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Kogóż to z nas tonący nie wiózł wrak?
Któż z nas zaprzeczyć może że ułomny?
Kogóż nie łudził oślepiony ptak?
Kogóż w bezludzie nie wiódł pies bezdomny?

A przecież wciąż przyciąga strefa ogrodzona
I ogrodzona nie bez celu – trzeba wierzyć
To nie my w Zonie, to nam odebrana Zona
Nam ją niepewnym, ale własnym krokiem mierzyć
Póki nadziei gorycz wreszcie nie pokona.

Dlatego, mimo druty, wieże i strażnice
Tam chcemy dotrzeć, gdzie nam dotrzeć zabroniono
Bezużyteczne, śmieszne posiąść tajemnice
Byleby jeszcze raz gorączką tęsknot płonąć
Nim podmuch jakiś strzepnie chwiejne potylice.

Droga okrężna może być i oszukańcza,
Może nas wiedzie szalbierz chciwy paru groszy,
Lecz lepsze to, niż śmierć na wapniejących szańcach
U progu granic niewidzialnych i aproszy,
Gdzie ziewa żołnierz tak podobny do skazańca.

Po zatopionych dawno droga to dolinach;
Pod płytką wodą nieczytelne czasu grypsy:
Szlak po ikonach, rękopisach, karabinach
Nad którym wiosło kreśli plusk Apokalipsy;
Nie po nas płacz – i nie po przodkach – płacz po synach.

Więc prawda, którą znaleźć nam to pusty pokój
Gdzie nagle dzwonią wyłączone telefony?
Serdeczna krew snująca w martwym się potoku,
Bezsilny gniew na obojętność Nieboskłonu
I magia słów, co chronić ma od złych uroków?

Więc prawda, którą znaleźć nam to stół z kamienia,
Z którego przedmiot modłów spadł nietknięty dłonią?
W stukocie kół transportu – Aria Beethovena?
Bezdenna toń, a nad bezdenną tonią
Twarz własna co przegląda się w przestrzeniach?

Z tonących – komu los nie zesłał tratw?
Z ułomnych – zdrowia nie przywrócił komu?
Gdy oślepiony ptak odnalazł ślad
I pies bezdomny siadł na progu domu...

Jacek Kaczmarski,
Stalker.
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Ogawa, Izumi Ojima, Dmitrĭı Pavlov, Aleksander Pełczyński, Arkady Plotnitsky, Gonzalo Reyes,
Zofia Rosińska, Carlos C. Rodríguez, John Skilling, Lee Smolin, Rafael Sorkin, Rob Spekkens, Ju-
lian Srebrny, John Stachel, Ray Streater, Jamie Vicary, Michael Wright, and Marek Zawadowski for
discussions and/or correspondence.

Many thanks for help and/or hospitality to: Piotr Achinger, Barbara Baranowska, John Barrett,
Paolo Bertozzini, Grażyna Bleja, Roman Bleja, Dorota Czarnocka–Cieciura, Łukasz Cincio, Łukasz
Degórski, Bianca Dittrich, Olaf Dreyer, Cecilia Flori, Frank Hellmann, Shahrzad Haddadan, Ewa
Infeld, Roman Kalyakin, Ekaterina Kamlovskaya, Grzegorz Kapustka, Magdalena Kapustka, Iwona
Kołodziejska–Degórska, Tomasz Kołodziejski, Tatiana Kostecka, Aleksander Kubica, Marie La Palme–
Reyes, Fotini Markopoulou, Daniel McCarthy, Aneta Pękała, Gonzalo Reyes, Piotr Sołtan, Jadwiga
Smulko, Grzegorz Smulko, Janina Spicha–Konarzewska, Jamie Vicary, Joanna Zielińska.

3



During my research I was partially supported by the Mistrz grant 2007-2010 of Fundacja na rzecz
Nauki Polskiej, Quantum Geometry and Quantum Gravity short visit grant 1955 of European Science
Foundation, Quantum Geometry and Quantum Gravity exchange grant 2706 of European Science
Foundation, 182/N QGG/2008/0 grant of Ministerstwo Szkolnictwa Wyższego i Nauki, and N N202
343640 grant of Narodowe Centrum Nauki.

I would like also to acknowledge the open access archives for scientific texts: arXiv (arxiv.org),
Project Euclid (projecteuclid.org), Numdam (numdam.org), Math-Net (mathnet.ru), and especially
Library Genesis (libgen.org). My research would be hardly possible without the possibilities provided
by these sources of knowledge, as well as without a little help from my friends, who supplied me with
the missing texts, which were hidden in the dark corners of distant libraries or behind the paywalls of
evil corporations.

The key inspiration for this work were the writings of Edwin Jaynes, Stanisław Lem, and Oswald
Spengler. Among other important inspirations I wish to acknowledge the works of Jean Baudrillard,
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Yet, only silence is the sound of an angel.

