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Abstract

Starting from an important application of Conformal Yano–Killing tensors for the
existence of global charges in gravity (which has been performed in [17] and [18]),
some new observations at I + are given. They allow to define asymptotic charges (at
future null infinity) in terms of the Weyl tensor together with their fluxes through I +.
It occurs that some of them play a role of obstructions for the existence of angular
momentum. Moreover, new relations between solutions of the Maxwell equations and
the spin-2 field are given. They are used in the construction of new conserved quantities
which are quadratic in terms of the Weyl tensor. The obtained formulae are similar to
the functionals obtained from the Bel–Robinson tensor.

1 Introduction

The global charges result in a natural way from a geometric formulation of the “Gauss law”
for the gravitational charges, defined in terms of the Riemann tensor. They lead to the
notion of the Conformal Yano–Killing tensor (see [17] and [18]). A Conformal Yano–Killing
(CYK) equation (3.3) possesses twenty-dimensional space of solutions for flat Minkowski
metric in four-dimensional spacetime. There is no obvious correspondence between ten-
dimensional asymptotic Poincaré group and the twenty-dimensional space of CYK tensors.
Only half of them (the four-momentum vector pµ and the angular momentum tensor jµν)
are Poincaré generators. This situation is analogous to that of electrodynamics, where, in
topologically nontrivial regions, we have two charges (electric + magnetic) despite the fact
that the gauge group is only one-dimensional. Let us notice, that for n = 2 (n is the dimen-
sion of spacetime) the space of solutions of the equation (3.3) is infinite and for n = 3 the
corresponding space is only four-dimensional. Possible dimensions are summarized below:

dimension of spacetime n = 2 n = 3 n = 4
dimension of (pseudo)euclidean group 3 6 10

dimension of conformal group ∞ 10 15
dimension of space of CYK tensors ∞ 4 20

The above table shows that there is no obvious relation between CYK tensors and the
group. In the most interesting case n = 4 CYK tensors are related to eleven-dimensional
group of Poincaré transformations enlarged by dilatation (pseudo-similarity transforma-
tions). Eleven-dimensional algebra of this group allows us to construct (via the wedge
product) all CYK tensors in Minkowski spacetime.
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A natural application of the CYK tensors to the description of asymptotically flat space-
times was proposed in [17]. It allows us to define an asymptotic charge at spatial infinity
without supertranslation ambiguities. The existence or nonexistence of the corresponding
asymptotic CYK tensors can be chosen as a criterion for the classification of asymptotically
flat spacetimes at spatial infinity. A definition of a strong asymptotic flatness, which was
presented in [17], is strongly related to the notion of asymptotic CYK tensor. According to
this definition, a spacetime is asymptotically flat if it admits maximal (i.e. 14-dimensional)
space of asymptotic solutions of CYK equations. The asymptotic conformal Yano–Killing
tensor introduced in [17] was analyzed for the Schwarzschild metric in [18], and it was
shown that this metric (and other metrics which are asymptotically “Schwarzschildean” up
to O(1/r2) at spatial infinity) is among the metrics fulfilling strong asymptotic conditions.
It is also clear from the result that 14 asymptotic gravitational charges are well defined
on the “Schwarzschildean” background. On the other hand, the concept of the asymptotic
CYK tensor which defines conserved quantity at null infinity is only possible for stationary
spacetimes. Moreover, the news function is an obstruction for the existence of a conserved
quantity associated with asymptotic CYK tensor. However, we show in Section 3.2 that one
can use CYK tensors from Minkowski background metric and define Bondi four-momentum
together with its flux through I + in terms of the Weyl tensor. It is also shown that the
same construction for angular momentum is possible if we assume that the “ofam” charges
are vanishing (see table in Section 3.2).

We allowed us to remind the reader previous results (in the new extended and improved
form) about CYK tensors to be able to compare them with our new results which we present
in this paper. Here we show the relations between solutions of the spin-2 field equations and
Maxwell fields, and apply these relations for the construction of new conserved quantities
which are quadratic in terms of the Weyl tensor. The obtained formulae are similar to the
functionals obtained with the help of the Bel–Robinson tensor and they should be useful in
Christodoulou–Klainerman [6] method to control asymptotic behaviour of the initial data
in General Relativity.

It also occurs that our new (quadratic in terms of the Weyl tensor) functionals can be
nicely described by a universal object — a new tensor with six indices. We also examine
its formal properties. Our proposition is not included in the several generalizations of the
Bel–Robinson tensor which are called superenergy tensors (see e.g. [23]). One can say that
we propose a new super-tensor with interesting properties.

This paper is organized as follows: In the next Section we remind some basic facts about
spin-2 field. Section 3 contains small review about CYK tensors and their applications to
the asymptotic charges. In Section 4 we show the relation between spin-2 field and Maxwell
field. Section 5 is devoted to the new conserved quantities which are quadratic in terms of
the spin-2 field. To clarify the exposition some of the technical results and proofs have been
shifted to the appendix. Moreover, in Appendix A we have added, for completeness, some
general properties of CYK tensors. We include also the list of symbols in Appendix C.

2 Spin-2 field

Let us start with the standard formulation of a spin-2 field Wµανβ in Minkowski spacetime
equipped with a flat metric ηµν and its inverse ηµν . The field W can be also interpreted as
a Weyl tensor for linearized gravity (see [5], [17], [20]).

Definition 1. The following properties:

Wµανβ = Wνβµα = W[µα][νβ] , Wµ[ανβ] = 0 , ηµνWµανβ = 0 (2.1)

can be used as a definition of spin-2 field W .
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The ∗–operation defined as

(∗W )αβγδ =
1
2
εαβµνWµν

γδ , (W ∗)αβγδ =
1
2
Wαβ

µνεµνγδ

has the following properties:

(∗W ∗)αβγδ =
1
4
εαβµνWµνρσερσγδ , ∗W = W ∗ , ∗(∗W ) = ∗W ∗ = −W ,

where εµνγδ is a Levi–Civita skew-symmetric tensor and ∗W is called dual spin-2 field. The
above formulae are also valid for general Lorentzian metrics.

Moreover, Bianchi identities play a role of field equations and we have the following

Lemma 1. Field equations

∇[λWµν]αβ = 0 (2.2)

are equivalent to

∇µWµναβ = 0 or ∇[λ
∗Wµν]αβ = 0 or ∇µ ∗Wµναβ = 0 .

The equations in the above Lemma are also valid for any Ricci flat metric and its Weyl
tensor.

3 Conformal Yano–Killing tensors

Let Qµν be a skew-symmetric tensor field. Contracting the Weyl tensor Wµνκλ with Qµν

we obtain a natural object which can be integrated over two-surfaces. The result does not
depend on the choice of the surface if Qµν fulfills the following condition introduced by
Penrose (see [21] and [15]):

Qλ(κ;σ) −Qκ(λ;σ) + ησ[λQκ]
δ
;δ = 0 . (3.1)

Following [17] one can rewrite equation (3.1) in a generalized form for n-dimensional space-
time with metric gµν :

Qλ(κ;σ) −Qκ(λ;σ) +
3

n− 1
gσ[λQκ]

δ
;δ = 0 (3.2)

or in the equivalent form:

Qλκ;σ + Qσκ;λ =
2

n− 1
(
gσλQν

κ;ν + gκ(λQσ)
µ
;µ

)
. (3.3)

Let us define

Qλκσ(Q, g) := Qλκ;σ + Qσκ;λ −
2

n− 1
(
gσλQν

κ;ν + gκ(λQσ)
µ
;µ

)
(3.4)

Definition 2. A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or simply
CYK tensor) for the metric g iff Qλκσ(Q, g) = 0.

The CYK tensor is a natural generalization of the Yano tensor1 (see [3], [14] and [27])
with respect to the conformal rescalings. More precisely, for any positive scalar function

1A Yano tensor (often called Killing-Yano) fulfills stronger equation Qλκ;σ + Qσκ;λ = 0 (i.e. (3.3) with
vanishing right-hand side), hence every Yano tensor is a CYK tensor but not vice versa. The classification of
Killing-Yano tensors is given by Dietz and Rudiger in [11] where they also consider canonical line elements
of the metrics admitting KY tensors (cf. [9], [16]). A similar problems for CYK tensors seems to be not yet
solved. Several interesting applications of Killing-Yano tensors are proposed in [1], [22], [25], [26]. One can
also construct a scalar potentials for the Maxwell and massless Dirac equations by using CYK tensors (see
[2]).
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Ω > 0 and for a given metric gµν we obtain:

Qλκσ(Q, g) = Ω−3Qλκσ(Ω3Q, Ω2g) . (3.5)

The formula (3.5) and the above definition of CYK tensor gives the following

Theorem 1. If Qµν is a CYK tensor for the metric gµν than Ω3Qµν is a CYK tensor for
the conformally rescaled metric Ω2gµν .

