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Gravitation  coupled to scalar field

gravitational phase space

scalar field phase space

constraints

{
qab(x), pcd(y)

}
=

1
2

(
δc
aδd

b + δd
aδc

b

)
δ(x, y)

{
qab(x), pcd(y)

}
=

1
2

(
δc
aδd

b + δd
aδc

b

)
δ(x, y)

{
qab(x), pcd(y)

}
=

1
2

(
δc
aδd

b + δd
aδc

b

)
δ(x, y)

{φ(x), π(y)} = δ(x, y){φ(x), π(y)} = δ(x, y){φ(x), π(y)} = δ(x, y)

Any other choice of gravitational variables is possible. It depends on the scheme of quantization.

C(x) = CGR(x) + Cφ(x) = CGR(x) +
1
2

π(x)2√
q(x)

+
1
2
√

q(x)qab(x)φ,a(x)φ,b(x) +
√

q(x)V [φ(x)] = 0C(x) = CGR(x) + Cφ(x) = CGR(x) +
1
2

π(x)2√
q(x)

+
1
2
√

q(x)qab(x)φ,a(x)φ,b(x) +
√

q(x)V [φ(x)] = 0C(x) = CGR(x) + Cφ(x) = CGR(x) +
1
2

π(x)2√
q(x)

+
1
2
√

q(x)qab(x)φ,a(x)φ,b(x) +
√

q(x)V [φ(x)] = 0

Ca(x) = CGR
a (x) + Cφ

a (x) = CGR
a (x) + π(x)φ,a(x) = 0Ca(x) = CGR

a (x) + Cφ
a (x) = CGR

a (x) + π(x)φ,a(x) = 0Ca(x) = CGR
a (x) + Cφ

a (x) = CGR
a (x) + π(x)φ,a(x) = 0



Open problems in Loop Quantum Gravity
Sunday, February 28 - Thursday, March 4, 2010
Zakopane, Poland

Gravitation coupled to  scalar field
Marcin Grzegorz Domagała

Uniwersytet Warszawski

Solving the constraints with respect to         .

π(x)π(x)π(x)

One can solve for             using diffeomorphism constraint and insert it into scalar constraint.φ,a(x)φ,a(x)φ,a(x)

We get 4th order equation

1
2
√

q(x)
π(x)4 +

(
CGR(x) +

√
q(x)V [φ(x)]

)
π(x)2 +

1
2
√

q(x)qab(x)CGR
a (x)CGR

b (x) = 0
1

2
√

q(x)
π(x)4 +

(
CGR(x) +

√
q(x)V [φ(x)]

)
π(x)2 +

1
2
√

q(x)qab(x)CGR
a (x)CGR

b (x) = 0
1

2
√

q(x)
π(x)4 +

(
CGR(x) +

√
q(x)V [φ(x)]

)
π(x)2 +

1
2
√

q(x)qab(x)CGR
a (x)CGR

b (x) = 0

The solution has sign ambiguities

Comparing to FRW solution we can make the  choice in the second ambiguity (plus).

We can also understand the meaning of this choice by inspection of the transformation given by 
the new constraints above.

The first one depends on the choice of the direction of the evolution.

π(x) = ±q(x) 1
4

[
−

(
CGR(x) +

√
q(x)V [φ(x)]

)
±

√(
CGR(x) +

√
q(x)V [φ(x)]

)2
− qab(x)CGR

a (x)CGR
b (x)

] 1
2

π(x) = ±q(x) 1
4

[
−

(
CGR(x) +

√
q(x)V [φ(x)]

)
±

√(
CGR(x) +

√
q(x)V [φ(x)]

)2
− qab(x)CGR

a (x)CGR
b (x)

] 1
2

π(x) = ±q(x) 1
4

[
−

(
CGR(x) +

√
q(x)V [φ(x)]

)
±

√(
CGR(x) +

√
q(x)V [φ(x)]

)2
− qab(x)CGR

a (x)CGR
b (x)

