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TGSI’17 at CIRM (Centre International de Recherche Mathématique) 

http://forum.cs-dc.org/topic/361/tgsi2017-presentation-organisation-abstract-
submission 

http://forum.cs-dc.org/category/94/tgsi2017 
http://forum.cs-dc.org/topic/387/tgsi2017-preliminary-program  
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Geometric Science of Information, 2017: GSI’17 

▌ Site internet de GSI’17: www.gsi2017.org   

 

http://www.gsi2017.org/
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GSI’17, Paris, 7th-9th November 

▌ Keynote speakers: 

Jean-Michel Bismut 

Daniel Bennequin 

Alain Trouvé 

Barbara Tumpach 

Mark Girolami 
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This presentation is a synthesis of 4 avant-gardistes works on 
Geometric structures of Information (including thermodynamics) 

Jean-Marie Souriau Maurice Fréchet 

Prix Jaffé 1975 Prix Jaffé 1981 

Fundation of Hessian Structures 

Of Information Geometry 

(Koszul-Vinberg Characteristic 

function,  Koszul 2-form) 

Fundation of Quantum 

Information Geometry 

Structures 

(Fisher-Balian Quantum Metric) 

Fundation of Structures of Lie Group 

Thermodynamics and Statistical 

Geometric Mechanics (geometric 

temperature and entropy, Fisher-Souriau 

metric) 

Fundation of Structures for probability 

extension in metric spaces and 

Fréchet Bound (Clairaut-Legendre  

equation of Information Geometry) 

Jean-Louis Koszul Roger Balian 

« J’étudie! Je ne suis que le sujet du verbe étudier. Penser  je n’ose. Avant 

de penser, il faut étudier » - Gaston Bachelard, la flamme d’une chandelle 
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LEGENDRE TRANSFORM FOURIER/LAPLACE TRANSFORM 

ENTROPY= 

LEGENDRE(- LOG[LAPLACE]) 

 22 log ddg

INFORMATION GEOMETRY METRIC 

Sddg 2*2* 







*

,
log)(log)( dyexx

yx

)(,)( *** xxxx 

 dpp xx



*

)(log)(*

Φ(x)x,ξ

Ω

ξ,xξ,x

x edξeep
*


 /)(





*

)(.*  dpx x

Legendre Transform of minus logarithm 

of characteristic function  (Laplace 

transform) = ENTROPY 

ds2=d2ENTROPY ds2=-d2LOG[LAPLACE] 

Projective Legendre Duality and Koszul Characteristic Function 
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Jean-Marie Souriau 

▌ Graduated from ENS ULM (Ecole Normale Supérieure Paris), with Elie Cartan 
teacher in 1945 

▌ Souriau PhD at ONERA: J.M. Souriau, “Sur la Stabilité des Avions”  ONERA Publ., 
62, vi+94, 1953 (proof that you can stabilize one aicraft with respect to all 
positions of engine: Caravelle) 

 
▌ Algèbre Multi-Linéaire: J.M. Souriau, Calcul linéaire, P.U.F., Paris, 1964;                       

Algorithme de Le Verrier-Souriau (équation des paramètres du polynôme 
caractéristique) 

 

 

▌ Introduit de la géométrie Symplectique en Mécanique (relecture de Lagrange):                                           

J.M. Souriau, Structure des systèmes dynamiques, Dunod, Paris, 1970 

 

 

 

 

 

AIRBUS BOEING 

« Ce que 
Lagrange a vu, 

que n'a pas vu 
Laplace, 
c’était la 
structure 

symplectique » 
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http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm 

http://www.springer.com/us/book/9780817636951  

▌ Introduction of Symplectic 

Geometry in Mechanics 

▌ Invention of Moment(um) 

application 

▌ Geometrization of Noether 

theorem 

▌ Baycentric Decomposition 

Theorem 

▌ Total mass of an isolated  dynamic 

system is the class of cohomology 

of the equivariance default of 

momentum application. 

▌ Lie Group Thermodynamics 

(Chapitre IV) 

Fundamental Book of Jean-Marie Souriau 

http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.springer.com/us/book/9780817636951
http://www.springer.com/us/book/9780817636951
http://www.springer.com/us/book/9780817636951
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Main references for « Lie Group Thermodynamics » 

1966 1974 
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J.M. Souriau, Structure des 

systèmes dynamiques, 

Chapitre IV « Mécanique 

Statistique » 

Gibbs Equilibrium is not covariant with respect to Dynamic Groups of 
Physics 

Trompette de Souriau 

Lorsque le fait qu’on rencontre est en 
opposition avec une théorie régnante, il 
faut accepter le fait et abandonner la 

théorie, alors même que celle-ci, 
soutenue par de grands noms, est 
généralement adoptée 
- Claude Bernard in “Introduction à 
l’Étude de la Médecine Expérimentale” 
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Example of Gallileo Group 

▌ The Galileo group of an observer is the group of affine maps 

 

 

▌ Matrix Form of Gallileo Group 

 

▌ Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59, 

1954, pp 1–46) has proven that the symplectic cohomology space of the 

Galilean group is one-dimensional. 

▌ Lie Algebra of Gallileo Group 

 

 



















































1100

10

1

'

'

t

x

e

wuR

t

x


)3(

,  and  ,

'

..'

3

SOR

ReRwux

ett

wtuxRx










































xxso

RR















:)3(

,  and  
  ,  

000

00
3



12 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Souriau Model of Lie Group Thermodynamics 

Gibbs canonical
ensemble

 *
g *

g

R R

 

     ,1 g      QQs ,

Q

)(gAd



e

g

G

 gQAd g )(*

TEMPERATURE 

In Lie Algebra 
HEAT 

In Dual Lie Algebra 

LOG OF CHARACTERISIC FUNCTION ENTROPY 

ENTROPY IS INVARIANT 
(Could be is defintion)  

2

)(,2

2

2
log

)()(






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







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


M
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~
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FISHER METRIC 
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Lie Group Action on Symplectic Manifold 
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High Order Temperature Model by R.S. Ingarden 

▌ Ingarden Model compliant with Souriau Model 

We have seen that Souriau has replaced classical Maximum Entropy approach by replacing Lagrange parameters by 
only one geometric “temperature vector” as element of Lie algebra. In parallel, R.S. Ingarden has introduced [232, 233] 

second and higher order temperature of the Gibbs state that could be extended to Souriau theory of Thermodynamics. 
Ingarden higher order temperatures could be defined in the case when no variational is considered, but when a 
probability distribution depending on more than one parameter. R.S. Ingarden has observed that can fail if the following 
assumptions are not fulfilled: the number of components of the sum goes to infinity and the components of the sum are 
stochastically independent. Gibbs hypothesis can also fail if stochastic interactions with the environment are not 
sufficiently weak. In all these cases, we never observe absolute thermal equilibrium of Gibbs type but only flows or 

turbulence. Nonequilibrium thermodynamics could be indirectly addressed by means of the concept of high order 
temperatures.  

▌ Ingarden references 

Ingarden R.S., Geometry of Thermodynamics, H.D. Doebner and J.D. Hennig (eds), Differential Geometric Methods in 
Theoretical Physics, pp.455-465, XV DGM Conference, Clausthal,1986  

Ingarden R.S., Gorniewicz L., Shape as an information-thermodynamical concept, and the pattern recognition problem, Math . 
Nach. 145, 97-109, 1990 

Ingarden, R.S. & Nakagomi T. The Second Order Extension of the Gibbs State, Open Systems & Information Dynamics, vol.1, n°2, 
pp.243-258, 1992 

Ingarden R.., Towards mesoscopic thermodynamics: Small systems in higher-order states, Open Systems & Information Dynamics 
archive, Volume 1 Issue 2, June 1992, Pages 309-309  

Ingarden, R.S. & Meller J. Temperature in Linguistics as a Model of Thermodynamics, Open Systems & Information Dynamics, 
vol.2, n°2, pp.211-230, 1994 
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High Order Temperature Model by R.S. Ingarden 

▌ High order thermodynamics 

High order moments: 

 

 

 

High order characteristic function:  

 

High order temperatures  and capacities:  
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Project of  2nd Edition of Souriau Book (send by Claude Vallée) 

Entropy Definition by Souriau 
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Generalization: diffeology for groups of diffeomorphisms 
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Geometric Theory of Heat 

Fourier: Analytical Theory 

of Heat 
Clausius: Mechanical 

Theory of Heat 
Poisson: Mathematical 

Theory of Heat 

▌ Gaston Bachelard Book 

Étude sur l’évolution d’un problème de physique: La 
propagation thermique dans les solides; Vrin - Bibliothèque des 
Textes Philosophiques, 1973 

Evolution of ideas : Biot, Fourier, Poisson, Lamé, Boussinesq 

http://www.vrin.fr/book.php?code=9782711600434&search_bac
k=bachelard&editor_back=10 

http://www.vrin.fr/book.php?code=9782711600434&search_back=bachelard&editor_back=10
http://www.vrin.fr/book.php?code=9782711600434&search_back=bachelard&editor_back=10
http://www.vrin.fr/book.php?code=9782711600434&search_back=bachelard&editor_back=10
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Reference Book: Libermann & Marle 

▌ Symplectic Geometry and Analytical 

Mechanics 

Paulette Libermann & Charles-Michel 
Marle  

▌ https://www.agnesscott.edu/lriddle/WOMEN
/abstracts/libermann_abstract.htm  

▌ Paulette Libermann, Legendre foliations on 

contact manifolds, Differential Geometry and 
Its Applications, n°1, pp.57-76, 1991 

▌ See also: 

Marle, C.-M. From Tools in Symplectic and Poisson 

Geometry to J.-M. Souriau’s Theories of Statistical 

Mechanics and Thermodynamics. Entropy 2016, 

18, 370.  