It is interesting to notice, that a tensor Aµν — a “square” of the CYK tensor Qµν defined
as follows:

Aµν := Qµ
λQλν

fulfills the following equation:

A(µν;κ) = g(µνAκ) with Aκ =
2

n− 1
Qκ

λQλ
δ
;δ (3.6)

which simply means that the symmetric tensor Aµν is a conformal Killing tensor. This can
be also described by the following

Theorem 2. If Qµν is a skew-symmetric conformal Yano–Killing tensor than Aµν :=
Qµ

λQλν is a symmetric conformal Killing tensor.

Remark We show at the end of Appendix A that CYK tensor is a solution of the following
conformally invariant equation:

(2 +
1
6
R)Q =

1
2
W (Q, ·) .

Moreover, we show in the same Appendix that if Q is a CYK tensor and the metric is Ricci
flat then Kµ := Qµλ

;λ is a Killing vector field.
For our purposes we need to specify the formulae (3.2) and (3.3) to the special case of

the flat four-dimensional Minkowski space (gµν = ηµν , n = 4). In this simple situation the
general CYK tensor assumes the following form in Cartesian coordinates (xµ):

Qµν = qµν + 2u[µxν] − εµν
κλvκxλ − 1

2
kµνxλxλ + 2kλ[νxµ]xλ , (3.7)

where qµν , kµν are constant skew-symmetric tensors and uµ, vµ are constant vectors.
It is easy to verify that the charge given by Qµν is well defined. Indeed, we have:∫

∂V

WµνλκQλκdSµν =
∫

V

(WµνλκQλκ),ν dΣµ =

=
∫

V

(Wµνλκ,ν Qλκ + WµνλκQλκ,ν )dΣµ = 0 ,

where the first term vanishes because of the field equations and the second term vanishes
because of the symmetries of the Weyl tensor and because of equation (3.1). The above
equality implies that the flux of the quantity WµνλκQλκ through any two closed two-surfaces
S1 and S2 is the same if there is a three-volume V between them (i.e. if ∂V = S1 ∪S2). We
define the charge corresponding to the specific CYK tensor Q as the value of this flux.

For any skew-symmetric tensor tλκ let us define its dual t∗µν as follows:

t∗µν :=
1
2
εµν

λκtλκ .
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The above construction applied to the dual spin-2 field ∗W∫
S

∗WµνλκQλκdSµν =
∫

S

WµνλκQ∗
λκdSµν

(cf. (4.3)) does not give more charges because the dual tensor Q∗ has the same form (3.7)
with the following interchange:

q ←→ q∗ k ←→ k∗ u←→ v .

Although, for generic metric, CYK equation is not invariant with respect to the ∗–operation
the space of solutions in Minkowski spacetime is closed with respect to Hodge dual. We can
summarize this property by the following

Lemma 2. If Q is a CYK tensor in Minkowski spacetime than the dual tensor Q∗ possesses
also a CYK property.

Let us also observe that the solutions of equation (3.7) form a twenty-dimensional vector
space. This means that

Lemma 3. A dimension of the space of CYK tensors in Minkowski spacetime is 20.

Remark The Theorem 1 implies that the above Lemma is also true for any conformally flat
metric.

Let D be a generator of dilatations in Minkowski spacetime. The generators

Tµ :=
∂

∂xµ
, Lµν := xµ

∂

∂xν
− xν

∂

∂xµ
, D := xν ∂

∂xν
(3.8)

of pseudo-similarity group (Poincaré group extended by scaling transformation) obey the
following commutation relations:

[Tµ, Tν ] = 0 , [Tµ,Lαβ ] = ηµαTβ − ηµβTα , [Tµ,D] = Tµ , [D,Lαβ ] = 0 ,

[Lµν ,Lαβ ] = ηµαLβν − ηµβLαν + ηναLµβ − ηνβLµα .

The above algebra allows us to define a natural basis in the twenty-dimensional space of
CYK tensors in Minkowski spacetime: Tµ∧Tν , D∧Tµ, (D∧Tµ)∗, D∧Lµν− 1

2η(D,D)Tµ∧Tν

with µ < ν.
The following conserved quantities has been introduced in [17]:

wµν :=
1

16π

∫
∂Σ

W (Tµ ∧ Tν) (3.9)

w∗
µν :=

1
16π

∫
∂Σ

∗W (Tµ ∧ Tν) =
1

16π

∫
∂Σ

W ∗(Tµ ∧ Tν)

pµ :=
1

16π

∫
∂Σ

W (D ∧ Tµ) (3.10)

bµ :=
1

16π

∫
∂Σ

∗W (D ∧ Tµ) (3.11)

jµν :=
1

16π

∫
∂Σ

W

(
D ∧ Lµν −

1
2
η(D,D)Tµ ∧ Tν

)
(3.12)

j∗µν :=
1

16π

∫
∂Σ

∗W

(
D ∧ Lµν −

1
2
η(D,D)Tµ ∧ Tν

)
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The conservation law for the charge wµν is a consequence of field equations:∫
∂Σ

Wµν
λκdσµν =

∫
Σ

(Wµν
λκ),ν dΣµ = 0

For pµ and bµ we obtain the conservation laws from the following observation:∫
∂Σ

xλWµν
λκdσµν =

∫
Σ

(
xλWµν

λκ,ν +δλ
ν Wµν

λκ

)
dΣµ = 0

(the same holds for ∗W ).
For jµν the corresponding identities are as follows:∫

∂Σ

(xλWµνλκxδ − xλWµνλδxκ − 1
2
xλxλWµνδκ)dσµν =

=
∫

Σ

(xλWµνλκxδ − xλWµνλδxκ − 1
2
xλxλWµνδκ),ν dΣµ =

=
∫

Σ

(xλWµδλκ − xλWµκλδ − xλWµλδκ)dΣµ =

=
∫

Σ

xλ(Wµδλκ + Wµκδλ + Wµλκδ)dΣµ = 0 .

The charge pµ is called energy-momentum four-vector or shortly four-momentum, jµν –
angular momentum tensor and bµ – dual four-momentum. Moreover, wµν vanishes if we
assume that W = O

(
1
r3

)
. Hence only 14 charges remain when we pass to the limit at

spatial infinity. However, we don’t know any local argument (i.e. using only field equations)
for the vanishing of the charge wµν . We will also show in the sequel that it plays a crucial
role for the existence of angular momentum at future null infinity.

3.1 Asymptotic Conformal Yano–Killing tensors at spatial infinity

Let us restrict ourselves to the case of a Lorentzian manifold M of dimension 4. Consider an
asymptotically flat spacetime at spatial infinity, fulfilling the Einstein equations. Moreover,
suppose that the energy-momentum tensor of the matter vanishes around spatial infinity
(“compactly supported sources”). Let us analyze this situation in terms of an asymptotically
flat coordinate system. We suppose that there exists an (asymptotically Minkowskian)
coordinate system (xµ):

gµν − ηµν = O(r−1) gµν,λ = O(r−2)

where r :=
(∑3

k=1(xk)2
)1/2

.
For a general asymptotically flat metric we cannot expect that the CYK equation (3.3)

admit any solution. Instead, we assume that the tensor Qλκσ(Q, g) (cf. (3.4)) has a certain
asymptotic behaviour at spatial infinity

Qµνλ = O(r−c) , c > 0 . (3.13)

Following [18], suppose that the Riemann tensor Rµνκλ behaves asymptotically as follows:

Rµνκλ = O(r−2−d) , d > 0 .

It can be easily checked (see e.g. [15]) that the vacuum Einstein equations imply the equality:

∇λ

(
∗R∗µλ

αβQαβ
)

=
1
3
RµλαβQαβλ . (3.14)
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The left-hand side of (3.14) defines an asymptotic global charge provided that the right-
hand side vanishes sufficiently fast at infinity. It is easy to check that, for this purpose, the
exponents c, d have to fulfill the inequality c + d > 1. In a typical situation when d = 1, the
above inequality simply means that c > 0. In this case a weaker condition is also possible
(for example Qµνλ = O((ln r)−1−ε) with ε > 0). Moreover, when Q is a CYK tensor (i.e.
Qµνλ vanishes) the formula (3.14) gives an exact charge (not only asymptotic):

Lemma 4. If Q is a CYK tensor for the Ricci flat metric g and R is its Riemann tensor
than the integral

I(Q) :=
∫

S

∗R∗µλ
αβQαβdSµλ

does not depend on the choice of the closed surface S.

