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I GSI'17, Paris, 7th-9th November

| Keynote speakers:

» Jean-Michel Bismut
» Daniel Bennequin
> Alain Trouvé

2 Barbara Tumpach
» Mark Girolami

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

I— part or disclosed to a third party without the prior written consent of Thales - © Thales 2015 All rights reserved.

S z ‘¢ : i
e e P ‘M,,e. B X THALES (0t ms A

OPEN

IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW - 16th May 2017 - F. Barbaresco o ¥ '] m
&) Springer WSS € !

N




This presentation is a synthesis of 4 avant-gardistes works on
Geometric structures of Information (including thermodynamics)

- ©Thales 2015 All rights reserved.

Mavurice Fréchet

Jean-Louis Koszul Jean-Marie Souriau

Fundation of Hessian Structures Fundation of Quantum Fundation of Structures of Lie Group Fundation of Structures for probability
Of Information Geometry Information Geomeiry Thermodynamics and Statistical extension in metric spaces and
(Koszul-Vinberg Characteristic Structures Geometric Mechanics (geometric Fréchet Bound (Clairaut-Legendre
function, Koszul 2-form) (Fisher-Balian Quantum Metric) temperature and entropy, Fisher-Souriau equation of Infformation Geometry)
metric)

« J'étudie! Je ne suis que le sujet du verbe étudier. Penser je n'ose. Avant

de penser, il faut étudier » - Gaston Bachelard, la flamme d’une chandelle
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I Projective Legendre Duality and Koszul Characteristic Function

\\

e | INFORMATION GEOMETRY METRI(T

y — -

l g =d*¥ =d°S g=—-d?’log® =d*¥

B\ —
!

!

’ -

any way, in whole orin

© Thales 2015 All rights reserve

LEGENDRE TRANSFORM FOURIER/LAPLACE TRANSFORM
W) = (XN —w()  P)=—log ®(x) =—log [e"*"dy
4 | 9%

= j p. (&) log p, (£)dE

>
{
g ‘h
o X" = [&£.p(H)de
2 X
- *x

Q
| 6 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 - F. Barbaresco ()

pcm or d \o



I Jean-Marie Souriau

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin
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| Graduated from ENS ULM (Ecole Normale Supérieure Paris), with Elie Cartan

| Algebre Multi-Linéaire: J.M. Sourlau Calcul Ilnealre P.U.F., Paris, 1964;

teacher in 1945

| Souriau PhD at ONERA: J.M. Souriau, “Sur la Stabilité des Avions” ONERA Publ., ONERA

62, vi+94, 1953 (proof that you can stabilize one aicraft with respect to all

positions of engine: Caravelle) P "

Algorithme de Le Verrier-So s aa(xd = A) koAt £ d T s hahik, — /nOme La S
grange a vu,
caractéristique) Q) = Adj(AT —A) =A""'By + A" 2By + -+ ABp_3+ Ba_y que n'a pas vu
ko=1 et Bo=I 1 Laplace,
A; = B;_1A, ki = —=ur(Ay), Bi= A+ kil c'était la
A SR A RS 1 AL structure

symplectique »

Infroduit de la géométrie Symplecﬁque en Mécanique (relecture de Lagrange'é HALES

'J.M. Souriau, Structure 'des systémes dynamiques, Dunod, Paris, 1970



I Fundamental Book of Jean-Marie Souriau

J-M. Scuria

Structure of
Dynamical Systems

A Symplectic View of Physics

Doty C M Crnnundn W
B Cudnan

G M Tuyenss
L )

Birkhduser

DEFFATEMENT M8FREN T
Diorige e b Fepfeswws . CCLU YL

STRUCTURE

DES
SYSTEMES
DYNAMIQUES
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http://www.imsouriau.com/structure des systemes dynamiques.htm

http://www.springer.com/us/book/9780817636951

IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS -

6th May 2017 - F. Barbaresco

Infroduction of Symplectic
Geometry in Mechanics

Invention of Moment(um)
application

Geometrization of Noether
theorem

Baycentric Decomposition
Theorem

Total mass of an isolated dynamic
system is the class of cohomology
of the equivariance default of
momentum application.

Lie Group Thermodynamics
(Chapitre 1V)
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I Main references for « Lie Group Thermodynamics »

Colloques Internationaux CN.R.S.

| T- H —
If Servie :{} L E_‘ 5 I"'h‘ SYSTEMS [ N® 237 — Géoméwic symplectique et physique mathématique
ALY _ -OCumentation |
SUFFLEMENTO AL NUOVO cnmn:‘o ‘ 1 4 0cT. 201 || [ ¥. 1, 1968
VOLUME IV L 3 | J
| D — |
g_-__\_/ MECANIQUE STATISTIQUE,
GROUPES DE LIE ET COSMOLOGIE
Définition covariante des équilibres thermodynamiques. Jean-Marie SOURIAU (1)
J.-M. SOURIAT
Faoulté des Sciences - Marseille
(ricavuto il § Novembre 1965)
Contents. — 1. Un probléme varistionnel. — 2. Mécanique statistique Premic ti
classique. — 8. Equilibres permis par un groupe de Lie. — 4. Exemples, — FEMKTe parie
5. Localisation de la température vectorielle. FORMULATION SYMPLECTIQUE DE LA MECANIQUE STATISTIQUE
52
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Gibbs Equilibrium is not covariant with respect to Dynamic Groups of

Physics

..‘mmlquz STATISTIQUE COVARIANTE

Le groupe des translations dans le temps (7.9) est un sous-groupe du
groupe de Galilée ; mais ce n'est pas un sous-groupe invariant, ainsi que le

All rights reserved.

montre un calcul trivial. Si un systéme dynamique est conservatif dans un3

repére d'inertie, il en résulte qu’il peut ne plus étre conservatif dans un autre o

La formulation (17.24) du principe de Gibbs doit donc étre élargie, pou

devenir compatible avec la relativité galiléenne. i
Nous proposons donge Je principe suivant :

7. du groupe de Galilée, les équilibres naturels du systéme constituent 'en

: Si un systéme dynamique est invariant par un sous-groupe de Lie
)
semble de Gibbs du groupe dynamique G’

- g ; on sait que @ algebre ae
celle de @, notée @ ; un équilibre du systéme sera caractérisé par -un élé o
ment Z de @’. donc de ¥ ; on pourra écrire )

FICONEN S | &
(17.78) 4 Z=| 0 0 &
0 0 0 ;

en utilisant les notations (13.4) ; Z parcourt I’ensemble Q défini en (16.219) ;
a chaque valeur de J est associé un élément M du dual 9% de 9’, valeur
moyenne du moment u ; on peut appliquer les formules (16.219), (16.220
qui. généralisent les relations thermodynamiques (17.26), (17.27), (17.28). 7
(17.79)  On voit que c'est Z (17.78) qui généralise la « température »; le théoréme! q’]
d’isothermic (17.32) s’étend immédiatement : 1'équilibre d’un systéme b
composé de plusicurs parties sans mteracuona s'obtient en attribuant 5:{
chaque composante un équilibre correspondant a'la méme valeur de Z 3
I’entropie s, le potentiel de Planck z et le moment moyen M sont additifs. W
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Trompette de Souriau

Lorsque le fait qu’on rencontre est en
opposition avec une théorie régnante, il
faut accepter le fait et abandonner la
théorie, alors méme que celle-ci,

soutenue par de grands noms, est
généralement adoptée
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I Example of Gallileo Group

X'=R.X+Ut+w
t'=t+e

ny way, in whole orin

X, and we R®,eeR"
R e SO(3)
| Matrix Form of Gallileo Group

- ©Thales 2015 All rights reserved.

nt of Thales
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1

arty without the prior written ¢

Galilean group is one-dimensional.

| Lie Algebra of Gallileo Group

This document may not be reproduced, modified, adapte d p ublished, translated, in a

part o d closed to a third p
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| The Galileo group of an observer is the group of affine maps

1

.
t

| Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59,
1954, pp 1-46) has proven that the symplec:hc: cohomology space of the

77 and ¥ e R®, g e R"
@weso(3):X—> aoxX
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I Souriau Model of Lie Group Thermodynamics

TEMPERATURE ‘ HEAT
ﬁ In Lie Algebra In Dual Lie Algebra
éﬁ Gibbs canonical Q* q
é% ensemble
Ad, (B) Ad; (Q)+6(a)
S~ A,
FISHER METRIC
 0,(p2)pz)-6,@lnz)=0 {0)=15.0)-o(5)
£ o 2 ~(BU(&))
gy 0108 fe R ENTROPY IS INVARIANT
() = I(Ad (ﬂ)) oo _ M (Could be is defintion)
£ op’ op’ R
]2 IMPAN — SEMINARIUM GEOMETRICAL MET! --LQG F* CHARAC-TI§-I¢-FUNCTION ENTROPY = U Al L E S



I Lie Group Action on Symplectic Manifold
G

-
-
-
-

Q|
( 0(9)/
Q  Q =Q(Ad,(8))=Ad:(Q)+6(g)
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High Order Temperature Model by R.S. Ingarden

N

| Ingarden Model compliant with Souriau Model

>

We have seen that Souriau has replaced classical Maximum Entropy approach by replacing Lagrange paramets
only one geometric “temperature vector” as element of Lie algebra. In parallel, R.S. Ingarden has introduced [232, 233]
second and higher order temperature of the Gibbs state that could be extended to Souriau theory of Thermodynamics.
Ingarden higher order temperatures could be defined in the case when no variational is considered, but when a
probability distribution depending on more than one parameter. R.S. Ingarden has observed that can fail if the following
assumptions are not fulfilled: the number of components of the sum goes to infinity and the components of the sum are
stochastically independent. Gibbs hypothesis can also fail if stochastic inferactions with the environment are not
sufficiently weak. In all these cases, we never observe absolute thermal equilibrium of Gibbs type but only flows or
turbulence. Nonequilibrium thermodynamics could be indirectly addressed by means of the concept of high order
temperatures.

| Ingarden references

>

>

Ingarden R.S., Geometry of Thermodynamics, H.D. Doebner and J.D. Hennig (eds), Differential Geometric Methods in
Theoretical Physics, pp.455-465, XV DGM Conference, Clausthal, 1986

Ingarden R.S., Gorniewicz L., Shape as an information-thermodynamical concept, and the pattern recognition problem, Math .
Nach. 145, 97-109, 1990

Ingarden, R.S. & Nakagomi T. The Second Order Extension of the Giblbs State, Open Systems & Information Dynamics, vol.1, n°2,
pP.243-258, 1992

Ingarden R.., Towards mesoscopic thermodynamics: Small systems in higher-order states, Open Systems & Information Dynamics
archive, Volume 1 Issue 2, June 1992, Pages 309-309

Ingarden, R.S. & Meller J. Temperature in Linguistics as a Model of Thermodynamics, Open Systems &-Lr‘ol'ﬂin‘?\DﬂoES
()
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I High Order Temperature Model by R.S. Ingarden

n

> (BUN©)

o(ppy S0 GT o

:z | High order thermodynamics

» High order moments:

Q = n
Opy (Bt (5)
J‘e k=1
M n
—Z(ﬂk u ()
» High order characteristic function: ®(4,,..., #,) =—log Ie do
. o0S(Q,,..., 0
» High order temperatures and capacities: f, = (Ql Q) K, =— Q
oQ, P,
n
> Entropy: 8(Qu.1Qu) = 2(B Q) = @By Br)
) 0 -3V ©)
(B UK (E))-D(Br ) e
> High order Gibbs density: Pgipps (&) = € = a )
j g 0]
IL5 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW - 16th May 2017 - F. Barbaresco M T H A L E S
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Défizition, théordme: . . . .
. Suit"- E un espece vectoriel de dimensien fiuie,)LL upe mesure

Alors 1a fonction déiinie par . -
“G)l-b Eeng }« (1) au

gour tout G:E tel que 1'intdsrele.soit comverseats

~de - ]}«'- 3 son ansemble e difinilion est un convexe de E.
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BITROFIE SR .
Entropy Definition by Souriau
Lemae : .
Seit . X un espace localément cepact; soit ;\ une mesure positive da X
ayent X comme support. :

Alors la fonction d) H

Théerbues:

positive non

est convexe.

Wapris

rb'uif- E un espine vestoriel de divensian Linie ,}l une mesure pas 1

®) = Log fx ) () e

[ ¥ he{(%) tel que l’inlégrale‘

Alors ¢ i

couverge

(17.141), 1'intigrale est strictement positive lorsqu'elle eatl .con~

vergente, ¢2 qui osuve llexistcnce de son logorithume. L'épigraphe de t*g (16.48)

“i.est 1'en

semble des (: tels que hixl-r Alx) chee _g 13 le convexitd

nulle du dunl E°

, # su transformée de Lap)‘uca (17.17%).

1o, & est une fobctiun gonvexe seii-cuntipues H @) > o VOedat (v )
2°) T = Log -o P est convexe et semi-centinue 3 .
i int intérieur de del(F). Alers : .
‘T.1?S) 3°) Soit & un peint intérieur de . . .
o) D) B 05 : . :

de 1'exponentielle montre que cet épigraphe est convexc.

C.p.F.0.

Nous nllons définir -~ sous le nom de niégentronie =

dre formelie de cotte fonetion Q“,) H

une transformée de Lepen=

Dérinition (snite de ( 17.190)) ' N

Nous appellerons loi de Boltzmann (relative i } } toute mesare ;’l de X

telle que 1'- " ensemble de réels

) - D) k Gde£5¢' )

i . b r-l“i_nté,b;rub]e
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I Generalization: diffeology for groups of diffeomorphisms

GEOMETRIE DES ORBITES COADJOINTES DES GROUPES DE
DIFFEOMORPHISMES

Paul Donato

On kait l'importance des structures symplectiques dans la description des systdmes
dynamiques. On trouve sur les orbites coadjointes d'un groupes de Lie G une structure
. symplectique & partir de laquelle on peut déterminer toutes les orbites symplectiques de

G . Cette structure est utilisée pour la construction de représentations irréductibles des
" groupes de Lie, et partant, pour la quantification des systémes. Que subsiste-il de cette
| géométrie pour les orbites coadjointes de groupes de difféomorphismes d'une variété?
J.-M. Souriau a montré que toute variété symplectique (X,0) préquantifiable (i.e. base
" d'un fibré principal en cercles 1:Y—X , ot Y est muni d'une 1-forme de contact o telle
que dw = 7*0 ) est une orbite coadjointe d'un groupe de difféSomorphismes.

moc"™ -~

without the

duced

[8] Souriau J.-M. - Structures des systémes dynamiques - Dunod, Paris (1970) .

[9] Souriau J.-M. - Groupes différentiels - Lect. Notes in Math, 836 p.81,Springer (1981)
[10] Souriau J.-M.- Un algorithme générateur de structures quantiques - Actes du
colloque Henri Cartan Lyon, (1984)

Proposition 5.2 (Souriau [10]) La forme @ passe au quotient G/ZX en une I-forme @,
invariante par l'action naturelle de G sur son quotient. De plus dw, est l'image
réciproque de o par la projection G/E—G/8 . Il existe une application yv:G/Z =g%
vérifiant :

(i) wy(aX)=[(g—gaZFap=r@w

() w(aZ)=y(bX) = aS=bS
v passe @ G/S en une application injective appelée application moment (notée y par
abus).

On a le schéma de préquantification :

cm:)

Q
/

|
G ¥
\ %‘" Is
as ¥ .Y
Orbiw)

¥ Dans le cas d'une orbite coadjointe préquantifiable d'un groupe de dimension finie
l'injectivité du moment est équivalente & la régularité de o, aussi, dans le cas général, la
survivance de l'injectivité peut &tre considérée comme celle de la régularité de la 2-forme

fermée.

o

This documer

part or disc
—_—
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Moralité: la structure symplectique des orbites coadjointes des groupes de Lie de dimen-
sion finie trouve une généralisation aux orbites préquantifiables des groupes de
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I Geometric Theory of Heat

Clausius: Mechanical Poisson: Mathematical
Theory of Heat Theory of Heat

Fourier: Analytical Theory
of Heat

adapted, published, translated, in any way, in whole orin

jor written consent of Thales - © Thales 2015 All rights reserved.

THEORIE MECANIQUE

LA CHALEUR

H. CLAUSIUS

PARES

| Gaston Bachelard Book

THEORIE

MATHERATION

DE LA CHALEUR:

PARIS,
PACHELIER, THMFRINEUR - LEBRAIRY
" LR WATHEMAY A, A P

=

> Etude sur I’évolution d'un probléme de physique: La
propagation thermique dans les solides; Vrin - Bibliotheque des
Textes Philosophiques, 1973

> Evolution of ideas : Biot, Fourier, Poisson, Lamé, Boussinesq
> http://www.vrin.fr/book.php2code=9782711600434&search bac

TEXTES rniILOSCry

This document may not be reproduced, modified
part or disclosed to a third party without the pri

k=bachelard&editor back=10
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GASTON BACHELARD

ETUDE SUR LEVOLUTION
D'UN PROBLEME DE PHYSIQUE

LA PROPAGATION THERMIOUT
DANS LES SOLIDES
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I Reference Book: Libermann & Marle

| Symplectic Geometry and Analytical
Mechanics

» Pauleftte Libermann & Charles-Michel
Marle

| https://www.agnesscott.edu/Iriddle/WOMEN
/abstracts/libermann abstract.him

blished, transl

., pu

Paulette Libermann, Legendre foliations on
contact manifolds, Differential Geometry and
Its Applications, n°1, pp.57-76, 1991
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See also:

> Marle, C.-M. From Tools in Symplectic and Poisson
Geometry to J.-M. Souriau’s Theories of Statistical
Mechanics and Thermodynamics. Entropy 2016,
18, 370.

> hitp://www.mdpi.com/1099-4300/18/10/370
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I Galilean Mechanics and Thermodynamics of Continua

ed

: || Book of Géry de Saxcé and Claude Vallée

MECHANICAL ENGINEERING AND SOLID MECHANICS SERIES

Galilean Mechanics and Thermodynamics of Continua
: : hich AL Gery de Saxce, Claude Vallee
2 C : ISBN: 978-1-84821-642-6
446 pages
February 2016, Wiley-ISTE
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Affine representation of Lie Group and Lie Algebra
by Souriau and Koszul

Souriau Model of Affine Representation of Lie
Groups and Algebra

Koszul Model of Affine Representation of Lie
Groups and Algebra

A(g)(x) =R(g)(x) +0(g)withgec G,x € E
R:G—=GL(E)and #: G = E

Aff(s):avwrs sa=f(s)a+ q(s)

Vse G,VaeE
f: G — GL(E)
s+ f(s)a =sa—so
q:G—E
s—q(s) =s0 ¥seG

Ya e E

8(gh) = R(g)(0(h)) +0(g) withg,h € G
#: G — E is a one-cocycle of G with values in E,

q(st) = £(s)q(t) + q(s)

a(X)(x)=r(X)(x)+O(X)withX €g,x € E
The linear map © : @ — E is a one-cocycle of G with
valuesin E: O(X) =T (X(e)), X €

v f(X)v+4g(Y)
f and g the differential of f and q respectively

O ([X,Y]) = r(X) (O(Y)) —r(Y) (O(X))

q([X,Y]) = f(X)q(Y) = f(¥Y)q(X) ¥X,Y € g
withf:g— gl(E)andg: g~ E

none af f(X) = { f(\é() q(:)
none Aff(s) = [ f[i:) qgf) ] E S




Link between Jean-Louis Koszul and Jean-Marie Souvuriau:
Small Green Book

z]] Jean-Lovuis Koszul Lecture in China 1986

9]
z
o
A

O

0]

> “Introduction a la géométrie symplectique”, in Chinese

ny way, in whol

i R E L

» Chuan Yu Ma has written

- This beautiful, modern book should not be absent from any
institutional library. .... During the past eighteen years there
has been considerable growth in the research on
symplectic geometry. Recent research in this field has been
extensive and varied. This work has coincided with
developments in the field of analytic mechanics. Many new
ideas have also been derived with the help of a great
variety of notions from modern algebra, differential
geometry, Lie groups, functional analysis, differentiable
manifolds and representation theory. [Koszul's book]
emphasizes the differential-geometric and topological
properties of symplectic manifolds. It gives a modern
treatment of the subject that is useful for beginners as well
as for experts.
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I Le chainon manquant entre Jean-Lovuis Koszul et Jean-Marie Souriau:
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172. ®%B. & (M, o) B—&i@fY Hamilton G-,
u: M —>g*

B (M, o) —A5E5, 0

() MERP s€ G,
@u(s) = u(sx) — Ad*(s)u(x)
B o* SRKMT A s € M B— K.