http://www.mdpi.com/1099-4300/18/10/370  

 

https://www.agnesscott.edu/lriddle/WOMEN/abstracts/libermann_abstract.htm
https://www.agnesscott.edu/lriddle/WOMEN/abstracts/libermann_abstract.htm
https://www.agnesscott.edu/lriddle/WOMEN/abstracts/libermann_abstract.htm
http://www.mdpi.com/1099-4300/18/10/370
http://www.mdpi.com/1099-4300/18/10/370
http://www.mdpi.com/1099-4300/18/10/370
http://www.mdpi.com/1099-4300/18/10/370
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Galilean Mechanics and Thermodynamics of Continua 

▌ Book of Géry de Saxcé and Claude Vallée 

Galilean Mechanics and Thermodynamics of Continua 
Gery de Saxce, Claude Vallee 
ISBN: 978-1-84821-642-6 
446 pages 
February 2016, Wiley-ISTE 

http://www.wiley.com/WileyCDA/WileyTitle/productCd-1848216424.html  

http://www.wiley.com/WileyCDA/WileyTitle/productCd-1848216424.html
http://www.wiley.com/WileyCDA/WileyTitle/productCd-1848216424.html
http://www.wiley.com/WileyCDA/WileyTitle/productCd-1848216424.html
http://www.wiley.com/WileyCDA/WileyTitle/productCd-1848216424.html
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Affine representation of Lie Group and Lie Algebra 
by Souriau and Koszul 
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Link between Jean-Louis Koszul and Jean-Marie Souriau: 
Small Green Book 

▌ Jean-Louis Koszul Lecture in China 1986 

“Introduction à la géométrie symplectique”, in Chinese 

 Chuan Yu Ma has written 

-  This beautiful, modern book should not be absent from any 
institutional library. …. During the past eighteen years there 

has been considerable growth in the research on 
symplectic geometry. Recent research in this field has been 
extensive and varied. This work has coincided with 
developments in the field of analytic mechanics. Many new 
ideas have also been derived with the help of a great 

variety of notions from modern algebra, differential 
geometry, Lie groups, functional analysis, differentiable 
manifolds and representation theory. [Koszul's book] 
emphasizes the differential-geometric and topological 
properties of symplectic manifolds. It gives a modern 

treatment of the subject that is useful for beginners as well 
as for experts.  

 

Exemplaire que m’a 

transmis le Professeur 
Koszul 
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Le chaînon manquant entre Jean-Louis Koszul et Jean-Marie Souriau: 
Le petit livre vert 

▌ On retrouve dans le livre de Koszul, les équations de Souriau: 



www.thalesgroup.com 
OPEN 

KOSZUL MODEL OF 
INFORMATION GEOMETRY:  
Hessian Geometry and 
Koszul-Vinberg Characteristic 
Function 
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Fisher Matrix and Fréchet(-Cramer-Rao) Bound 

▌ In 1943, Maurice Fréchet published a seminal paper where he introduced first 

lower bound for all estimator, given by the inverse of Fisher Matrix 

Fréchet M., Sur l’extension de certaines évaluations statistiques au cas de petits 

échantillons. Revue de l’Institut International de Statistique 1943, vol. 11, n° 3/4, pp. 

182–205. 

 

 
Fréchet informed us that the content of this paper is extracted from his IHP Lecture of 

Winter 1939  « Le contenu de ce mémoire a formé une partie de notre cours de 

statistique mathématique à l'Institut Henri Poincaré pendant l'hiver 1939-1940 ». 
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Fisher Matrix, Fisher Metric and Information Geometry 

▌ Classically, Fisher Metric of Information Geometry is introduced through 

Kullback Divergence and 2nd Taylor of ordre 2 expansion: 

 

 

 

▌ Even if we can introduce Kullback divergence (combinatoricstools and 

stirling formula), this apprach is not fully satisfactory.  We prefer to 

introduce Information Geometry from « characteristic function » 

(introduved by François Massieu in Thermodynalics and reused by Henri 

Poincaré in probability) and its developements by Jean-Louis Koszul. 
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Legendre Transform Laplace/Fourier Transform 

ENTROPY= LEGENDRE(- LOG[LAPLACE]) 

 22 log ddg

Information Geometry Metric 
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Information Geometry and Fisher Metric: 
Koszul definition by Koszul(-Vinberg) characateristique function 
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Seminal Work of François Jacques Dominique Massieu 

▌ Before introducing, Information Geometry with Koszul model, we have to explain the 

history of « caracteristic function » that was initially introduced in Thermodynamics by 

(Corps des Mines Engineer ) François Jacques Dominique Massieu. See: 

Roger Balian paper  from French Academy of Sciences « François Massieu et les potentiels 

thermodynamiques » 

http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf  

Annale de l’Ecole des Mines: http://www.annales.org/archives/x/massieu.html  

▌ 1st  PhD on « sur les intégrales algébriques (algebraic integrals) » :  

Pour qu'il y ait une intégrale du premier degré dans le mouvement d'un point sur une surface, il 
faut et il suffit que cette surface soit développable sur une surface de révolution 

Pour qu'il y ait une intégrale du second degré dans le mouvement d'un point sur une surface, il 

faut et il suffit que cette surface ait son élément linéaire réductible à la forme de Liouville 

 

http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf
http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf
http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf
http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf
http://www.academie-sciences.fr/pdf/hse/evol_Balian2.pdf
http://www.annales.org/archives/x/massieu.html
http://www.annales.org/archives/x/massieu.html
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Development of « Characteristic Function » Concept  
by Corps des Mines: Massieu, Poincaré, Levy & Balian  

▌ 1869: François Massieu 

Introduction of Characteristic Function in 
Thermodynamics 

Use of Massieu Idea by Gibbs and Duhem to 

define Thermodynamics Potentials 

▌ 1908-1912: Henri Poincaré (+ Paul Levy) 

Poincaré introduces Characteristic Function in  
his 1908 Lecture on « Thermodynamics » 

Poincaré introduces Characteristic Function in his 
1912 Lecture on « Probability » 

Paul Levy generalizes the Chracteristic function 
in Probability 

▌ 1986: Roger Balian 

Balian introduces the Fisher Quantum Metric  as 
hessian of von Neumann Entropy 

 

 

 
Function sticCharacteri :  Entropy, :
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François Massieu: Seminal Idea of Characteristic Function 

▌ Main papers of François Massieu 

Massieu, F. Sur les Fonctions caractéristiques des divers fluides. Comptes Rendus 
de l’Académie des Sciences 1869, 69, 858–862. 

Massieu, F. Addition au précédent Mémoire sur les Fonctions caractéristiques. 
Comptes Rendus de l’Académie des Sciences 1869, 69, 1057–1061. 

Massieu, F. Exposé des principes fondamentaux de la théorie mécanique de la 

chaleur (note destinée à servir d'introduction au Mémoire de l'auteur sur les 
fonctions caractéristiques des divers fluides et la théorie des vapeurs), 31 p., S.I. - 

s.n., 1873 

Massieu, F. Thermodynamique: Mémoire sur les Fonctions Caractéristiques des 

Divers Fluides et sur la Théorie des Vapeurs; Académie des Sciences: Paris, 
France, 1876; p. 92. 
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François Jacques Dominique Massieu : Initial paper on 
« Characteristic Function » in Rennes 

▌ Paper of François Massieu  
Function ticCharacteri :  Entropy, :

Legendre) (Tr.  .
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Bad advice of Prof. Joseph Louis François Bertrand to Prof. Massieu 

▌ In following publictions, François Massieu paper is 

reviewed by Joseph Louis François Bertrand, who give 

him a bad advice to replave variable 1/T by the 

variable T. If equations seem simpler, Structure 

support by Legendre transform is broken. 

 

 

 

▌ Characteristic  Funcion of Massieu and its good 

parameterization were discovered again by Max 

Planck (1897) and developed by Herbert Callen 

(1960) and Roger Balian. 

Joseph Louis 
François Bertrand 

M. Planck H. Callen R. Balian 



33 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Pierre Duhem (1861-1916):  
Les équations générales de la thermodynamique 

▌ Publications de Pierre Duhem: 

Duhem, P. Sur les équations générales de la thermodynamique. In Annales scientifiques de 
l'École Normale Supérieure; Volume 8, pp. 231–266.  

Duhem, P. Commentaire aux principes de la Thermodynamique—Première partie. J. Math. 
Appl. 1892, 8, 269–330.  

Duhem, P. Commentaire aux principes de la Thermodynamique—Troisième partie. J. Math. 
Appl. 1894, 10, 207–286.  

Duhem, P. Les théories de la chaleur. Revue des deux Mondes 1895, 130, 851–868. 

 http://www.duhem2016.info/  

http://www.duhem2016.info/
http://www.duhem2016.info/
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▌Pierre Duhem  and Thermodynamics Potentials 

Duhem P., « Sur les équations générales de la Thermodynamique », Annales 

Scientifiques de l’Ecole Normale Supérieure, 3e série, tome VIII, p. 231, 1891 

- “Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une 

Science qui embrasse dans des principes communs tous les changements d’état des 

corps, aussi bien les changements de lieu que les changements de qualités physiques“ 

- « We have done of Dynamics a particular case of Thermodynamics, a Science that 

could merge in common principles all bodies changes of states, all changes of places as 

all changes of physical qualities. »  

 

 

 

 

 

 

WTSEG  )(

Pierre Duhem: General Equations if Thermodynamics 
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Pierre Duhem: General Equations of Thermodynamics 

Duhem developed a general 
theory and extend the concept 

of « calorific capacity » 

(Souriau will gibe a geometrical 
status to this calorific capacity). 
Duhem and Souriau theories are 

compliant 
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Pierre Duhem: General Equations of Thermodunamics 

P. DUHEM. Commentaire aux principes de la Thermodynamique (Troisième Partie). 

Journal de mathématiques pures et appliquées 4e série, tome 10 (1894), p. 207-286. 
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Gibbs Diagrams sculpted by James Clerk Maxwell (1874) 
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Henri Poincaré Re-Use for Thermodynamics and Probability 

1908 

1912 
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Henri Poincaré Introduction of Characteristic Function in Probability 

▌ Characteristic Function in Probability 

Henri Poincaré introduced « characteristic function » i 
probability in his Lecture of1912 (inspired by Massieu; 
both related by logarithm) 

It is  introduced with Laplace Transform 

 Characteristic function of a real random variable 
defines completly its density of probability. 