More precisely, it gives the same number for two “spherical” surfaces which can be
connected by three-dimensional volume which is located in the Ricci flat region.

Definition 3. An Asymptotic Conformal Yano–Killing tensor (ACYK tensor) for the asymp-
totically flat metric g is a skew-symmetric tensor Qµν such that Qµνλ(Q, g) → 0 at spatial
infinity.

Suppose that Qµν behaves at spatial infinity as follows Qµν = O(ra), Qλκ,σ = O(ra−1).
For constructing the ACYK tensor, we can begin with the solutions of (3.1) in flat

Minkowski space. The asymptotic behaviour of ACYK tensors for the flat metric explains
the following behaviour in general case:

Qµν = (2)Qµν + (1)Qµν + (0)Qµν

where (2)Qµν = O(r2), (1)Qµν = O(r) and (0)Qµν = O(r1−c).
It is easy to verify that a ≤ d is sufficient for the convergence of the integral I(Q) from

Lemma 4. In particular, for a = 1− c the integral I((0)Q) vanishes if we assume that d = 1.
Moreover, for d = a = 1 any (1)Qµν gives finite limit at spatial infinity for the surface integral
I(Q) but the ACYK property is needed to be sure that this limit does not depend on the
sequence of two-dim. spheres approaching spatial infinity. These considerations show that
the energy-momentum four-vector and the dual one are well defined for any asymptotically
flat spacetime.

The situation becomes less trivial when we pass to the case of (2)Qµν which corresponds to
angular momentum. The integral I((2)Q) for a generic (2)Qµν is divergent but if ACYK prop-
erty for (2)Qµν is fulfilled it has to converge (the divergent part of the integrand in Lemma
4 integrates to zero). However, the existence of nontrivial (2)Qµν with ACYK property for
any asymptotically flat spacetime is not obvious2 and this is the origin of the difficulties
with the definition of the angular momentum.

We proposed in [17] a stronger definition of the asymptotic flatness. This definition is
motivated by the above discussion.

Suppose that there exists a coordinate system (xµ) such that:

gµν − ηµν = O(r−1) , Γκ
µν = O(r−2) , Rµνκλ = O(r−3) .

In the space of ACYK tensors fulfilling the asymptotic condition

Qλκ;σ + Qσκ;λ −
2
3

(
gσλQν

κ;ν + gκ(λQσ)
µ
;µ

)
= Qλκσ = O(r−1) (3.15)

2Let us notice that the first derivatives of (1)Qµν are finite ((1)Qµν,σ = O(1)) so it is easy to believe
that for particular (1)Qµν some combinations (in our case Qµνλ) of the first derivatives may have better

asymptotics and they vanish at spatial infinity. On the other hand (2)Qµν,σ = O(r) and now we need to
lower more than one order which is harder.
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we define the following equivalence relation:

Qµν ≡ Q′
µν ⇐⇒ Qµν −Q′

µν = O(1) (3.16)

for r → ∞. We assume that the space of equivalence classes defined by (3.15) and (3.16)
has a finite dimension D as a vector space.

Definition 4. A spacetime is strongly asymptotically flat at spatial infinity iff the number D
of gauge equivalence classes of relation (3.16) equals 14 and the total dual four-momentum
bµ vanishes.

It was shown in [18] that the Schwarzschildean metrics3 are examples of strongly asymp-
totically flat spacetimes and they possess the full set of 14 asymptotic CYK tensors. The
maximal dimension D = 14 corresponds to the situation where there are no supertranslation
problems in the definition of a total angular momentum at spatial infinity. In the case of
spacetimes for which D < 14 the lack of certain ACYK tensor means that the corresponding
asymptotic charge is not well defined. The example of Kerr–NUT spacetime analyzed in
[18] suggests that we should also assume that the asymptotic dual four-momentum bµ is
vanishing.

3.2 Non-conserved charges at future null infinity

The equality (3.14) rewritten in terms of the Weyl tensor for the Einstein vacuum metric
can be also used in the radiating regime. Let us fix the conventions related to conformal
rescaling (see e.g. [12]) at I +. The non-physical metric we denote by g̃ and the physical
metric by g. They are conformally related as follows

g̃µν = Ω2gµν , Ω2g̃µν = gµν , W̃λ
µνκ(g̃) = Wλ

µνκ(g) ,

where W̃ is the Weyl tensor for the metric g̃. Moreover, from (3.5) we have

Qλκσ(Q, g) = Ω−3Q̃λκσ(Q̃, g̃) , Qλκσ(Q, g) = Ω3Q̃λκσ(Q̃, g̃) ,

where the corresponding rescaled CYK tensors are defined as follows (cf. Theorem 1)

Q̃αβ := Ω3Qαβ , Q̃αβ := Ω−1Qαβ .

From above formulae we can examine the conformal rescalings of the equation

∇λ

(
Wλµ

αβQαβ
)

=
1
3
WµλαβQαβλ (3.17)

which is equivalent to (3.14) for Einstein vacuum metric. Let us observe that the right-hand
side

Wµ
λαβQαβλ(Q, g) = Ω3W̃µ

λαβQ̃αβλ (3.18)

of the formula (3.17) can be interpreted as the flux of the quantity

I(S) :=
∫

S

Wµλ
αβQαβdSµλ

which is defined by the surface integral (the left-hand side of (3.17)). We assume that two-
surface S is a sphere and it is close to null infinity. We have the following transformation
rules for the corresponding densities with respect to the conformal rescalings:√

−det g Wµλ
αβQαβ(g) =

√
−det g̃ Ω−1W̃µλ

αβQ̃αβ(g̃) . (3.19)
3e.g. Kerr metric is included in this group. Moreover, according to [7] and [10] there exist a non-trivial

class of metrics which are Schwarzschildean.
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Moreover, the flux transforms in the similar way√
−det g Wµ

λαβQαβλ(Q, g) =
√
−det g̃ Ω−1W̃µ

λαβQ̃αβλ , (3.20)

and the asymptotic behaviour

W̃µ
λαβ = O(Ω) Q̃αβλ = O(1) = Q̃αβ (3.21)

gives the finite integrals at I +. The formulae (3.19-3.20) allow us to define the flux of the
energy (or other quantity associated with Q) through the piece of I + between any two
cross-sections of the null infinity. More precisely, let si : S2 −→ I + for i = 1, 2 be two
different cross-sections of I + such that there exists N ⊂ I + with ∂N = s2(S2) ∪ s1(S2).
Then we have

I(s2)− I(s1) =
∫

∂N

√
−det g̃ Ω−1W̃µλ

αβQ̃αβ∂µ ∧ ∂λcdy0 ∧ . . . ∧ dy3 =

=
1
3

∫
N

√
−det g̃ Ω−1W̃µ

λαβQ̃αβλ∂µcdy0 ∧ . . . ∧ dy3 = (flux through N) (3.22)

In Minkowski spacetime for Ω = x = 1
r we have

η̃µνdxµdxν = −x2du2 + 2dudx + h̆ABdyAdyB (3.23)

η̃µν∂µ∂ν = x2∂x∂x + 2∂u∂x + h̆AB∂A∂B (3.24)

and the corresponding CYK tensors take the following form:

charge Poincaré Q Q̃

ofam — Tk ∧ T0 v,AdyA ∧ dx

ofam — Tk ∧ Tl εA
B v̂,BdyA ∧ dx

energy time transl. D ∧ T0 du ∧ dx

linear mom. space transl. D ∧ Tk vdu ∧ dx

angular rotation D ∧ Lkl −
1
2
xµxµTk ∧ Tl εA

B v̂,BdyA ∧ (x−1dx + du)

momentum + 1
2 v̂εABdyA ∧ dyB

static moment boost D ∧ L0k −
1
2
xµxµT0 ∧ Tk v,AdyA ∧ (x−1dx + du)

where v = xk

r , v̂ = εklm
xm

r are dipole functions on a sphere S2 which is parameterized by co-
ordinates yA. The above asymptotics (at future null infinity) for CYK tensors in Minkowski
spacetime, provided for any asymptotically flat manifold, suggest that the energy-momentum
four-vector and its density of flux (3.20) is always finite (Q̃ = O(1)) but for angular momen-
tum, in general, we may have divergences (Q̃ = O(Ω−1)). The extra condition for finiteness
of angular momentum at I + is related with the term:

x−1W̃µλαβQ̃αβ =
{

x−2W̃uxAxv,A + O(1) for boost
x−2W̃uxAxεA

B v̂,B + O(1) for rotation

and it becomes finite if we assume that dipole part4

dip
(
W̃uxAx

)
= O(x2) . (3.25)