(i) HEBK s,2€¢ G H

Pulst) = @u(s) + Ad*()pu(1),
(i) MEMB o, g A
ca(a, &) == {dpu(a), &),

cn BISESCIR §16,
#it. MG X g* F ¢* RS

| On refrouve dans le livre de Koszul, les équations de Souriau:

[25]
126}

r27]
[28]

[29]

[30]
[31]

| (55 E) > sF = Ad*(s)E + @u(s), s€ G, E€0*,
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Phyuea, 1. D, 339—374 1980.

E. B. Vinberg, The theory of convex homogenoous cones, Moscow
Math. Sac., 12, 1963.

N. R. Wallach Symplectic geometry and Fourier analysis, Math. Sci.
Press, Brookline, Mass, 1977.

A. Weil, Variétés kaehleriennes, Hermann, Paris, 1958.

A. Weinstein, Symplectic manifolds and their Lagrangian submanifolds,
Adv. Math., 6, 329346, 1971.

———————, Lectures on symplectic manifolds, C. B. M. S. regional
conference series, 29, A. M. S. Rhode Island, 1977.

H. Weyl, Classical groups, Princeton University Press, 1946.
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Koszul-Vinberg Characteristic
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I Fisher Matrix and Fréchet(-Cramer-Rao) Bound

| In 1943, Maurice Fréchet published a seminal paper where he introduced first
:. lower bound for all estimator, given by the inverse of Fisher Matrix

>
¢]

2015 Al right

- > Fréchet M., Sur I'extension de certaines évaluations statistiques au cas de petits
<% échantillons. Revue de I'Institut International de Statistique 1943, vol. 11, n° 3/4, pp.

182-205. ) estimator of @, Fréchet bound :

R, = E[(@—éX@—éﬂ > 1(0)"

d

Th

nsent of Thales - ©

adapted, published, franslate

written co

D

prior \

6*logP(Z/0)
06,00,

1(0) Fisher Matrix : [1(0)] . :—E{ } with 6=

without the

» Fréchet informed us that the content of this paper is extracted from his IHP Lecture of
: Winter 1939 « Le contenu de ce mémoire a formé une partie de notre cours de
i*@ statistique mathématique a l'Institut Henri Poincaré pendant I'hiver 1939-1940 ».

ed to a third party \
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I Fisher Matrix, Fisher Metric and Information Geometry

: | Classically, Fisher Metric of Information Geometry is infroduced through
Kullback Divergence and 2" Taylor of ordre 2 expansion:

ny way, in whole ol

ds> =K[P(z/6),P(z /<9+d9)]Tay_Ior do"1(0)d6 = Zn:gijdeidej
ordre 2 i, J=1

K : Divergence de Kullback

K[P,Q]=[P(z /9)Iog(gg ; Z;jdz

| Even if we can infroduce Kullback divergence (combinatoricstools and
stirling formula), this apprach is not fully satisfactory. We prefer to
infroduce Information Geometry from « characteristic function »
(infroduved by Frangois Massieu in Thermodynalics and reused by Henri
Poincaré in probability) and its developements by Jean-Louis Koszul.

ntof Thales - © Thales 2015 All rights reserv:
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Information Geometry and Fisher Metric:
Koszul deflmhon by Koszul(-Vinberg) characateristique function

Information Geometry Metric

g —=d?¥ —=d?S  g—-—d?log® —d2¥

 ds?=d?ENTROPY
| Legendre Transform Laplace/Fourier Transform
W) = (x,xV—w(x)  F)=—log®(x) =—log [e"*"dy

:

|

P (£) =e 7/ [ de —e e |
J ,

_d¥() Y (X)-x" = [&.p (&)de e ]

x T X e THALES



I Seminal Work of Francgois Jacques Dominique Massieu

<3 | Before infroducing, Information Geometry with Koszul model, we have to explain the
history of « caracteristic function » that was initially infroduced in Thermodynamics by
(Corps des Mines Engineer ) Francgois Jacques Dominique Massieu. See:

n

» Roger Balian paper from French Academy of Sciences « Frangois Massieu et les potentiels
thermodynamiques » Ay

©Thales 2015 All rights reserved

http://www.academie-sciences.fr/pdf/hse/evol Balian2.pdf

» Annale de I'Ecole des Mines: http://www.annales.org/archives/x/massieu.html

1t PhD on « sur les intégrales algébriques (algebraic integrals) » :

» Pour gqu'ily ait une intégrale du premier degré dans le mouvement d'un point sur une surface, il
faut et il suffit que cette surface soit développable sur une surface de révolution

> Pour gu'ily ait une intégrale du second degré dans le mouvement d'un point sur une surface, |l
faut et il suffit que cette surface ait son élément linéaire réductible d la forme de Liouville

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole or
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Development of « Characteristic Function » Concept
by Corps des Mines: Massieu, Poincaré, Levy & Balian

| 1869: Frangois Massieu S — ¢_£_ 0¢ =¢— U (Tr.Legendre)
¥ » Introduction of Characteristic Function in T o %
Thermodynamics S :Entropy, ¢ :Characteristic Function

i > Use of Massieu Idea by Gibbs and Duhem to

define Thermodynamics Potentials « Je montre, dans ce memoire, que toutes les

proprietés d'un corps peuvent se deduire

| 1908-1912: Henri Poincaré (+ Paul Levy) d’une fonction unique, que j'appelle la
fonction caractéristique de ce corps »

Poincaré infroduces Characteristic Functionin  F. Massieu
his 1908 Lecture on « Thermodynamics » ¢ =logy

Poincaré introduces Characteristic Function in his | . - - . -
1912 Lecture on « Probability » ¢ . characteristic function (from Massieu)

Paul Levy generalizes the Chracteristic function ¥ :characteristicfunction (from Poincaré)
in Probabilit 2 A Y
v s(D)=F(x)-(D,x)

%: | 1986: Roger Balian ) :
ian | - . F(X)z logTr exp(X)
2 Balian infroduces the Fisher Quantum Metric as

hessian of von Neumann Entropy — ds® = —d*S :Tr[d[Sd log [3] LES
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I Francois Massieu: Seminal Idea of Characteristic Function

.- || Main papers of Frangois Massieu
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> Massieu, F. Sur les Fonctions caractéristiques des divers fluides. Comptes Rendus
de I'Académie des Sciences 1869, 69, 858-862.

> Massieu, F. Addition au précédent Mémoire sur les Fonctions caractéristiques.
Comptes Rendus de I'Académie des Sciences 1869, 69, 1057-1061.

> Massieu, F. Exposé des principes fondamentaux de la théorie mécanique de la
chaleur (note destinée a servir d'infroduction au Mémoire de I'auteur sur les
fonctions caractéristiques des divers fluides et la théorie des vapeurs), 31 p., S.I. -
s.n., 1873

> Massieu, F. Thermodynamique: Mémoire sur les Fonctions Caractéristiques des
Divers Fluides et sur la Théorie des Vapeurs; Académie des Sciences: Paris,
France, 1876; p. 92.
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Francois Jacques Dominique Massieu : Initial paper on

« Characteristic Function » in Rennes
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| Paper of Frangois Massieu

MEMOIRES
PRESENTES PAR DIVERS SAVANTS
A I2PACADEMIE DES SCIENCES
DE L’INSTITUT NATIONAL DE FRANCE.

TOME XXII. — N° 2.

THERMODYNAMIQUE.

MEMOIRE

sun

LES FONCTIONS CARACTERISTIQUES DES DIVERS FLUIDES

ET SUR LA THEORIE DES VAPEURS,

PAR F. MASSIEU,

INGENIEUR DES MINES, PROFESSEUR A LA FACULTE DES SCIENCES DE HKEN\ES.
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S=¢——.
T o %
S : Entropy, ¢:Characteritic Function

MEMOIRES PRESENTES.

=¢— U (Tr.Legendre)

THERNMODY N AMMQUE, tdditeon au précédent Mcémaoire sur les fonctions

caractéristiques. Note de M. F. Massiee, presentée par M. Combes.

» Cette conclusion résultait & posteriors de la théorie méme; mais j'ai re-
connu quil était possible de 'établir de prime abord par un procédé qui
a 'avantage de conduire plus simplement & la connaissance de la fonction
caracténistique et de mootrer la liaison de cette fonction avec dautres
fonctions déja introduites dans la science, savoir : l'cotropie S et I'énergie
ou chaleur interne U, Je rappellerai dailleurs qu'une fois la fonction carac-
térstique d'un corps déterminde, la théore thermodynamique de ce corps

est Late,

=S — =

il saftit de connaitre -||n’||r\ sont

Or, pour avoir Set Il = par sunte o,

les quantites « lmentaires de chalear dOQ qu'il Gt fournir an corps suivant

un cycle nlllrlc-lllvluu v pour le Lare passer d'un état imtial & un éat déter-

miné, et en outre Naccroissement U de sa chaleur interne pour les dullé-

rents élements de ce cyvcle, ou de tout autre cycle, reliant le meme €tat o=

tial au méme “at inal
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I Bad advice of Prof. Joseph Louis Francgois Berirand to Prof. Massieu

n

.| Infollowing publictions, Frangois Massieu paper is £
reviewed by Joseph Louis Frangois Bertrand, who give =

him a bad advice to replave variable 1/T by the

variable T. If equations seem simpler, Structure

Joseph Louis

support by Legendre transform is broken. Francois Berirand

‘" Dans le mémoire dont un extrait est inséré aux Comptes rendus de U Académie
des sciences du 18 octobre 1869, ainsi que dans la Note additionnelle insérée le

- 'l P r - - - H ] l]
22 novembre suivant, javais adopté pour fonction caractéristique 55> ou S — =3

c’'est d'aprés les bons conseils de M. Bertrand que j'y ai substilué la fonction H.
dont 'emploi réalise quelques simplifications dans les formules.

| Characteristic Funcion of Massieu and its good |
parameterization were discovered again by Max |
Planck (1897) and developed by Herbert Callen %
(1960) and Roger Balian.

: " 1 A \
b 4
.’;. :
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Pierre Duhem (1861-1916):
Les équations générales de la thermodynamique

| Publications de Pierre Duhem:

» Duhem, P. Sur les équations générales de la thermodynamique. In Annales scientifiques de
I'Ecole Normale Supérieure; Volume 8, pp. 231-266.

» Duhem, P. Commentaire aux principes de la Thermodynamique—Premiére partie. J. Math.
Appl. 1892, 8, 269-330.

» Duhem, P. Commentaire aux principes de la Thermodynamique—Troisieme partie. J. Math.
Appl. 1894, 10, 207-286.

> Duhem, P. Les théories de la chaleur. Revue des deux Mondes 1895, 130, 851-8648.

f.n \  hitp://www.duhem2016.info/ UPm(:
(NP s

Poincaré 18Ri SORBONNE

Pierre Duhem (1861-1916) et ses contemporains
Institut Henri Poincaré, 14 Septembre 2016

©Thales 2015 All rights reserved.

Amphithéatre Hermite

organisée par Hervé Le Ferrand (Dijon) - Laurent Mazliak (Paris)
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I Pierre Duhem: General Equations if Thermodynamics

.« | Pierre Duhem and Thermodynamics Potentials Q=G(E-TS)+W

» Duhem P., « Sur les équations générales de la Thermodynamique », Annales
Scientifiques de 'Ecole Normale Supérieure, 3e série, tome VIII, p. 231, 1891

ny way, in whole or i

- “Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une
Science qui embrasse dans des principes communs tous les changements d’état des
corps, aussi bien les changements de lieu que les changements de qualités physiques*®

- « We have done of Dynamics a patrticular case of Thermodynamics, a Science that
could merge in common principles all bodies changes of states, all changes of places as
all changes of physical qualities. »

EQUATIONS GENERALES DE LA THERMODYNAMIQUE,

© Thales 2015 All rights reserv

ntof Thales -
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Par P. DUHEM,

CHARGE D'UN COURS COMPLEMENTAIRE A LA FACULTE DES SCIENGES DE LILLE.
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Pierre Duhem: General Equations of Thermodynamics

EQUATIONS GENERALES DE LA THERMODYNAMIQUE,

Paw P. DUHEM,
CHALGE D'UN COURS COMPLEMENTAIRE A LA FACULTE DES SCIEXGES DE LILLE.

Au premier rang, il convient de citer M. F. Massieu (*); il a obtenu
un résultat capital, i savoir que toutes les équations de la Thermody-
namique peuvent étre éerites au moyen d’une seule fonction caracte-
ristigue ¢t deses dérivées partielles, cette fonction changeant d'ailleurs
avec les variables indépendantes adoptées.

M. Gibbs (*), dans le Travail célebre ot il a démontré que les fonc-
tons caracteéristiques de M. Massieu pouvaient jouer le role de poten-
tiels dans la détermination des états d’équilibre du systeme, a fourni

également de profondes idées sur les équations de la Thermodyna-
mique prises sous la forme la plus générale.

M. H. von Helmholtz (') a développé de son coté des idées analo-
aues.

Enfin, M. Arthur von Oettingen (*) a donné un exposé de la Ther-
modynamique d'une remarquable généralité; il a cherché, dans cet
exposé, i mettre nettement en évidence le caractere dualistique que
présente le développement de la Thermodynamique, caractere déji
marqué par M. Massieu.

(4) R, Crauswes, Sur diverses _ﬁyruwx des t"qlmlm./rjbudmncnlah.-.v de lee Thermody no-
mique, qui sont conmmadas dons UCapplication ( Théorie micanique de la chateur. Trud,
Folio, Mémoire IN).

(%) F. Nassigu, Sur les fonetions caracteristiques (Comptes rendus, | LXIX, p. 834 ot
10975 1804 ). — Mcmovire sur lex fonctions caractératiques des divers fluides of sur b
theorie des vapeurs (Suvants dlrangers, L XXI; 1876),

(%) 1. WiLtann Giong, On the equidibrium of heterogencous subistances | Transactinus of
the Connecticut dcaderny, . W ; 1875-18506).

(1) I vox Huswnowrz, Zur Thermodynamik chemischer I'urgiin;_,-t.' (Sitzungsber. der
Berl. Alademie, A, 1, p- 235 1882,

(%) Anvuvn vox OcrrixeeN, Die thermodynamischen Besichungen, antuhetiseh ent-
wickelt (Memnires de ' deadémie de Saint-Petershmrg, 1. XXII; 1885),

Duhem developed a general
theory and extend the concept
of « calorific capacity »
(Souriau will gibe a geometrical
status to this calorific capacity).
Duhem and Souriau theories are
compliant
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Pierre Duhem: General Equations of Thermodunamics

> P. DUHEM. Commentaire aux principes de la Thermodynamique (Troisieme Partie).

53 Journal de mathématiques pures et appliquées 4e série, tome 10 (1894), p. 207-286.
b Le potentiel thermodynamique interne. — Soient R _A (R F(s o8 L
3o ¢ dx  E =F(3) 5’ A=
(Cg(g U(m'.l ﬁj l"jlj &) el; 5(“, ﬁ! ..-11,3) R 5@ — B’ H F ds d'F
32 P= 98 T E p=F(3) 5 B=%
© Dénergic interne et Pentropie d'un systéme. | {7 LL mp (e 3 JEETTI ’
=8 - U . ' ' 1
g2 Posons - Ri=5% ~ 3 _ ds __ 03
%E - ai E RI‘MF(&)(}:&‘ L‘_ﬁ’
a8 : U o
c () @B A D=E[U@B, N ) - F(E)S@ B M) | C=F —¢ | C=F(9)%. S T
32 ‘iscn\m. RESTRICTION, — Imagmons qu'a partir d’un certain éat i 9 i
S _ F(z 03
%j% (%, 8y ..., A, 7) du systéme, on lui impose une modification virtuelle ES = dr(s) ("3 — ﬁ) EU=7+ %@?) (@' - 3?)
e = ™ bt s 3 ds
é % Gy 53’ ceey GA, O3 [ R ¥(%) (08 a3 1° L'expression du potenticl thermodynamique interne de sys-
90 =t [ - — |y eme;
33 les aclions des corps extéricurs qui le maintiendraient en équilibre | T @ dr 0z "‘) 20 Leapression
] en I'état (2, B, ..., %, $) eflectuent un travail virtuel . ‘ 8 =srlerboenshs)
8o . Q_B, — _‘P_f)' de la quantité @ relative au systéme en équilibre,
o Afx + BES + ... + Lok +- 085, d  Jx On peut déterminer ;
zo 1° L’dnergie inlerne el Uentropie du systdme dans un étal quel-
-3 = S L O congue;
£ g A ""f “'(m" ’3‘ " )" R,= 9x Lit’ """"""""" ,j """ 0s ! ag Les conditions nécessaires et suffisantes de Udquilibre du sys-
EQ _ 8 'F téme;
é g B '_'fﬁ(u B’ R B "') Rg= %%1 - £|E o E_d).)’ 30 Les coefficients calorifigues du systéme en équilibre.
o T rrrrerereisrenienaeae, | U C'est la généralisation d’une proposition bien connue de M. Massieu.
e L= /(% By eer A ,~), k=5 - £ 3) (d6 _»F\ KNP0 oF
36 ) 0 :fs(ﬁ, §1 .y s).v\ETHODS\N PHYSICS - WAR L :-:%%J _%‘ Y — = aF (3] (Hﬁ — ?‘5)— FEF (@-— Fﬁ) T H l.\ L E S




Gibbs Diagrams sculpted by James Clerk Maxwell (1874)

THEORY OF HEAT, J. Clerk Maxwell

Thermal Lines om the Model.
Pro. ot

Thermodynamic Sarface.

/

7
v ix

7= -,
A Y S
/,/‘, IR 2
/ / /&, e = T
/.' // /' / P < >
7 ~
=, 5T / /- - N
L /T, T, N~ \l.',

Contrary to Gibbs' and

Maxwell's recommendation
the equation of state Is shown

here to provide a cognitive link to
Gibbs' diagram

understanding the graphical method
~ sculptured by
mes Clerk Maxwell
1874
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Henri Poincaré Re-Use for Thermodynamics and Probability

IMPAN —

COURS DE LA FACULTE DES SCIENCES DE PARIS

COURS DE PHYSIQUE MATHEMATIOUE

THERMODYNAMIQUE

H. POINCARE,

TR

wEBAGTION W

J. BLONDIN,

[ —

DEUXIEME EDITION, REVUE ET CORRIGER

&

PARIS,

GAUTHIER-VILLARS, IMPRIMEUR-LIENATRE
DU BLRELU DES LONGITUBES, BE L OLYTRCHNIQUE,
Quni s Granda - Augustin, 55

COURS DR LA FACULTR DES SCIENGES Bl FANIS

\ CALCUL
\ -

AROBABILITES

. POINCARE

ARSAW — 16th May 2017 - F. Barbaresco

425. Fonctions :caractéristiqunes de M. Massieu. — Le
théoréme de.Clausius nous a conduit & 'introduction d’une
nouvelle fonction de 1'état d'un systéme : son entropie S.

