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GRAVITATION COUPLED TO SCALAR FIELD

© GRAVITATIONAL PHASE SPACE  {qas(2),p(¥)} = % (8585 + 6235¢) 6(, y)

ANY OTHER CHOICE OF GRAVITATIONAL VARIABLES IS POSSIBLE. IT DEPENDS ON THE SCHEME OF QUANTIZATION.
© SCALAR FIELD PHASE SPACE {o(z), 7(y)} = 0(x,y)

® CONSTRAINTS

C(z) = CR(z) + C*(x) = CR(a) + 2 T 1 L /e (@)6 a(@)s(@) + V@V [6(2)] = 0

2Vaq(z) 2

Ca(z) = CFF(2) + C(z) = CT(2) + m(2)¢,a(z) = 0
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SOLVING THE CONSTRAINTS WITH RESPECT TO 7(x)

ONE CAN SOLVE FOR ¢.(z) USING DIFFEOMORPHISM CONSTRAINT AND INSERT IT INTO SCALAR CONSTRAINT.

WE GET 4TH ORDER EQUATION

1
2v/q(x)

n(@)* + (COR(z) + Va@VIH(@)) n(z)? + 3 Va@a™ @) CT @) CE () = 0

THE SOLUTION HAS SIGN AMBIGUITIES

Nl

n(z) = +q(z)} [— (¢ @)+ VaVIBE)) + |/ (CoR@) + VaEV @) - a(@)CERCER @)

COMPARING TO FRW SOLUTION WE CAN MAKE THE CHOICE IN THE SECOND AMBIGUITY (PLUS).

THE FIRST ONE DEPENDS ON THE CHOICE OF THE DIRECTION OF THE EVOLUTION.

WE CAN ALSO UNDERSTAND THE MEANING OF THIS CHOICE BY INSPECTION OF THE TRANSFORMATION GIVEN BY
THE NEW CONSTRAINTS ABOVE.
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NEW CONSTRAINTS

THANKS TO USING ABOVE RESULTS WE GET NEW CONSTRAINTS (INTRODUCING NEW NOTATION)

CNEW () = m(z) + h [qab, p®, @] (z) = 0

Ca(x) =CCE 4+ C%(x) =0

THIS NEW CONSTRAINTS HAVE NICE PROPERTY
{h [gab,p*°, 8] (2), h [gab, 0, 9] ()} =0
{CNEW(x), CNEW(y)} -0

THIS RESULT IS A GENERALIZATION OF THE KNOWN RESULT BY KUCHAR AND ROMANO
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QUANTIZATION

FROM NOW ON LET US ASSUME THAT V [¢(z)] =0 & [das, %, 8] (z) = b [¢ap, 0] (2)

© QUANTUM STATE V¥ [qus, 4] € HCE @ H?

© BASIC OPERATORS

&(2)¥ [gab, ¢ = H(x)¥ [gab, 6] 3ab ()Y [gabs ¢] = 9ab(2) ¥ [gab, 9]
)
7!'(:1})\:[’ [qab7 ¢] 5¢( )‘II [Qa.b, ¢] ab(z)\p [qaba ¢] - Zhaqa ( )\I’ [qab) ¢]

OR ANY OTHER SCHEME OF QUANTIZATION IS POSSIBLE
© QUANTUM CONSTRAINTS

CNEW (£)W [gap, 6] = 0 Co ()Y [gab, ¢ = 0
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SOLVING CVEY (2)¥ [qas, 8] = 0

THIS EQUATION CAN BE WRITTEN AS

7)Y [gab, 8] + P [@as, 2] ()Y [gap, 6] = O

REMEMBERING THE DEFINITION OF 7(Z), AND QUANTIZING  h [gas,p®] (z) IN “PURE GRAVITATIONAL
MANNER”.

WHATEVER QUANTIZATION SCHEME WE USE TO QUANTIZE h [¢ab,p*°] () ITS DEFINITION MUST BE SUCH,

THAT COMMUTATOR [3 [das, 2**] (x), b [gab, 2] (y)] =0 CORRESPONDINGLY TO THE POISSON BRACKET.