Moments of the random variable could be deduced 

from successive derivatives at zero of the caracteristic 
function. 

The 2nd characteristic function is given by the  
logarithm,: generating function of cumulants. 

Cumulants have been introduced in 1889 by danish 
astronome, mathematician and actuaire Thorvald 
Nicolai Thiele (1838 - 1910). Thiele called them half-
invariants (demi-invariants). 
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Quantum Information Geometry of Roger Balian (1/3) 

▌                    mean values through two dual spaces  of observables       and 

of the states 

▌                                        Entropy in space of states 

▌ Entropy S cold be written as a scalar product                                                  

where                  is an element of space of observables, allowing a 

physical geometrical structure in these spaces.  

▌ The 2nd differential           is a non-negative quadratic form of coordinates 

of      induced by the concavity of the Von Neumann Entropy      .              

Roger Balian has introduced distance         btween state       and its 

neiborhood                  : 

▌ Where the Riemannian metric tensor is                 as function  of a set of 

independant coordinates of       .  

 ODTr ˆ ˆ

 )ˆlog(ˆ DDTrS 

)ˆlog(,ˆ DDS 
)ˆlog( D

Sd 2

SD̂
ds D̂

DdD ˆˆ   DdDdTrSdds ˆlog.ˆ22 

)ˆ(DS
D̂

D̂
Ô
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Quantum Information Geometry of Roger Balian (2/3) 

▌ It is possible to introduce the logarithm of a quantum characteristic 

function               : 

 

▌ Von Neumann Entropy       appears as Legendre transorm of              : 

 

▌ with 

▌ Where        and        are conjugate variable of the Legendre transform, 

making appear the algebraic/geometric duality between       and             . 

▌               characterizes canonical Thermodynamical equilibrium states with        

                      and where hamiltonian is          .  

XTrXF ˆexplog)ˆ( 
)ˆ(XF

S

XDXFDS ˆ,ˆ)ˆ()ˆ( 
DDDDTrDS ˆlog,ˆˆlogˆ)ˆ( 

X̂ D̂
D̂logD̂

)ˆ(XF

HX ˆ.ˆ  Ĥ

)ˆ(XF
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XTr

X
D

ˆexp

ˆexpˆ 

Quantum Information Geometry of Roger Balian (3/3) 

▌                            with Maximum Entropy Gibbs Density: 

 

 

▌         are partial derivative of               with respect to coordinates of       .       

Is hermitian, normalised and  positifve and can be interpreted as a density 

matrix .   

▌ Legendre Transform appears with the following development: 

 

 

▌ Roger Balian has defined the dual Riemanian metric from      ,                      

in conjugate space      : 

▌ Normalisation of       implies                    and  

XdDTrdF ˆˆ

dF )ˆ(XF X̂ D̂

    
    XDXFDSDTr

XTrDTrXDTrXTrXDTrDDTrDS

ˆ,ˆˆ)ˆ(1ˆ

ˆexplog.ˆˆˆˆexplogˆˆˆlogˆ)ˆ(





Fdds 22 F
X̂ FdXdDTrddSds 222 ˆˆ 

D̂ 0ˆ DTrd 0ˆ2 DTrd
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Fundamental strcture of Roger Balian  
Quantum Information Geometry 

 )ˆlog(ˆ DDTrS 

 DdDdTrSdds ˆlog.ˆ22 

XTrXF ˆexplog)ˆ( 

XTr

X
D

ˆexp

ˆexpˆ 

XDXFDS ˆ,ˆ)ˆ()ˆ( 

Legendre Transform 

Von Neumann Entropy Characteristic Function 

Maximum Entropy Density 

Balian Metric of Quantum Information 

Geometry (1986) 



44 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Basic Tool: Duality and Legendre Transform 

▌ Legendre Transform plays a central role related to duality & convexity  

Dual Potential Functions (entropy and characteristic function) 

Systems of dual coordinates 

▌ Roots of Legendre Transform 

Legendre Transform and Plücker Geometry 

Adrien-Marie Legendre  and Gaspard Monge solve Minimal surface problem by 

use of Legendre Transform 

Chasles and Darboux interpreted Legendre Transform as reciprocal polar with 

respect to a paraboloid (re-use by Hadamard and Fréchet in calculus of  

variations) 

Alexis Clairaut  introduced previoulsy Clairaut Equation 

Maurice Fréchet introduced Clairaut equation associated to « dstinguished 

densities » (densities with parameters achieving the Fréchet-Cramer-Rao Bound) 
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Legendre Transform interpretation 

▌ Legendre Transform 

Legendre Transform transformes one 

fonction defined by its value in one point 

in a fonction defined by its tangent. 

Used in thermodynamics and Lagrangian 

Mechanics 

 

  *

*

**

***

)(
  and  with  

)(,

x
dx

xd
x

dx

xd

xxxx









xx ,*

 ** x

)(x

x

dx

xd
x

)(* 


)(x

)(x

x

 ** x

 
0

)()(

Pente

**
*









x

xx

dx

xd
x

Classical Geometry 

(curve is given by a 

continuum of points) 

Plücker Geometry 

(curve is given bu the 

envelop of its tangents ) 

Legendre Transform is equivalent to Fourier Transform for 

convex function (duality) 
Brenier, Yann. Un algorithme rapide pour le calcul de transformées de 

Legendre-Fenchel discrètes, C. R. Acad. Sci. Paris Sér. I Math. 308 
(1989), no. 20, 587–589. 
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Legendre Transform, 1787 

▌ 1787, Adrien-Marie Legendre, 

“Mémoire sur l’intégration de quelques 

équations aux différences partielles”. 

Adrien-Marie Legendre has introduced 

Lgendre transform to solve a minimal 

surface problem given by Monge 

(Monge requested him to consolidate its 

proof). 

Legendre said “J’y suis parvenu 

simplement par un changement de 

variables qui peut être utile dans d’autres 

occasions”. 

 
Legendre, A.M. Mémoire Sur L’intégration de Quelques 

Equations aux Différences Partielles; Mémoires de l’Académie 

des Sciences: Paris, France, 1787; pp. 309–351. 



47 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Reciprocal Polar with respect to a paraboloid 

▌ Legendre Transform & Reciprocal Polar 

Darboux gave in his book one interpretation 

of Chasles : « Ce qui revient suivant une 

remarque de M. Chasles, à substituer à la 

surface sa polaire réciproque par rapport à 

un paraboloïde » 

In the lecture « Leçons sur le calcul des 

variations », J. Hadamard, followed by M.E. 

Vessiot, used reciprocal polar of figurative,  
and figuratrice.  

Note of Paul Belgodère presented by Elie 

Cartan « Extrémale d’une surface » 

M. Chasles G. Darboux 

J. Hadamard 

M.E. Vesiot 
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▌ 1724, Alexis Claude Clairaut 

Clairaut introduced before Legendre an equation 

related to Legendre transform. 

Legendre transform 

 

 

Clairaut Equation 

 

 

Singular solution: envelolp of  straith lines solutions 

 

Clairaut Equation, 1734 

    *
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Maurice Fréchet et l’équation de Clairaut 

▌ Travaux précurseurs de Maurice Fréchet 

En 1939, dans son cours de l’IHP, Maurice Fréchet introduit ce qui fut appelée 

ensuite borne de Cramer-Rao 

 

 

 

Dans son article de 1943, Maurice Fréchet s’intéresse aux “densités distinguées”, 
densités qui atteignent cette borne. Il montre qu’elles dépendent d’une fonction 

(logarithme de la fonction caractéristique) qui vérifie l’équation de Alexis Clairaut. 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Seminal Maurice Fréchet paper 1943 

Fréchet, M. Sur l’extension de certaines évaluations statistiques au cas de 

petits échantillons. Revue de l’Institut International de Statistique 1943, 11, 

182–205.  
Fisher metric 

Legendre-Clairaut 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Fondation of Information Geometry by Jean-Louis Koszul 

▌ Fisher Metric  = Hassian Metric 

Incas of Maximum Entropy Density (Gibbs density), Riemannian 

metric associated to hessian of logarithm of the partition function is 

equal to Fisher Metric.  

These Hessian Geometrical Structures have been studied in parallel 

par the mathemacian Jean-Louis Koszul and his PhD student 

Jacques Vey in more general framework of sharp convex cones: 

- Koszul Forms 

- Koszul-Vinberg Characteristic Function 

  

In Jean-Louis Koszul model , fondamental structures are deduced of 

affine represnetation of Liegroup and Lie Algebra (this affine 

representation is also at the heat of Jean-Marie Souriau model).  

ENS Promo 40 

GSI’13 Koszul 
& SHIMA 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

• H. Shima, “The Geometry of Hessian Structures”, World Scientific, 2007 

• http://www.worldscientific.com/worldscibooks/10.1142/6241  

     dedicated to Prof. Jean-Louis Koszul (« the content of the present book  

     finds their origin in his studies ») 

• H. Shima,Symmetric spaces with invariant locally Hessian structures, J. 

Math. Soc. Japan,, pp. 581-589., 1977 

• H. Shima, « Homogeneous Hessian manifolds », Ann. Inst. Fourier, 

Grenoble, pp. 91-128., 1980 

• H. Shima, « Vanishing theorems for compact Hessian manifolds », Ann. 