4The dipole part of a vector field on S2 is its orthogonal projection onto the six-dimensional space of
conformal vector fields which is simultaneously a “first” eigenspace (with unit eigenvalue) for Laplace–
Beltrami operator ∆ (see also Appendix E in [20]).
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This also means that ofam-charges are obstructions for the existence of angular momentum
at I +. The asymptotic conditions which guarantee finiteness of the four-momentum at fu-
ture null infinity are as follows: energy — mon

(
x−1W̃uxux

)
= O(1)5, linear momentum —

dip
(
x−1W̃uxux

)
= O(1) and they are fulfilled for any asymptotically flat spacetime satisfy-

ing (3.21). However, for angular momentum the asymptotic condition dip
(
x−2W̃uxAx

)
=

O(1) is an extra assumption which is fulfilled for Bondi metrics (see [8] p. 91, [24]) but it is
not obvious (see also [15]). More precisely, for Bondi metric in the asymptotic form given
in Section 5.6 of [8] we obtain

x−1W̃uxAx = x−1g̃xug̃xug̃ABW̃u
uBu + higher order terms

and the main asymptotic term takes the following form

x−1W̃uxAx ∼ x−1hABWu
uBu ∼ −x−2∂uUA =

1
2
∂uχAB

||B + O(x) .

Hence, the asymptotics of x−1W̃uxAx at I + corresponds to 1
2∂uχAB

||B and the dipole part
of χAB

||B vanishes because χAB is a traceless symmetric tensor on a unit sphere (see also
Appendix E in [20]).

The corresponding components of the Weyl field in linearized gravity derived from (B.1)
(presented in Appendix) are the following:

2W̃uxxu = x , 2∗W̃uxxu = y ,

2W̃ xuxA
||A = ∂ux , 2W̃ xux

A||BεAB = ∂uy

Moreover, in linearized theory

dip (∂ux) = 0 = dip (∂uy) .

The condition (3.25) means that zero from the linear case should be replaced (in nonlinear
case) by higher order asymptotics.

4 Spin-2 field + CYK tensor −→ Maxwell field

Let us define a skew-symmetric tensor

Fµν(W,Q) := WµνλκQλκ , (4.1)

where W is the spin-2 field and Q is the CYK tensor.

Theorem 3. For any spin-2 field W satisfying field equations (2.2) and any CYK tensor
Q in Minkowski spacetime the skew-symmetric tensor Fµν (two-form F ) defined by (4.1)
fulfills vacuum Maxwell equations i.e.

dF = 0 = dF ∗ ⇐⇒ ∇λF ∗µλ = 0 = ∇λFµλ ,

where F ∗µλ = 1
2εµλρσFρσ.

5By mon we denote monopole part of a scalar field on S2 i.e. its orthogonal projection onto the one-
dimensional kernel of Laplace–Beltrami operator ∆ (see also Appendix E in [20]).
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Proof. This is a simple consequence of the spin-2 field equations and the definition of CYK
tensor. More precisely, from (3.14) we have

0 = −∇λ

(
∗W ∗µλ

αβQαβ
)

= ∇λ

(
Wµλ

αβQαβ
)

= ∇λFµλ(W,Q) , (4.2)

so half of Maxwell equations are proved. Moreover,

F ∗µλ(W,Q) = ∗Wµλ
αβQαβ = W ∗µλ

αβQαβ = Wµλ
αβQ∗αβ = Fµλ(W,Q∗) (4.3)

and if Q is a CYK tensor than Q∗ is also a CYK tensor (Lemma 2) hence from (4.2) and
(4.3) we get the second half of Maxwell equations:

0 = ∇λFµλ(W,Q∗) = ∇λF ∗µλ(W,Q) .

This way for each spin-2 field we can assign 20 linearly independent Maxwell fields. Each
of them may carry electric charge which is described by (3.9–3.12). Moreover, we can define
standard energy-momentum tensor for each of them which is obviously quadratic in terms
of F so it would be also quadratic in terms of W . This phenomenon is presented in the next
section.

The Theorem 3 can be generalized for Ricci flat metric, but we have to add an assumption
that Q∗ is a CYK tensor because the Lemma 2 is no longer valid in this case.

5 Conserved quantities as quadratic polynomials in terms
of spin-2 field

Let us start with the standard definition of energy-momentum tensor for Maxwell field F :

T EM
µν (F ) :=

1
2

(FµσFν
σ + F ∗

µσF ∗
ν

σ) = FµσFν
σ − 1

4
gµνFσρF

σρ (5.1)

The energy-momentum tensor T EM
µν (F ) is symmetric, traceless and satisfies the following

positivity condition:
for any non-spacelike future-directed vector fields X, Y we have T EM

µν (F )XµY ν ≥ 0.
Straightforward from the definition we get

T EM
µν (F ) = T EM

µν (F ∗) . (5.2)

Moreover, if F is a Maxwell field than

∇µT EM
µν (F ) = 0 , (5.3)

and if X is a conformal Killing vector field than the quantity

CQEM(X, Σ; F ) :=
∫

Σ

T EM
µν XµdΣν

defines a global conserved quantity for the spacelike hypersurface Σ with the end at spacelike
infinity.

Let us restrict ourselves to the spacelike hyperplanes Σt := {x ∈ M : x0 = t = const}.
We use the following convention for indices: (xµ) µ = 0, . . . , 3 are Cartesian coordinates in
Minkowski spacetime, x0 denotes temporal coordinate and (xk) k = 1, 2, 3 are coordinates
on the spacelike surface Σt. If the quantity CQEM(X, Σt) is finite for t = 0 than it is constant
in time. If we want to get a positive definite integral CQEM , we have to restrict ourselves to
the case of non-spacelike field X. We can choose time translation T0 or time-like conformal
acceleration K0, where

Kµ := −2xµD + xσxσTµ (5.4)

11



is a set of four “pure” conformal Killing vector fields which should be added to the eleven
fields 3.8 to obtain the full 15-dimensional algebra of conformal group. This way we get

Theorem 4. There are two conserved (in time) positive definite integrals CQEM(T0, Σt; F )
and CQEM(K0, Σt; F ) for the field F satisfying vacuum Maxwell equations.

Proof. This is a simple consequence of (5.3) and traceless property of T EM which implies
∇µ

(
T EM

µν Xν
)

= 0 for any conformal Killing vector field X.

Following [5], for the Bel–Robinson tensor defined as follows

T BR

µνκλ := WµρκσWν
ρ
λ

σ + W ∗
µρκσW ∗

ν
ρ
λ

σ (5.5)

= WµρκσWν
ρ
λ

σ + WµρλσWν
ρ
κ

σ − 1
8
gµνgκλWαβγδW

αβγδ , (5.6)

where W is a spin-2 field, one can find a natural generalization of the Theorem 4 which
is a consequence of the properties similar to 5.3. More precisely, T BR

µνκλ is symmetric and
traceless in all pairs of indices. Moreover,

T BR(W ) = T BR(W ∗) ,

and if W is a spin-2 field than

∇µTBR
µνλκ(W ) = 0 . (5.7)

If X, Y, Z are conformal Killing vector fields than the quantity

CQBR(X, Y, Z, Σt; W ) :=
∫

Σt

TBR
µνλκXµY νZλdΣκ

defines a global charge at time t. The quantity T BR(X, Y, Z, T ) is non-negative for any non-
spacelike future-directed vector fields X, Y, Z, T whenever at most two of the vector fields
are distinct. From above properties we obtain an extension of the Theorem 4 for the case
of spin-2 field W :

Theorem 5. There are four conserved (in time) positive definite integrals
CQBR(T0, T0, T0, Σt; W ), CQBR(K0, T0, T0, Σt; W ), CQBR(K0,K0, T0, Σt; W )
and CQBR(K0,K0,K0, Σt; W ) for the spin-2 field W satisfying field equations (2.2).

Proof. Similarly as in the Theorem 4, from (5.7) and traceless property of T BR we get
∇µ

(
TBR

µνλκXκY νZλ
)

= 0 for any conformal Killing vector fields X, Y, Z.