8i donc nous premons comme variables indépendantes
définissant I’état du systéme la pression p et le volume spé-
cifique v, nous aurons 4 considérer, dans les applications,
trois fonctions de ces variables : la température T, 'énergie
interne U et I’entropie S.

M. Massieu a montré que, si ’on fait choix pour variables
indépendantes de ¢ et de T ou de p et de T, il existe une
fonction, d’ailleurs inconnue, de laquelle les trois fonctions
des variables, p, U et 8 dans le premier cas, v, U et S dans
le second, peuvent se déduire facilement. M. Massieu a
donné & cette fonction, dont la forme dépend du choix des

variables, le nom de|fonction caractéristique. |

Puisque des fonctions de M. Massieu on peut déduire les
autres fonctions des variables, toutes les équations de la
Thermodynamigue pourront s’écrire de maniére a ne plus
renfermer que ces fonctions et leurs dérivées; il en résul-
tera donc, dans certains cas, une grande simplification. Nous
verrons bientdl une application importante de ces fone-
tions.

THALES



Henri Poincaré Introduction of Characteristic Function in Probability

I Characteristic Function in Probability

» Henri Poincaré infroduced « characteristic function y i
probability in his Lecture of1912 (inspired by Massieu;
both related by logarithm)

©Thales 2015 All rights reserved.

> Itis infroduced with Laplace Transform

» Characteristic function of a real random variable
defines completly its density of probability .

» Moments of the random variable could be deduced
from successive derivatives at zero of the caracteristic
function.

» The 2nd characteristic function is given by the
logarithm,: generating function of cumulants.

» Cumulants have been infroduced in 1889 by danish
astronome, mathematician and actuaire Thorvald
Nicolai Thiele (1838 - 19210). Thiele called them half-
invariants (demi-invariants).

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin
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Fonctions caractdristiques. Jappelle fonction caracté-

ristéique f () la valeur probable de ¢**; on aura done

flx) =X por,

si la quantité w varie d'une maniére discontinue et peut

prendre sealement un nombre (Ini de valeurs, ot

J(=x) .J‘?(:r\r"*:l.c,

st @ varie d'une manidére continue el si ¢ (v) représente la

loi de probabilité, I est elair que

ot
f(ar),--nw——:{]«(.r)»f ;‘l—:l;l“‘)rk (2®) 4+o.eq

1.a.3
(xr) désignant la valeur probable de wf. On voit que
J(o)=1.

La fonction caractéristique sufflict pour définir la loi de
probabilité. On a en effet par la formule de Fourier

- -

f(('a()"— / () ofax dx,

ang(x) = / Jlix)e="** dua.

Si denx quantités = et v sont {adépendantes ev si f(x),
Sy () sont les fonclions caractéristiques correspondantes,
la fonction relative & @ 4 y sera le produit /' (=) /, (=). En
effet, comme nous I'nvons vu au paragraphe 130, la valeur

probable du produit e* =% sera le produit des valeurs pro-

bables de e** gL %>,
THALES



I Quantum Information Geomeiry of Roger Balian (1/3)

N | TrILD éJ mean values through two dual spaces of observables D and
of the stdtes )

ny way, in whole ol

| S = _Tr{D Iog( D)] Entropy in space of states

. | Entropy S cold be written as a scalar product S = é D.lo (D
where log( D) is an element of space of observableés, allowm
physical geometrical structure in these spaces.

ntof Thales - © Tha \ 20 5 All rights reserv

- | The 2 differential d*S is a non- negative quadratic form of coordinates
of D induced by the concavity of the Von Neumann Entropy S .
Roger Balian has infroduced distance dS btween state D and its

neiborhood D+dD :  (4s2 — _(28 —Tr\_dD d log D]

| Where the Riemannian metric tensor is — S(D) as function of a set of

independant coordinates of D
IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 - F. Barbaresco o T H A L E S
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I Quantum Information Geomeiry of Roger Balian (2/3)

.|| tis possible tq infroduce the logarithm of a quantum characteristic

function F(X) : . .
F(X)=logTrexp X

n any way, in whole orin

| Von Neumann Entropy S appears as Legendre transorm of F(X)

S(D) = F(X)-(D,X)

ntof Thales - © Thales 2015 All rights reserve

I with S(D)=-TrDlog D = <I5 log I5>

| Where X and D are conjugate variable of the Legendre fyansform,
making appear the algebraic/geometric duality between D and Iog D.

rty without the prior writte

| F (X) characterizes canonical Thermodynamical equilibrium states with

= ,B.H and where hamiltonianis H

This document may not be reproduced, modified, ada pT d p ublished, franslated, i

part or disclosed to a third pa
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I Quantum Information Geomeitry of Roger Balian (3/3)

- dF =TrDdX with Maximum Entropy Gibbs Density: exp X

D= -
Trexp X

any way, in whole

Tha \ s 2015 All rights rese

- | dF are partial derivative of F (X) with respect to coordinates of X . D
Is hermitian, normalised and positifve and can be interpreted as a density
matrix .

nt of Thales

| Legendre Transform appears with the following developmeni

S(D)——TrDIogD——Tr( ( IogTrepr)) —TrDX +Tr( )IogTrepr
Tr(D) 1= 5(B) = F(X)-(B,X)

| Roger Balian has defined the duql Riemanian metric from F ds® =d°F

in conjugate space X: ds? = —dS2 = TrdDdX = d2E
2] Normalisation of D implies TrdD =0 and Trd’D=0 THALES

reproduced, modified, adapted, published, Trcm\ T d
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Fundamental strcture of Roger Balian
Quantum Information Geometry

served.

Legendre Transform

ny way, in whole orin

3(6)=F(>2)—<f>,>2>

Characteristic Function

Von Neumann Entropy

ent of Thales - © Thales 2015 All rights re

modified, adap published, translated, in a

S =—Tr|Dlog(D)|—— F(X)=logTrexp X
R exp X Balian Metric of Quantum Information
D = T 7 Geometry (1986)
& re A A
: » ds? = —d?S =Tr|dD.d log D
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I Basic Tool: Duality and Legendre Transform

| Legendre Transform plays a central role related to duality & convexity

» Dual Potential Functions (entropy and characteristic function)

ny way, in who \

» Systems of dual coordinates

- ©Thales 2015 All rights re

| Roots of Legendre Transform

nt of Thales

» Legendre Transform and Plucker Geometry

» Adrien-Marie Legendre and Gaspard Monge solve Minimal surface problem by
use of Legendre Transform

» Chasles and Darboux interpreted Legendre Transform as reciprocal polar with
respect to a paraboloid (re-use by Hadamard and Fréchet in calculus of
variations)

reproduced, modified, adapted, published, translated, in a
arty without the prior written conse

» Alexis Clairaut introduced previoulsy Clairaut Equation

» Maurice Fréchet infroduced Clairaut equation associated to « dstinguished
densities » (densities with parameters ochlevmg the Fréchet-Cramer-Rao Bound)

| 4 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW - 16th May 2017 - F. Barbaresco I I I A L E S
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I Legendre Transform interpretation

3] Legendre Transform

n

» Legendre Transform transformes one
fonction defined by its value in one point ’
in a fonction defined by its tangent.

©Thales 2015 All rights reserved

» Used in thermodynamics and Lagrangian
Mechanics

+ O(X) Pente,
_do(x) _ d(x)-a"(x')
dx X T_Q

Legendre Transform is equivalent to Fourier Transform for
convex function (duality)
Brenier, Yann. Un algorithme rapide pour le calcul de transformées de
Legendre-Fenchel discretes, C. R. Acad. Sci. Paris Sér. | Math. 308
(1989), no. 20, 587-589.

Classical Geometry Plicker Geomeiry
(curve is given by a (curve is given bu the
continuum of points) ! envelop of its fangents )

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole or
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I Legendre Transform, 1787

<z || 1787, Adrien-Marie Legendre,
“Mémoire sur I'intégration de quelques
équations aux différences partielles”.

» Adrien-Marie Legendre has infroduced
Lgendre transform to solve a minimal
surface problem given by Monge
(Monge requested him to consolidate its
proof).

©Thales 2015 All rights reserved

» Legendre said “J’y suis parvenu
simplement par un changement de
variables qui peut étre utile dans d’autres
occasions’.

ument may not be reproduced, modified, adapted, published, translated, in any way, in whole orin

Legendre, A.M. Mémoire Sur L'intégration de Quelques
Equations aux Différences Partielles; Mémoires de I'’Académie
des Sciences: Paris, France, 1787; pp. 309-351.
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DPES SCIENGCES. 3090
M E M O I R E
SJUR

L' INTEGRATION DE QUELQUES EQUA TIONS
AUX DIFFERENCES PARTIELLES.

Par M. L GENDR BE.

(L)
De I'Egquation de la moindre Surface.

N fait, d'aprés M. de la Grange, que la furface fa
moindre entre des limites données, a pour équation
différentielle 2
dd ddg

' e ‘
(r = &%) hf —2p7 Tri -4 (1 ——p*) -—;)’—‘ — o,
en failant, pour abréger, -:—f ==p, :7‘ = ¢. M. Monge-

a tenté d'intégrer cette équation dans les Mémoires de I"Aca-
démie de 1784 ; mais l'intégrale qu’il a donnée (page r429)
n’étant pas 2 I'abri de toute objeélion, attendu que les fignes

Lotique la valeut de o {era ¢onnue, il eft clair quion . |
aura celles de x, y, g, exprimées en p & g, favoir,
. U o e da

e r— ——— i
ST

z=_}’-‘l'-—l—g;.'—u.
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I Reciprocal Polar with respect to a paraboloid

-] Legendre Transform & Reciprocal Polar

N

- > Darboux gave in his book one interpretation

- of Chasles : « Ce qui revient suivant une

i remarque de M. Chasles, a substituer a la

- surface sa polaire réciproque par rapport B B —————
un paraboloide » Pan M. E. Vession.

Gouns Dy COLLEGE DE FRANCE

2 |n the lecture « Lecons sur le calcul des
variations », J. Hadamard, followed by M.E.
Vessiot, used reciprocal polar of figurative,
and figuratrice.

LECONS

SUR LR

CALCUL DES VARIATIONS

FROrRSsie. AR
J. HADAMARD

PRNTESANU S AT EOLLANK BE FRAROR

> Note of Paul Belgodeére presented by Elie

be reproduced, modified, adapted, published, translated, in any way, in whole orin

rd party without the prior written consent of Thales -

Nesvwstiizn raun M. FRECHET J. quamard
7
1
Cartan « Extremale d’une surface » LN
Partons dabonl du peoalilime de Lagrnnge, ol posons cOnme La transformation Jde Leveadre. délinu P los ..lvhlliuus (200),
IJI-'1|.|-'I|:|J.--'|I {2e01) u-w:..lul-.: encore A (R ndde L P awre lt'!'ll'(‘lu'll-' de celtle
iR H /g ¥ i i 7] FEITRILIAY pac rapport aa pas ibaodovde
. i b R i 2B S S A i tSo
/ J
o voil bien ainst commnent., e la Govrative (qui st une courhbe.
|47 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 — F. Barbaresco b déduirons une surfuce, celle qui est "'l’_'"'-*"“""' par Pégua
o (2o2), Celle sarlace aui o=t encore dile la fiquealtrice -




I Clairaut Equation, 1734

©Thales 2015 All rights reserved

» Legendre transform

» Clairaut Equation
* * * ®* X*

()] (X ): X ’d—()

dx

» Singular solution: envelolp of straith lines solutions

*

dx” dx”

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin
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a0 (x)

=0=(x _(D,(dcb*(*x*)
dx

[

|

dx™?

(D*(x*): <x*, x> —~d(x) avec

-0

o) el | 00D of

z]] 1724, Alexis Claude Clairaut

dx

*

» Clairaut introduced before Legendre an equation
related to Legendre transform.

ot 4PX) _ -
dx

dx”

dd>*(x*)]d2<1>*(x*)

dx™?

*

=X =@

—

(

d(ID*!x* )

dx

*

J et &(x")=(C,x")+(C)

196 MEMOIRES DE LACADEMIE RovaLe

S O LUTION
DE PLUSIEURS PROBLEMES

Ou il s'agit de trouver des Courbes dont la propricié confifle
dany une certaine relation entre leurs branches,
exprimée par une Equation donnée.

Par M. CL.AIRAUT.

AnNs les Courbes dont on parle dans ce Mémoire,

il ne fuffit pas, comme dans la plipart des autres, de
confidérer un de leurs points quelconques, ou une partie
Infiniment petite de la Courbe pour L déterminer toute
enticre. Les propriétés de celles-ci demandent néceflaivement
qu'on prenne i la fois pluficurs points a des diftances finics
les uns des autres, & dans des branches différentes. *

Les Problemes que je vais donner, & ceux qui font de
ia méme efpece, feroient fort faciles, i, pour trouver les
Courbes qui ¢n font la folution, on fe contentoit de prendre
deux ou plufieurs branches de différentes Courbes, au licu
de trouver une feule Courbe qui les comprenne toutes.
Prenant une branche d'une Courbe quelconque, on en
trouveroit aifément d'autres par les méthodes ordinaires, qui
auroient avec cette premidre Ja relation demandde. Mais
pour faire enforte que les différentes branches apparticnnent
toutes 4 la méme Courbe, il faut néceffairement avoir recours
A d'autres méthodes qui adjodtent de plus grandes difficuliés
a ces Problemes.

Il n'y a eu julqu'ici, du moins que je fgache, que trés-
peu de Problemes de cette nature, on peut dire méme qu'if
n'y a d'expliqué que le fameux Probleme des Trajeéloires
réciproques, c&onl 'I\d." Bernoulli, Pembreton & Euler ont
donné des folutions dans fes Aétes de Leipfic, anndes 1 71 8,

THALES



I Mauvurice Fréchet et I'équation de Clairaut

ed

]| Travaux précurseurs de Maurice Fréchet

» En 1939, dans son cours de I'lHP, Maurice Fréchet introduit ce qui fut appelée
ensuite borne de Cramer-Rao

15 All rights rese

n(oa)?

©Thales 20

1 0f(X,0)
f(X,8) 08

(o7)? == avee T = H(X,,.... X,), A=

-

6 estimateur de @, borne de Fréchet : R, = E[(& — éXH = é)T } >1(9)*

el :_E[az log P(Z /0)}: E[alog P(2/6)dlogP(Z /9)}
g 06,00, 06 00,
> Dans son article de 1943, Maurice Fréchet s'intéresse aux “densités distinguées”,
densités qui atteignent cette borne. Il montre qu’elles dépendent d'une fonction
(logarithme de la fonction caractéristique) qui vérifie I'équation de Alexis Clairaut.
@*(x*)=<x*,—)dq;;gx* >—®[J—)dq)* X J ot x* = 9P

dx” dx

(55) u=0u—y)
c’est-a-dire une équation de Clairaut. La solution ¢’ = constante réduirait f(x, 6),
d’apres (48) a une fonction indépendante de 6, cas ol le probléme n’aurait plus

de sens. u est donc donné par la solution singuliére de (55), qui est unique et
s’obtient en éliminant s entre u = 6 s — (s) et 6§ = y’(s) ou encore entre THALES
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I Seminal Maurice Fréchet paper 1943

This document may not be reproduced, modified, adapted, published, franslated, in any way, in w
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Iic(clﬂ)

Etude des densités distinguées. Appelons (provisoirement, dans ce mémoire)
densité distinguée, toute densité de probabilité f(x, §) telle que la fonction

oL flx,8)
(46) o4 o 9F

[ l% #(x, 8) rﬁ%‘ﬂ'

Pour ces densités distinguées, on va pouvoir déterminer la fonction minimi-
eante H'(X,, .... X,) et étendre au cas des petits échantillons la comparaison des

hodes d’estimation faites par divers auteurs dans le cas des grands échantillons.
11 vaut donc la peine de chercher la forme générale de f(x, 8) pour cette catégorie
de variables.

soit indépendante de 8.

de 6. En appelant i(x) cette fonctibﬁ,'on voit qu'on a I'identité de la forme

(47) A6 55 L f(#,8) = h(x) — 8

(52bis) it =
Incidemment, puisque, d’aprés (52), A(f) est positif, il en résulte aussi que
o (: Tlm) est aussi positif. Fisher metric

On peut d'ailleurs préciser d'une maniére plus directe que par (50), le choix
des fonctions u(#), h(x), I(x): on peut prendre arbitrairement h(x) et l(x) ')
et alors p(f) est déterminé par (50) ou méme mieux par une formule explicite.
En effet, (50) peut s’écrire

+m
pBp —y — J'spl‘ghlsl+f'[a'i dx.
—
Donnons-nous alors arbitrairement h(x) et I(x) et soit s une variable arbitraire:
la fonction

+om
[ e+t g 1)

sera une fonction positive connue que nous pourrons représenter par e®, On
voit alors que p(f#) sera défini par

0 —p=y) ou

ot A(#) > o. On peut cunsidérer I ( ) comme la dérivée seconde d'une fonction

u(8); d’otr % L f(x,8) = pue"”(08) [h(x) — 6].

Par suite L f(x, ) — u'e [h(x) — 8] — pu(8) est une quantité indépendante
de # que nous pouvons représenter par I(x).

Ainsi toute densité distinguée, f(, #), est de la forme
flx, 8) = ew'alhis — 6]+ u(8) + 1)

(55) u=64 —yp() Legendre-Clairaut

c’est-d-dire une équation de Clairaut. La solution ' = constante réduirait f(=, 6),
d’apres (48) a une fonction indépendante de f, cas ot le probléme n’aurait plus
de sens. u est donc donné par la solution singuliére de (53), qui est unique et
s'obtient en éliminant s entre 4 = 6 s — w(s) et # = ’(s) ou encore entre

+e=
efr—i = [ bt 1) dr gt
—_—

(55bis) § o @+ 10 [(x) — 6] dx = o.

Si I'on veut, p(6) est donné par la relation
+ o
= = e-—ﬂlj' elifxﬂ'l'ﬂx} dx

olt 5 est donné en fonction de 6 par la relation implicite (55bis).




I Fondation of Information Geometry by Jean-Lovuis Koszul

<z || Fisher Metric = Hassian Metric

2 Incas of Maximum Entropy Density (Giblbs density), Riemannian
metric associated to hessian of logarithm of the partition function is
equal to Fisher Metric.

ny way, in whole

- ©Thales 2015 All rights res

» These Hessian Geometrical Structures have been studied in parallel
par the mathemacian Jean-Louis Koszul and his PhD student
Jacques Vey in more general framework of sharp convex cones:

sent of Thales

- Koszul Forms
- Koszul-Vinberg Characteristic Function

arty without the prior written con

» In Jean-Louis Koszul model , fondamental structures are deduced of
affine represnetation of Liegroup and Lie Algebra (this affine
representation is also at the heat of Jean-Marie Souriau model).
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I Jean-Louis Koszul and Hirohiko Shima

ay, in whole orin

All rights reserved.

Correspondant the French

Academy of Sciences, PhD student of Henri
Cartan, Bourbaki member

Koszul, J.L. Sur la forme hermitienne canonique des espaces
homogeéenes complexes. Can. J. Math. 1955, 7, 562-576.

Koszul, J.L. Exposés sur les Espaces Homogenes Symétriques;
Publicac&o da Sociedade de Matematica de Sdo Paulo: S&o
Paulo, Brazil, 1959.