Inst. Fourier, Grenoble, pp.183-205., 1986 

• H. Shima, « Harmonicity of gradient mappings of level surfaces in a real 

affine space », Geometriae Dedicata, pp. 177-184., 1995 

• H. Shima, « Hessian manifolds of constant Hessian sectional curvature », 

J. Math. Soc. Japan, pp. 735-753., 1995 

• H. Shima, « Homogeneous spaces with invariant projectively flat affine 

connections », Trans. Amer. Math. Soc., pp. 4713-4726, 1999 

 

Prof. Michel Nguiffo Boyom  tutorial : Géométrie de l’Information 

http://repmus.ircam.fr/_media/brillouin/ressources/une-source-de-nouveaux-

invariants-de-la-geometrie-de-l-information.pdf   

Hirohiko Shima, Emeritus Professor of Yamaguchi 

university, Phd Student at Osaka University 

• Koszul, J.L. Sur la forme hermitienne canonique des espaces 

homogènes complexes. Can. J. Math. 1955, 7, 562–576.  

• Koszul, J.L. Exposés sur les Espaces Homogènes Symétriques; 

Publicação da Sociedade de Matematica de São Paulo: São 

Paulo, Brazil, 1959.  

• Koszul, J.L. Domaines bornées homogènes et orbites de groupes 

de transformations affines. Bull. Soc. Math. Fr. 1961, 89, 515–533. 

• Koszul, J.L. Ouverts convexes homogènes des espaces affines. 

Math. Z. 1962, 79, 254–259.  

• Koszul, J.L. Variétés localement plates et convexité. Osaka. J. 

Math. 1965, 2, 285–290.  

• Koszul, J.L. Déformations des variétés localement plates. Ann. 

Inst. Fourier 1968, 18, 103–114. 

• Koszul, J.L. Trajectoires Convexes de Groupes Affines 

Unimodulaires. In Essays on Topology and Related Topics; 

Springer: Berlin, Germany, 1970; pp. 105–110. 

• Vey, J. Sur les Automorphismes Affines des Ouverts Convexes 

Saillants. Annali della Scuola Normale Superiore di Pisa, Classe 

di Science 1970, 24, 641–665.  

Jean-Louis Koszul and Hirohiko Shima 

Jean-Louis Koszul, Correspondant the French 

Academy of Sciences, PhD student of Henri 

Cartan, Bourbaki member 

http://www.worldscientific.com/worldscibooks/10.1142/6241
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Jean-Louis Koszul and Hirohiko Shima 

Jean-Louis Koszul and Hirohiko Shima 
2013, Ecole des Mines de Paris 

GSI’13 « Geometric Science of Information » 

© Barbaresco 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

▌ Hessian Geometry of Jean-Louis Koszul 

Hirohiko Shima Book, « Geometry of Hessian Structures », world 

Scientific Publishing 2007, dedicated to Jean-Louis Koszul  

Hirohiko Shima Keynote Talk at GSI’13 

- http://www.see.asso.fr/file/5104/download/9914  

Prof. M. Boyom tutorial : 

- http://repmus.ircam.fr/_media/brillouin/ressources/une-source-de-

nouveaux-invariants-de-la-geometrie-de-l-information.pdf  
Jean-Louis Koszul 

J.L. Koszul, « Sur la forme hermitienne canonique des espaces homogènes complexes », 

Canad. J. Math. 7, pp. 562-576., 1955 

J.L. Koszul, « Domaines bornées homogènes et orbites de groupes de transformations 

affines », Bull. Soc. Math. France 89, pp. 515-533., 1961 

J.L. Koszul, « Ouverts convexes homogènes des espaces affines », Math. Z. 79, pp. 254-

259., 1962 

J.L. Koszul, « Variétés localement plates et convexité », Osaka J. Maht. 2, pp. 285-290., 

1965 

J.L. Koszul, « Déformations des variétés localement plates », .Ann Inst Fourier, 18 , 103-

114., 1968 

Jean-Louis Koszul and hessian structures 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Study of Koszul Works by Michel Nguiffo Boyom 

▌ Michel Nguiffo Boyom (Institut Montpelierain Alexander Grothendieck) 

Bridges between differential topology (Feuilletages), and Fisher metric of Information Geometry 
have their pillars in KV (Koszul-Vinberg) cohomology of locally flat manifolds and in Koszul 

convexity 

Connexions are objects of Information Geometry. They are deformations in space of linear 

connexions  of Koszul connexion that control the geometry of statistical model. These connexions 
are parameterized by 2-cochaines of KV(Koszul-Vinberg)  complexe. Fisher  connexion is one of 
them. Curvature of Linear Connexion is a value of Maurer-Cartan Polynomial. One raison in favor 
of this polynomial is that it controles all locally flat structures via anomalies theory. … Nijenhuis, 
Koszul, Gerstenhaber, Vinberg and soviet school have initiated the study of the connexion locally 

flat. 

Notion of  convexity of locally flat manifolds is introduced by Jean-Louis Koszul. Considerations 
that drive this approach find their roots in  Geometry of bounded homogeneous manafolds. 
Convexity notion introduced by Koszul is the real analogue of holomorph convexity of Kaup 

Prof. Michel Nguiffo Boyom  tutorial  « Géométrie de l’Information » : 
http://repmus.ircam.fr/_media/brillouin/ressources/une-source-de-nouveaux-invariants-de-la-
geometrie-de-l-information.pdf    
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

▌ J.L. Koszul and E. Vinberg have introduced an affinely invariant 

Hessian metric on a sharp convex cone through its 

characteristic function.  

▌     is a sharp open convex cone in a vector space     of finite 

dimension on     (a convex cone is sharp if it does not contain 

any full straight line).  

▌       is the dual cone of        and is a sharp open convex cone.  

▌Let          the Lebesgue measure on        dual space of     , the 

following integral: 

 

     is called the Koszul-Vinberg  characteristic function 

 E

R

* 

d *E E
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Koszul-Vinberg Characteristic Function/Metric of convex cone 
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▌  Koszul-Vinberg Metric : 

 

▌ We can define a diffeomorphism by:          

   with    

▌ When the cone      is symmetric, the map                    is a bijection and 

an isometry with a unique fixed point (the manifold is a Riemannian 

Symmetric Space given by this isometry):    
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▌ we can deduce “Koszul Entropy” defined as Legendre Transform of               

(-)Koszul-Vinberg characteristic function                                        :   

                                                                                                                                                                                                                  

with                       and                           where   

▌ Demonstration:        we set  

   Using                                                                   

    and    

 

   we can write:    

   and   

)(,)( *** xxxx 

 xDx* *
*

x
Dx

)(log)( xx  

 




 xdex
x

   )(
*

,














**

,,* /. 


dedex
xx










 
**

,,* /,)(log, 


dedehxdhx
xx

h











**

,,,* /.log, 


dedeexx
xxx

































































****

***

,,,,,**

,,,,**

/.loglog.)(

log/.log)(









dedeededex

dededeex

xxxxx

xxxx

Koszul Entropy via Legendre Transform 



59 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 














































































































































































































































*

**

*

*

*

*

*

*

*

*

*

*

****

***

,

,

,

,

**

,

,

,

,
,

,

,
,**

,

,
,,**

,,,,,**

,,,,***

log.)(

1  with  .log.log)(

.loglog)(

/.loglog.)(

log/.log)(,)(























































d
de

e

de

e
x

d
de

e
d

de

e
ed

de

e
dex

d
de

e
edex

dedeededex

dededeexxxx

x

x

x

x

x

x

x

x
x

x

x
x

x

x
xx

xxxxx

xxxx

Koszul-Vinberg Characteristic Function Legendre Transform 

SHANNON ENTROPY 



60 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

    

 








*

*

*

)()()()(

)(,)( :Transform Legendre

)(conv. :Ineq.Jensen 

***

***

**





Edpx

xxxx

EE

x

▌ We can consider this Legendre transform as an entropy: 

 

       

   With 

and     

   












dppd
de

e

de

e
xxx

x

x

x





 
















*

*

*

*

)(log)(log
,

,

,

,

*

Φ(x)x,ξ
dξex,ξ

Ω

ξ,xξ,x

x eedξeep
*Ω

ξ,x

*










log

/)(

 
 dedξ.edpΦDx

ξΦ

Ω

Φ(x)x,ξ

xx

*

*









 
**

.)(.*

 

1log)()(

loglog)(

*

*

*

*

*

*

*

)()(

)()(,

































dedexx

dedex xx

    





 

EE

dpdp

xdpdpp

eep

xx

xxx

xx

x

**

**

***

*)()(,

)(or  

)(.)()(  ifonly  and if

)()()()()(log

)(loglog)(log

**

**

*
































Koszul Entropy via Legendre Transform 



61 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

     EE *)(
*



 )(,)( *** xxxSupx
x



 
 dedξ.edpΦDx

ξΦ

Ω

Φ(x)x,ξ

xx

*

*









 
**

.)(.*














 

 **

)(.)()( **  dpdp xx

Φ(x)x,ξ
dξex,ξ

Ω

ξ,xξ,x

x eedξeep
*Ω

ξ,x

*










log

/)(

Barycenter of Koszul Entropy = Koszul Entropy of Barycenter 

Barycentre & Koszul Entropy 



62 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

▌To make the link with Fisher metric given by matrix          , we can 

observe that the second derivative of                     is given by:                                          

 

       

 

▌We could then deduce the close interrelation between Fisher 

metric and hessian of Koszul-Vinberg characteristic logarithm. 
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▌ We can also observed that the Fisher metric or hessian of KVCF 

logarithm is related to the variance of      : 
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▌ How to replace     by mean value of      ,                 in :  

                                             with 

▌ Legendre Transform will do this inversion by inversing 

▌ We then observe that Koszul Entropy provides density of Maximum Entropy 

with this general definition of density: 

    

                                               with                          

    where                                    and  
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▌ It is not possible to define an ad(g)-invariant inner product for any two 

elements of a Lie Algebra, but a symmetric bilinear form, called “Cartan-

Killing form”, could be introduced (Elie Cartan PhD 1894) 

▌ This form is defined according to the adjoint endomorphism          of       

that is defined for every element      of      with the help of the Lie 

bracket: 

▌ The trace of the composition of two such endomorphisms defines a 

bilinear form, the Cartan-Killing form: 

▌ The Cartan-Killing form is symmetric: 

▌ and has the associativity property: 

▌ given by: 
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Cartan-Killing Form and Invariant Inner Product 

▌ Elie Cartan has proved that if       is a simple Lie algebra (the Killing 

form is non-degenerate) then any invariant symmetric bilinear form on       

is a scalar multiple of the Cartan-Killing form.  

