inertial atom in Minkowski spacetime.
Using the above results and assuming that the time of evolution is sufficiently long, i.e. τ ≫ 1/A, one
can write the steady state of the accelerated atom as:

ρ(∞) =
eβ HD

Tr[eβ HD ]
, (16)

which is a thermal state with the temperature T = 1/β = a/2π . This result shows that the
accelerated atom has been equilibrating with the thermal bath characterized by the mean number
of Unruh particles equal to NU = 1/(e

ω0
T − 1). For further convenience, let us parameterize the

number of Unruh particles by n = 1+2NU . Then, in the interaction representationwe can rewrite the
time-dependent state of the accelerated atom as:

ρ(τ) =
1
2


1 +

3
i=1

ri(τ )σi


,

r1(τ ) = r1(0)e−
1
2 γ0 nτ , r2(τ ) = r2(0)e−

1
2 γ0 nτ ,

r3(τ ) = r3(0)e−γ0 nτ
−

1
n
(1 − e−γ0 nτ ), (17)

where r1(0) = sin θ, r2(0) = 0 and r3(0) = cos θ . Let us note that if n = 1, then Eq. (17) represents
the evolving quantum state of the inertial atom in the Minkowski vacuum.

3. Optimally detecting the Unruh effect

We will now use the detector model described in the previous section to act as a thermometer
detecting the Unruh effect. In order to find out how to optimally detect this effect, we choose to
measure the atom in the basis that has the lowest probability ofmisidentifying the twopossible states:
one characterizing a static, and the other— uniformly accelerated trajectory of the atom. It is clear that
this question has been reduced to the classical problem of quantum state discrimination [59]. In this
scheme, the minimum probability of making an error in the identification of the states ρ1 or ρ2 is
given by:

PE =
1
2


1 −

1
2
∥ρ1 − ρ2∥


, (18)
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where ∥∆∥ = Tr
√
∆Ď∆ denotes the trace norm of ∆. For Hermitian operators ∆ their norms also

equal the sum of the absolute values of their eigenvalues. In our problem, ρ1 is the evolution state of
the inertial atom, i.e., the case of n = 1 in Eq. (17), and ρ2 corresponds to the quantum state of the
accelerated atom, i.e., the case of n > 1 in Eq. (17). From this, we obtain:

PE =
1
2


1 −

1
2
∆(r⃗1(τ )− r⃗2(τ ))


(19)

with

∆2(r⃗1(τ )− r⃗2(τ )) = sin2 θΛ2
1 +


cos θΛ2 −Λ3

2

, (20)

where Λ1 = e−
1
2 γ0τ − e−

1
2 γ0nτ ,Λ2 = e−γ0τ − e−γ0nτ , and Λ3 = (1 − e−γ0τ ) −

1
n (1 − e−γ0nτ ).

For sufficiently long interaction times, the atom reaches equilibrium with the state of the external
field, then the distinguishability between the two equilibrium states in Eq. (20) is determined by
∆∞ = 1 − n−1. Moreover, in the long limit of interaction times the level of distinguishability is
independent of the initial state of such a thermometer.

Let us now study the distinguishability of the state for finite interaction times. To better quantify
the performance of the atom thermometer, let us normalize the Euclidean distance∆(r⃗1(τ )−r⃗2(τ )) to
∆∞. In Fig. 1, we plot∆(r⃗1(τ )− r⃗2(τ ))/∆∞ as a function of the interaction time τ and the parameter θ
characterizing the initial state of the atom thermometer. We can see from Fig. 1 that the two possible
trajectories are always less distinguishable as compared to the equilibrium case. The largest distance
between the two alternative final states is obtained in the limit of long interaction times, and it is equal
to 1 − n−1. Interestingly the largest distance in this case is independent of initial states of the atom
thermometer. It means that the optimal condition to detect the Unruh effect is letting the atom evolve
for long enough times regardless of its initial state. Thus, we arrive at the conclusion that quantum
coherence [63] plays a trivial role in the optimal detection of the Unruh effect. Let us note that our
results obtained here are consistent with that of Ref. [57] where the technique of quantummetrology
has been used.

We also find that if the probe is prepared in the excited state, i.e., θ = 0, then there is a finite
time, τ ≈ 0.80 (namely, when Λ2 = Λ3), at which the trace distance goes to zero. This is because
at this time, both the accelerated atom and the inertial atom are approximatively driven to the same
thermal state with the parameterized temperature n = 10. However, after that time, the state of the
accelerated atom remains almost unchanged, while the state of the inertial atom will be eventually
driven to the ground state. Thus, we can see that the Euclidean distance between these two cases will
increase again and finally reach 1 − n−1. We can also see from Fig. 1 that the increase of θ leads to a
quicker equilibration of the system.