Although the last integral CQBR(K0,K0,K0, Σt; W ) was not considered by Christodoulou
and Klainerman, it seems to be natural to include this quantity in the above Theorem.

We propose the following generalization of the above considerations, namely, let us apply
Maxwell field F defined by (4.1) into Theorem 4. Hence for any spin-2 field W satisfying field
equations and for each CYK tensor Q we obtain two conserved positive definite quantities:
CQEM(T0, Σt; F (W,Q)) and CQEM(K0, Σt; F (W,Q)). Because of the duality property (5.2)
for T EM and Lemma 2 the number of the functionals CQEM reduces to 2 · 20/2 = 20. We
will show in the sequel that not all of them are independent and they fulfill some relations
(cf. (5.17-5.20)). Let us denote by Θ the following functional:

Θ(X, V ; Q) :=
∫

V ⊂Σ

T EM
µν

(
F (W,Q)

)
XµdΣν (5.8)

It seems natural to consider the following question:
what is the relation between four conserved quantities CQBR from Theorem 5 and our func-
tionals Θ?
The answer is very simple:
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Theorem 6. The four conserved quantities CQBR from Theorem 5 are contained in our
functionals Θ.

This problem can be easier analyzed if we pass to 3+1-decomposition of the spin-2 field.
The ten independent components of W split into two 3-dimensional traceless tensors: electric
part

E(X, Y ) := W (X, T0, T0, Y )

and magnetic part

H(X, Y ) := ∗W (X, T0, T0, Y ) ,

and the full spin-2 field W expresses in terms of E and H as follows:

W0kl0 = Ekl , W0kij = Hklε
l
ij , Wklmn = εi

klε
j
mnEij . (5.9)

Let us notice that on the surface Σ0 = {x0 = t = 0} the vector fields K0 and T0 are parallel:

K0(t = 0) = r2T0 = r2∂t

and obviously the CYK tensor D ∧ T0 = r∂r ∧ ∂t where r is a radial coordinate. The above
observations give the following result for our integrands on the surface t = 0:

T EM
(
K0, T0, F (W,Q)

)
= r2T EM

(
T0, T0, F (W,Q)

)
(5.10)

T EM
(
T0, T0, F (W, Ti ∧ T0)

)
=

1
2

3∑
k=1

(
EkiE

k
i + HkiH

k
i

)
(5.11)

T EM
(
T0, T0, F (W,D ∧ T0)

)
=

1
2
r2

(
EkrE

k
r + HkrH

k
r

)
(5.12)

T EM
(
T0, T0, F (W,D ∧ Ti)

)
=

1
2
r2v,Av,BεACεBD

(
EkCEk

D + HkCHk
D

)
(5.13)

where v = xi

r .

T EM
(
T0, T0, F (W,D ∧ L0i −

1
2
xµxµT0 ∧ Ti)

)
= (5.14)

(vEk
r − rv||AEkA)(vEkr − rv||BEk

B) + (vHk
r − rv||CHkC)(vHkr − rv||DHk

D)

T BR
(
K0,K0,K0, T0

)
= r2T BR

(
K0,K0, T0, T0

)
= r4T BR

(
K0, T0, T0, T0

)
= r6T BR

(
T0, T0, T0, T0

)
(5.15)

T BR
(
T0, T0, T0, T0

)
= EklE

kl + HklH
kl

In Appendix B we present the details how the conserved quantities CQBR are included in Θ.
In particular, the above formulae integrated by parts on each sphere S(r) give the following
relations between corresponding functionals:∫

Σ0

T BR
(
T0, T0, T0, T0

)
d3x = 2

3∑
k=1

∫
Σ0

T EM
(
T0, T0, F (W, Tk ∧ T0)

)
d3x (5.16)

∫
Σ0

T BR
(
K0, T0, T0, T0

)
d3x = 2

3∑
k=1

∫
Σ0

T EM
(
K0, T0, F (W, Tk ∧ T0)

)
d3x (5.17)

= 2
3∑

µ=0

∫
Σ0

T EM
(
T0, T0, F (W, Tµ ∧ D)

)
d3x (5.18)
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∫
Σ0

T BR
(
K0,K0, T0, T0

)
d3x = 2

3∑
µ=0

∫
Σ0

T EM
(
K0, T0, F (W, Tµ ∧ D)

)
d3x (5.19)

= 2
3∑

i=1

∫
Σ0

T EM
(
T0, T0, F (W,D ∧ L0i −

1
2
xµxµT0 ∧ Ti)

)
d3x (5.20)

∫
Σ0

T BR
(
K0,K0,K0, T0

)
d3x = 2

3∑
i=1

∫
Σ0

T EM
(
K0, T0, F (W,D∧L0i−

1
2
xµxµT0∧Ti)

)
d3x .

(5.21)

The formulae (5.16-5.21) imply the Theorem 6. It is also clear from (5.17-5.20) that not all
twenty functionals Θ are linearly independent. Although we have only checked the linear
dependence at t = 0 the conservation law implies that they are related in the same way at
any time t (provided they are finite).

Remark The following problem should be examined: How many independent functionals Θ
do exist for a generic spin-2 field?

We leave this problem opened, however, we show below (for some examples of Θ functionals)
the method which should lead to the answer to the above question.

We should remember that the electric and magnetic tensors on Σ are not free, they are
constrained by the following equations

Ekl
|l = 0 , Hkl

|l = 0 (5.22)

which are simply tangent to Σ parts of spin-2 field equations (2.2). This means that one
should examine the integrals Θ and CQBR in terms of the unconstrained degrees of freedom
which are no longer constrained. This can be done in a systematic way, using quasi-local
variables x = 2W

(
T0,D,D, T0

)
and y = 2∗W

(
T0,D,D, T0

)
which are extensively used in

[19] and [20]. The full spin-2 field W on surface Σ expresses in terms of Cauchy data
x, ∂0x,y, ∂0y due to the following Theorem proposed in [20]:

Theorem 7. The linearized Riemann tensor for the vacuum Einstein equations depends
quasilocally on the invariants (x,y) which contain the full information about the linearized
gravitational field. Moreover, the invariants x and y fulfill usual wave equation.

The precise form of the Weyl field is given in Appendix B. In particular, electric part
Ekl expresses in terms of x, ∂0y:

r2Err = −r2ηABEAB =
1
2
x , r2εABErB||A =

1
2
∂0y , r3ErA

||A = −1
2
∂r(rx)

and two-dimensional traceless part
◦
E AB := EAB − 1

2ηABηCDECD is given by (B.7) and
(B.8). Similarly magnetic part Hkl depends on y, ∂0x:

r2Hrr = −r2ηABHAB =
1
2
y , r2εABHrB||A =

1
2
∂0x , r3HrA

||A = −1
2
∂r(ry)

and traceless part
◦
H AB is given by (B.12) and (B.13). Hence all these components of the

spin-2 field inserted into T BR and integrated by parts (see Appendix B) give the following
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result:

CQBR

0 :=
∫

V

T BR
(
K0, T0, T0, T0

)
d3x (5.23)

=
∫

V

r2
(
EklE

kl + HklH
kl

)
r2 sin θdrdθdϕ (5.24)

=
1
2

∫
V

(
(rẋ)(−∆)−1(rẋ) + ∂r(rx)(−∆)−1∂r(rx) + x2

+(rẏ)(−∆)−1(rẏ) + ∂r(ry)(−∆)−1∂r(ry) + y2
)

dr sin θdθdϕ +

+
1
2

∫
V

[
∂r(r2ẋ)∆−1(∆ + 2)−1∂r(r2ẋ) +

1
2
x2 (5.25)

+
(
∂r[r∂r(rx)] +

1
2
∆x

)
∆−1(∆ + 2)−1

(
∂r[r∂r(rx)] +

1
2
∆x

)
+

(
∂r[r∂r(ry)] +

1
2
∆y

)
∆−1(∆ + 2)−1

(
∂r[r∂r(ry)] +

1
2
∆y

)
+∂r(r2ẏ)∆−1(∆ + 2)−1∂r(r2ẏ) +

1
2
y2

]
dr sin θdθdϕ

where by dot we have denoted as usual time derivative and similarly we analyze:

Θ0 :=
∫

V

T EM
(
T0, T0, F (W,D ∧ T0)

)
d3x

=
1
2

∫
V

r2
(
EkrE

kr + HkrH
kr

)
r2 sin θdrdθdϕ

=
1
4

∫
V

(
∂0(rx)(−∆)−1∂0(rx) + ∂r(rx)(−∆)−1∂r(rx) + x2 (5.26)

+∂0(ry)(−∆)−1∂0(ry) + ∂r(ry)(−∆)−1∂r(ry) + y2
)

dr sin θdθdϕ .