▌ The Cartan-Killing form is invariant under automorphisms                   of 

the algebra      : 

▌ To prove this invariance, we have to consider: 
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A natural G-invariant inner product could be introduced by Cartan-Killing 
form: 

▌ Cartan Generating Inner Product: The following Inner product defined 

by Cartan-Killing form is invariant by automorphisms of the algebra 

 

    where             is a Cartan involution (An involution on     is a Lie    

    algebra automorphism      of      whose square is equal to the  

    identity). 
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▌ The density from Maximum Entropy Principle is given by: 

 

 

▌ If we take                                                                              such that 
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Relation of Koszul density with Maximum Entropy Principle 

▌ We can then observe that: 

 

because  

▌ We can then deduce that: 
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▌J.L. Koszul and J. Vey have proved the following theorem: 

Koszul J.L., Variétés localement plates et convexité, Osaka J. Math.,n°2 ,p.285-290, 1965 

Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola 

Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970 

▌Koszul-Vey Theorem:  

     Let         be a connected Hessian manifold with Hessian metric     . 

     Suppose that admits a closed 1-form      such that                     and  

     there exists a group        of affine automorphisms of         preserving    : 

      - If                is quasi-compact, then the universal covering manifold of            

        is affinely isomorphic to a convex domain        real affine space not  

        containing any full straight line. 

      - If                 is compact, then         is a sharp convex cone. 

M g

 gD 

G M 

GM / M

GM /



- Koszul J.L., Variétés localement plates et convexité, Osaka J. Math. , n°2, p.285-290, 1965 

- Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola Normale Superiore di Pisa, 

Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970 

General Theory: Koszul-Vey Theorem 
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▌ Koszul Forms for Homogeneous Bounded domains 

Koszul has developed his previously described theory for Homogenous Siegel 

Domains SD. He has proved that there is a subgroup G in the group of the complex 

affine automorphisms of these domains (Iwasawa subgroup), such that G acts on SD 

simply transitively. The Lie algebra     of G has a structure that is an algebraic 

translation of the Kähler structure of SD. 

There is an integrable almost complex structure J on     and there exists             such 

that                                              defines a J-invariant positive definite inner product 

on     . Koszul has proposed as admissible form            , the form      : 

 

Koszul has proved that                 coincides, up to a positive number multiple with the 

real part of the Hermitian inner product obtained by the Bergman metric of SD by 

identifying       with the tangent space of SD. The Koszul forms are then given by: 
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▌ Koszul Forms 

1st Koszul Form : 

 

2nd Koszul Form: 

▌ Application for Poincaré Upper-Hal Plane: 

 

▌ With                         and 
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▌ Koszul form for Siegel Upper-Half Plane: 

Symplectic Group :  
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Henri Poincaré 

(half-plane) n=1 

Elie Cartan 

(classification in 6 

classes of symmetric 

homogeneous 

bounded  domains) 

n<=3 
Ernest Vinberg 
(Siegel Domains of 2nd kind) 

Structure of Information 

Geometry 

(Koszul Hessian 

Geometry) 

« Il est clair que si l’on parvenait à démontrer que tous 

les domaines homogènes dont la forme     

 

   

 est définie positive sont symétriques, toute la théorie 

des domaines bornés homogènes serait élucidée. 

C’est là un problème de géométrie hermitienne 

certainement très intéressant » 

Dernière phrase de Elie Cartan, dans « Sur les 

domaines bornés de l'espace de n variables 
complexes », Abh. Math. Seminar Hamburg, 1935 
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Jean-Louis Koszul 

(hermitian canonical forms of complex 

homogeneous spaces, a complex 

homogenesous space with positive 

definite hermitian canonical form  is 

isomorphe to a bounded domain, 

study of affine transformation groups 

of locally flat manifolds) 

Carl Ludwig Siegel 

(Siegel space of 1st king and 

Symplectic Geometry) 

Lookeng Hua 
(Bergman Kernel, Cauchy and 

Poisson  of Siegel Domains 

Filiation Poincaré/Cartan/Koszul 
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METRIC SPACE EVERYWHERE: 
Metric given by Fisher Matrix 
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▌Information Geometry:  

Cramer-Rao-Fréchet-Darmois Bound and Fisher Information Matrix 

 

 
 

 

 

Kulback-Leibler Divergence (variational definition by Donsker/Varadhan) : 
 

 

Rao-Chentsov Metric (invariance by non-singular parameterization change) 

 
Invariance:  
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The Inverse of the Fisher/Information Matrix  defines the lower bound of 

statistical estimators. Classically, this Lower bound is called Cramer-Rao Bound 

because it was described in the Rao’s paper of 1945. Historically, this bound 

has been published first by Maurice Fréchet in 1939 in his winter 

“Mathematical Statistics” Lecture at the Institut Henri Poincaré during winter 

1939–1940. Maurice Fréchet has published these elements in a paper as early 

as 1943. We can read at the bottom of the first page of his paper: 

 

 

At the bottom of 1st page of Fréchet’s paper, we can read: 

- The contents of this report formed a part of our lecture of mathematical statistics at 
the Henri Poincaré institute during winter 1939–1940. It constitutes one of the chapters 

of the second exercise book (in preparation) of our “Lessons of Mathematical 
Statistics”, the first exercise book of which, “Introduction: preliminary Presentation of 
Probability theory” (119 pages quarto, typed) has just been published in the “Centre 
de Documentation Universitaire, Tournois et Constans. Paris”. 

 

Fréchet, M. Sur l’extension de certaines évaluations statistiques au cas de petits 

échantillons. Revue de l’Institut International de Statistique 1943, 11, 182–205.  

Maurice Fréchet : IHP Lecture 1939, Paper 1943 
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1943 Fréchet Paper: « Distinguished functions » & « Clairaut Equation » 

▌ In 1943, Maurice Fréchet wrote a seminal paper introducing what was 

then called the Cramer-Rao bound.  

 

▌ This paper contains in fact much more that this important discovery. In 

particular, Maurice Fréchet introduces more general notions relative to 

"distinguished functions", densities with estimator reaching the bound, 

defined with a function, solution of Clairaut’s equation. The solutions 

“envelope of the Clairaut’s equation” are equivalents to standard 

Legendre transform with only smoothness assumption.  
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1943 Fréchet Paper: « Distinguished functions » & « Clairaut Equation » 
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Fisher Metric and Information Geometry (IG) 

▌ IG could be introduced with Koszul-Vinberg Characteristic Function: 

                                                               with        and         are dual convex cones 

 
 

▌ Density is given by Solution of Maximum Entropy:  

 

 

 

▌ The inversion            is given by Legendre transform based on : 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Fisher Metric and Information Geometry (IG) 

▌ Maurice Fréchet, studying “distinguished functions” (densities with estimator 

reaching the Fréchet-Darmois bound), have also observed that solution 

should verify the Alexis Clairaut Equation: 

 

▌ Fisher Metric appears as hessian of characteristic function logarithm: 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Fisher Matrix, Cramer-Rao-Fréchet-Darmois Bound & Information 
Geometry 

▌ Cramer-Rao –Fréchet-Darmois Bound has been introduced by Fréchet in 

1939 and by Rao in 1945 as inverse of Fisher Matrix          : 

 

 

▌ Rao has proposed to introduce a differential metric in space of 

parameters of probability density (axiomatized by N. Chentsov): 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Gibbs density (Maximum Entropy) and Legendre Transform 

▌ Maximum Entropy Principle for Density Estimation: Gibbs-Duhem Density 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Fisher Metric and Information Geometry (IG) 

▌ Fisher Metric appears as hessian of characteristic function logarithm: 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

2 metrics in dual coordinates systems for dual potential functions 

▌ 1st Metric of Information Geometry: Fisher Metric = hessian of logarithm 

characteristic function 

 

 

▌ 2nd Metric of Information Geometry: hessian of Shannon Entropy 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Example : Gaussian scalar distribution 

▌For Gaussian Law, Fisher Information matrix is given by : 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Air Systems Division 

▌ Gaussian Law Metric : 

- If we set                , we can integrate along one radial  : 

 Homeomorphisme is used then to compute distance between two 

arbitrary points in the unit disk : 

 Distance between two Gaussian Law is then given by  : 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Monovariate Gaussian = 1 point in Poincaré Unit Disk 
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Mean/Mediane of Gaussian densities 
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Example of Multivariate Gaussian Law (real case) 

▌ Multivariate Gaussian law parameterized by moments 
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Example of Multivariate Gaussian Law (real case) 

▌ Multivariate Gaussian Density given by their moments (and not cumulants) 

 

 

 

▌ 1st  Potential function (Free Energy / logarithm of characteristic function) 

 

▌ Relation between 1st Potential function and moment 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Example of Multivariate Gaussian Law (real case) 