Koszul, J.L. Domaines bornées homogeénes et orbites de groupes
de transformations affines. Bull. Soc. Math. Fr. 1961, 89, 515-533.
Koszul, J.L. Ouverts convexes homogéenes des espaces affines.
Math. Z. 1962, 79, 254-259.

Koszul, J.L. Variétés localement plates et convexité. Osaka. J.
Math. 1965, 2, 285-290.

Koszul, J.L. Déformations des variétés localement plates. Ann.
Inst. Fourier 1968, 18, 103-114.

Koszul, J.L. Trajectoires Convexes de Groupes Affines
Unimodulaires. In Essays on Topology and Related Topics;
Springer: Berlin, Germany, 1970; pp. 105-110.

Vey, J. Sur les Automorphismes Affines des Ouverts Convexes
Saillants. Annali della Scuola Normale Superiore di Pisa, Classe
di Science 1970, 24, 641-665.

Emeritus Professor of Yamaguchi
university, Phd Student at Osaka University

H. Shima, “The Geometry of Hessian Structures”, World Scientific, 2007
http://www.worldscientific.com/worldscibooks/10.1142/6241

dedicated to Prof. Jean-Louis Koszul (« the content of the present book
finds their origin in his studies »)

H. Shima,Symmetric spaces with invariant locally Hessian structures, J.
Math. Soc. Japan,, pp. 581-589., 1977

H. Shima, « Homogeneous Hessian manifolds », Ann. Inst. Fourier,
Grenoble, pp. 91-128., 1980

H. Shima, « Vanishing theorems for compact Hessian manifolds », Ann.
Inst. Fourier, Grenoble, pp.183-205., 1986

H. Shima, « Harmonicity of gradient mappings of level surfaces in a real
affine space », Geometriae Dedicata, pp. 177-184., 1995

H. Shima, « Hessian manifolds of constant Hessian sectional curvature »,
J. Math. Soc. Japan, pp. 735-753., 1995

H. Shima, « Homogeneous spaces with invariant projectively flat affine
connections », Trans. Amer. Math. Soc., pp. 4713-4726, 1999
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I Jean-Louis Koszul and hessian structures

-:|] Hessian Geometry of Jean-Louis Koszul

> Hirohiko Shima Book, « Geometry of Hessian Structures », world )
Scientific Publishing 2007, dedicated to Jean-Louis Koszul . 28

» Hirohiko Shima Keynote Talk at GSI’13

- http://lwww.see.asso.fr/file/5104/download/9914
> Prof. M. Boyom tutorial :

©Thales 2015 All rights reserved
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MimOomMiIES 3wima J.L. Koszul, « Sur la forme hermitienne canonique des espaces homogénes complexes »,
Canad. J. Math. 7, pp. 562-576., 1955

J.L. Koszul, « Domaines bornées homogenes et orbites de groupes de transformations
affines », Bull. Soc. Math. France 89, pp. 515-533., 1961

J.L. Koszul, « Ouverts convexes homogenes des espaces affines », Math. Z. 79, pp. 254-
259., 1962

J.L. Koszul, « Variétés localement plates et convexité », Osaka J. Maht. 2, pp. 285-290.,
1965

J.L. Koszul, « Déformations des variétés localement plates », .Ann Inst Fourier, 18, 103-
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I Study of Koszul Works by Michel Nguiffo Boyom
| Michel Nguiffo Boyom (Institut Montpelierain Alexander Grothendieck)

>

ed

» Bridges between differential topology (Feuilletages), and Fisher metric of Information Geometry
have their pillars in KV (Koszul-Vinberg) cohomology of locally flat manifolds and in Koszul
convexity

» Connexions are objects of Information Geometry. They are deformations in space of linear
connexions of Koszul connexion that control the geometry of statistical model. These connexions
are parameterized by 2-cochaines of KV(Koszul-Vinberg) complexe. Fisher connexion is one of
them. Curvature of Linear Connexion is a value of Maurer-Cartan Polynomial. One raison in favor
of this polynomial is that it controles all locally flat structures via anomalies theory. ... Nijenhuis,
Koszul, Gerstenhaber, Vinberg and soviet school have inifiated the study of the connexion locally
flat.

Notion of convexity of locally flat manifolds is infroduced by Jean-Louis Koszul. Considerations
that drive this approach find their roots in Geometry of bounded homogeneous manafolds.
Convexity notion infroduced by Koszul is the real analogue of holomorph convexity of Kaup

© Thales 2015 All rights reser

» Prof. Michel Nguiffo Boyom tutorial « Géométrie de I'Information » :
http://repmus.ircam.fr/_media/brillouin/ressources/une-source-de-nouveaux-invariants-de-la-
geometrie-de-l-information.pdf
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I Koszul-Vinberg Characteristic Function/Metric of convex cone

| J.L. Koszul and E. Vinberg have introduced an affinely invariant
Hessian metric on a sharp convex cone through its
characteristic function.

served.
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- ©Thales 2015 All rights re

| ©is asharp open convex conein avector space E of finite
dimension on R(aconvex cone is sharp if it does not contain
any full straight line).

nt of Thales

| @ isthedual coneof € andis asharp open convex cone.

arty without the prior written conse

| Let d& the Lebesgue measure on E™ dual space of E, the
following integral:

Is called the Koszul-Vinberg characteristic function
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I Koszul-Vinberg Characteristic Function/Metric of convex cone

. | Koszul-Vinberg Metric : [@F= d®logy,

jy/udz log v, du 1jjwuwv(d log v, —dlogl//v)zdudv
= o 2 fu— —
09w 69 =d [Iog jl//u dU] _fl//u du M 2 _” v, v, dudv

| We can define a diffeomorphism by: x* = -, = —d logy, (X)

with (df (x),u) =D, f (x) = %

any wo@ ole orin
2015 Al RJT eserve

2

d,in

© Thales
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| When the cone Q is symmetric, the map X~ = —«, is a bijection and
an isometry with a unique fixed point (the manifold is a Riemannian
Symmetric Space given by this isometry):

(X)) =x <x, x*> =n wo (Xy, - (X7) =cste

| x” ischaracterized by x~ =arg min{z//(y)/ yeQ (X, y)= n}

modified
prior \

losed to a third p without the

ent may notrpere
!

- ]| x” isthe center of gravity of the cross section {y e Q" (x,y)= n}
of : = —(&.%) —(&,%) *
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I Koszul Entropy via Legendre Transform

| we can deduce “Koszul Entropy” defined as Legendre Transform of
(-)Koszul-Vinberg characteristic function @d(X) = —log y (X) :

D (X)) = <x, x*> — D(X)
with X" =D,® and x=D_.®" where ¥a(X)= [e_<§’x>d§ VX e Q
| Demonstration: weset X = _ff e < 9de&/ I§_<§’X>d§
Using {—x",h)y=d, Iogwg(x)——_f(f he gdfl_fe_@ Vd e

and —<x*,x> Iloge (£ e <"5">d§/_fe e5">da§

DO (X)) = —_flog e (&% glegey _fe_<§’x>d§ + log J'e_<‘§’x>d(§
o o

CID*(X*)=|I_“e §X>dfj log _fe HEgeE — _floge () =< X>d§}/]‘e<§x d&

Q



I Koszul-Vinberg Characteristic Function Legendre Transform

O (x7) = (X, x7) —d(x) = —Ilog R S Ie_<§’x>d.§ + log Ie‘<§'x>d§
o o o

D (x7) = [Ie<§’x>d§j. log J'e‘<§'x>d§ _ IIOg e (£%) .e<‘§'x>d§}/ Ie—<§.x>d§
(o) o o o

(&)
_c d
fe “7az

J

@ (x") = log [e ¥?ds — [loge P
o o~

—(&.x) (&%) —(&.x)
., = _ e _ e . e
® (x") =|log [e ™ de. — d& |- [loge . = d& | with — d& =1
é[ é[_[e <~§v>d§ g-!‘* J'e <§’>d§ g-!.*J.e <~§,>d§
| o} o o
D" (x) | e *Y IR
X )=|— i x -109 i x SHANNON ENTROPY
3 Te #de [e #de
(o} o

E THALES



I Koszul Entropy via Legendre Transform

| We can consider this Legendre transform as an entropy:

D J‘ (&%) | e (&X) de J_ - (A
_ — O _ ) O )
o J‘e_<§,x>d§ g J’e—<§,x>d§ Q*p g p
o o
—(x,&)—log [e (" de
with Px(&)=e"7/ [e"*ds =e o (X&)
<

X =D@ = [£.p(£)dE =

®d(x) = —log [e “¥d& = —log [e I @rotlge
o} o}

P (x) = D(x) —log _fe‘q’*(f)dg = J'e‘q’*(‘f)df =1

Q «Q =
Jensen Ineq.: @ conv. = @& (E[&]) < Ech (.f)J
Legendre Transform:d " (x") > <x, x*> — D(x)

— O (X)) = [cb*(é) P, (&)ds = E[CD* (5)]

—@" (&)

j* Ee P g s = j e dé&

log p, (&) =loge "™ =loge ™ © = —®"(&)
= —[10g P, (&) P, (AL = [ D" (&) P, (H)dE = D™ (X"

if and only it [ (&) p,(£)d& = cb*( J& px(f)dij

or E[®*(§)]:®*(E[§]) THALES



I Barycentre & Koszul Entropy

Barycenter of Koszul Entropy = Koszul Entropy of Barycenter

el ()]= " (El£)
| (&) p(HdE = cb*[ J &p. (z:)d&}

Q*
—(x,&)—lo e_<5’x>
P, (&) =e "7/ J‘e_<é">dé —e eertos o e _ ()
EA

—&" (&)

X'=D,®= [£p(HdE = [de ™ dE = [se T de

D (X)) = Sup[<x, x*> — (D(X)J
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I Koszul metric & Fisher Meftric
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| To make the link with Fisher metric given by matrix 1(x), we can
observe that the second derivative of log p, (&) is given by:

log p, (&) =~ (&) = D(x) — (X, &)
%log p, (&) _ *[®()—(x.&)]  a*d(x)

5X2 8)(2 aXZ
o% lo O’ D (X o%lo X
:>I(X)=—E§[ gfx(f)}:_ 2(): gzzug()
OX OX OX

| We could then deduce the close interrelation between Fisher
metric and hessian of Koszul-Vinberg characteristic logarithm.

|(x)=—E§[é9 'nggx(f)}za 'ngfg(X)
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I Koszul Metric and Fisher Metric as Variance

] We can also observed that the Fisher metric or hessian of KVCF
logarithm is related to the variance of & :

~&x olog ¥ ,(x) (6

log %, (xX)=log [e““d& = D Ee de

“ 5'2[ OX j <5 dé: J‘

82 log ¥ 1 “ >

T
X (J'e@””df o o o
. ) 2
éﬂlongxX) 15 ® ez [ ¢ s = [&£%.p(&)de—| [&.p, (&)de 2
j §x>d§ o J‘e (&) d& o o o X

fol

OX? OX?
163 THALES

I(x)=—E§[a log px(g):|:a |091//Q(X):E§[§2]_ E.[£] =Var (&)



I Definition of Maximum Entropy Density

. | Howto replqc<§ >xby mean valve of &, £(=X")in:
e X

P, (&) = j o ENgs with &= j &, (§)dS
—  dd(x)
| Legendre Transform will do this inversion by inversing £ = ™

| We then observe that Koszul Entropy provides density of Maximum Entropy
with this general definition of density:
o (ee(@)) _
p_( ): -1(z X:®_1 _:®X —

ny way, in who \
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I Cartan-Killing Form and Invariant Inner Product

ny way, in whole orin

This document may not be reproduced, modified, adapted, published, translated, in a

part or disclosed to a third p

3

ntof Thales - © Thales 2015 All rights reserve

arty without the prior written conse

6

()]

| It is not possible to define an ad(g)-invariant inner product for any two
elements of a Lie Algebra, but a symmetric bilinear form, called “Cartan-
Killing form”, could be introduced (Elie Cartan PhD 1894)

| This form is defined according to the adjoint endomorphism ad,of «
that is defined for every element X of g with the help of the Lie
bracket: ad,(y) =[x, y]

| The trace of the composition of two such endomorphisms defines a
bilinear form, the Cartan-Killing form: 'B(X, y) =Tr(adxady)

| The Cartan-Killing form is symmetric: B(X, y) = B(y, X)

I and has the associativity property: B([x, y], z) = B(x, [y, z])
I given by B([x,y] z)=Tr(ad, ,jad, )=Tr(lad,, ad, |ad, )
o B(xyl2z)=Tr(ad,[ad, ad, )= B(x.[v.2) THALES
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Cartan-Killing Form and Invariant Inner Product

| Elie Cartan has proved that if g is a simple Lie algebra (the Killing
form is non-degenerate) then any invariant symmetric bilinear form on g
is a scalar multiple of the Cartan-Killing form.

| The Cartan-Killing form is invariant under automorphisms o € Aut(g) of
the algebra g : B(a(x),o(y))=B(X, y)
| To prove this invariance, we have to consider:
X, = X),
{a[ yl=[o(. o] __

z=o(Y)
rewritten ad

%, ()] = [o(x), 2]

by =0 cad, co™

B(o(x),c(y))= Tr(ada(x)ado(y) ) = Tr(a cad,ad, o a‘l)

B(o-(x), a(y)) = Tr(adxad y ) = B(X, Y)
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I Cartan-Killing Form and Invariant Inner Product

: A natural G-invariant inner product could be introduced by Cartan-Killing
form:

ny way, in whole orin

| Cartan Generating Inner Product: The following Inner product defined
by Cartan-Killing form is invariant by automorphisms of the algebra

(x, y) =—=B(x,0(y))
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From Cartan-Killing Form to Koszul Information Metric

B(x,y)=Tr(ad,ad,) Koszul Characteristic Function
Cartan — Killing Form d(x) = —log _fe_<§’x>d.§ VX e O
(x,y)=—B(x,0(y)) o

with @ € g , Cartan Involution
KoszulEntropy

D (X)) = <x, x*> — D(X)

Koszul M etric D (X)) =— [ p (&) log p, (E)DE
160 — —E [62 log px(é)} &
£ X2 Gm with X" = | £.p,(5)dS
2 —(&,%) =
52D (%) o” log J'*e sle Koszul Density
1) ==——72—= gxz o—(&®)
px (é) - J‘e_<§x>dé
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I Relation of Koszul density with Maximum Entropy Principle
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'\S'X%X[_ j P« (&) log px(f:)df} such <*

| The density from Maximum Entropy Principle is given by:

P (S)dE =1

| £.p(£)dE =X

) —(x,&)—log Je (< de
| If we take q, (&) =e "/ J‘e_<éx>dé —e o such that

[a,(&).de = j'e<é">d.;f/ [e*Vde =1
o o o

—({x,&)—log je_<éx>d5

logq, (&) =loge g = —(x,&)—log [e ™ ¥'d¢&

1 Then by using the fact that log x = (1— x_l) with equality if and only if
, Xx=1, we find the following:

P, (&) [ qx(f)j
— | Px(&)log dé =<—| p,(&)| 1—- d
p{(’ggw(si)(’gg{ 9 P, ($) - THALES




I Relation of Koszul density with Maximum Entropy Principle

| We can then observe that:

1_qx(§)jd _ g o
gg*px(e:)[ T & g*px(f)af g{*qx(cf)e:

because [ p, (£)dE = [q,(H)dE =1
Q° o)
| We can then deduce that:

[ P.(©)log P2 ds <0= [ p,(D)10g p. (& <~ [ P (D)I0ga, ()

] If we develop the last inequality, using expression of 4, (<):

-~ j p.(&)log p, (£)dE < — j P, (&) —(x,&)—log | e_<x’§>d§}d§

- j p..(£)log px(é)d.»:<< ff px(f)d§>+|09 Jerodg

— j P, (£)10g P, ()AE < (x,x)—®()  — [ p,(£)log p,(£)dE <D™ (X")



I General Theory: Koszul-Vey Theorem

<« | J.L. Koszul and J. Vey have proved the following theorem:

» Koszul J.L., Variétés localement plates et convexité, Osaka J. Math.,n°2 ,p.285-290, 1965

» Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola
Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970

| Koszul-Vey Theorem:

Let M be a connected Hessian manifold with Hessian metricQ .

Suppose that admits a closed 1-form « suchthat Do = g and

there exists a group G of affine automorphisms of M preserving cx:

-If M /G is quasi-compact, then the universal covering manifold of M
is affinely isomorphic to a convex domain €2 real affine space not
containing any full straight line.

-If M /G iscompact, then Q2 is a sharp convex cone.




I Koszul Forms/Metric for Homogenous Siegel Domains SD

| Koszul Forms for Homogeneous Bounded domains

» Koszul has developed his previously described theory for Homogenous Siegel
Domains SD. He has proved that there is a subgroup G in the group of the complex
affine automorphisms of these domains (lwasawa subgroup), such that G acts on SD
simply transitively. The Lie algebra g of G has a structure that is an algebraic
translation of the Kahler structure of SD.