The above reduced expressions for the close to each other quadratic functionals6 show the
differences between them, in particular, CQBR

0 contains second derivatives of the reduced
data x,y. This is also a typical attribute of all functionals associated to the densities
(5.11-5.14) except Θ0 built from (5.12). In our opinion the functional (5.26) seems to be the
most natural one because it contains only first (radial and time) derivative of our quasi-local
variables. Moreover, one can easily check the conservation law for compactly supported data
straightforward from the wave equation which is fulfilled by our quasi-local unconstrained
degrees of freedom (see Appendix B). The functional Θ0 is also very close to the energy
functional proposed in [19] which takes the following form in Minkowski spacetime:

8πH =
1
4

∫
Σ

[
(rẋ)∆−1(∆ + 2)−1(rẋ) + (rẏ)∆−1(∆ + 2)−1(rẏ) +

+ (rx),3∆−1(∆ + 2)−1(rx),3 − x(∆ + 2)−1x + (5.27)

+ (ry),3∆−1(∆ + 2)−1(ry),3 − y(∆ + 2)−1y
]
dr sin θdθdϕ .

The integrals (5.26) and (5.27) differ by the operator (∆ + 2)−1, hence for each spherical
mode (i.e. after spherical harmonics decomposition) they are proportional to each other.

In nonlinear case the quadratic functionals (5.8) should be useful in the so called exte-
rior initial value problems (V = Σ \ B(0, R)) and they should allow to control asymptotic
behaviour of the various components of the Weyl tensor.

6The other expressions may differ also by certain power of r according to (5.10) and (5.15).
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5.1 Natural (super-)tensor

Let us consider a tensor

Tµναβγδ :=
1
2

(WµσαβWν
σ

γδ + WµσγδWν
σ

αβ + W ∗
µσαβW ∗

ν
σ

γδ + W ∗
µσγδW

∗
ν

σ
αβ) (5.28)

which is naturally related to our new conserved quantities by the following equality

T EM

µν (F (Q)) =
1
2
TµναβγδQ

αβQγδ .

Tensor T has the following properties:

Tµναβγδ = Tµνγδαβ = T(µν)[αβ][γδ] , Tµναβγδg
µν = 0 (5.29)

which are simple consequences of the definition (5.28) and spin-2 field properties. Moreover,
T is related with Bel–Robinson tensor as follows

gβδTµναβγδ = T BR

µναγ .

One can also show the following properties of tensor T :

∇µTµναβγδ = 0 , Tµ[ναβ]γδ = 0 . (5.30)

Proof. The divergence-free property for T is a consequence of spin-2 field equations which
simultaneously hold for W and W ∗, hence we get

∇µTµναβγδ =
1
4
∇ν (Wµσ

αβWµσγδ + W ∗µσ
αβW ∗

µσγδ) = 0

where the last equality is a consequence of the following formula

Wµσ
αβWµσγδ + W ∗µσ

αβW ∗
µσγδ = 0

which is equivalent to traceless attribute of T in (5.29) and can be easily checked from
properties of spin-2 field with respect to ∗–operation (e.g. ∗2 = −1). The second equality
in (5.30) is implied by the Bianchi identity for W and W ∗.

The above properties of tensor T allow us to check the following final

Theorem 8. If P,Q are CYK tensors, X is a conformal vector field and T obeys the
properties (5.29) and (5.30) then

∇µ
(
TµναβγδX

νPαβQγδ
)

= 0 .
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A General properties of conformal Yano–Killing ten-
sors

In this appendix, following [18], we remind some general identities for Killing vector fields
and conformal Killing vectors together with the CYK tensors properties.

Let M be a differential manifold of dimension n > 1 with a riemannian or pseudorieman-
nian metric gµν . By “;” we denote the covariant derivative associated with the Levi–Civita
connection, and by Rσ

µλν we denote the curvature Riemann tensor. Rµν is the Ricci tensor.
If we have a tensor object T...µν... then by T...(µν)... we denote the symmetric part and

by T...[µν]... the skewsymmetric part of T...µν... with respect to the pair of indices µν. The
indices are raised and lowered with respect to the metric gµν or its inverse.

A.1 Killing vectors

The Killing vector field Xµ on M can be defined as a solution of the following equation:

Xλ;µ + Xµ;λ = 0 . (A.1)

Let us write explicitly three similar identities for any covector field Xµ:

Xλ;µν −Xλ;νµ = XσRσ
λµν

Xµ;λν −Xµ;νλ = XσRσ
µλν

Xν;λµ −Xν;µλ = XσRσ
νλµ

From the above equalities we can derive as follows:

−2Xµ;νλ = (Xλ;µν + Xµ;λν)− (Xλ;νµ + Xν;λµ) + (Xν;µλ + Xµ;νλ)− 2Xµ;νλ =

= (Xλ;µν −Xλ;νµ) + (Xµ;λν −Xµ;νλ)− (Xν;λµ −Xν;µλ) =

= Xσ (Rσ
λµν + Rσ

µλν −Rσ
νλµ) =

= −Xσ (Rσ
λµν + Rσ

µνλ + Rσ
νλµ) + 2XσRσ

λµν = −2XσRσ
λνµ .

The above manipulations lead to the following second order equation:

Xµ;νλ = XσRσ
λνµ . (A.2)

The trace of the above equality gives:

Xµ;νλgνλ = XσRσν
νµ = −XσRσ

µ . (A.3)

So, if the Ricci tensor vanishes than any covector Killing field Xµ is a harmonic one-form:

Xµ
;ν

ν = −XσRσ
µ = 0 .

A.2 Conformal Killing vectors

A natural conformal generalization of the equation (A.1) has the following form:

Zλ;µ + Zµ;λ −
2
n

gλµZσ
;σ = 0 .

The solution Zλ of this equation we call conformal Killing vector field. Let us denote
Z := Zσ

;σ. We can perform the similar trick as for Killing vectors, namely:

Zλ;µν + Zµ;λν − Zλ;νµ − Zν;λµ + Zν;µλ + Zµ;νλ − 2Zµ;νλ = −2ZσRσ
λνµ ,
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and we obtain the following expression for second derivatives:

Zµ;νλ +
1
n

(gλνZ;µ − gλµZ;ν − gµνZ;λ) = ZσRσ
λνµ . (A.4)

Taking the trace in the indices µλ we get

Zµ
;νµ − Z;ν = ZσRσ

ν

which is trivial if we remember that Z = Zσ
;σ.

The trace with respect to the indices µν in equation (A.4) gives the identity, but the
trace with respect to νλ leads to the result:

Zµ
;ν

ν +
n− 2

n
Z;µ = −ZσRσ

µ . (A.5)

If we take the derivative with respect to the index µ (a contraction) in equation (A.4)
and perform some further straightforward manipulations, we obtain the following result:

Z;λν + 2Zσ
;(λRν)σ + ZσRλν;σ +

1
n

(gλνZ ;µ
µ − Z;νλ − Z;λν) = 0 . (A.6)

We can also take a trace in (A.6):

Z ;µ
µ +

n

2(n− 1)

(
2
n

ZR + ZσR;σ

)
= 0 ,

where we used the following identity for the conformal vector field:

ZR = nZµ;νRµν .

And finally the second derivatives of Z fulfill the property:

n− 2
n

Z;λν −
1

n− 1
gλν

(
1
n

ZR +
1
2
ZσR;σ

)
+ ZσRλν;σ + 2Zσ

;(λRν)σ = 0 .

A.3 CYK tensors

fλµ;ν + fνµ;λ =
2

n− 1
(
gνλfσ

µ;σ + gµ(λfν)
σ

;σ

)
(A.7)

According to the Definition 2 the skew-symmetric tensor fµν fulfilling the equation (A.7)
we call the conformal Yano–Killing tensor.