▌ 2nd Potential function (Shannon Entropy) as Legendre Transform of 1st one: 

 

 

▌ How to make Density dependent on moments only: 
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General Scheme based on Cartan-Killing form 
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▌ If we apply previous equation for Symmetric Positive Definite Matrices: 

                                          

 

      

      Application:  

   

Application for Density of Symmetric Positive Definite Matrices 
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Fisher Metric and Euler-Lagrange Equation 

▌ Fisher Metric for Multivariate Gaussian Law 

 

▌ Classical Euler-Lagrange equation 

 

 

 

 

▌ We cannot easily integrate this Euler-Lagrange Equation (we will see that 

Lie group Theory will provide new equation: Euler-Poincaré equation) 
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Souriau Chapter on Statistical Physics: Multivariate Gaussian Law 

http://www.jmsouriau.com/structure_

des_systemes_dynamiques.htm  

http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
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Maximum Entropy / Gibbs Density for Multivariate Gaussian Law 

▌ if we take vector with tensor components                   , components of        

  will provide moments of 1st and 2nd order of the density of probability          

, that is defined by Gaussian law. In this particular case, we can write: 

 

▌ By change of variable given by                               , we can then compute 

the logarithm of the Koszul characteristic function:    

 

▌ We can prove that 1st moment is equal to              and that components of 

variance tensor are equal  to elements of matrix        , that induces the 2nd 

moment.  The Koszul Entropy, its Legendre transform, is then given by:     
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Covariant Gibbs Equilibrium 

▌ Jean-Marie Souriau has observed in 1966 in « Définition covariante des 

équilibres thermodynamiques » that Classical Gibbs Equilibrium is not 

covariant with respect to Dynamic Groups (Gallilee Group in classical 

Mechanic or Poincaré Group in Relativity). Classical thermodynamics 

corresponds to the case of Time translation. 

▌ To solve this incoherency, Souriau has extended definition of Canonical 

Gibbs Ensemble to Symplectic Manifolds on which a Lie Group has a 

Symplection Action: 

(Planck) Temperature is an element of the Dynamic Group Lie Algebra 

Heat is an element of the Dynamic Group Dual Lie Algebra 

▌ In case of non-commutative groups, specific properties appear: the 

symmetry is spontaneously broken, some cohomological type of 

relationships are satisfied in the algebra of the Lie group 
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▌ Let       be a differentiable manifold with a continuous positive density        

and let E a finite vector space and             a continuous function defined 

on      with values in E. A continuous positive function             solution of 

this problem with respect to calculus of variations: 

 

 

▌ Solution:                             with                                  and  

▌ Entropy                                                      can be stationary only if there  

   exist a scalar       and an element      belonging to the dual of E.      

▌ Entropy appears naturally as Legendre transform of      :  
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▌ This value                                        is a strict minimum of s, and the 

equation: 

 

    has a maximum of one solution for each value of Q.  

▌ The function             is differentiable and we can write                     

     and identifying E with its dual:  

▌ Uniform convergence of                                              proves that                          

and that                   is convex. 

▌ Then,             and                are mutually inverse and differentiable, with                     

▌ Identifying E with its bidual:  
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Gibbs Canonical Ensemble on Symplectic Manifold 

▌ In statistical mechanics, a canonical ensemble is the statistical ensemble 

that is used to represent the possible states of a mechanical system that is 

being maintained in thermodynamic equilibrium.  

▌ Souriau has extended this notion of Gibbs canonical ensemble on 

Symplectic manifold M for a Lie group action on M 

▌ The seminal idea of Lagrange was to consider that a statistical state is 

simply a probability measure on the manifold of motions 

▌ In Jean-Marie Souriau approach, one movement of a dynamical system 

(classical state) is a point on manifold of movements.  

▌ For statistical mechanics, the movement variable is replaced by a random 

variable where a statistical state is probability law on this manifold.  
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Gibbs Canonical Ensemble on Symplectic Manifold 

▌ In classical statistical mechanics, a state is given by the solution of 

Liouville equation on the phase space, the partition function.  

▌ As symplectic manifolds have a completely continuous measure, 

invariant by diffeomorphisms,  the Liouville measure     , all statistical states 

will be the product of Liouville measure by the scalar function given by the 

generalized partition function                           defined by: 

 the energy       (defined in dual of Lie Algebra of the dynamic group) 

the geometric temperature            

                a normalizing constant such the mass of probability is equal to 1 

▌ The Gibbs equilibrium state is extended to all Symplectic manifolds with a 

dynamic group. To ensure that all integrals could converge, the canonical 

Gibbs ensemble is the largest open proper subset (in Lie algebra) where 

these integrals are convergent. This canonical Gibbs ensemble is convex.  

)(,)(  U
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U
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Gibbs Ensemble of a Dynamic Group 

▌ Let M a Symplectic Manifold with a Dynamic Group G: 

    is a Lie Group that acts on       by « Symplectomorphisms » 

Let                  transformation of      by the element              :  

Let           an element of Lie Algebra     of Dynamic Group      , we can associate a 

vectors Field        defined on       , that characterize infinitesimal action of  

 

 

Dynamic Group       has a moment map, a differentiable application from the 
manifold       to       the dual of Lie Algebra     :                             . 

The moment map is charcaterized by the equation: 

 

•     Symplectic form of  

•      arbitrary variation of point      on     

•       associate variation of      to    
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Geometric (Planck) Temperature in the Lie Algrbra 

▌ Let a Group      of a Manifold       with a moment map      , the Geometric 

(Planck) Temperature      is all elements of Lie Agebra     of      such that the 

following integrals converges in a neighborhood  of      : 

            notes the duality of     and     

      is the Liouville density on  

▌ Theorem:  The function      is infinitly differentiable        in       (the largest 

open proper subset of    ) and is nth derivative for all           , the tensor 

integral is convergent: 

▌ To each temperature     , we can associate probability law on      with 

distribution function (such that the probability law has a mass equal to 1): 

                      with                                                              and 

 The set of these probalities law is Gibbs Ensemble of the Dynamic Group,  is the 

Thermodynamic Potential and  Q is the Geometric Heat      
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Geometric Fisher Metric: Geometric Heat Capacity 

▌ We can observe that the Geometric Heat      is       function of Geometric 

Temperature      in Dual Lie Algebra      : 

 

▌ We have:  

 

▌ Its derivative is a 2nd order symmetric tensor:  

 

▌ This quatratic form is positive, and positive definite for each           unless 

there exist a non null element          such that                      (means that the 

moment     varies in an affine sub-manifold of      ) 
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Geometric EntropyLegendre Transform 

▌ We have the inequality: 

 

▌ The application             is injective and as is derivative       is invertible, then  

   this application             is a diffeomorphism of       on the open  

▌ We can then apply the Legendre Transform: 

  from which we obtain the Shannon Entropy:  
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Legendre Transform 

▌ We have the reciprocal formula: 

 

 

 

▌ For Classical Thermodynamics (Time translation only), we recover the 

definition of Boltzmann Entropy: 
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Example of Gallileo Group 

▌ The Galileo group of an observer is the group of affine maps 

 

 

▌ Matrix Form of Gallileo Group 

 

▌ Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59, 

1954, pp 1–46) has proven that the symplectic cohomology space of the 

Galilean group is one-dimensional. 

▌ Lie Algebra of Gallileo Group 
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▌ Lie Algebra of Lie Group and Adjoint operators 

Let       a Lie Group and          tangent space of       at its neutral element    

-        Adjoint representation of  

                                                with    

 

 

-         Tangent application of          at neutral element       of      

 

For                             with   

 

 

- Curve from                               tangent to                    :                                   

    and transform by           : 
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Broken Symmetry and cocycle 

▌ For Classical Thermodynamics, the group G (Group of time translation) 

leaves unchanged Gibbs equilibrium states. 

▌ This is not true in the general case: the symmetry is broken. 

▌ If we consider a Gibbs state, the probability law      , its image by              

with             is a probability law. 

▌ To compute              , we have to compute              where      is the moment 

map   

▌ There exist an application                   such that: 

 

▌       verifies the equality, proving that it is     -cocycle of Group  
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Distribution of probability by Group action 

▌ The distribution density under the action of the Lie Group is given by: 

 

 

▌ The set      of Geometric Temperature is invariant by the adjoint action of 
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Geometric (Planck) Temperature 

▌ We have previously observed that: 

▌               is called the Symplectic Cocycle of Lie algebra     associated to 

the momentum map    

 

where       linear application from     to differential function on      :   

and the associated differentiable application  , called moment(um) map:  

 

▌                is a 2-form of     and verify: 
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Associated Riemannian Metric: Geometric Fisher Metric 

▌ We can compute the image of Geometric Heat by the Lie Group action: 

 

▌ By tangential derivative to the orbite with respect to           and by using 

positivity of               , we find:  

 

▌       is a 2-form of    that verifies: 
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Lie Group Action on Symplectic Manifold 
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Fisher Metric of Souriau Lie Group Thermodynamics 

▌ Souriau has introduced the Riemannian metric 

 

▌ This metric is an extension of Fisher metric, an hessian metric: If we 

differentiate the relation 

 

 

 

▌  The Fisher Metric is then a generalization of “Heat Capacity”: 
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Souriau Moment(um) map 

▌         is a linear application from      to differential function on      : 

 

 

▌  the associated differentiable application       , called moment(um) map: 

 

▌  If instead of      , we take the following momentum map:      

 

▌ where               is constant, the symplectic cocycle      is replaced by  

 

▌ where                                    is one-coboundary of       with values in       .  
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Souriau Theorem of Lie Group Thermodynamics  

▌ Let       be the largest open proper subset of     , Lie algebra of     , such that    

                      and                        are convergent integrals, this set      is convex  

  and is invariant under every transformation           , where                    is the  

  adjoint representation of    , such that                   with                .      . 
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Souriau Model of Lie Group Thermodynamics 

Gibbs canonical
ensemble
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Question 
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Question 
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Souriau Lie Group Thermodynamics 
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Souriau Lie Group Thermodynamics: Geometric Calorific Capacity 
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Fisher-Souriau Metric based on cocycle 
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Lie Group Thermodynamics: Centrifuge for Butter, U235 & Ribo acides 
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Mean Value could be only defined in case of affine structure !! 

