
The physics of thin sheets: 
membranes and wrinkling



Membranes in nature
 Membranesareassembliesoraggregatesofmolecules(atoms)whichhavetheformofvery thin sheets

Fabrication of slender elastic shells by the coating of curved surfaces. Lee, A., Brun, PT., Marthelot, J. et al. Nat Commun 7,
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Nonlinear elasticity of biological basement membrane revealed by rapid inflation and deflation. Hui Li, Yue Zheng, Yu Long 
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Bacterial Biofilms

Confocal microscopy. Michael Porter, NSW Lab, Dundee



Wrinkles are a common feature



Why do wrinkles form?



The physics of thin-membranes
 

There is a surface which neither 
stretches nor compresses, the so-
called neutral surface (blue dashed

line) and is clearly exactly in the
middle of the sheet. 

Neutral surface representationConsider a piece of material

e  = ∂ r ⃗u x

e v = ∂ r ⃗y



The physics of thin-membranes
 Neutral surface representation

At each point of the surface, we can assign a metric of 
the surface

e  = ∂ r ⃗u x

e v = ∂ r ⃗y

g  = ∂ r ⃗ ⋅ ∂ r ⃗

bij = − ∂ r ⃗ ⋅ ∂  n

ij i j

i j

i, j = {x, y}



The physics of thin-membranes
Displacement vector

⃗
e z
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Displacement vector and metric
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2uij= (g −ḡ ¯ij ij )

Deformed state

Reference state



The physics of thin-membranes
 Elastic Energy

 

E  ≈ Eel
∂E
∂gij+

1 ∂ E2

uij+
2 ∂g ∂gij kl

u ( 3iju +oukl

u =0ij u =0ij

(ḡ ¯ )ij

 

)

E  − Eel
1
2= A u ( 3iju +oukl

ijkl(ḡ ¯ )ij )

The elastic energy density dependson the straintensor, i.e., on the metric, 
If the strain is small, we can expand E uel in powers of ij 

around the target configuration (ḡ¯ u =0ij and ij ) 

Elastic Tensor

E  = Eel el (g )ij . 

Vanish that only depends on the deformationgradient



The physics of thin-membranes
 Elastic Energy for a volumetric material

E  =tot ∫ 1
2 A u u  dVij kl

λ
2(λ+μ)ν =

V

ijkl

 

How we can go to a thin material?

A = λg g  + μ (g g  + g gij kl ik jl ilijkl jk)

μ 3λ+2μ
E =

( )

λ + μ
Material properties



The physics of thin-membranes
 Elastic Energy for a volumetric material

E  =tot ∫ 1
2 A u u  dVij kl

V

ijkl

1. The body is in the state of plane-stress, i.e., stress normal to the surfaces parallel to
the neutral surface can be neglected. 

2. Points which lie on a normal to the neutral surface in the reference configuration 
remain on the same normal in the deformed configuration. 



The physics of thin-membranes
 Elastic Energy for a volumetric material

E  =tot ∫ 1
2 A u u  dVij kl

ijkl

2. Points which lie on a normal to the neutral surface in the reference configuration
remain on the same normal in the deformed configuration. 

V
1.The body is in the state of plane-stress, i.e., stress normal to the surfaces parallel to 

neutral surface can be neglected. 

u  = u3
3

σ  = 0i3 i  =  x ,y ,z

λ
λ+2μ= − u33

α
α



The physics of thin-membranes
 Elastic Energy for a volumetric material
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The physics of thin-membranes
 Elastic Energy for a volumetric material

E =

E  =tot ∫

g A

1
2 A u u  dVij kl

h
2 αβu + γδ

h3

24u b b2D
tot

S

V

αβγδ

ijkl

αβ γδ∫

E 1
2= dz g(z) A (z)u (z)2D

tot
S −h

2

αβγδuαβ
γδ∫ ∫

h
2

( )



The physics of thin-membranes

Elastic Energy for a thin material

E = g A
h
2 αβu + γδ

h3

24u b b2D
tot

S

αβγδ
αβ γδ∫ ( )

Streaching Bending



The physics of thin-membranes
 Elastic Energy for a thin material

E = g A
h
2 αβu + γδ

h3

24u b b2D
tot

S

αβγδ
αβ γδ∫ ( )

Streaching Bending

How can we solve this? 



Elastic Energy for a thin material

g A
h
2 αβu + γδ

h3

24u b b2D
tot

S

Streaching Bending

How can we solve this? 
E = ∫ 

αβγδ( )αβγδ

= k

(l−l)

⋅n )l
EBending

EStreatching 2
0

1
2 ∑edges

= k

B∑(1−n ⃗k
edges

n l

n k



Elastic Energy for a thin material

E =
1
2 k(l−l  2 ( −0)+k 1B nk ⋅n )l2D

tot
edges
∑

Streaching Bending

How can we solve this? 

n l

n k



Thins sheet: Wrinkling and growth

Daniel Matoz, et al. Physica Review Research 2020

Growth rate



Thins sheet: Wrinkling and growth
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