» There is an integrable almost complex structure J on & and there exists 77 € @ such
that (X,Y) = = ([3X,Y ] 77) defines a J-invariant positive definite inner product
ong . Koszul'has proposed as admissible form 77 € &, “the form <

P(X)=(X,&E) =Trlad(IX)—J.ad(X)] VX cn
> Koszul has proved that{ X, Y ) _coincides, up to a positive number multiple with the

real part of the Hermitian inner product obtained by the Bergman metric of SD by
identifying & with the tangent space of SD. The Koszul forms are then given by:

a=-Zdw(x) F=bea
THALES
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I Koszul Forms/Metric for Homogenous Siegel Domains SD
| Koszul Forms
> 1st Koszul Form: o« = —% d¥(X)
Y(X)=Tr,,,[ad(IX )—Jad (X)] VX eq
» 2nd Koszul Form: B = D«

| Application for Poincaré Upper-Hal PIOc[me: (ad(Y )z =|v,Z]
V ={z=x+iy/y>0} Y:yd = {[X,Y]=-Y
3 Y IX =Y
| With X = Yo and {Tr[ad (IX)—Jad(X)]=2 |
| We can deduce that Trlad(JY )—Jad(Y)]=0 A e T
w(X)=2X o - _Lgp__1IXAdy
y 4 2y

2 2
— gs? = Xy Q=" dx~dy

ko] (¢}
= Q SAD PARD
0o
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I Jean-Louis Koszul Forms for Siegel Upper-Half Plane

] Koszul form for Siegel Upper-Half Plane: V ={Z = X +iY /Y > 0}
» Symplectic Group

{SZZ(AZ+B)D_1 with Sz(g\ [B)j and Jz[o Ij

A'D=1,B'D=D'B -1 0

2 with and base o, =| , B = i +€ji
O d d = —aT ! O _ejl ! O O

3p+1

P (dX +idY )= Tr(Y *dx )

P12z Ay 2dZ)

{T(aij )=0

:><Q=—1d\P:
W ,Bij):5ij(3p+1) 4

ds? — 3 p8+ Drr(y tazy 1aZ)
‘ THALES



Filiation Poincare/Cartan/Koszul

« Il est clair que si I'on parvenait @ démontrer que tous

| les domaines homogenes dont la forme

2 log K(z Z) 7,02,

hole orin
%
Q
N
&’

est définie positive sont symétriques, toute la théorie
1 des domaines bornés homogeénes serait élucidée.
{ C’estla un probléme de géométrie hermitienne
| certainement trés intéressant »
o | Derniére phrase de Elie Cartan, dans « Sur les

{ domaines bornés de I'espace de n variables
complexes »n, Abh. Math. Seminar Hamburg, 1935

ed,
Thar

Elie Cartan

Henri Poincaré

(half plane) n=1 (classification in 6

classes of symmetric
homogeneous
bounded domains)
n<=3

75 IMPAN — SEMINARIUM GEOMETRI!

S

Carl Ludwig Siegel

(Siegel space of 1st king and
Symplectic Geometry) :

Lookeng Hua
(Bergman Kernel, Cauchy and
Poisson P‘f‘SiegeI Domains

-

Ernest Vinberg

(Siegel Domains of 2™ kind)

Structure of Information
Geometry
(Koszul Hessian
Geometry)

Jean-Louis Koszul

(hermitian canonical forms of complex
homogeneous spaces, a complex
homogenesous space with positive
definite hermitian canonical form is
isomorphe to a bounded domain,
study of affine transformation groups
of locally flat manifolds)



I Study of Symmetric Spaces and their classification

G(A’B)x :(Ao B)X-l(AO B) avec Ao-B = A1/2(A—1/ZBA—1/2)1/2 AL/2

Euclidean Space: isometry Metric space: isometry
(e.g. space of Hermitian Positive Definite
matrix) g _ GamA
X B= Es(AvB)A
Q,
A+ B = _1/2\1/2
/A.B=( > ) Ao B = AVZ(AZBAVZ) A2 E. J. Cartan
1 ) X
A=G,L5B GugX =(AeB)— X +(AeB) °
Gap X =(AcB)X*(A-B) ’
: ot
Courbure nulle A=G,gB Courbure négative
Euclidean space : geodesic Metric Space: geodesic M. Berger
(=]
°y(1) =B »yQ1) =B
./(y(t%= jAH_t(B — A) 3 y(t) = A1/2(A—1/2 BA—llz)t AV/2
7(0)=A t<|01 _ te[01]
|7 7©) = A THALES
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I Seminal Papers on Information Geometry
| Information Geometry:

» Cramer-Rao-Fréchet-Darmois Bound and Fisher Information Matrix

CRFD Bound
E[(H—é@—é = 1(0)"

Fisher Information Matrix

[1©)],, = —g| 2 Mn pX /9)}

06,007
i i
» Kulback-Leibler Divergence (variational definition by Donsker/Varadhan)

K(p, q)_Sup[E (¢)—InE (e¢)] jp(x/@)ln[%j X

» Rao- Chentsov Metric (invariance by non-singular parameterization cha ="

ds® = K[p(X /0), p(X/0+dO)|=do"1(0)do=>"g, ,d6.do; 4?
] :
B Y

178 ..>Invariance: .. W =W () = ds*(w) = ds* () T H /e




I Maurice Fréchet : IHP Lecture 1939, Paper 1943

3 » The Inverse of the Fisher/Information Matrix defines the lower bound of

& statistical estimators. Classically, this Lower bound is called Cramer-Rao Bound
because it was described in the Rao’s paper of 1945. Historically, this bound
has been published first by Maurice Fréchet in 1939 in his winter
“"Mathematical Statistics” Lecture at the Institut Henri Poincaré during winter
1939-1940. Maurice Fréchet has published these elements in a paper as early
as 1943. We can read at the bottom of the first page of his paper:

=)
o

> At the boftom of 1st page of Fréchet's paper, we can read:

- The contents of this report formed a part of our lecture of mathematical statistics at
the Henri Poincaré institute during winter 1939-1940. It constitutes one of the chapters
of the second exercise book (in preparation) of our “Lessons of Mathematical
Statistics”, the first exercise book of which, “Intfroduction: preliminary Presentation of
Probability theory” (119 pages quarto, typed) has just been published in the “Centre
de Documentation Universitaire, Tournois et Constans. Paris”.

| 79 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 - F. Barbaresco I I I l.\ L E S

hird party with

ed to aft

This document may not be repro
part or disclo



I 1943 Fréchet Paper: « Distinguished functions » & « Clairaut Equation »

n

| In 1943, Maurice Fréchet wrote a seminal paper introducing what was
then called the Cramer-Rao bound.

1 0f(X,0)
f(X,6) o086

n(oa)?

| This paper contains in fact much more that this important discovery. In
particular, Maurice Fréchet introduces more general notions relative to
"distinguished functions”, densities with estimator reaching the bound,
defined with a function, solution of Clairaut’s equation. The solutions
“envelope of the Clairaut’s equation” are equivalents to standard
Legendre transform with only smoothness assumption.

(55) u=0u —yu)

c’est-a-dire une équation de Clairaut. La solution ¢’ = constante réduirait f(z, 6),
d’aprés (48) a une fonction indépendante de 6, cas ot le probléme n’aurait plus
de sens. u est donc donné par la solution singuliére de (55), qui est unique et
s’obtient en éliminant s entre u = 6 s — y(s) et # = y’(s) ou encore entre

IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 - F. Barbaresco I I I A L E S
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1943 Fréchet Paper: « Distinguished functions » & « Clairaut Equation »

_ Etude des densités distinguées. Appelons (provisoirement, dans ce mémoire) (52bis) i =
=8 densité distinguée, toute densité de probabilité f(x, 8) telle que la fonction . e , .
o Z ) Incidemment, puisque, d’aprés (52), A(#) est positif, il en resulte aussi que
58 oL f(x, ) , 1 C
s 30 o’ (: m) est aussi positif.
- : (46) 0+ — On peut d'ailleurs préciser d'une maniére plus directe que par (50), le choix
£ a dx des fonctions u(#), h(x), I(x): on peut pfeﬂdre‘arbltrmrement hizx) et I(x_}_‘.)
£ f (%, 6) f (x, et alors p(f) est déterminé par (50) ou méme mieux par une formule explicite.
c g --cn En effet, (50) peut s’écrire
£8
%f soit indépendante de 8. e —s = f:“"’""lﬂm dx.
2 Pour ces densités distinguées, on va pouvoir déterminer la fonction minimi- D 1 bitrai ‘¢ h _) et I(2) et soit iable arbitraire:
58 sante H'(X,, .... X;) et étendre au cas des petits échantillons la comparaison des lao?:nfgc;ﬁws alors arhitrairement /(s (%) et soit s une variable arbitraire:
2o méthodes d'estimation faites par divers auteurs dans le cas des grands échantillons. to
20 I1 vaut done la peine de chercher la forme générale de f(x, #) pour cette catégorie J et do 1
95 de variables. -
oc e - . cx s ‘s sera une fonction positive connue que nous pourrons représenter par e®, On
SE En appelant #(x) cette fonction, on voit qu'on a l'identité de la forme voit alors que u(f) sera défini par
8s 9 0p' —p=y) ou
@ MO) 35 L 1w 6) = hix) — 0 - ey
€< (55) =0y —y)
O 2 ¥ .y * - r + . . " o
te ot 4(8) > 0. On peut considérer O camme la dérivée seconde d'une fonction c’est-d-dire une équation de Clairaut. La solution ¢’ = constante réduirait f(x, 6),
é; 3 (BJ' g’aprés (48) t:!1':11.““3 fdonctii:m intiléper;iljar}re df_: a, lczs m'é le( prt))b]én'!e n’aur:%it plus
ot T _ " _ e sens. u est donc donne par la solution singuliere de (55), qui est unique et
gé p(6); d'ot aa L f(x, 6) = pe"(6) [h(x) — 6]. s'obtient en éliminant s entre 4 = 8 s — y(s) et § = ’(s) ou encore entre
;§ Par suite L f(x, ) — u's [h(x) — 8] — pu(8) est une quantité indépendante o LI
- de 6 que nous pouvons représenter par I(x). €9t = [ erhITIE dir et
g o - " .- r - . I +w
C 3 Ainsi toute densité distinguée, f(x, #), est de la forme (55bis) J et 1R [h(x) — 6] dxr = o,
EQ —m
3% — ptt'g Al — 6] + + i
ég (48) f(z, 6) = ol =Bt uB+ik) Si l'on veut, u(6) est donné par la relation

+o
= = e-—ﬁlj' elﬁfxﬂ'l-”x} dx

—
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I Fisher Metric and Information Geometry (1G)

- ]| 1G could be introduced with Koszul-Vinberg Characteristic Function:

Wo(X) = J'e_<x’§>d§, VXeQ with Q and Q are dual convex cones

2 22
WQ(X+/IU):WQ(X)—/1<X*,u>+?<K(x)u,u>+

| Density is given by Solution of Maximum Entropy: ©(£) =- [ p;(&)log p;(£)d¢
o _

ng{— [ p-(&)log p; (z;)dg} such that [ p,(£)dé =1and [&.p,(&)dé=E

£2 Q" o} o

o507 ~

o pd)= I T with E =®(x)=(m)—(x) where @(x) = —log j e déE = —logy,, (X)
| The inversion ®@(€) is given b)a Legendre fransform based on :

O (x") = < > @(x) with X" = DX D(X) = |ogje “N4E VxeQ and VX e Q'
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I Fisher Metric and Information Geometry (1G)

.|| Maurice Fréchet, studying “distinguished functions” (densities with estimator
reaching the Fréchet-Darmois bound), have also observed that solution
should verify the Alexis Clairaut Equation:

O (X)) = <(~)‘1(x*) x*> - CD[(H)‘l(x*)] VX e {O(x)/ x e Q]

| Fisher Metric appears as hessian of characteristic function logarithm:

,in whole ol

any way
2015 All rights reserv

- ©Th

nsent of Thale

modified, adapted, published, T nslated, in

0° log p, (&) _ 0°®(x)
o =—(X, &)+ D(X) = X
g Py () =)+ 000 = T
o° log p, 0°D(x 2 2" T
(0 =-E. gg(i) :_# o’o | &0
OX OX 2 o
o°lo X
100= TR el feF ~var(e



Fisher Matrix, Cramer-Rao-Fréchet-Darmois Bound & Information
Geometry

| Cramer-Rao -Fréchet-Darmois Bound has been introduced by Fréchet in
1939 and by Rao in 1945 as inverse of Fisher Matrix | (6’)

y=ell0-do-0f Js10* o, - TR0t

| Rao has proposed to introduce a differential metric in space of
parqmefers of probability density (axiomatized by N. Chentsov):

- ds? = Kullback _ Divergence(p,(z), p,.q0(2))

pe+d9(z) w =W (0)
(et p,(2) * = ds? = ds
Zg.,dﬁdé’ =Y [1(0)] ,d6de =do*.1(0).de

Taylor i
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I Gibbs density (Maximum Entropy) and Legendre Transform

| Maximum Entropy Principle for Density Estimation: Gibbs-Duhem Density
:;ng{— J P:(£)log p, (£)d¢ |such that | p,(£)d¢ =1and [ &.p,(£)ds =<

e—<®‘1(5),5> 5D ( )

POt ioep-220)
Ve J-e—<® (&) £

where ®(B) =—logy,,(B)

w(ﬁ) j e 090z | $(9)=-[p.(&)log p,(£)d¢ and f=6"()

S(f) <§ ﬂ> ®() LEGENDRE TRANSFORM
R THALES



I Fisher Metric and Information Geometry (1G)

| Fisher Metric appears as hessian of characteristic function logarithm:

log p. (&) =~(&, B)+@(B)
S(8) =~ p,(&).Iog p, (£)d¢ =~E[log p, (£)]

S(&) = (E[¢] B)-@(B) = <$, ,B> _®(B) LEGENDRE TRANSFORM

- 1 pﬂ(é)} :—EV(_@’MWW))} __T2)
Bk 0p’ op°
2 _00(p)
5= o3
ol ol v v 2
I(ﬁ):E{ Ogazﬂ(é) ogazﬂ(é‘) }:E[(g-ng—g)}=E[§2]—E[§] _Var(&)

=
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I 2 metrics in dual coordinates systems for dual potential functions

| 1st Metric of Infformation Geometry: Fisher Metric = hessian of logarithm
characteristic function

(B) = —E|:82 log p, (é)} __0'o(p)

ny way, in whole orin

)ik op°
dsg = 04" 1(P)f =3 g,00p, with 9, =[1(B)];

| 2nd Metric of Informahon Geometry: hessian of Shannon Entropy

- ©Thales 2015 All rights reserved.

nt of Thales

reproduced, modified, odopT d p ublished, franslated, in a

0"S(8) _ {@ ‘W)’)} 5(8)=(&.p)-o(p)

-

e gd| ISE) 0’8 (¢)

: ds; =d d h.d&.d th h ~
g{é}ézmm {5621-

| Same Distance for Dual metrics
ds = ds/

OPEN N
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I Example : Gaussian scalar distribution

©°
®

] For Gaussian Law, Fisher Information matrix is given by :

1 O ” n
1(0) = 2. with E|(0-0)o—6] |=1)* and 0= "
0O 2 o
m Fisher matrix induced the following differential metric :
2 2 2
ds2 =do".1(0)do=9M" 9o _ 2.0{[0'”“] +(d0')2}
O

2 2 \/E

O

m Poincaré model of hyperbolic Space :

o m Z—1
Z=——+tio = . Qa)‘<1)
A2 Z+1
2 Geometry of
dw .
— d52 — 8. ‘ ‘ Gaussian Law
(1 . ‘a)‘ 2 )2 Is Geometry of
2 Hyperbolic Poincare Space

L -~
) !
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I Example : Gaussian scalar distribution

o5 | Gaussian Law Metric :

i - Ifweset I = ‘CO‘ we can integrate along one radial :
o 2

. dr 1+r

O ds® = 8.[ =2dIn

2

1—r 1—r
m Homeomorphisme is used then to compute distance between two
arbitrary points in the unit disk :

v=g.(0)=——e" and 0=4¢(v)

©Thales 20

nsent of Thales -

written co

dified, adapted, published, translated, in

prior \

m Distance between two Gaussian Law is then given by

8 DZ({mls O_l}s {mz’o'z }): 2] In L+ o(w7) with 6(w,7) = LT_
o 1—o6(w, 7) 1-— w7
=M i and w=2—!
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I Monovariate Gaussian = 1 point in Poincaré Unit Disk

dm? do? —i
1 Z +1

-~ Métrique demi-plan

. TN - ik
‘ o~ N
(ml’ ‘71) & -- NN I / \ 1
/ e == R . { o
I,:" < y Tt == - ;i\\\l O-l /
oyenne= barycentre géodésique ‘—\—_ :/_ - “t‘. ______ I i— . ’

r A R T,

It S 7/ d 0'2;"
________ /<X

o L. . s ) - CIPNCINS
Metrigue disque unite d*({m, o}, {m,,0,})=2. |0g1+5(a)1 @ 5 )
|d |2 1-8(0™, 0®)
5 @
- |ds® =8. 2 avec 5(0",0®)= 2 =a"
o oS o




I Mean/Mediane of Gaussian densities

4 F 4 F

- ©Thales 2015 All rights reserved.
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I Example of Multivariate Gaussian Law (real case)

| Multivariate Gaussian law parameterized by moments

pée(é:) =

1 o I R em
(272)"'? det(R)"2

%(z -m) R™*(z—m) = %[ZT R'zZ-m"R'%z-z"R™m+m"' R‘lm]

_1 Z’RY'z-m'R™z+ 1 m'R™*m
2 2

1 L -mTRz+1TR Y, 1 _
P (5)= LnTRm ° [ 2 } - 2e 7
(27)"'? det(R)"e?
z -R™m| [a
£ :{ T} and f=| 1. :{H} with (&, B)=a'z+12"Hz =Tr[zaT + HTzzT]
2z Py
2

=
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I Example of Multivariate Gaussian Law (real case)

: | Multhrlqi? unssmn Dlensﬂy given by their momenti (and not cjymulcmis)

ion (Free Energy / logarithm of characteristic function)

— _ (¢.8) -
p;(£) = gz with log(Z)=n Iog(27r)+—logdet(R)+ m'R™m
z ] . [E[z]T [ m a R™m
9E:LZT_";‘E:LE[ZZT]}:_R+mmT]ﬁ:{H}:[;Rl ] with (¢, 8)=Tr[za +HTz2"]
R = E[(z—m z—m)T]= Elzz" —mz" —zm™ + mm’ 1: Elzz" |- mm’

prior written co

| 15" Potential func
§3w9(,3)=_[e_<‘§’ﬂ>.d§ and CD(,B)=—Iong(,B)=1[—Tr[H‘1aaT]+log[(2)”detH]—nIog(Zn)]

1 Relqhon between 1st Potential function and moment

part or disclosed to a third party without the

o) _dl-logya (], e

: 5 d¢ = [£.p,()ds=¢

o op f j e I ‘f
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I Example of Multivariate Gaussian Law (real case)

| 2nd Potential function (Shannon Entropy) as Legendre Transform of 1st one:

s/ o OD(B) oS(&)

S(E)=(&,PB)-D with ——==¢& and

G (&, B)-0(p) ¢ P

( ) ~(&.8) o(&h) () logp. (£)¢

=—1p: ogp.(&).

% J-J'e (&.8) df Ie &B) df g.!.*pfg gp§§ 5

| How to mqke Density dependen’r on moments only: 1

8D fa| [RTm

D o= p-07@) o p- (5) B R

t# _ 1 () T Tie  ToloaT 1.1 1. L1 o154
pg(éf)— °e‘<§'/’>,d§e with <§ ,B> az+z Hz=Tr|za +H 2z ]_—m R z+§z R~z
S =—[p:(&)log pg(f)dé‘——hOg(Z) det|H *|+nlog(27e)]= —[Iogdet[R]+nlog(27re)]
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I General Scheme based on Cartan-Killing form

(.,.)inner product from Cartan - Killing Form:
<§, ,B>=—B(§,6?(,B)) with B(g,@(ﬂ)):,Ti(AdéAdg(ﬂ))
S(&) = <§, ,3> —O(p) Legendre Transform  ®(3) =—logy,,(5)
S =-[p.(§)logp,(£)d (UM with v, (5)=[e s
-(07().¢) :
__ ¢ o0(p) _ 05(¢)
pg‘ (5) - J‘e_<®1($)’§§> dg é: (ﬂ) 8ﬂ ﬂ - aé
() = {82 og pﬁ(é)} ds? = g,dBds ds? :Zhijdfidfj
8,5' ij dss + dss
. | o*D(B) _| o S(&)
IR 0 (;;(,3) with g, _{ o5 L with h; { Yz
[95 o conen s s s i THALES




I Application for Density of Symmetric Positive Definite Matrices

| If we apply previous equation for Symmetric Positive Definite Matrices:

-(07(8)¢) _
e £-0(f) = o0 (p) D () =—logy(5)

I (e &) dé op with v, (B) = J'e‘<ﬂ"f>d

Q*

pg(g):

(n,)=Tr("¢), Vn,&eSym(n)

Application:  wqo(B) = je_<ﬂ'§>d§=det(ﬂ)_2WQUd)

o0(f) _a(-logy,(B)) _n+1
o o 2

&= p
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I Fisher Metric and Euler-Lagrange Equation

.| Fisher Metric for Multivariate Gaussian Law

ds? =Zgijdevio|evj = dm’ R‘ldm+§Tr[(R‘1dR)]

ny way, in who \

©Thales 2015 All rights re

| Classmal Euler-Lagrange equation
Zglke + Zrukeg =0 , K =1...,N

nt of Thale

2 i,j=1
89, 09, g,
C o with Iy, J ik g"‘+ Ji
"2 00 ae,. o0,
R+mm’ —RR'R=0
— )
Mm—RR*m=0

| We cannot easily integrate this Euler-Lagrange Equation (we will see that

Lie group Theory will provide new equahon Euler-Poincaré equation)
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I Souriau Chapter on Statistical Physics: Multivariate Gaussian Law

S

% - Exemple : (loi normale)

: *

- Prenons le cas ¥ = R", 1 = mesure de Lebesgue; Wix) = ( ) :
» X '@‘ X

un élément £ du dual de E peut se définir par la formule

Zi¥ix))=a.x +ix.H.x

—_. 5 appcIlc loi normale de Gauss ; on calcule facﬂcrncnt Iy en faisant Ee chan-
i, germent de variable x* = H”""2 x 4 H~Y2 g (%) ; il vient

d’

z=4[@.H '.a — log(dét (H)) + nlog (2 m)]

i alors la convergence de 7; a lieu également ; on peut donc caleuler Af, qui

& est défini par les moments du premier et du second ordre de la loi (16, 196) 3
- le calcul montre que le moment du premier ordre est égal 4 — H ™ '.a

g—. el que les composantes du tenseur variance (16.196) sont &gales aux
5 éléments de la matrice H ~* ; le moment du second ordre s’en déduit immgé-

o
3

diaterment. .
La formule (16.2005) donne 'entropic :

log (2 me} _1 log (dét (F})

n
2

(") Moir Calcw! lindaire, tome IL-
* est-d-dire en recherchant irage de la loi par Papplication x i x*.