WE GET SCHROEDINGER EQUATION

575y ¥ [9ab, 8] = — 1 [gab, 7] () ¥ [gas, 8]
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CONSTRUCTION OF THE SOLUTION

ASSUMING THAT WE DEFINED £ [gab,p®] () ACTING IN HGR WE CAN CONSTRUCT

U [gup, ¢] = e 7 S °20(@R[226.0"]@) g [ 1

WHERE 1) [qq5] BELONGS TO SOME SUBSPACE HfR OF HGE ON WHICH }, [ab, p“"] (z) IS

WELL DEFINED ( b [gas, 0] () = \ [ F /= )
THEREFORE WE HAVE CONSTRUCTED THE MAP THAT ASSIGNS T0O ¢(Z) UNIQUE ELEMENT ¥ € HGR
+

¢ —¥[. 4 € HER
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OBSERVABLES

* FOR EVERY A € £ [H$®] WE DEFINE THE DIRAC OBSERVABLE

) 1= e— 1 [ Prop(@h(x) A ot [d3zé(x)h(z)
REMEMBERING THAT ¥ [gap, ] = e~ # J €°¢@hlaavp™]@) g (0 1 WE GET
O3 [gas, §] = eh S P0@h@) Ayp[gg)
= ek [ P2t@h(@) ' [q.4]

WE CAN SEE THE RIGHT HAND SIDE HAS A FORM OF SOLUTION OF C"V%¥(x)

o IN PARTICULAR f(z) € Sun[M] we HAVE 7 [f] = [ &3z f(z)7(z) whICH IS

7 [f] = [ Bz f(@)h [gas, p™] ()
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SUMMARY

THE THEORY DEFINED BY THE SCALAR CONSTRAINT AMOUNTS TO

© ALGEBRA OF THE DIRAC OBSERVABLES ISOMORPHIC TO THE OPERATORS IN H$ % :

5 = A
® GROUP OF AUTOMORPHISMS

P

A — e% [ dz¢o(z)h(x) A\ e—% [ d3zo(x)h(x)

¢ THE GENERATORS OF AUTOMORPHISMS

7 [po] = [ Bz ¢o(2) R [gas, p?] (2)
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IMPOSING DIFFEOMORPHISM CONSTRAINTS

o NOW W [gup, ¢] = e % J #°=¢(@h[9as.0°°](2), (411 IS ADDITIONALLY DIFFEOMORPHISM INVARIANT

—> ¢ € H§G% in, DEFINED BY DIFFEOMORPHISM RIGGING MAP

¢ DIRAC OBSERVABLES

NOW WE HAVE ISOMORPHISM A — O; WITH THE ALGEBRA £ (MGBs o)
O; = e # [ L28@h) A oh [d26@)h() gurNow 4 € £ [Hg,.?f n]
THE GENERATOR OF THE AUTOMORPHISMS:
[ &3z h [gap, p??] ()
AND THE GROUP OF AUTOMORPHISMS IS RESTRICTED TO

A s et J&zh(x)T } o—+% [d®zh(z)r WHERE T IS A NUMBER
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SUMMARY

> THE ALGEBRA OF THE DIRAC OBSERVABLES IS ISOMORPHIC T0 £ [HG%; .|

® GROUP OF AUTOMORPHISMS

2 N 6% [ d*zh(z)r ;{ e—% [ d®zh(z)r

WHERE T IS A NUMBER

¢ THE GENERATORS OF AUTOMORPHISMS

7 = [ &z | [qu, ™) (2)

THIS IS THE EXACT LQC WITH ALL THE LOCAL DEGREES OF FREEDOM
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CLOSING REMARKS

® WHAT IS WELL DEFINED

GR
> Hg ff inv

/i; [q"'b’pab] (m) € £ I:Hg?f inv]

UPON SUITABLE CHOICE OF ORDERING

e

h= —g(@)} [-CO7(2) +/CO"(2) - ¢*¥(2) O () CFR (a)

=

BECOMES

R=—\/2V/4@) ICR()|

WHAT AGREES ROVELLI - SMOLIN (1994)
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