▌ Souriau Citation: 

We can only measure mean values on objects belonging to a set with physical 

affine structure and this structure should be unique !!!! 

« Il est évident que l’on ne peut définir de valeurs moyennes que sur des objets 

appartenant à un espace vectoriel (ou affine); donc—si bourbakiste que puisse 

sembler cette affirmation—que l’on n’observera et ne mesurera de valeurs 

moyennes que sur des grandeurs appartenant à un ensemble possédant 

physiquement une structure affine. Il est clair que cette structure est 

nécessairement unique—sinon les valeurs moyennes ne seraient pas bien 

définies. » 
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Continuous Medium Thermodynamics 

▌ For Continuous Medium Thermodynamics, « Temperature Vector » is no 

longer constrained to be in Lie Algebra, but only contrained by 

phenomenologic equations (e.g. Navier equations, …). 

▌ For Thermodynamic equilibrium, the « Temperature Vector » is a Killing 

vector of Space-Time. 

▌ For each point X, there is a « Temperature Vector »             , such it is an 

infinitesimal conformal transform of the metric of the univers       :  

 
▌ Conservation equations can be deduced for components of  Impulsion-

Energy tensor         and  Entropy flux       : 

)(X

ijijji g  ˆˆ
ijg
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 vectoreTemperatur ofcomponent  :

derivativecovariant  :.ˆ

j

i
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Equation Killing 0

0ˆ  ij

iT 0 j
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ijT
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ijk

k

ijijji g  2



www.thalesgroup.com 
OPEN 

Comparison of  
Affine Representation of Lie 
Group and Lie Algebra 
in Souriau an Koszul works 



136 
OPEN 

Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 
m

o
d

if
ie

d
, 

a
d

a
p

te
d

, 
p

u
b

lis
h

e
d

, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a

rt
 o

r 
d

is
c

lo
se

d
 t

o
 a

 t
h

ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

rio
r 

w
ri
tt

e
n

 c
o

n
se

n
t 

o
f 

Th
a

le
s 

 -
  
©

 T
h

a
le

s 
 2

0
1

5
 A

ll 
ri
g

h
ts

 r
e

se
rv

e
d

. 

IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine representation of Lie group and Lie algebra by Souriau 

▌ Souriau called the Mechanics deduced from his model:“Affine 

Mechanics” 

▌ Let G be a Lie group and E a finite-dimensional vector space. A map     

                                    can always  be written as: 

 

where the maps                                  and                          are determined by A. 

The map A is an affine representation of G in E. 

▌ The map                       is a one-cocycle of G with values in E, for the linear 

representation R; it means that      is a smooth map which satisfies,                             

for all                   :    

)(: EAffGA 
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Affine representation of Lie group and Lie algebra by Souriau 

▌ Let      be a Lie algebra and E a finite-dimensional vector space. A linear 

map                               always can be written as: 

 

▌ where the linear maps                            and                       are determined by 

a. The map a is an affine representation of G in E.  

▌ The linear map                      is a one-cocycle of G with values in E, for the 

linear representation r; it means that       satisfies, for all                    : 

 

▌      is called the one-cocycle of      associated to the affine representation a. 

▌ the associated cocycle                     is related to the one-cocycle                       

by: 

g
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Equivariance of Souriau Moment Map 

▌ There exists a unique affine action      such that the linear part is a 

coadjoint representation: 

 

 

   with  

▌ that induce equivariance of moment       . 

a
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Action of Lie Group on a Symplectic Manifold 

▌ Let                                  be an action of Lie Group G on differentiable 

manifold M, the fundamental field associated to an element      of Lie 

algebra       of group G is the vectors field         on M: 

                                                with                                               and 

 

▌        is Hamiltonian on a symplectic manifold       , if       is symplectic and if 

for all              , the fundamental field         is globally Hamiltonian. 

▌ There is a unique action a of the Lie group       on the dual      of its Lie 

algebra for which the moment map      is equivariant, that means satisfies 

for each               :  
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Affine representation of Lie group and Lie algebra by Koszul 

▌ Let        be a convex domain in       containing no complete straight lines, 

and an associated convex cone                                                                               

Then there exists an affine embedding: 

 

▌ If we consider      the group of homomorphism of                 into                        

given by: 

 

▌ and associated affine representation of Lie Algebra: 

▌ with                the group of all affine transformations of         . We have         

                                     and the pair            of the homomorphism                            

                                        and the map                             is equivariant. 
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Affine representation of Lie group and Lie algebra by Koszul 

▌ Let       a connex Lie Group and       a real or complex vector space of 

finite dimension, Koszul has introduced an affine representation of       in   

such that the following is an affine transformation: 

 

▌ We set              the set of all affine transformations of a vector space       , a 

Lie Group called affine transformation group of      . The set               of all 

regular linear transformations of       , a subgroup of            . 

▌ We define a linear representation from      to               : 

 

▌ and an application from      to      : 

▌ Then we have                   : 
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Affine representation of Lie group and Lie algebra by Koszul 

▌ On the contrary, if an application       from      to      and a linear 

representation      from       to                verify previous equation, then we 

can define an affine representation of       in      , written            : 

 

▌ The condition                                               is equivalent to requiring the 

following mapping to be an homomorphism: 

▌ We write       the linear representation of Lie algebra      of     , defined by   

and      the restriction to      of the differential to      (     and      the 

differential of    and      respectively), Koszul has proved that: 
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Affine representation of Lie group and Lie algebra by Koszul 

▌ Conversely, if we assume that       admits an affine representation                   

on     , using an affine coordinate system                     on       , we can 

express an affine mapping                                       by an                           

matrix representation: 

 

▌ where             is a            matrix and              is a      row vector. 

▌ If we denote                          , we write          the linear Lie subgroup of     

                           generated by         . An element of                 is expressed by: 
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Souriau/Koszul: Affine Representation of Lie Group and Lie Algebra 
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Seminal Paper of Poincaré 1901 on « Euler-Poincaré Equation » 

▌ [1] Henri Poincaré, Sur une forme nouvelle des équations de la 

Mécanique, C. R. Acad. Sci. Paris, T. CXXXII, n. 7, p. 369–371., 1901 

Heni Poincaré proved that when a Lie algebra acts locally transitively on the 

configuration space of a Lagrangian mechanical system, the Euler-Lagrange 

equations are equivalent to a new system of differential equations defined on 

the product of the configuration space with the Lie algebra 
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Euler-Poincaré Equation of Lie Group Thermodynamics 

▌ When a Lie algebra acts locally transitively on the configuration space of 

a Lagrangian mechanical system, Henri Poincaré proved that the Euler-

Lagrange equations are equivalent to a new system of differential 

equations defined on the product of the configuration space with the Lie 

algebra. 

▌ Euler-Poincaré equations can be written under an intrinsic form, without 

any reference to a particular system of local coordinates, proving that 

they can be conveniently expressed in terms of the Legendre and 

momentum maps of the lift to the cotangent bundle of the Lie algebra 

action on the configuration space.  
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Euler-Poincaré Equation of Lie Group Thermodynamics 

▌ The Lagrangian is a smooth real valued function    defined on the tangent 

bundle      . To each parameterized continuous, piecewise smooth curve              

,                       ,defined on a closed interval          , with values in     , one 

associates the value at     of the action integral: 

▌  The partial differential of the function                       with respect to its 

second variable        , which plays an important part in the Euler-Poincaré 

equation, can be expressed in terms of the momentum and Legendre 

maps:                                  with                                                  the moment 

map,                             

▌ the canonical projection on the 2nd factor,                         the Legendre 

transform, with                                                         

   and   
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Euler-Poincaré Equation of Lie Group Thermodynamics 

▌ The Euler-Poincaré equation can therefore be written under the form: 

 

 

 

▌ Following the remark made by Poincaré at the end of his note, the most 

interesting case is when the map                      only depends on its second 

variable          . The Euler-Poincaré equation becomes:  
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Euler-Poincaré Equation of Lie Group Thermodynamics 

▌ We can use analogy of structure when the convex Gibbs ensemble is 

homogeneous. We can then apply Euler-Poincaré equation for Lie Group 

Thermodynamics. Considering Clairaut equation: 

                                                                                with                                    , 

▌ A Souriau-Euler-Poincaré equation can be elaborated for Souriau Lie 

Group Thermodynamics: 

                                                  and 

▌ An associated equation on Entropy is: 

 

▌ That reduces to:  
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Poincaré-Cartan Integral Invariant of Lie Group Thermodynamics 

▌ Analogies between Geometric Mechanics & Geometric Lie Group 

Thermodynamics, provides the following similarities of structures: 

 

 

▌ We can then consider a similar Poincaré-Cartan-Souriau Pfaffian form: 

▌ This analogy provides an associated Poincaré-Cartan Integral Invariant: 

                                                  transforms in  

▌ For Thermodynamics, we can then deduce an Euler-Poincaré Variational 

Principle: The Variational Principle holds on    , for variations                       , 

where       is an arbitrary path that vanishes at the endpoints,                        : 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Compatible Balian Gauge Theory of Thermodynamics 

▌ Entropy      is an extensive variable                         depending on                          

n independent extensive/conservative quantities characterizing the system 

▌ The n intensive variables      are defined as the partial derivatives: 

 