This documer
part or disclo:

9

(00]
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http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
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I Maximum Entropy / Gibbs Density for Multivariate Gaussian Law

Z
| if we take vector with tensor components &= (z ® zj , components of ¢

ny way, in whole orin

will provide moments of 1st and 2nd order of the density of probability p; (<)
, that is defined by Gaussian law. In this particular case, we can write:

ntof Thales - © Thales 2015 All rights reserved

<§,X>=aTz+%zTHz with aeR" and H e Sym(n)

| By change of variable given by z'=H"?z+H™"?a , we can then compute

the logarithm of the Koszul characteristic function:
D(x) = —% la"H "a+log det|H * |+ nlog(27))

- | We can prove that 1st moment is equal to —H ~“a and that components of
variance tensor are equal to elements of matrix H™, that induces the 2nd
moment. The Koszul Entropy, its Legendre transform, is then given by:

x, = 1 _
(&) == llogdet|[H ]+ nlog(27.)]
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Project of 2nd Edition of his Book (Send by Claude Valiée)

TRANSFURIA JI0N DE LAPLACE.

Définition, théordme: . -~ . T, ' > : 3

! Cl

B . 3w i ini L mesure e son dual B
Soit E un especes.vectoriel de dimenslen f:.m.e,}f- upne die son dual

0

Alors 1a forction déiinie par i -

1 17%) : .:@;_b 'Se'msa n (m;‘ . o _ [HeE‘:‘j:

© Thales 2

k3]
k)
2
g
k]
o}

of Thales -

pa;ur tont @EE tel que l'iptégrele.solt gonvergesate s'oppelle transformes

cde- 3 son ¢psemble ue difinibion est un convexe de E.

de Lupluce 3

¥ L+

ften cons

: det isi sie dF Loplace;
Seient @, "GL €der(¥), .F disign=nt cetle transforuée df Lapluce;

e 1O,

) - atd H £, s

22 seit s€[0,1], © = [1-21@, + s G . les fonctions I = Moty £y

¥ ' - " ME .
f ILIHeHE'L sun*: Pﬁ—intégruhlas; il faut oontrer que £+ Mpee est nusai
5 or 1 ; ~intégradl

8% ".\—lntégrahie. Or lu i‘onct.r.nnc?; Pl—sl 1‘1 + 8 fE est M ~iateégrasie

;E% Al ; L L= . . . _ »
2% l (13106 ), donc il -intégrable (13.119); comas x > ¢ est Fd_mﬂ“fﬂjﬂf'ﬁah-
‘g:i; . (,“;' f}?‘} , on a 1'1115 - 41—3]{9! +5@L < ti_al o 13y + 5 € L. 3 donc .If]-a- (i’ i
5’2 " f est H;iqt.égrahle ( 1#. 109 ). | .

£t o | Copp. L0
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Théor‘brfﬂ [nntnbicma{l iw lel}}:
'E La tr.nafnrmue ] Lunluce

térienr de sot
e —

1ansemu1eae difinition del(F); su dérivie

F de ln mesure {* est dlffér*ntiﬂb‘e dens 1 1".

p e est donode

e

i 1'intérrnle convermente

= e i) ..

E$

Ligo)

@x &°

H{M]dﬂ

X ¥ 5 ]
en Lout woint interietr o usiii').
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ﬂ 1?5) 3°) Soit & un point intérieuwv de der(F). Alers :
L S — . ,
a) DPEN®) 2 0 X
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I Covariant Gibbs Equilibrium

| Jean-Marie Souriau has observed in 1964 in « Définition covariante des
équilibres thermodynamiques » that Classical Gibbs Equilibrium is not
covariant with respect to Dynamic Groups (Gallilee Group in classical
Mechanic or Poincaré Group in Relativity). Classical thermodynamics
corresponds to the case of Time translation.

ny way, in who\e

- ©Thales 2015 All rights rese

ent of Thales

| To solve this incoherency, Souriau has extended definition of Canonical
Gibbs Ensemble to Symplectic Manifolds on which a Lie Group has a
Symplection Action:

2 (Planck) Temperature is an element of the Dynamic Group Lie Algebra

arty without the prior written con

» Heat is an element of the Dynamic Group Dual Lie Algebra

| In case of non-commutative groups, specific properties appear: the
symmetry is spontaneously broken, some cohomological type of
relationships are satisfied in the qlgebra of the Lie group

PEN
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I Gibbs Equilibrium: Solution of Maximum Entropy

5 | Let M be a differentiable manifold with a continuous positive density dw
and let E a finite vector space and U (&) a continuous function defined
on Mwith values in E. A continuous positive function P(&) solution of
this problem with respect to calculus of variations: ( [ p(&)dw =1

ArgMin[s = —J' p(<)log p(g‘)da)} such that < 'V'
P(&) M U (&) p(f)do=Q

M

ny way, in whole orin

ntof Thales - © Thales 2015 All rights reserve

r

I U ( g)e—mu dw

| Solution: p(&)=e®V Y@ \ith Q= [ Pg and @(B) =-log [e "*Pda
@ M

| Entropy s = _J' p(&)log p(&)dew ¥ can be stationary only if there
M

arty without the prior written conse

exist a scalar & and an element 3 belonging to the dual of E.

part or disclosed to a third p

| Entropy appears naturally as Legendre transform of @ :

5(Q)=(8.Q)-D(p)
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I Gibbs Canonical Ensemble

ny way, in whole orin

This document may not be reproduced, modified, adapted, published, translated, in a

part or disclosed to a third p

o]

nt of Thales - © Thales 2015 All rights reserve

arty without the prior written conse

| This value s(Q)=({8.Q)—®(B) is a strict minimum of s, and the
equation: JuE©e " de

_ M
Q= I o FUD)g,

M
has a maximum of one solution for each value of Q.

| The function @®(p) is differentiable and we can write d® =dgs.Q

a(l)
and identifying E with its dual: Q =
s (BU() o°d
| Uniform convergence of J.U (5)®U(S)e do  proves that — ——

and that — @ () is convéx.

| Then, Q(LB) and L(Q) are muiually inverse and differentiable, with
ds = £.dQ

>0

Identifying E with its bidual: £ = THALES
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I Gibbs Canonical Ensemble on Symplectic Manifold

.| In statistical mechanics, a canonical ensemble is the statistical ensemble
that is used to represent the possible states of a mechanical system that is
being maintained in thermodynamic equilibrium.

ny way, in who \ eor

- ©Thales 2015 All rights res

|| Souriau has extended this notion of Gibbs canonical ensemble on
Symplectic manifold M for a Lie group action on M

onsent of Thale

| The seminal idea of Lagrange was to consider that a statistical state is
simply a probability measure on the manifold of motions

1yw1ho ut the prior writte

| In Jean-Marie Souriau approach, one movement of a dynamical system
(classical state) is a point on manifold of movements.

. ] For statistical mechanics, the movement variable is replaced by a random
variable where a statistical state is probability law on this manifold.

OPEN
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I Gibbs Canonical Ensemble on Symplectic Manifold

.| In classical statistical mechanics, a state is given by the solution of
Liouville equation on the phase space, the partition function.

ny way, in whole or

| As symplectic manifolds have a completely continuous measure,
invariant by diffeomorphisms, the Liouville measure / , all statistical states
will be the product of Liouville measure b}l the scalar function given by the
generalized partition function e defined by:

> the energy |J (defined in dual of Lie Algebra of the dynamic group)

- ©Thale 20 5 All rights reserv d.

nt of Thales

> the geometric temperature 3
> (D(,B) a normalizing constant such the mass of probability is equal to 1

rty without the prior written consel

| The Gibbs equilibrium state is extended to all Symplectic manifolds with a
dynamic group. To ensure that all integrals could converge, the canonical
Gibbs ensemble is the largest open proper subset (in Lie algebra) where
these integrals are convergent. This ccmonlc:al Gibbs ensemble is convex.

OPE| T I I
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I Gibbs Ensemble of a Dynamic Group
. | Let M a Symplectic Manifold with a Dynamic Group G:

» G is a Lie Group that acts on M by « Symplectomorphisms » ¥, :GxM ->M

>
¢]

2015 All rights resel

>let transformation of M by the element g eG gxX— Y, (X)
9

d,ina

©Tha

> Let Z egq an element of Lie Algebra g of Dynamic Group G , we can associate a
vectors Field Z,, defined on M , that characterize infinitesimal action of G

g[exp(tz Ju (0]=2,, (exp(tz ) (x)

nsent of Thales -

adapted, published, franslate

written co

» Dynamic Group G has a moment map, a differentiable application from the
manifold M to g the dual of Lie Algebrag : xeM —U eq .

odified
prior \

thout the

» The moment map is charcaterized by the equation:
(%, Z,, (x)= U (2)
« 0 Symplectic form of M

: - OX arbitrary variation of point X on M
« OU associate variation of U to X
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I Geometric (Planck) Temperature in the Lie Algrbra

| Let a Group G of a Manifold M with a moment map E , the Geometric
(Planck) Temperature g is all elements of Lie Agebra g of G such that the
following integrals converges in a neighborhood of g : 1,(B) = je‘<ﬁ'u>d/1
>(B,U) notes the duality of g and g M
> dA is the Liouville density on \

ny way, in whole orin
AATE Al vimdabe rmemnia

| Theorem: The function |, is infinitly differentiable C* in Q (the largest
open proper subset of g) and is n" derivative for all g Q, the tensor
integral is convergent: | (B) = je—<ﬁ,U>U ®"4
M

| To each temperature g, we can associate probability law on M with
distribution function (such that the probability law has a mass equal to 1):

ePHBU) withd(B) =-log(l,)=~log [e " d1 anaQ(B) = [¢*P#Oudz = :_

> The set of these probalities law is GibBs Ensemble of the Dyndfhic Group, @ is the °

Thermodynamic Potential and Q is the Geometric Heat Q e g*
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I Geometric Fisher Metric: Geometric Heat Capacity

. | We can observe that the Geometric Heai Q is C~ function of Geometric

0 0
| This quatratic form is positive, and positive definite for 'gach X e M unless
there exist a non null element z g such that <U Q, Z> 0 (means that the
moment Y varies in an affine sub-manifold of ¢ )

Temperature g in Dual Lie Algebra g : fenrsQen’

Q(B) = J‘eCD(ﬂ) (BU)) Udll_l_l

22 oD

:; | Wehave: Q=—

op

| Its derivative is a 2"d order symmetric tensor: _2 — :_2_ l I® I II -—Q®Q
o o

= [e?@ Oy Qleu-Qla R Q_ &

8,8 . o 2

part or disclosed to Th d o]
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I Geometric Entropylegendre Transform

| We have the inequaility:
<ﬁ1_ﬂo’Qo>2cD1_(Do

ny way, in who \

© Thales 2015 All rights re:

Q.

| The application g1 Q is injective and as is derivative % is invertible, then

nt of Thale

this application g+ Q is a diffeomorphism of Q on the open Q" g’

O
| We can then apply the Legendre Transform: Q = <Z—,B ,B>

from which we obtain the Shannon Entropy:

arty without the prior written conse

oD O (f)~( U
<£ | ,B> ~0=—[e 7 o8) (.U ()= plog pa =5

OPEN
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I Legendre Transform

| We have the reciprocal formula:

oD oS
éi Q = — ﬂ = —
op oQ

nsent of Thales

oS
@[50 ow-(oZ)-

| For Classical Thermodynamics (Time translation only), we recover the
definition of Boltzmann Entropy:

( oS
=% dQ

3 =ds=—
-

This document may not be reproduced, modified, adapted, published, translated, in a
ty without the prior writte
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I Example of Gallileo Group

X'=R.X+Ut+w
t'=t+e

ny way, in whole orin

X, and we R®,eeR"
R e SO(3)
| Matrix Form of Gallileo Group

- ©Thales 2015 All rights reserved.

nt of Thales
~ X

1

arty without the prior written ¢

Galilean group is one-dimensional.

| Lie Algebra of Gallileo Group

This document may not be reproduced, modified, adapte d p ublished, translated, in a
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| The Galileo group of an observer is the group of affine maps

1

.
t

| Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59,
1954, pp 1-46) has proven that the symplec:hc: cohomology space of the

77 and ¥ e R®, g e R"
@weso(3):X—> aoxX
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I Lie Group Notation
] Lie Algebra of Lie Group and Adjoint operators

» Let G alie Group and T_Gtangent space of G atits neutral element e

- Ad Adjoint representation of G
Ad :G — GL(T.G) with i, :h+> ghg™
geGi— Ad, =T,

ad Tangent application of Ad atf neutral element € of G

ad =T_Ad : T.G —» End(T.G) X,Y eT.Gr—ad, (Y)=[X,Y]
»ForG =GL,(K)with K=R or C .
T.G=M_(K) XeM,(K),geG Ad (X)=9gXg"

X, Y eM_ (K) ad,(Y)=(T.Ad),(Y)=XY —YX =[X,Y]

- Curve frome = I, = c(0) tangentto X =c(1): c(t) =exp(tX)
and transform by Ad : ' (t) = Ad exp (tX)

d

ad, (Y) = (T,Ad), (V) = -y (O | =S ep @)Y ep(X) | = XY —YX

n N



I Broken Symmetry and cocycle

.| For Classical Thermodynamics, the group G (Group of time translation)
leaves unchanged Gibbs equilibrium states.

ny way, in whole or

| This is not frue in the general case: the symmetry is broken.

. | f we consider a Gibbs state, the probability law x; , its image by ¥/ (,uﬁ)
with g eG is a probability law.

onsent of Thales - © Thale: 20 5 All rights reserv d.

|To compute ¥ (x,), we have to compute Jo %' where J is the moment
map J:xeM HU eq

arty without the prior writte

] There exist an application 6:G — g such that:
(¥, (x))=a(g, I (x) = Ad; (3 (x))+ () Ad;(U)=U o Ad’

| g verifies the equality, proving that it is g-cocycle of Group G
0(9,9,) = Ad; 6(g,)+0(9,) , ¥9,,9,€G 0(e) =0 .fi(g_l) = ‘Aég(g)
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I Distribution of probability by Group action

| The distribution density under the action of the Lie Group is given by:
* Q)*—<,B*,U> (D - (D(ﬂ )_ (D - <0(g _1)’ ﬂ>
e «
“ o = +(6(g), Ad, )

(**)
| The set 2 of Geometric Temperature is invariant by the adjoint action of G

ny way, in who \

B =Ad,(B)
0(9™) =—Ad,0(9)

- ©Thales 2015 All rights re

nt of Thales

¥, (ﬂﬁ ) = Had,(p)

reproduced, modified, odopfcd p ublished, franslated, in a

arty wTh ut the prior written co

- | fweuse Q —Z% we have the constraint s -(Q,58)=0

| By derivation of (**), we have: 6(5,2)+(Q,[8,2])=0
B(X.Y):5xa > % () =T,0(X (©)
X, Y 5 (0(X),Y)
|_9 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW - 16th May 2017 - F. Barbaresco - T H A L E S
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I Geometric (Planck) Temperature
;| We have previously observed that: (:)(,3,2)+<Q,[,3, Z])=0

1 @(X ,Y) is called the Symplectic Cocycle of Lie algebra g associated to
the momentum map J

O(X,Y) =iy 41— Iy, Jy } with {,.}Poisson Bracket and J the Moment Map
» where J, linear applicatfion from & fo differential function on M :

, X —>J
> and the associated differentiable applicationJ, called moment(um) map: =~

J:M g with x> J(x) suchthatJ, (x)=(J(x),X), X eg

x—>C”(M,R)

he
tof Th

| 6(X.,Y) is a2-form of g and verify:
o(X.Y]2)+6(Y,z] X)+6(z,X]Y)=0
| Ifwe define: ©,(2,,2,)=6(2,,2,)+(Q.ad,, (Z,) ) with ad, (Z,)=[Z,,Z,]

. || We can observe that: BeKer®, ®,(8,8)=0 , VBen
I]_QO IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW - 16th May 2017 - F. Barbaresco T H A L E S
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I Associated Riemannian Metric: Geometric Fisher Metric

| We can compute the image of Geometric Heat by the Lie Group action:

Q"= Ad;(Q)+6(g)
- | By tangential derivative to the orbite with respectto Z cg and by using
positivity of _9Q . 4, we find:

op
0,(z.[p.z)=0z[p.2)+{Q[z.[5.2])>

| @ is a 2-form of g that verifies:
o(X,Y]2)+o(Y,z] X)+6(z,x]Y)=0

| Then, there exists a symmetric tensor g, defined on ad,(Z)

o,(2)p2)-6,@lp2)
-] With the following invariances: I(Ad (ﬂ))= _8 (®_<‘9(9 ) ,3>):_82q> _1(B)
g 2 2
§ sl(Ad, ()= s(Q() N op - H@I/i e
]2] IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — N May 2017 - F. Barbaresco ()
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I Lie Group Action on Symplectic Manifold
G

-
-
-
-

Q|
( 0(9)/
Q  Q =Q(Ad,(8))=Ad:(Q)+6(g)
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I Fisher Metric of Souriau Lie Group Thermodynamics

.|| Souriau has introduced the Riemannian metric

0,(8.2.}15.2.)=6,(2.,5.2.) pekero,
®ﬁ(zl,zz)—®( 1Z,)+(Q.ad, (Z,) ) with ad, (Z,)=(Z,,Z,]
| This metric is an extension of Fisher metric, an hessian metric: If we
differentiate the relation Q(Ad, (8))= Ad: (Q)+6(g)

%(— 2,.81)=6(z,.[8.)+(Q.Ad, (.)) = 6,(z..[.)
—%[zl,ﬁ],z EIED @M1

0°D
o= o - BTlBZ]=6,2.[82,)
.2 || The Fisher Metric is ’rhen a generallzahon of “Heat Capacity”:
- PEo K=-R_ aQ(a(llkT)j e TN _ K a1 with B—cp
: KT 8,8 orT ot oT ot C.D

g o]
£ a
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I Souriau Momenit(um) map

| J is a linear application from Q to differential function on M :

a—>C*(M,R)
X —=>Jy

| the associated dlfferenhable application J , called moment(um) map:

J:M —>g with x> J(x) suchthatJ, (x)=(J(x),X), X eg

| If instead of ], we take the following momentum map:
J'(X) = J(x)+Q Xe M
: | where Q c g is constant, the symplectic cocycle g is replaced by

6'(9) =6(g) +Q— Ad,Q
| where §'—0 =Q — Ad Q is one-coboundary of (5 with values in g

| We have also properties §(g,g ) Ad .0(g9,)+06(g,) with 9(e) =0
|_24 WA SENARL GECMERICAL WEHOES N PHYSICS - WATSAW - 6 by 201 . ST THALES
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I Souriau Theorem of Lie Group Thermodynamics

| Let O be the largest open proper subset of g, Lie algebra of G, such that

ny way, in whol

je—</3,U(é)>d,1 and Ié.e‘<ﬁ Y41 are convergent integrals, this set Q is convex
M M

and is invariant under every fransformation Ad (.), where g — Ad,(.) is the

ntof Thales - © Thales 2015 All rights res

adjoint representation of G, such that Ad, =T.i, with i, :h— ghg™ .
let a:Gxg — g a unique affine action @ such that linear part is

coadjoint representation of G , that is the contragradient of the adjoint

arty without the prior written conse

representation. It associates to each g <G the linear isomorphism,

ument may not be reproduced, modified, adapted, published, translated, in a

disclosed to a third p

Ad; eGL(x") safisfying, for each £eg” , X €q: <Ad;(§),x>=<§,Adg_1(X)>

B A() dD-6gt)B s—>s  Q—a(g,Q)=Ad;(Q)+6(g)
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I Souriau Model of Lie Group Thermodynamics

TEMPERATURE ‘ HEAT

ﬁ In Lie Algebra In Dual Lie Algebra

éﬁ Gibbs canonical Q* g;F

é% ensemble

Ady (B) Ad;(Q)+6(g)

S~ X,

g;é gﬁ([ﬂ’zl]’[ﬂ’z2]):(:jﬂ(zl’[ﬂ’ZZ])Zo S(Q)=<,3,Q>—q)(ﬁ)

co ~(AU©)

o 0*log [e""*Pdz ENTROPY IS INVARIANT
9 M . ° e

EU 1(B) = |(Ad (ﬂ)) e e . (Could be is defintion)

L F CHARACTERISIC FUNCTION ENTROPY
|_26 IMPAN — SEMINARIUM GEOMETRICAL METHE® OG C - ...c.: — §.—C. . C O - " = ,.-‘LES



I Question

Nous prenons désormais 2 dans C . La valeur moyenne du moment W(x)
dans 1 etat de Bibbs est égal a la dérivée

8 =z*{Z):
z +—}*E est un diftéomorphieme analytique de C sur uwn ouvert convexe
de ?5 : la transformée de Legendre s de =z :

s(fh = @2-z

y est convexe et vérifie 1 = s'w): la dérivée seconde:

¥ =27 (D
est un tenseur positif. dont l'inverse est égal & s'’(B).