] 1
2
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NEW Constraints
Thanks to using above results we get new constraints (introducing new notation)

CNEW (x) = π(x) + h
[
qab, p

ab, φ
]
(x) = 0CNEW (x) = π(x) + h

[
qab, p

ab, φ
]
(x) = 0CNEW (x) = π(x) + h

[
qab, p

ab, φ
]
(x) = 0

Ca(x) = CGR
a + Cφ

a (x) = 0Ca(x) = CGR
a + Cφ

a (x) = 0Ca(x) = CGR
a + Cφ

a (x) = 0

This new constraints have nice property

{
h

[
qab, p

ab, φ
]
(x), h

[
qab, p

ab, φ
]
(y)

}
= 0

{
h

[
qab, p

ab, φ
]
(x), h

[
qab, p

ab, φ
]
(y)

}
= 0

{
h

[
qab, p

ab, φ
]
(x), h

[
qab, p

ab, φ
]
(y)

}
= 0

{
CNEW (x), CNEW (y)

}
= 0

{
CNEW (x), CNEW (y)

}
= 0

{
CNEW (x), CNEW (y)

}
= 0

This result is a generalization of the known result by Kuchar and Romano
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Quantization
From now on let us assume  that                                                                          V [φ(x)] = 0V [φ(x)] = 0V [φ(x)] = 0

quantum state Ψ [qab, φ] ∈ HGR ⊗HφΨ [qab, φ] ∈ HGR ⊗HφΨ [qab, φ] ∈ HGR ⊗Hφ

basic operators

φ̂(x)Ψ [qab, φ] = φ(x)Ψ [qab, φ]φ̂(x)Ψ [qab, φ] = φ(x)Ψ [qab, φ]φ̂(x)Ψ [qab, φ] = φ(x)Ψ [qab, φ]

π̂(x)Ψ [qab, φ] = −i! δ

δφ(x)
Ψ [qab, φ]π̂(x)Ψ [qab, φ] = −i! δ

δφ(x)
Ψ [qab, φ]π̂(x)Ψ [qab, φ] = −i! δ

δφ(x)
Ψ [qab, φ]

q̂ab(x)Ψ [qab, φ] = qab(x)Ψ [qab, φ]q̂ab(x)Ψ [qab, φ] = qab(x)Ψ [qab, φ]q̂ab(x)Ψ [qab, φ] = qab(x)Ψ [qab, φ]

p̂ab(x)Ψ [qab, φ] = −i! δ

δqab(x)
Ψ [qab, φ]p̂ab(x)Ψ [qab, φ] = −i! δ

δqab(x)
Ψ [qab, φ]p̂ab(x)Ψ [qab, φ] = −i! δ

δqab(x)
Ψ [qab, φ]

quantum constraints

ĈNEW (x)Ψ [qab, φ] = 0ĈNEW (x)Ψ [qab, φ] = 0ĈNEW (x)Ψ [qab, φ] = 0 Ĉa(x)Ψ [qab, φ] = 0Ĉa(x)Ψ [qab, φ] = 0Ĉa(x)Ψ [qab, φ] = 0

h
[
qab, pab, φ

]
(x) = h

[
qab, pab

]
(x)h

[
qab, pab, φ

]
(x) = h

[
qab, pab

]
(x)h

[
qab, pab, φ

]
(x) = h

[
qab, pab

]
(x)
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Solving                                   .

ĈNEW (x)Ψ [qab, φ] = 0ĈNEW (x)Ψ [qab, φ] = 0ĈNEW (x)Ψ [qab, φ] = 0

This equation can be written as 

π̂(x)Ψ [qab, φ] + ĥ
[
qab, p

ab
]
(x)Ψ [qab, φ] = 0π̂(x)Ψ [qab, φ] + ĥ

[
qab, p

ab
]
(x)Ψ [qab, φ] = 0π̂(x)Ψ [qab, φ] + ĥ

[
qab, p

ab
]
(x)Ψ [qab, φ] = 0

Remembering the definition of          , and quantizing                          in “pure gravitational     π̂(x)π̂(x)π̂(x)

manner”.