▌ Balian has introduced a non-vanishing gauge variable  which multiplies all 

the intensive variables, defining a new set of variables: 

▌ The 2n+1-dimensional space is thereby extended into a 2n+2-dimensional 

thermodynamic space       spanned by the variables                                                  

,where the physical system is associated with a n+1-dimensional manifold          

in     , parameterized for instance by the coordinates              and       .  
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Compatible Balian Gauge Theory of Thermodynamics 

▌ the contact structure  in 2n+1 dimension: 

▌ is embedded into a symplectic structure in 2n+2 dimension, with 1-form, as 

symplectization: 

▌  The n +1-dimensional thermodynamic manifolds      are characterized by      

:           . The 1-form induces then a symplectic structure on     : 

▌ The concavity of the entropy               ,     as function of the extensive 

variables,  expresses the stability of equilibrium states.  It entails the 

existence of a metric structure in the n-dimensional space      : 

 

▌ which defines a distance between two neighboring thermodynamic states:  
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Compatible Balian Gauge Theory of Thermodynamics 

▌ We can observe that this Gauge Theory of Thermodynamics is compatible 

with Souriau Lie Group Thermodynamics, where we have to consider the 

Souriau vector : 

                      

                         transformed in a new vector   
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

NEF (Natural Exponential Families): Letac & Casalis 

▌ Let       a vector space  of finite size,        its dual.             Duality braket with 

                              .        Positive Radon measure on     , Laplace transform is : 

 

▌ Transformation              defined on 

 

▌ Natural exponential families are given by: 

 

▌ Injective function (domian of means):  

▌ And the inverse function: 

▌ Covariance operator:   
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

NEF (Natural Exponential Families): Letac & Casalis 

▌ Measure generetad by a familly      : 

 

▌ Let       an exponential family of        generated by        and 

   with                         automorphisms of       and               , then the familly  

                                                              is an exponential familly of       

    generated by  

▌ Definition:  An exponential familly      is invariant by a group      (affine 

group of     ), if                                    :  

  (the contrary could be false) 
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NEF (Natural Exponential Families): Letac & Casalis 

▌ Theorem (Casalis):  Let                      an exponential familly of      and         

   affine group of      , then       is invariant by      if and only: 

 

 

 

 

▌ When       is a linear subgroup,      is a character of       ,       could be 

obtained by the help of Cohomology of Lie groups . 
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NEF (Natural Exponential Families): Letac & Casalis 

▌ If we define action of       on       by: 

   we can verify that:  

▌  the action       is an inhomogeneous 1-cocycle:                , let the set of all  

    functions from         to     ,                     called inhomogenesous n-cochains,  

    then we can define the operators:  
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NEF (Natural Exponential Families): Letac & Casalis 

▌ Let                                                                                , with        inhomogneous  

    n-cocycles , the quotient                                                                   is the  

     Cohomology Group  of        with value in       . We have: 
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NEF (Natural Exponential Families): Letac & Casalis 

▌ When the Cohomology Group                              then 

 

   Then if                     is an exponential familly invariant by      ,       verifies 

 

 

▌  For all compact Group,                            and we can express  
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Lie Group, Lie Algebra, Dual Lie Algebra 

From Vladimir Arnold Paper 

Vladimir Arnold Joke: 

« Dans ce qui suit, j’ai tâché 

conformément à l’appel de 

N. Bourbaki, de substituer 

toujours les calculs aveugles 

aux idées lucides d’Euler » 

Arnold, Vladimir, Sur la géométrie différentielle des groupes de Lie de dimension infinie 
et ses applications à l'hydrodynamique des fluides parfaits. Annales de l'institut Fourier, 
16 no. 1 (1966), p. 319-361: 
http://archive.numdam.org/article/AIF_1966__16_1_319_0.pdf  

http://archive.numdam.org/article/AIF_1966__16_1_319_0.pdf
http://archive.numdam.org/article/AIF_1966__16_1_319_0.pdf
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Affine Group Action 

▌ Consider the General Linear Group               consisting of the invertible nxn 

matrices, that is a topological group acting linearly on       by: 

 

▌ The Group               is a Lie group,  is a subgroup of the General affine 

group             , composed of all pairs             where                       and                 

, the group operation given by: 

▌ Restricting       to have positive determinant one obtains the Positive 

General affine group                  that acts transitively on       by: 

 

▌ Given a positive semidefinite matrix      , according to the spectral 

theorem, the continuous functional calculus can be applied to obtain a 

matrix         such that            is itself positive and                            . The 

operator          is the unique non-negative square root of      . 
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Affine GroupAction 

▌                                                                       the class of regular multivariate 

normal distributions, where        is the mean vector and      is the 

(symmetric positive definite) covariance matrix, is invariant under the 

transitive action of              . The induced action of               on                      

is then given by: 

 

▌ and : 

 

▌ As the isotropy group of              is equal to           , we can observe that: 

 

▌        is an open subset of the vector space                                                           

and is a differentiable manifold, where the tangent space at any point 

may be identified with       . 
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Lie Group Everywhere: example of multivariate gaussian law 

▌ Affine group for Multivariate Gaussian Law 
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Affine Group (Lie Group) and associated Lie Algebra 

▌ Affine Group in case of Multivariate Gaussian case 

 

 

 

 

▌ Lie Group properties 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Inverse element:   
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Affine Group (Lie Group) and associated Lie Algebra 

▌ Lie Algebra on the right and on the left 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Conjugation Action 

 

▌ Adjoint Operator on Lie Group 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Adjoint operator on Lie Algebra 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Moments Maps 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Moment maps 
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IMPAN – SEMINARIUM GEOMETRICAL METHODS IN PHYSICS  - WARSAW – 16th May 2017 – F. Barbaresco 

Affine Group (Lie Group) and associated Lie Algebra 

▌ Co-adjoint operator 
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▌ Co-adjoint operator 
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Affine Group (Lie Group) and associated Lie Algebra 

▌ Moment associated to  GTM M
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Short Summary 
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Affine Group (Lie Group) and associated Lie Algebra 

▌ 1st Euler-Poincaré Equation: 

 

 

 

▌ 2nd Euler-Poincaré Equation: 
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Affine Group (Lie Group) and associated Lie Algebra 

▌ 1st Euler-Poincaré Equation 

 

 

▌ 2nd Euler-Poincaré equation 
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Geodesic Shooting for Multivariate Gaussian Laws (cf. Marion Pilté 
paper/Poster, THALES/DGA PhD student) 
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▌ Computation of Geodesic by Geodesic Shooting based on Initial tangent 

vector iterative computation:  
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Geodesic between Multivariate Gaussian Laws for Manoeuver 
detection with Kalman filters 
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Souriau-Fisher Metric: Example of Multivariate Gaussian Law 

▌ Variables of Multivariate Gaussian law  
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Souriau-Fisher Metric: Example of Multivariate Gaussian Law 

▌ Cohomology cycle: 
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New MDPI Book 
« Information, Entropy 
and their Geometric 
Structures » 
http://books.mdpi.com/pdfview/book/127  
Could be downloaded at weblink: 
http://www.mdpi.com/books/pdfdownload/bo
ok/127/1   

 

http://books.mdpi.com/pdfview/book/127
http://books.mdpi.com/pdfview/book/127
http://www.mdpi.com/books/pdfdownload/book/127/1
http://www.mdpi.com/books/pdfdownload/book/127/1
http://www.mdpi.com/books/pdfdownload/book/127/1
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Tutorial sur la géométrie de l’Information 

▌ Exposé de Frank Nielsen (LIX, Ecole Polytechnique) au workshop 

SHANNON 100 à l’Institut Henri Poincaré, fin Octobre 2016 

 

 

 

 

▌ Vidéo: 

https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4

mpdvWcDMCJ-SP72HV6Bme6CSqk_k 

▌ Planches: https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf  

https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4mpdvWcDMCJ-SP72HV6Bme6CSqk_k
https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4mpdvWcDMCJ-SP72HV6Bme6CSqk_k
https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4mpdvWcDMCJ-SP72HV6Bme6CSqk_k
https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4mpdvWcDMCJ-SP72HV6Bme6CSqk_k
https://www.youtube.com/watch?v=aGxZoKSk6CQ&index=11&list=PL9kd4mpdvWcDMCJ-SP72HV6Bme6CSqk_k
https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf
https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf
https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf
https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf
https://www.lix.polytechnique.fr/~nielsen/CIG-slides.pdf
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Pour aller plus loin 

▌ UNESCO UNITWIN Website on « Geometric Science of Information »: 

http://forum.cs-dc.org/category/72/geometric-science-of-information  

http://forum.cs-dc.org/topic/369/geometric-science-of-information-presentation-organisation-subscription  

▌ GSI « Geometric Science of Information » Conferences: 

GSI’15, Ecole Polytechnique: http://forum.cs-dc.org/category/90/gsi2015  

GSI’13, Ecole des Mines de Paris: https://www.see.asso.fr/gsi2013 

GSI’17 : www.si2017.org  

▌ 34th International Workshop on Bayesian Inference and Maximum Entropy 

MaxEnt’14, : https://www.see.asso.fr/maxent14  

▌ Leon Brillouin Seminar on “Geometric Science of Information” 

http://repmus.ircam.fr/brillouin/home  

http://repmus.ircam.fr/brillouin/past-events  

▌ Information geometry and probability tools in abstract space for signal and image analysis 

GDR ISIS Technical Day: http://forum.cs-dc.org/topic/410/gdr-isis-gsi-day-information-geometry-and-probabilty-tools-in-abstract-space-for-signal-and-image-analysis  

▌ Google+ and Google Scholar 

https://plus.google.com/u/0/100141956413652325744/posts  

http://scholar.google.fr/citations?hl=fr&user=Pe_EE9UAAAAJ&view_op=list_works&sortby=pubdate  
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