K munit 1°ensemble € d'une structure riemannienne invar;antu par 17ac=
tion du groupe; pour cette structure, 1’application linéaire Ad(Z) est
antihermitienne.

2. . . L
L appllcatlm fz ! deéfinie par: B Dans le cas classique, on ne considére que le groupe de dimension i des

translations temporelles (qui n’est défini qu’aprés avoir choisi un réfé-
rentiel - par exemple celui de la bofte qui contient le gaz}, Alors, avec
des unités convenables, ? est 1’inverse de la TEMPERATURE ABSOLUE; =z

£ _(2°,2') = K([I,Z’],Z”) V ’,1°'7 € ‘g. est le POTENTIEL THERMODYNAMIDUE DE PLANCK; -s est 1’ENTROPIE: @ est
z I’ENERGIE INTERNE; K caractérise 1a CAPACITE CALORIFIOUE. W

est un cocycle symplectique, cohomologue a ¢  [formule (2,7 C)l3 son
noyau est 1°orthogonal de 1’crbite adjointe de I pour la structure rie-

ILmnnimne de C . TH/-\LES



I Question

Ces formules sont universelles, en ce sons qu'elles ne mettent pas en jeu
Ta variété symplectique U - mals seulement le groupe € , son cocycle

symplecticue f et les ccuples  + Q. Peut-étre cette "thermodynamique
dos groupes de Lic® a-t-elle un {ntérét mathématicue.

=
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I Souriau Lie Group Thermodynamics

S{ nous ¢&sigrons pay E T'érernic cénérilisée (c'est-d-cire
la momant qui appartient, ragpelons-le, au dudl da 1'a3lglhre do Lie 5}
dy graouge}, naus décrivans

E®-2
(7.1) f" e

@ étant un ¢lérent da ’PZ_ qui indaxe 1'état statisticue (ot quf
va genéraliser 13 tesnfrature) , = use cofstante d2 nomalisation, que
1'an ditermite en écrivant que la masse de la loi do probabilité est
égale & 1 :

(7.2) z: ]q% em di (v
v

THALES



I Souriau Lie Group Thermodynamics: Geometric Calorific Capacity

11 faut bien entendu que cette Intégrale soit convergente ; nous
diéfinirgns |'‘enserble cannnigue de Gibbs L

corme le plus grand ouvert

(dans 1'algdbre de Lie) ol cette intégrale est localement normalement conver-
cente (en (& ). On montre que S\

fonction (™ sur [l

est convexe, et que

T €5t une
; que ‘a dtrivée Q= %
. ey

coincide avec la

tenseur ‘EQ

rifique). 11 en résulte que z  est fonction convexe de @ ; la trans-
formation de¢ Legendra lut associe une fongtion coﬁzsﬁe. 4 savoir

est syrétrique et positif (i1 géndralise la capacité calo-

(7.3)

QH sz 2- QO

s est Y'entropie.

130 THALES



Fisher-Souriau Metric based on cocycle

pour chaque “température® 2 , définissons un tenseur fe » SOmTE
du cocycle £  (¢éfini en (3.2)) et du codord de 1a chalevr :

(7.4) folziz)= flz,0)+ Q2,2

FG) Jouit alors des propriétés sufvantes :

a) fe est un cocvcle symplectigue ;

b) Qe ker fy

5) c) Le tenseur symétrique I gefini sur 1'enserdle de valeurs de ad(@)
par

3sll@,2),le,11) = folz,l@.2")

p £i dEnss
| est positif (et méme défini positif si 1'action du groupe est effective).

Ces formules sont universelles, en ce sens qu'elles ne mettent pas en jeu
Ta variété symplectigue U - mafs seulement le groupe G , son cocycle

syrplecticue f et les ceuples @ , Q. Peut-étre cette ™thermolynamique I H /\ L E S
]3] IMPAN — SEMIN/ n
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Lie Group Thermodynamics: Centrifuge for Butter, U235 & Ribo acides

- Physiquemcnt, 13 théorie donne de bons résultats s1 on 1'3ppligue aux

divers sous-graupes du groupe de Galilée qui sont caractéristigques dos

appareils thermodynamiquas : ainsi une boite cylindrique dans laquelle

on enferme un fluide lui laisse un sJus-groupe d'invariance de aimension 2 ¢
rotations autour de 1'axe, translations tcmporelles. D'l résulite un vectewr
température 3 deux dimensions, que 1’on peut “transmettre” 2u fluide par
1'intermédiaire de la hoite, {en la refroidissant, par exemple et en ia
faisant tourner) ; les résultats de 1a théorie sont ceux-lad rére Que 1'on
exploite dans les centrifugeuses (par eaeple pour fabriguer du beurre,
de 1'uranium 235 ou des acides ribonucléigues).
- On remarquera que le processus par lequel une centrifugeuse réfrigérée
transme* son prop.se vecteur-tempeérature 4 son contenu pJorte deux nors
différents : corduction thermique et viscosité, selon la composante du
vecteur-temptrature que 1'on ronsicére ; conduction et viscocsite devraient
donc' {42 unifiles dans une théorie fandamentale cCes processus irréversidies
{théorie qui reste d construire}.
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I Mean Value could be only defined in case of affine structure !l

eserved

- | Souriau Citation:

» We can only measure mean values on objects belonging to a set with physical
affine structure and this structure should be unique !l

© Thales 2015 All rights

> « Il est évident que I'on ne peut définir de valeurs moyennes que sur des objets
appartenant & un espace vectoriel (ou affine); donc—si bourbakiste que puisse
sembler cette affimation—que I'on n'observera et ne mesurera de valeurs
moyennes que sur des grandeurs appartenant a un ensemble possedant
physiguement une structure affine. Il est clair gue cette structure est
nécessairement unique—sinon les valeurs moyennes ne seraient pas bien
définies. »

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole orin

part or disclosed to a third party without the prior written consent of Thales -
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I Continuous Medium Thermodynamics

| For Continuous Medium Thermodynamics, « Temperature Vector » is no
longer constrained to be in Lie Algebra, but only conirained by
phenomenologic equations (e.g. Navier equations, ...).

any way, in whole orin

| For Thermodynamic equilibrium, the « Temperature Vector » is a Killing
vector of Space-Time.

ntof Thales - © Tha \ s 2015 All rights reserved.

- | For each point X, there is a « Temperature Vector » IB(X) such itis an
infinitesimal conformal transform of the metric of the univers §;; :

0 B +0, B = Agu a :covariant derivative

0ifi +0;B, -2, :Bk Ag; B; -component of Temperature vector
A= O:>K|II|ng Equatlon

.|| Conservation equations can be deduced for components of Impulsion-
Energy tensor T! and Entropy flux S’ GT” =0 0,S'=0

PEN T I I
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I Affine representation of Lie group and Lie algebra by Souriau

3

| Souriau called the Mechanics deduced from his model:“Affine
Mechanics”

ny way, in whole orin

| Let G be a Lie group and E a finite-dimensional vector space. A map

A:G — Aff (E) canalways be written as:
A(9)(X) =R(g)(x)+6(g) with geG,xeE

where the maps R:G —> GL(E) and &:G — E are determined by A.
The map A is an affine representation of G in E.

ntof Thales - © Thales 2015 All rights reserve

arty without the prior written conse

| The map 8:G — E is a one-cocycle of G with values in E, for the linear
representation R; it means that @ is a smooth map which satisfies,

forall g,heG:
d(gh) = R(g)(@(h)) +6(9)
| 136 - st GEOMETRCAL WETHODS N RIS - WaRSA < 16 iy 2017 -, Scrsi—— THALES
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I Affine representation of Lie group and Lie algebra by Souriau

s | Let g be a lie algebra and E a finite-dimensional vector space. A linear
~ map a:.g— aff (E) always can be written as:

a(X)(x) = r(X)(x) + ©(X) with X eg,x e E

I where the linearmaps r:q@ — gl(E)and ®:q — E are determined by
a. The map a is an affine representation of G in E.

y way, in whol
hales 2015 All rights res

lated, in any way, in ole
T

£
O]
O
)
c

nt of Thales

| The linear map @ ;g — E is a one-cocycle of G with values in E, for the
linear representation r; it means that © satisfies, forall X,Y €q :

o[ X, Y ) =r(x)(©(Y))-r(Y)(©(X))

| ® is called the one-cocycle of g associated to the affine representation a.

ed, adapted, published, tra

prod d, modified, ad
ty without the prior writt

o
o
)

dp

5

t may not b
scl d t th

] the associated cocycle ® : g — E is related to the one-cocycle 8:G — E
7 O(X)=T.H(X(e) . X <u
I]_37 IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - WARSAW — 16th May 2017 - F. Barbaresco o T H A L E S
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I Equivariance of Souriau Moment Map

. ]| There exists a unique dffine action @ such that the linear part is a
coadjoint representation:

a:Gxg —>w
a(g,$) =Ad_.&+06(9)
with <Ad*_1§, X> :<§, Ad X>

| that induce equivariance of moment ] .

ny way, in who \

- ©Thales 2015 All rights res

nt of Thales
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I Action of Lie Group on a Symplectic Manifold

i Jlet @:GxM — M be an action of Lie Group G on differentiable
manifold M, the fundamental field associated to an element X of Lie
algebra @ of group G is the vectors field X on M:

x L (X) =— d eXp(tx)(x)< with @Ql(cpgz(x)):q>glgz(x) and @, (X) = X

t t=0

ny way, in who\c

Tha \ 2015 All rights resel

nt of Thale

| @ is Hamiltonian on a symplectic manifold M , if @ is symplectic and if
forall X €, the fundamental field X is globally Hamiltonian.

| There is a unique action a of the Lie group G on the dual !I of its Lie
algebra for which the moment map J is equivariant, that means satisfies

foreach Xe M : J(CDg(X)) a(g, J(x)) = Ad _1(J (X))+ 6(9)

nt may not be reproduced, modified, odopT d p bl‘\shcd,f \ T d
arty without the prior written

losed to a third p
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I Affine representation of Lie group and Lie algebra by Koszul

| Let Q2 be a convex domainin R" contain; ng no complete straight lines,
and an associated convex cone V (Q2) = {(/IX X) ceR"xR/xeQ,1eR” }

Then there exists an affine embedding: X
lXeQ> . eV (Q)

ny way, in who\c

- ©Thales 2015 All rights rese

. | fwe consider 7] the group of homomorphism of A(N,R) into GL(n+1,R)

given by: s AR) r(o) qg-s)} e GL(n+1LR)

nt of Thale

tq
: ]| and associated affine representation of Lie Algebra: 0 0

rty wTh ut the prior written conse

| with A(N, R) the group of all affine transformations of R" . We have
(G (Q)) - G(V (Q))cmd the pair (77, €) of the homomorphism

L77 :G(Q) - GV (Q)) and the map £:Q -V (Q) is equivaippy A LE S

h May 2017

d m 1m ay not be reproduced, modified, adapted, published, T nslated, in a
closed to a third pa



I Affine representation of Lie group and Lie algebra by Koszul

;|| Let (G a connex Lie Group and E areal or complex vector space of
finite dimension, Koszul has introduced an affine representation of G in E
such that the following is an affine fransformation: £ — E

ny way, in whole ol

ar—~sa VseG

. ] Weset A(E) the set of all affine fransformations of a vector space E , a
Lie Group called affine transformation group of E . The set GL(E) of all
regular linear fransformations of E , a subgroup of A(E) .

ntof Thales - © Thales 2015 All rights reserv:

| We define a linear representation from E to GL(E):
f:G — GL(E)

sto>f(sya=sa—so VaeE q:G—>E
| and an application from G to E :

arty without the prior written conse

s—>q(s)=so0 VseG

. | Then we have Vs,t G : f(s)a(t) +a(s) = q(st)
|_4-] IMPAN — SEMINARIUM GEOMETRICAL METHODS IN PHYSICS - W/%?f%q(tsm/\/\ OOOOOO T H A L E S

Yq(s) = sq(t) Zs0+ so = sq(t) = sto = q(st)
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I Affine representation of Lie group and Lie algebra by Koszul

=z ]| On the contrary, if an application q from G to E and a linear
_ representation f from G to GL(E) verify previous equation, then we
can define an affine representation of G in E , written (f, q) :

Aff (s):ar—>sa=f(s)a+q(s) VseG,VacE

§ I The condition f(s)q(t) +q(s) = q(st) is equivalent to requiring the
following mapping fo be an homomorphism: Aff :s € G~ Aff (s) € A(E)

ny way, in whole

© Thales 2015 All rights res
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prior written conse

| We write f the linear representation of Lie algebra g of G, defined by f
and ( the restriction to g of the differentialto ¢ ( f and J the
differential of f and ] respectively), Koszul has proved that:

f(X)ay) - f()aX)=a(X,Y]) vX,Yeg
with f:ga—gl(E) and q:a—E

Where gl(E)the set of all linear endomorphisms of E the Lie al?eHbr;l\olf_CéLéE)

arty without the

This document may not be reproduced, mod
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I Affine representation of Lie group and Lie algebra by Koszul

on E , using an affine coordinate system Xt xX"ton E ,wecan

express an affine mapping v f(X)v+ q(Y) by an (N+1) x(n+1)

matrix representation: f (X) g (X)
aff (X) :{ ) ) }
| where f (X) is a NXN matrix and C](X) is a N row vector.

| Conversely, if we assume that  admits {:n affine rfpresen’rqhon (f CI)

ny way, in who\c

- ©Thales 2015 All rights rese

nt of Thales

| If we denote g_. = aff (a), we write G_.. the linear Lie subgroup of

arty without the prior writte

GL(n+1R) generated by g . An element of S € G4 is expressed by:

AFF (5) = r(g‘) qﬂ

OPEN
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Souriau Model of Affine Representation of Lie
Groups and Algebra

Koszul Model of Affine Representation of Lie
Groups and Algebra

A(g)(x)= R(glx)+6(g) with ge G.xcE
R:G—>GL(E)and ¢:G—=E

6(gh) = R(g}(6(h)) + 6(g) with g heG

&: G — E is a one-cocvcle of G with values in E,

Al XNx)=r{X)Nx)+O(X) with X eg.x=E
Thelinearmap @ .4 — E is a one-cocvcle of (= with values
nE @(X)= F:,G[X[:e}:l X en

o(x.¥])=rx)e))-rr)ex))

none

none

Affis):asa=Hs)a+q(s) VseG YacE
f:G— GL(E)
sf(sla=sa—s0 YacskE
q:.G—=E
sk q(sl=s50 V5@

q(st) = f(s)q(t) - als)

vies f(X)v+g(T)
f and g thedifferential of T and g

respectively

d[x.¥])= f(X)e) - FT)a(X) VX.Yeq
with f:0 —gl(E) and g:0u—E

a0 #0]
f
a9 %

I Souriau/Koszul: Affine Representation of Lie Group and Lie Algebra
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I Seminal Paper of Poincaré 1901 on « Euler-Poincaré Equation »

| [1] Henri Poincaré, Sur une forme nouvelle des équations de la

Mécanique, C. R. Acad. Sci. Paris, T. CXXXII, n. 7, p. 369-371., 1901

5 > Heni Poincaré proved that when a Lie algebra acts locally transitively on the
configuration space of a Lagrangian mechanical system, the Euler-Lagrange
8< equations are equivalent to a new system of differential equations defined on
£y the product of the configuration space with the Lie algebra

‘E:g SEANCE DU LUNDI 48 FEVRIER 1901,

:gg PRESIDENCE DE M. FOUQUE.

22 d dTF

g2 3 P —_— Zc.r&z Nk —+ 2.
s MEMOIRES ET COMMUNICATIONS dt dr v ;

g% DES MEMBRES ET DES GORRESPONDANTS DE L'ACADEMIE,

;% MECANIQUE BATIONNELLE. — Sur une forme nouvelle des dguations

gg de la Mdcanigue. Nole de M. H. PoiNcaRE.

gé « Ayant eu l'occasion de m’occuper du mouvement de rotalion d'un

S% corps solide creux, dont la cavité est remplie de liguide, j'ai été conduit

$5 a4 mettre les équations générales de la Mécanique sous une forme que je

29 crois nouvelle et qu’il peut étre intéressant de faire connaitre.
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I Euler-Poincaré Equation of Lie Group Thermodynamics

| When a Lie algebra acts locally transitively on the configuration space of
a Lagrangian mechanical system, Henri Poincaré proved that the Euler-
Lagrange equations are equivalent to a new system of differential
equations defined on the product of the configuration space with the Lie
algebra.

ny way, in whole ol

- ©Thales 2015 All rights reserv:

Euler-Poincaré equations can be written under an intrinsic form, without
any reference to a particular system of local coordinates, proving that
they can be conveniently expressed in terms of the Legendre and
momentum maps of the lift to the cotangent bundle of the Lie algebra
action on the configuration space.

t of Thal
|
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I Euler-Poincaré Equation of Lie Group Thermodynamics

| The Lagrangian is a smooth real valued function L defined on the tangent
bundle TM. To each parameterized continuous, piecewise smooth curve
, 7:|t,,t.] > M ,defined on a closed interval |t,,t,], with valyes in M, one
associates the value at 7 of the action infegral: ) _ IL dr(®) g

ny way, in whole orin

- ©Thales 2015 All rights reserved.