Let us denote fκ := fσ
κ;σ. By the similar trick as for (A.2) and (A.4) we get:

2fλκ;νµ =
2

n− 1
(
gλµfκ;ν + gνλfκ;µ − gµνfκ;λ − gκ(λfµ);ν + gκ(µfν);λ − gκ(νfλ);µ

)
+

+fσλRσ
κµν + fσµRσ

κλν + fσνRσ
κλµ + 2fσκRσ

µνλ . (A.8)

The trace in λν in equation (A.8) leads to the identity but the trace in κν gives the following
result:

gµνfλ
;λ + (n− 2)f(µ;ν) = (n− 1)Rσ(µfν)

σ . (A.9)

The trace of the equation (A.9) gives the equation:

fλ
;λ = −1

2
fµνRµν = 0 .
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Remark: If Rµν = 0 then from equation (A.9) f(µ;ν) = 0, so fµ is a Killing field.

The trace with respect to the indices µν in equation (A.8) gives as follows:

gµνfλ
;λ + (n− 2)f(µ;ν) = (n− 1)Rλ(µν)σfλσ + (n− 1)Rσ(µfν)

σ , (A.10)

fλκ
;µ

µ = fσ
µRσ

[κλ]µ +
n− 4
n− 1

f[λ;κ] − fσ
[κRλ]σ , (A.11)

where we have written the symmetric and skew-symmetric parts separately. The equations
(A.9) and (A.10) are equivalent because R[λ

(µν)
σ] = 0, so Rλ(µν)σfλσ = 0.

Let us notice that for n = 4 the second term on the right-hand side of the equation
(A.11) vanishes and the final form of this equality is the following:

fλκ
;µ

µ =
1
2
fσµW σµ

λκ −
1
6
Rfλκ , (A.12)

where by Wλµνκ we have denoted the Weyl tensor for the metric g. One can easily show that
the equation A.12 is invariant with respect to the conformal rescaling i.e. f is a solution
of (2g + 1

6R)f = 1
2Wf iff f̃ = Ω3f is a solution of (2g̃ + 1

6 R̃)f̃ = 1
2W̃ f̃ , where all objects

2g̃, R̃, W̃ are calculated with respect to the metric g̃ = Ω2g.

B Functionals Θ on initial spacelike surface

B.1 Unconstrained degrees of freedom on Σt

In [18] it was shown that a pair of solutions (x,y) of the wave equation7 gives a Weyl field
in the following 2+2-form:

Wabcd = −1
2
ρ2xεabεcd

WABcd = −1
2
ρ2yεABεcd

Wa
B

cd||B = −1
2
εcdε

b
aρ3(ρ−1x),b

W aBcd||EεBE = −1
2
εcdρ

3(ρ−1y),a (B.1)

◦
W c

AB
d||AB =

1
4
ρ4xcd =

1
2
ρ4

[
(ρ−2x),cd −

1
2
ηcd(ρ−2x),b

b

]
◦

W c
A

Bd||ACεBC =
1
4
ρ4

[
εc

b(ρ−2y),bd + εd
b(ρ−2y),bc

]
where indices A,B,C are related to the coordinates (θ, ϕ) along spheres

S(r) := {t = const , r = const}

but the indices a, b, c correspond to normal to S(r) null coordinates u = t− r, v = t + r.
7The “mono-dipole” part of the field has a special form related to the Poincaré charges cf. [17] and [18].
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B.2 Constraints for E and H

We have the following non-vanishing Christoffel symbols for the three-metric ηkl on Σt in
spherical coordinates Γ3

AB = − 1
r ηAB , ΓA

3B = 1
r δA

B , and the spherical part ΓC
AB which

is not dependent on radial coordinate x3 := r and defines covariant derivative on a sphere
r =const which we denote by “||”. The angular coordinates xA parameterize spheres S(r).
Let us also denote by ∆ a Laplace–Beltrami operator on a unit sphere S(1).

The 2+1-splitting of the constraint 5.22:

∂3(r3E33) + r3E3A
||A = 0 , (B.2)

∂3(r4E3A
||A) + r4

◦
E

AB
||AB −

1
2
r2∆E33 = 0 , (B.3)

∂3(r4E3
A||BεAB) + r4

◦
E A

B
||BCεAC = 0 (B.4)

allows us to express explicitly all electric components of the Weyl tensor in terms of x and
∂0y:

2r2E33 = x , 2r2E3A||BεAB = −∂0y (B.5)

2r3E3A
||A = −2∂3(r3E33) = −∂3(rx) (B.6)

2r4
◦
E

AB
||AB = −2∂3(r4E3A

||A) + ∆(r2E33) = ∂3

(
r∂3(rx)

)
+

1
2
∆x (B.7)

2r4
◦
E A

B
||BCεAC = −2∂3(r4E3

A||BεAB) = ∂3(r2∂0y) (B.8)

Similarly, we get the magnetic part in terms of y and ∂0x:

2r2H33 = y (B.9)

2r2H3A||BεAB = −∂0x (B.10)

2r3H3A
||A = −∂3(ry) (B.11)

2r4
◦
H

AB
||AB = ∂3

(
r∂3(ry)

)
+

1
2
∆y (B.12)

2r4
◦
H A

B
||BCεAC = ∂3(r2∂0x) (B.13)

B.3 Reduction of the quadratic forms and the functionals

The “spherical” method from Appendix B in [19] can be easily applied for the reduction
of the functional

∫
V

r2(E2 + H2). Let us for simplicity restrict ourselves to the case of
a three-dimensional ball B(0, R) with radius R, V = B(0, R) = S2 × [0, R], ∂V = S(R),∫

V
=

∫ R

0
dr

∫
S(r)

dθdϕ. For exterior problems we also consider V = Σ \B(0, R).
The (2+1)-splitting of the tensor qkl gives the following components on a sphere:

two scalars on S2 –
2
q:= ηABqAB and q33, vector q3A on S2 and symmetric traceless tensor

◦
q AB := qAB − 1

2ηAB

2
q. Let pkl :=

√
det ηijq

kl be a tensor density on Σ. On each sphere
S(r) we can manipulate as follows∫

S(r)

pklqkl =
∫

S(r)

p33q33 + 2p3Aq3A +
1
2

2
p

2
q +

◦
pAB ◦

q AB =

=
∫

S(r)

p33q33 − 2(rp3A
||A)∆−1(rq3A

||A)− 2(rp3A||BεAB)∆−1(rq3A||BεAB) +
1
2

2
p

2
q +
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+2
∫

S(r)

(r2εAC ◦
pA

B
||BC)∆−1(∆ + 2)−1(r2εAC ◦

q A
B
||BC)+

+2
∫

S(r)

(r2 ◦
pAB

||AB)∆−1(∆ + 2)−1(r2 ◦
q AB

||AB) ,

where we have used the following identities on a sphere

−
∫

S(r)

πAvA = (rπA
||A)∆−1(rvA

||A) + (rπA||BεAB)∆−1(rvA||BεAB) , (B.14)

and similarly for the traceless tensors we have∫
S(r)

◦
π AB ◦

v AB = 2
∫

S(r)

(r2εAC ◦
π A

B
||BC)∆−1(∆ + 2)−1(r2εAC ◦

v A
B
||BC)+

+2
∫

S(r)

(r2 ◦
π AB

||AB)∆−1(∆ + 2)−1(r2 ◦
v AB

||AB) . (B.15)

The axial part of the quadratic form
∫

S(r)
pklqkl we define as

axial part = −2
∫

S(r)

(rp3A||BεAB)∆−1(rq3A||BεAB)+

+2
∫

S(r)

(r2εAC ◦
pA

B
||BC)∆−1(∆ + 2)−1(r2εAC ◦

q A
B
||BC) .