Wewill now turn our attention to amore general scenario, inwhich the considered atom is initially
entangledwith another atom. In particular we assume that the additional atom does not interact with
the external field. Let us consider the initial state of the two atoms to be:

ρ(0) =
1
4


1 +

3
i=1

ci(0)σi ⊗ σi


. (21)

Note that this state is an X-type state and the parameter ci satisfies 0 ≤ |ci| ≤ 1; the two particular
cases, |ci| = 1 and |ci| = c correspond to one of the Bell states and the Werner state, respectively.
Then the evolution of the system leads to the following final state of the atoms:

ρ(n, τ ) =
1
4


1 +

3
i=1

ci(n, τ )σi ⊗ σi + c30(n, τ )σ3 ⊗ σ0


,

c1(n, τ ) = c1(0)e−
1
2 γ0 nτ , c2(n, τ ) = c2(0)e−

1
2 γ0 nτ ,

c3(n, τ ) = c3(0)e−γ0 nτ , c30(n, τ ) = −
1
n
(1 − e−γ0 nτ ). (22)
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Fig. 1. (Color online) The Euclidean distance ∆(r⃗1(τ ) − r⃗2(τ )), normalized to ∆∞ , plotted as a function of time τ (in units of
γ0) and the parameter θ characterizing the initial state of the atom. n = 10 is assumed.

With this in hand, we can compute the trace distance between the state ρ(1, τ ) corresponding to the
resting detector case and the state ρ(n, τ ) corresponding to the accelerated detector case, which is
given by:

∆ =
1
4

c2+(0)Λ2
1 +Λ2

3 + c3(0)Λ2

 +

c2+(0)Λ2
1 +Λ2

3

− c3(0)Λ2

 +

c3(0)Λ2 +


c2−(0)Λ2

1 +Λ2
3

 +

c3(0)Λ2 −


c2−(0)Λ2

1 +Λ2
3

, (23)

where c±(0) = c1(0)± c2(0). Let us note that in the limit of infinite evolution time, the trace distance
also approaches to 1 − n−1 regardless of the initial state of the two atoms.

Consider the Werner initial state, for which c1(0) = −c2(0) = c3(0) = c with 0 ≤ c ≤ 1. Such
an input state is only entangled when 1/3 < c ≤ 1. The resulting trace distance given by Eq. (23) is
plotted in Fig. 2.We find that the trace distance between the accelerated and non-accelerated scenario
increases as a function of the initial entanglement (quantified by c). Besides, for some entangled
states there is a global maximum in the distinguishability before they achieve the equilibrium with
the environment, and interestingly this value can even exceed the equilibrium value, 1 − n−1. This
interesting result proves that the performance of the thermometer with the auxiliary component can
be enhanced with the aid of the initial entanglement. It also follows that the optimal bipartite state
for the detection of Unruh effect is the maximally entangled state (c = 1).

Let us now elucidate some of the phenomena observed in Fig. 2. There is a sudden change point for
the trace distance, which occurs when cΛ2 = Λ3. Thus, the bigger c is, the later the sudden change

occurs. If c > infτ


16Λ2

1(1−n−1)2+Λ2
2Λ

2
3−4Λ2

1Λ
2
3−2Λ2(1−n−1)

4Λ2
1−Λ

2
2


(it is equal to 0.88 for n = 10 in Fig. 2),

the trace distance can become larger than the equilibrium one, 1 − n−1. In this case there is also the
maximum trace distance corresponding to the optimal detection of the acceleration of the atom. In
the case of c = 1 (c = 0.9), the maximum trace distance is 1.13 (1.02) when τ = 0.42 (τ = 0.43).

To find out which thermometer, the one with or without the initial entanglement, performs better
in the detection of the Unruh effect, we compare the trace distance of bipartite system case with that
of a single atom case in Fig. 3. It is clear that the use of the initial entanglement provides a significant
advantage. This interesting result provides a hint that the use of entanglement can be useful in the
detection of the absolute acceleration, and as a consequence in experimental verification of the Unruh
effect.
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Fig. 2. (Color online) Normalized trace distance for bipartite states as a function of time τ (in units of γ0). n = 10 is taken.

Fig. 3. (Color online) Normalized trace distances as a function of time τ (in units of γ0). The green curve denotes that for the
initial maximally entangled state case, the red curve denotes that for the single atom initially prepared in the ground state, and
the blue curve denotes the equilibrium case. n = 10 is assumed here.

4. Conclusions

We have used a simple model of a two-level atom interacting relativistically with the fluctuating
massless scalar quantum field in theMinkowski vacuum to probe the Unruh effect. The purpose of the
study was to determine the optimum methods of the detection, in particular to show a relevant role
of the initial entanglement, which has been overlooked in the previous studies.Within the framework
of open quantum systems, we have obtained the analytical dynamical evolution of the thermometer.
We have then compared the evolution of the accelerated atom with that of the inertial one using
the quantum state discrimination techniques. We have found that regardless of the initial state of
the atom, the largest trace distance between this two cases is 1 − n−1, which is achieved in the
limit of infinitely long interaction times. This result corresponds to the situation when the probe
equilibrates with the surrounding thermal bath of the field. However, we have shown that this result
can be improved by considering a more general situation in which the atom thermometer is initially
entangled with another two-level system that does not interact with the considered field. Our results
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show that the elusive Unruh effect, which has been too difficult to be experimentally verified so far,
perhaps can be better explored with the aid of entangled systems in accelerated motion.

Let us note that our method here, based on the equivalence principle, can also be applied to the
detection of Hawking effect [64] and Gibbons–Hawking effect [65], and so on. Besides, with the devel-
opment of simulation experiments of relativistic quantum systems [66,12], our results can be relevant
to upcoming experimental tests of related phenomena in analogue systems.
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