ĥ
[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)

Whatever quantization scheme we use to quantize                          its definition must be such,

that commutator                                                  correspondingly to the Poisson bracket.

ĥ
[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)

[
ĥ

[
qab, p

ab
]
(x), ĥ

[
qab, p

ab
]
(y)

]
= 0

[
ĥ

[
qab, p

ab
]
(x), ĥ

[
qab, p

ab
]
(y)

]
= 0

[
ĥ

[
qab, p

ab
]
(x), ĥ

[
qab, p

ab
]
(y)

]
= 0

δ
δφ(x)Ψ [qab, φ] = − i

! ĥ
[
qab, pab

]
(x)Ψ [qab, φ]δ

δφ(x)Ψ [qab, φ] = − i
! ĥ

[
qab, pab

]
(x)Ψ [qab, φ]δ

δφ(x)Ψ [qab, φ] = − i
! ĥ

[
qab, pab

]
(x)Ψ [qab, φ]

We get Schroedinger equation  
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Construction of the solution

Ψ [qab, φ] = e−
i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]

Assuming that we defined                         acting in            we can construct ĥ
[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x) HGRHGRHGR

Where              belongs to some subspace            of             on which                         isψ [qab]ψ [qab]ψ [qab] HGR
+HGR
+HGR
+ HGRHGRHGR ĥ

[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)ĥ

[
qab, p

ab
]
(x)

well defined           (                                         )h
[
qab, pab

]
(x) =

√
... +√...h

[
qab, pab

]
(x) =

√
... +√...h

[
qab, pab

]
(x) =

√
... +√...

Therefore  we have constructed the map  that assigns to          unique elementφ(x)φ(x)φ(x) Ψ ∈ HGR
+Ψ ∈ HGR
+Ψ ∈ HGR
+

φ −→ Ψ [ . , φ] ∈ HGR
+φ −→ Ψ [ . , φ] ∈ HGR
+φ −→ Ψ [ . , φ] ∈ HGR
+
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Observables 
For every                       we define the Dirac observable Â ∈ L

[
HGR

+

]
Â ∈ L

[
HGR

+

]
Â ∈ L

[
HGR

+

]

remembering that                                                                       we getΨ [qab, φ] = e−
i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]

= e
i
!

R
d3xφ(x)bh(x)ψ′[qab]= e

i
!

R
d3xφ(x)bh(x)ψ′[qab]= e

i
!

R
d3xφ(x)bh(x)ψ′[qab]

We can see the right hand side has a form of solution of CNEW (x)CNEW (x)CNEW (x)

Ô bA = e−
i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)Ô bA = e−

i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)Ô bA = e−

i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)

Ô bAΨ [qab, φ] = e
i
!

R
d3xφ(x)bh(x) Âψ[qab]Ô bAΨ [qab, φ] = e

i
!

R
d3xφ(x)bh(x) Âψ[qab]Ô bAΨ [qab, φ] = e

i
!

R
d3xφ(x)bh(x) Âψ[qab]

π̂ [f ] =
∫

d3xf(x)ĥ
[
qab, pab

]
(x)π̂ [f ] =

∫
d3xf(x)ĥ

[
qab, pab

]
(x)π̂ [f ] =

∫
d3xf(x)ĥ

[
qab, pab

]
(x)

in particular                            we have                                        which is f(x) ∈ Fun[M ]f(x) ∈ Fun[M ]f(x) ∈ Fun[M ] π̂ [f ] =
∫

d3xf(x)π̂(x)π̂ [f ] =
∫

d3xf(x)π̂(x)π̂ [f ] =
∫

d3xf(x)π̂(x)
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Summary

Algebra of the Dirac observables isomorphic to the operators in          :HGR
+HGR
+HGR
+

Ô bA !−→ ÂÔ bA !−→ ÂÔ bA !−→ Â

Group of automorphisms

Â !→ e
i
!

R
d3xφ0(x)bh(x) Â e−

i
!