The remainder we define as a polar part. Using the above formulae by inserting into them
qkl = Hkl and qkl = Ekl respectively we obtain the following expressions

axial part of
∫

S(r)

r2HklHkl =
1
2

∫
S(r)

(rẋ)(−∆)−1(rẋ) + ∂r(r2ẋ)∆−1(∆ + 2)−1∂r(r2ẋ)

polar part of
∫

S(r)

r2EklEkl =
1
2

∫
S(r)

3
2
x2 + ∂r(rx)(−∆)−1∂r(rx) + (B.16)

(
∂r[r∂r(rx)] +

1
2
∆x

)
∆−1(∆ + 2)−1

(
∂r[r∂r(rx)] +

1
2
∆x

)
where we also used relations (B.5–B.8). Similarly from (B.9–B.13) we obtain

polar
∫

S(r)

r2EklEkl + axial
∫

S(r)

r2HklHkl =
1
2

∫
S(r)

3
2
y2 + ∂r(ry)(−∆)−1∂r(ry) +

+
1
2

∫
S(r)

(
∂r[r∂r(ry)] +

1
2
∆y

)
∆−1(∆ + 2)−1

(
∂r[r∂r(ry)] +

1
2
∆y

)
+

1
2

∫
S(r)

(rẏ)(−∆)−1(rẏ) + ∂r(r2ẏ)∆−1(∆ + 2)−1∂r(r2ẏ) (B.17)

This way we obtain (5.25).
The similar manipulations give the following∫

S(r)

r4EkrE
kr =

∫
S(r)

[
(r2Err)2 − (r3ErA

||A)∆−1(r3ErA
||A)

−(r3ErA||BεAB)∆−1(r3ErA||BεAB)
]

=
1
4

∫
S(r)

x2 + ∂r(rx)(−∆)−1∂r(rx) + (rẏ)(−∆)−1(rẏ)
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and similarly∫
S(r)

r4HkrH
kr =

1
4

∫
S(r)

y2 + ∂r(ry)(−∆)−1∂r(ry) + (rẋ)(−∆)−1(rẋ)

which finally gives (5.26).
It is also instructive to see how the conservation law for the functional (5.26) can be

obtained straightforward from the wave equations

2x = 0 , 2y = 0 . (B.18)

This can be shown as follows

∂0
1
2

∫
V

[
x2 + ∂r(rx)(−∆)−1∂r(rx) + (rẋ)(−∆)−1(rẋ)

]
dr sin θdθdϕ =

=
∫

V

[
xẋ + ∂r(rx)(−∆)−1∂r(rẋ) + (rẍ)(−∆)−1(rẋ)

]
dr sin θdθdϕ =

=
∫

V

[
∆x + r∂r(∂r(rx))− r2ẍ

]
∆−1ẋdr sin θdθdϕ

+
∫

∂V

∂r(rx)(−∆)−1(rẋ) sin θdθdϕ

=
∫

V

r22x∆−1ẋdr sin θdθdϕ +
∫

∂V

∂r(rx)(−∆)−1(rẋ) sin θdθdϕ

The volume term vanishes because of the wave equation (B.18) and to get the result

∂0

∫
V

[
x2 + ∂r(rx)(−∆)−1∂r(rx) + (rẋ)(−∆)−1(rẋ)

]
dr sin θdθdϕ = 0 (B.19)

we need to assume that x or rather ẋ vanishes on the boundary.
The other examples of our functionals Θ on surface Σ0 can be expressed as follows:

Θ(T0, V ; Ti ∧ T0) =
∫

V

T EM
(
T0, T0, F (W, Ti ∧ T0)

)
d3x

=
1
2

∫
V

(
EkiE

k
i + HkiH

k
i

)
r2 sin θdrdθdϕ

=
1
2

∫
V

[
(vEkr + rv||AEkA)(vEkr + rv||AEk

A) (B.20)

+(vHkr + rv||AHkA)(vHkr + rv||AHk
A)

]
r2dr sin θdθdϕ

=
1
2

∫
V

v2
[
EklEkl +

1
2
r2(EkAEk

B)||AB − r(EkAEkr)||A

+HklHkl +
1
2
r2(HkAHk

B)||AB − r(HkAHkr)||A
]
r2dr sin θdθdϕ ,

where v = xi

r ,

Θ(T0, V ; Ti ∧ D) =
∫

V

T EM
(
T0, T0, F (W, Ti ∧ D)

)
d3x

=
1
2

∫
V

v||Av||CεABεCD
(
EkBEk

D + HkBHk
D

)
r6dr sin θdθdϕ

=
1
2

∫
V

v2
[
EkAEkA + HkAHkA (B.21)

−1
2
r2εABεCD(EkBEk

D + HkBHk
D)||AC

]
r4dr sin θdθdϕ ,
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and for Qboost
k := D ∧ L0k − 1

2xµxµT0 ∧ Tk we get

Θ(T0, V ; Qboost
i ) =

∫
V

T EM
(
T0, T0, F (W,Qboost

i )
)
d3x

=
1
2

∫
V

r4
[
(vEkr − rv||AEkA)(vEkr − rv||BEk

B) (B.22)

+(vHkr − rv||AHkA)(vHkr − rv||BHk
B)

]
r2dr sin θdθdϕ

=
1
2

∫
V

v2
[
EklEkl +

1
2
r2(EkAEk

B)||AB + r(EkAEkr)||A

+HklHkl +
1
2
r2(HkAHk

B)||AB + r(HkAHkr)||A
]
r6dr sin θdθdϕ .

Hence, from the identity
3∑

i=1

(xi

r

)2

= 1 one can easily check that

2
3∑

k=1

∫
V

T EM
(
T0, T0, F (W, Tk ∧ T0)

)
d3x =

∫
V

T BR
(
T0, T0, T0, T0

)
d3x (B.23)

2
3∑

k=1

∫
V

T EM
(
K0, T0, F (W, Tk ∧ T0)

)
d3x =

∫
V

T BR
(
K0, T0, T0, T0

)
d3x (B.24)

2
3∑

µ=0

∫
V

T EM
(
T0, T0, F (W, Tµ ∧ D)

)
d3x =

∫
V

T BR
(
K0, T0, T0, T0

)
d3x (B.25)

2
3∑

µ=0

∫
V

T EM
(
K0, T0, F (W, Tµ ∧ D)

)
d3x =

∫
V

T BR
(
K0,K0, T0, T0

)
d3x (B.26)

2
3∑

k=1

∫
V

T EM
(
T0, T0, F (W,Qboost

k )
)
d3x =

∫
V

T BR
(
K0,K0, T0, T0

)
d3x . (B.27)

2
3∑

k=1

∫
V

T EM
(
K0, T0, F (W,Qboost

k )
)
d3x =

∫
V

T BR
(
K0,K0,K0, T0

)
d3x . (B.28)

The above formulae show explicitly how the functionals Θ include the functionals CQBR.

C Index of symbols

M – spacetime

; µ – four-dim. covariant derivative also denoted by ∇µ

εµνγδ – Levi–Civita skew-symmetric tensor in spacetime M

∗ – Hodge dual operation, t∗µν := 1
2εµν

λκtλκ

∂µ – partial derivative also denoted by ”,” (comma)

ηµν – Minkowski metric

xµ – Cartesian coordinates in Minkowski spacetime

Tµ – translation Killing field, Tµ := ∂
∂xµ
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Lµν – boost or rotation Killing field, Lµν := xµ
∂

∂xν − xν
∂

∂xµ

D – scaling conformal Killing field, D := xν ∂
∂xν

Kµ – “acceleration” conformal Killing field, Kµ := −2xµD + xσxσTµ

t – time coordinate

r – radial coordinate

x – “inverse” radial coordinate r = x−1

u, v – null coordinates on M , u = t− r, v = t + r

θ, φ – spherical coordinates on S2

d – exterior derivative

µ, ν, . . . – four-dimensional indices running 0, . . . , 3

k, l, . . . – three-dimensional indices running 1, . . . , 3

A,B, . . . – two-dimensional indices on a sphere

2 – d’Alambertian, wave operator

R – scalar curvature

X – vector field

i0 – spatial infinity

I – null infinity

I + – future null infinity

I − – past null infinity

δµ
ν – Kronecker’s delta

S(r) – sphere with radius r parameterized by θ, φ

ηAB – metric on S(r)

◦
tAB – two-dim. traceless part of the tensor tAB ,

◦
tAB := tAB − 1

2ηABηCDtCD

|| – two-dimensional covariant derivative on a sphere

∆ – two-dimensional laplacian on a unit sphere

εAB – two-dimensional skew-symmetric tensor on S(r), r2 sin θεθφ = 1

εab – skew-symmetric tensor on the two-dimensional space orthogonal to S(r), εuv = 2

Rµ
νλσ – curvature tensor

Rµν – Ricci tensor

Γλ
µν – Christoffel symbol

Wµνλσ – spin-2 field, Weyl tensor

x,y – gauge-invariants
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pµ – four-momentum charge

bµ – dual four-momentum charge

jµν – angular momentum and static moment charges

wµν – “ofam” charge

Qµν – CYK tensor

Qµνλ – CYK equation

Ω – conformal factor

Fµν – Maxwell field

T EM
µν – energy-momentum tensor for Maxwell field

T BR

µναβ – Bel–Robinson tensor

CQEM – conserved quantity for Maxwell field

CQBR – conserved quantity for Bel–Robinson tensor

Θ – conserved quantity for CYK tensor bilinear in Weyl field

Σ – spacelike hypersurface

E – electric part of Weyl field

H – magnetic part of Weyl field

Tµναβγδ – (super-)tensor
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