: | The partial differential of the function L: M xg — R with respec’r to its
second variable d,L , which plays an important part in the Euler-Poincaré
equation, can be expressed in ferms of the momentum and Legendre
maps: d,L = P, ogo oILogo with J =p. p.op'(=d,L=JoLog) the moment
map, p,. M xg >

nt of Thale

rty without the prior written consel

| the canonical projection on the 2" factor, L: TM - T M the Legendre
fransform, with ¢: M xga —>TM / ¢(x, X) = X,, (X)

and @' :T'™M 5> M xg" /¢ (&) = (7, (£), I(£))

OPEN
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I Euler-Poincaré Equation of Lie Group Thermodynamics

| The Euler-Poincaré equation can therefore be written under the form:

(% ~ad, (t)j(dzf(y(t),v (1)=3-d (O O)

ny way, in whole orin

- ©Thales 2015 All rights reserved.

(% ad; (t)j(J oLop(y(t)V (t)))=J o d,L((t),V (t)) with % =o(y®V (1)

H(&) = (& LHE))-LLH &), £eTM , L:TM »T'M , H:T'M R
| Following the remark made by Poincaré at the end of his note, the most

interesting case is when the map L : M xg — R only depends on its second
variable X €a. The Euler-Poincaré equation becomes:

(% —ady j(d[(v (t)))=0 dL (v (t))=d,L(r(t).V (1)

nt of Thales
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I Euler-Poincaré Equation of Lie Group Thermodynamics

| We can use analogy of structure when the convex Gibbs ensemble is
homogeneous. We can then apply Euler-Poincaré equation for Lie Group
Thermodynamics. Considering Clairaut equation:

5(Q)=(5,Q)-0(8)=(07(Q),Q)-2(©7*(Q)) " Q= ®(ﬂ)——ﬁe © f=0"(Q)eq

: | A Souriau-Euler-Poincaré equation can be elaborated for Souriau Lie
Group Thermodynamics:

dQ d _ New interesting Equations for
oo glaieo

| An associated equation on Entropy is:

g _ <dﬁ Q> (p.2d;Q)- 2

ny way, in whole orin

ntof Thales - © Thales 2015 All rights reserved.
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dt \dt
f | That reduces to: [882 <d—'BQ> dd
dt |\ dt dt

Due t .
o (a0 X) e X)= (B ad,Q)=(Qad,f) =0 L N s



I Poincaré-Cartan Integral Invariant of Lie Group Thermodynamics

ny way, in whole orin

ntof Thales - © Thales 2015 All rights reserved.

{qHﬂ
p<Q

This document may not be reproduced, modified, Qdopi d p ublished, translated, in a
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N

H(p) <> s(Q)

H=pg-Les=(Q,8)-

| We can then consider a similar Poincaré-Cartan-Souriau Pfaffian form:

= pdg —H.dt <> 0 =(Q, (A1) - s.dt = (Q, #) —s)dt = D(B).dt
- | This analogy provides an associated Poincare-Cartan Integral Invariant:

j p.dg—H.dt = j p.dg— H.dt transforms in jcp(ﬂ) dt = j ®(B).dt

| For Thermodynamlcs we can then deduce an Euler-Poincaré Variational
Principle: The Variational Principle holds on g , for variations §8 =71 +[8,7] .
where 7(t) is an arbitrary path thc’r vanishes al the endpoints, n(@)=n(b)=0:

5jc1> B(t))dt =0

| Analogies between Geometric Mechanics & Geometric Lie Group
Thermodynamics, provides the following similarities of structures:

L(g) & ©(B)

-

dq oH

dt  op ©h= Q

oL oD
Q - _

o op
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I Compatible Balian Gauge Theory of Thermodynamics

| Entropy S is an extensive variable q° = (ql,...,q”)depending on @ (i=1..,n)
n independent extensive/conservative quantities characterizing the system

ny way, in who \

| The n intensive variables y; are defined as the partial derivatives:

- ©Tha \ 20 5 All rights re

oS(q,...,
D = (@,-9")
: oq’
- | Balian has introduced a non-vanishing gauge variable which multiplies all
the intensive variables, defining a new set of variables: p,=—-p,%; ., 1=L...,n

| The 2n+1-dimensional space is thereby extended into a 2n+2- dlmen5|onal
thermodynamic space T spanned by the variables p,,q" with i=0.1,..
,where the physical system is associated with a n+1-dimensional manlfold M
in T, parameterized for instance by the coordinates d',....q" and Py -
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I Compatible Balian Gauge Theory of Thermodynamics

| the contact structure in 2n+1 dimension: @ =dq° _Zn:yl dg'
i=1

| is embedded into a symplechc structure in 2n+2 dimension, with 1-form, as
symplectization: ,, - Z p..dg’

ny way, in who \eo

| The n +1 dlmenswnql ihermodynqmlc manifolds M are characterized by

: =0 .The 1-form induces then a symplectic structureon T : dw = de, Adg'
i=0

| The concavity of the entropy S(q ,q”) as function of the extensive
variables, expresses the stability of equilibrium states. It entails the
existence of a meirlc structure in the n-dimensional space G;:

ds? = —d s_—z 0’S de'dg’

onsent of Thales - © Thales 2015 All rights reserv:

arty without the prior writte

This docume 1m \/ ot be reproduced, modified, ada p1 ed, published, 1‘ nslated, in a

og'oq’

g | which defines clu distance between two nelghborlng thermodynamic states:
n 5% .

dy, =2 ——5-7dg’ =—2 dydg; = dp,dg’

a o Seda -3

o i=0 T I I
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I Compatible Balian Gauge Theory of Thermodynamics

n

| We can observe that this Gauge Theory of Thermodynamics is compatible
with Souriau Lie Group Thermodynamics, where we have to consider the
Souriau vector :

/1

he
Il

transformed in a new vector P, =—P,.7;

Vn | - =
— Pol1
p=| : |[=-P.B
| po7/n_

This document may not be reproduced, modified, adapted, published, franslated, in any way, in whole or
part or disclosed to a third party without the prior written consent of Thales - © Thales 2015 All rights reserved
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I NEF (Natural Exponential Families): Letac & Casalis
| Let E avector space of finite size, E” its dual. <6?, X> Duality braket with

(6’, X) e E x E. u Positive Radon measure on E, Laplace transform is :

L, :E"—>[0,%0] with 0 L,(6)=[e"" u(dx)

E ) *
] Transformation kﬂ (0) defined on ®(u) Interior of Dﬂ — {9 cE Lﬂ < oo}
k,(0)=logL,(0)

| Nqiurql exponenhal families are given by:

F () = (0, )c) = "™ u(dx), 0 € O (u)
| Injective function (domian of means): k' (0) = IXP 9 ,u),u(dX)

|And the inverse function: ¥, 1 M —>®(,U) with M = |m(k'ﬂ (®(,U)))

2% |Covqr|ance operqtor V m k m m me M
) covarance operator Vi (m) =k, y, (m)={y,, ()" =M o



I NEF (Natural Exponential Families): Letac & Casalis

| Measure generetad by a familly F :

F(u)=F(1') < 3(a,b) e E"xR,such that z'(dx) =e"**** 4(dx)
- | Let F an exponential family of E generatedby 4 and @ X g X+V,

any way, in whole orin

Tha \ s 2015 All rights reserved.

ntof Thales -

with g € GL(E) automorphisms of E and v € E, then the familly
o(F)= {(D(P(Q, ,u)), 0 e @(,u)} is an exponential familly of E

generated by @(u)

rty without the prior written conse

- ] Definition: An exponential familly F is invariant by a group G (affine

group of E), if Vo e G,p(F) =F: Yy, F(p(u))=F(u)
(the contrary could be false)
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I NEF (Natural Exponential Families): Letac & Casalis

. | Theorem (Casalis): Let F = F () an exponential familly of E and G

affine group of E,then F is invariant by G if and only:
Ja:G — E",3b:G — R, such that:

alpp)='g,alg)+alp)
b(pg')=blp)+blp)-(al¢'). g,v,)
Y eGp(u)(dx) =& u(dx)

:- ] When G is alinear subgroup, b is a characterof G, a could be
obtained by the help of Cohomology of Lie groups .

ny way, in whol

© Thales 2015 All rights res

ntof Thales -

V(go,gp')er,<

duced, modified, adapted, published, translated, in a
prior written conse

ty without the
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I NEF (Natural Exponential Families): Letac & Casalis
. | If we define action of G on E'by: gx='0'X,0eG,xeE’

. we can verify that: a(g1g2)= g,.a(g,)+a(g,)
] the action @ is aninhomogeneous 1-cocycle: VN > 0, let the set of all

functions from G" to E, S(G”, E*) called inhomogenesous n-cochains,

ntof Thales -

then we can define the operators: d" : S(Gn, E*)—> S(GM, E*)

:% an(glfn’gnﬂ):gl'F(gziu°’gn+l)+Z(_1)lF(gll92"“1gigi+1"“’gn)
i1

+(-1""F(9,, 0, 9,)
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I NEF (Natural Exponential Families): Letac & Casalis
] Let Z”(G, E*): Ker(d ”)’ B(G, E*): |m(d ”—1), with 7" inhomogneous
n-cocycles , the quotient H n(G, E*): Zn(G, E*)/ Bn(G, E*) is the
Cohomology Group of G with value in E” . We have:
dO:E*—>S(G,E*) ZO:{XeE*;g.x:x,vQ eG}
X (g g.x—x)
d*:3(G,E")— 3(G% E")
Fimd'F | d'F(0,,9,)= 0,-F(9,) ~ F(9.9.)+ F(9,)

2 ={F ¢ 3(G,E"} F(9,0,)=0,F (9,) + F(9,). ¥(9,.,) € G
B'={F e3(G,E"}3xe E",F(g) = g.x— X}
l161 THALES



I NEF (Natural Exponential Families): Letac & Casalis
- | When the Cohomology Group H 1((3, E*): 0 then Zl(G, E*): Bl(G, E*)
. =>3ce E”, such that Vg eG,a(g)z(Id—tg‘l)c

Thenif F = F(,U) is an exponential familly invariant by G , 1 verifies

vg € G,g(u)dx) =e " 4 dx)
vg <G, gle" ,Ll(dX))z 2@ (dx) with g, (dx) = e ()
.- | Forall compact Group, H l(G, E*)z O and we can express a
 A:G—>GA(E) v(g,9')eG* A, = A A,
g A, A (0)="g7'0+a(g) A(G)compactsub -group of GA(E)

- dfixed pomt:>Vg e G, Ag(c) g ‘c+a(g)=c=a(g) = ( ! ‘1)0
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Lie Group, Lie Algebra, Dual Lie Algebra

Arnold, Viadimir, Sur la géométrie différentielle des groupes de Lie de dimension infinie

% 2 et ses applications a I'nydrodynamique des fluides parfaits. Annales de l'institut Fourier,

23 16 no. 1 (1966), p. 319-361:

=5 http://archive.numdam.org/article/AlF 1966 16 1 319 0.pdf

2 Ad,

<3 u

b TG, Ror

£ £,

Y - T*G ,

55 Vladimir Arnold Joke: L*, ’ R*,

-~ «Dans ce qui suit, j'ai tiché l

55 conformément a l'appel de

“Z  N. Bourbaki, de substituer Ad*,

-2 toujours les calculs aveugles 1U* =

= auxidées lucides d’Euler »

gg Diagramme D. FIGURE 1.

gt:”; L. Les vecteurs mﬁfn;ni %ﬁf hrepﬁ&m:]slepl:: des énec:m droites; les vecteurs
;; From Viadimir Arnold Paper o o o e comosoomiante o Momaes g, e 4o niveau
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I Affine Group Action

¢ | Consider the General Linear Group GL(n) consisting of the invertible nxn
matrices, that is a topological group acting linearly on R" by:

GL(N)xR" — R"

(A X)) Ax
: | The Group GL(n) is a Lie group, is a subgroup of the General affine
group GA(n), composed of all pcurs (A D, where A e GL(n) and Lj e R"
1

, the group operation given by: Al ) )(A2 02 AlA2 Av, +v

.| Restricting A to have positive determinant one obtains ihe Positive
General affine group GA (n) that acts transitively on R" by:

(A 0),x)> Ax+v

| Given a positive semidefinite matrix R, according to the spectral
theorem, the conhnuous funchonal calculus can be ap{olled to obtain a
matrix R such that RY? is itself positive and RY?RY2 = R. The

| 165 @pem@t@wReLlMﬁowsw the unique-non-negative squarerootof R . THALES

ny way, in who\e

ntof Thales - © Thales 2015 All rights resel
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I Affine GroupAction

| N — {N(lu Z)/ eR" X e Sym n} the class of regular multivariate
normal dlstrlbuhons where M is the mean vector and X is the

(symmetric positive definite) covariance matrix, is invariant under the
transitive action of GA(N). The induced action of GA(N) on R" x Sym™,

's then given by: GA(n) x (R“ X Sym+n)—> R" xSym™n

(A L), (11,2)) > (Au+0, ASAT)
I and: GA(N)xR" - R"

(A 0),X)— Ax+v
| As the isotropy group of (O, In) is equal to O(n), we can observe that:
— GA(n)/O(n)

1 N is an open subset of the vector space T, = {( : )/77 eR", Qe Sym, }
and is a differentiable mcmlfold where the icmgeni space at any pomf
166 ‘may-be-identified:with: T - o THALES

ny way, in who\

- ©Thales 2015 All rights res
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I Lie Group Everywhere: example of multivariate gaussian law

.| Affine group for Multivariate Gaussian Law

©Thales 2015 All rights reserved.

X =~ N(0, I,) |

R'/2; Cholesky
Decomposition of R
R'/2is an element of
: the group of
l triangular matrix with

positive elements on
g the diagonal

X
1

R1/2
0

e § ;
A Y m
e 1 1

X ~N(0, 1) — N(m, R)
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(m,R) e Sym(n)xR"

1/2
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I Affine Group (Lie Group) and associated Lie Algebra

| Affine Group in case of Multivariate Gaussian case

( m,R) € R" x Sym(n
Y R1/2 m x R1/2X+m ( ) y ( )
= — ’ S R1/2 m
1 0 11 1 M = e G,
l 0 1

X =R(0,1)>Y =X(m,R)

| Lie Group properties

RY2 m 'R1/2 m T 'R1/2R1/2 RY2m. +m T Ml'M2 < Gaff
MM, =] o S bz M, M, eG
0 1] o0 1] | o 1
‘Rl/z m ] R1/2 m ] ‘R1/2R1/2 R1/2m m (=) Ml'Mz # Mz-M1
M, M, = 8 12 { (1:) ll =| 2 0 ! 2 ]1- 2 |\/|1.(M2.|\/|3)=(|\/|1.|\/|2).|\/|3
- - 4L UM =M,
| 168 \ THALES



I Affine Group (Lie Group) and associated Lie Algebra

| Inverse element:
R1/2 R—l/Z _ R—l/Zm
M:{ m}:MRlzl\Aﬁ:Ml{ G,

0 1 0 1
| Lie Algebra: g
{Gaﬁ‘ — Gaff {Gaff — Gaff
L : and R;: g=T,(G)
M - L, N = M.N M = R, N = N.M
~ R1/2(t) m(t) . - Rl/Z(t) m(t) ~ ~ R—1/2Rl/2(t) R—l/2(m(t)_m)
7(0—{ 0 ) },N){ 0 0 }3FL(t)—LM1(7(t))—{ 0 .

) - R—1/2R1/2(0) R—l/Zm(o) - i ~ - B )
I, _{ ; X } == (1 (y(t)qt0 —dL_.7(0)=dL, .M

dL . 1T, (G) > a,
R—l/Z Rl/Z R—l/Zm

MHQL:dLMlM:MlM:{ }
0 0 THALES



I Affine Group (Lie Group) and associated Lie Algebra

| Lie Algebra on the right and on the left
dL,, . :Ty(G)—>g,
) ] ) R—l/ZRl/Z R—l/Z :
MHQL:dLMlM:MlM:{ m}

0 0

dR,.:Ty (G) - g

0 0

X (1) Ml = X (t) —0 X (1) with x fixed
1 1 0 !
X(t)}:M{X}:{X(t)}:_ {X} with X fixed
1 1 0 1
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I Affine Group (Lie Group) and associated Lie Algebra

1 C.onjuga’rion Action % M, = RYZ m, - RVZ m,
- AD:GxG -G MM 0 1 0 1
. -1 N 9
M,N — AD,,N = M.N.M . R;/Z _ R;lzml 4 R11/2m2 m
| Adjoint Operator on Lie Group ADy M, = 0 .
Ad :Gxg — 0 ) N(0)=0
N(0) =1 Ady
|\/|,nHAo|Mn=|\/|.n.|\/|—1=i (AD,,N(t)) with .() i |
dt|,_, N()=neg
"n _ R;YZRYZ R:Y?m, . R;YRY?  _RYZRY?m_ 4, \ o n/ \.
e 0 o | 0 0

-1/2p1/2 -1/2p1/2 31/2 1/2 ~
0 0 ’ Adlelan =Ny

8
- .
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I Affine Group (Lie Group) and associated Lie Algebra
| Adjoint operator on Lie Algebra
ad:gxg—g

(Adyn(t))=[m.n] with {N(O):neg

d
nm—ad n=mn-nms= p

M(@Q)=meg

t=0

R1—1/2 Rll/z Rl—l/zml R2—1/2 R;lz R2—1/2m2
N, = y Ny =

0 0 0 0
_0 RY2(RY2m. — RY?m R—l/Z_
ad, Ny :[n1|_’n2|_]: 1 ( P 1) i
N 0 0 |
. :[n i ]:_O R1—1/2F\311/2(_ R2—1/2F\5;/2m2+m2)_ R2—1/2R;/2(_ Rl—1/2R11/2m1+m1)
g 2R 1R 2R 0 0

Q
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I Affine Group (Lie Group) and associated Lie Algebra

©°

| Moments Maps Ady !
RV2RY2 R, i_qu
n = 0 0 dLps—1 ! dﬁ/
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I Affine Group (Lie Group) and associated Lie Algebra
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I Affine Group (Lie Group) and associated Lie Algebra

] Co-adjoint operator
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I Affine Group (Lie Group) and associated Lie Algebra

] Co-adjoint operator
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I Affine Group (Lie Group) and associated Lie Algebra

] Moment associatedto M T,,G
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I Short Summary
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I Affine Group (Lie Group) and associated Lie Algebra

| 1st Euler- Pomglcz:lre Equation: X
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I Affine Group (Lie Group) and associated Lie Algebra

| 1st Euler-Poincaré Equation
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Geodesic Computation by Euler-Poincaré Equation
and Geodesic Shooting
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Geodesic Shooting for Multivariate Gaussian Laws (cf. Marion Pilté
paper/Poster, THALES/DGA PhD student)
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Geodesic between Multivariate Gaussian Laws for Manoeuver
detection with Kalman filters
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I Souriau-Fisher Metric: Example of Multivariate Gaussian Law

s || Variables of Multivariate Gaussian law
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I Souriau-Fisher Metric: Example of Multivariate Gaussian Law

] Cohomology cycle:
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GSI| « Geometric Science of Information » Conferences:

» GSI'15, Ecole Polytechnique: hitp://forum.cs-dc.org/category/90/gsi2015

> GSI'13, Ecole des Mines de Paris: https://www.see.asso.fr/gsi2013

> GSI'7:www.si2017.0rg
34th International Workshop on Bayesian Inference and Maximum Entropy

>  MaxEnt'14, : hitps://www.see.asso.fr/maxent14

Leon Brillouin Seminar on “Geometric Science of Information”

> http://repmus.ircam.fr/brillovin/home

> http://repmus.ircam.fr/brillouin/past-events

Information geomeiry and probability tools in abstract space for signal and image analysis

> GDRISIS Technical Day: http://forum.cs-dc.org/topic/410/gdr-isis-gsi-day-information-geometry-and-probabilty-tools-in-abstract-space-for-signal-and-image-analysis
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