R
d3xφ0(x)bh(x)Â !→ e

i
!

R
d3xφ0(x)bh(x) Â e−

i
!

R
d3xφ0(x)bh(x)Â !→ e

i
!

R
d3xφ0(x)bh(x) Â e−

i
!

R
d3xφ0(x)bh(x)

The theory defined by the scalar constraint amounts to

The generators of automorphisms

π̂ [φ0] =
∫

d3x φ0(x) ĥ
[
qab, pab

]
(x)π̂ [φ0] =

∫
d3x φ0(x) ĥ

[
qab, pab

]
(x)π̂ [φ0] =

∫
d3x φ0(x) ĥ

[
qab, pab

]
(x)
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Imposing diffeomorphism constraints

=⇒ ψ ∈ HGR
diff inv=⇒ ψ ∈ HGR
diff inv=⇒ ψ ∈ HGR
diff inv                                     defined by diffeomorphism rigging map

The generator of the automorphisms:

Ψ [qab, φ] = e−
i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Ψ [qab, φ] = e−

i
!

R
d3xφ(x)bh[qab,pab](x)ψ [qab]Now                                                                     is additionally diffeomorphism invariant

Dirac observables

Now we have isomorphism                        with the algebra                    :Â !→ Ô bAÂ !→ Ô bAÂ !→ Ô bA
L

[
HGR

diff inv

]
L

[
HGR

diff inv

]
L

[
HGR

diff inv

]

And the group of automorphisms is restricted to

Â !→ e
i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τÂ !→ e

i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τÂ !→ e

i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τ where     is a numberτττ

∫
d3x ĥ

[
qab, pab

]
(x)

∫
d3x ĥ

[
qab, pab

]
(x)

∫
d3x ĥ

[
qab, pab

]
(x)

Ô bA = e−
i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)Ô bA = e−

i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)Ô bA = e−

i
!

R
d3xφ(x)bh(x) Â e

i
!

R
d3xφ(x)bh(x)                                                                         but now Â ∈ L

[
HGR

diff inv

]
Â ∈ L

[
HGR

diff inv

]
Â ∈ L

[
HGR

diff inv

]
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Summary

Group of automorphisms

Â !→ e
i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τÂ !→ e

i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τÂ !→ e

i
!

R
d3xbh(x)τ Â e−

i
!

R
d3xbh(x)τ

where       is a numberτττ

The generators of automorphisms

π̂ =
∫

d3x ĥ
[
qab, pab

]
(x)π̂ =

∫
d3x ĥ

[
qab, pab

]
(x)π̂ =

∫
d3x ĥ

[
qab, pab

]
(x)

The algebra of the Dirac observables is isomorphic to L
[
HGR

diff inv

]
L

[
HGR

diff inv

]
L

[
HGR

diff inv

]

This is the exact LQC with all the local degrees of freedom
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Closing remarks
What is well defined

HGR
diff invHGR
diff invHGR
diff inv

ĥ
[
qab, pab

]
(x) ∈ L

[
HGR

diff inv

]
ĥ

[
qab, pab

]
(x) ∈ L

[
HGR

diff inv

]
ĥ

[
qab, pab

]
(x) ∈ L

[
HGR

diff inv

]

Upon suitable choice of ordering

what agrees Rovelli - Smolin (1994)

becomes

ĥ = −
̂√

2
√

q(x) |CGR(x)|ĥ = −
̂√

2
√

q(x) |CGR(x)|ĥ = −
̂√

2
√

q(x) |CGR(x)|

ĥ =
̂

−q(x) 1
4

[
−CGR(x) +

√
CGR(x)− qab(x)CGR

a (x)CGR
b (x)

] 1
2

ĥ =
̂

−q(x) 1
4

[
−CGR(x) +

√
CGR(x)− qab(x)CGR

a (x)CGR
b (x)

] 1
2

ĥ =
̂

−q(x) 1
4

[
−CGR(x) +

√
CGR(x)− qab(x)CGR

a (x)CGR
b (x)

] 1
2