4

http://arxiv.org
http://projecteuclid.org
http://numdam.org
http://www.mathnet.ru
http://libgen.org


Contents
Abstract 7

Streszczenie 9

List of symbols 11

1 Introduction 13
1.1 Mathematical framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2 Conceptual motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.3 Postulates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.4 Conceptual framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
1.5 Published and joint work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.6 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Towards new foundations 29
2.1 Noncommutative integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2 Quantitative meaning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.3 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.4 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Quantum information geometry 55
3.1 Information models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1.1 Statistical and quantum models . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.1.2 Markovian categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2 Information distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.2.1 f-distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.2.2 Bregman functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.2.3 Bregman distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.2.4 𝛾-distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.3 Smooth information geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.3.1 Information manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.3.2 Smooth f- and 𝛾-geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
3.3.3 Exponential models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4 Quantum information dynamics 109
4.1 Quantum inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.1.1 Quantum entropic instruments and effects . . . . . . . . . . . . . . . . . . . . . 112
4.1.2 Von Neumann–Lüders rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
4.1.3 Jaynes–Mitchell source theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
4.1.4 Information geometric renormalisations . . . . . . . . . . . . . . . . . . . . . . 130

4.2 Quantum evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
4.2.1 Banach–Lie–Poisson structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
4.2.2 Extended liouvillean instruments . . . . . . . . . . . . . . . . . . . . . . . . . . 139
4.2.3 Transition distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
4.2.4 Quantum space-times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5



A 𝑊 *-algebras and integration 163
A.1 Algebras and functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

A.1.1 𝐶*-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
A.1.2 Functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
A.1.3 Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
A.1.4 von Neumann algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.1.5 Barycentric decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

A.2 Modular theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
A.2.1 Kubo–Martin–Schwinger condition . . . . . . . . . . . . . . . . . . . . . . . . . 176
A.2.2 Tomita–Takesaki modular theory . . . . . . . . . . . . . . . . . . . . . . . . . . 177
A.2.3 Relative modular theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
A.2.4 Canonical representation and bimodules . . . . . . . . . . . . . . . . . . . . . . 184
A.2.5 Classification of 𝑊 *-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

A.3 Automorphisms and their representations . . . . . . . . . . . . . . . . . . . . . . . . . 191
A.3.1 Derivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
A.3.2 Standard liouvilleans . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
A.3.3 Crossed products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
A.3.4 Canonical core algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

A.4 Noncommutative integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
A.4.1 Noncommutative Radon–Nikodým type theorems . . . . . . . . . . . . . . . . . 205
A.4.2 Integration relative to a trace . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
A.4.3 Operator valued weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
A.4.4 Integration relative to a weight . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
A.4.5 Canonical integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
A.4.6 Integration relative to a measure . . . . . . . . . . . . . . . . . . . . . . . . . . 225
A.4.7 Canonical commutative integration . . . . . . . . . . . . . . . . . . . . . . . . . 235

B 𝐶∞-geometries 247
B.1 Riemannian and affine geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
B.2 Norden–Sen and Eguchi geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
B.3 Hessian manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

References 255

Index 295

6



Abstract

This thesis is concerned with a new approach to the mathematical foundations of quantum theory. On
the basis of noncommutative integration theory and quantum information geometry, a construction of
nonlinear quantum kinematics and dynamics is proposed, defined in terms of geometric and algebraic
objects that are completely independent of Hilbert spaces.

The starting point is the definition of spaces of quantum states as sets of positive, finite, normal
functionals on noncommutative 𝑊 *-algebras. These spaces form a quantum generalisation of sets of
finite positive measures on localisable Boole algebras. Geometric structures are introduced by gener-
alised quantum relative entropies, defined as two-point nonsymmetric functions of distance on spaces
of quantum states. In particular, under suitable differentiability conditions, generalised relative en-
tropies determine uniquely the corresponding riemannian metrics and pairs of affine connections on
these spaces. Two classes of generalised relative entropies are especially important from the point of
view of information theory, namely those which are monotone with respect to completely positive lin-
ear maps between state spaces, and those that satisfy the generalised pythagorean theorem. A detailed
review of known results on these two classes is provided in this work. Next, using the noncommutative
𝐿𝑝 spaces, a canonical family of generalised quantum relative entropies which belong to both classes
is constructed. This result generalises earlier results to the form independent of the choice of repre-
sentation. Moreover, it is shown that for the finite dimensional case, this family satisfies the smooth
version of the generalised pythagorean theorem, with respect to the metrics and connections that are
induced by these entropies.

The approach to quantum dynamics proposed in this work starts with the notion of an instrument,
understood as a map between two state spaces conditioned upon the set of control parameters. Two
classes of instruments are considered: active and passive. Their goal is to generalise the roles that
are played in the standard formalism of quantum mechanics by quantum measurement and unitary
evolution, respectively.

As a nontrivial example of active instruments, maps that maximise the constrained generalised
relative entropies are considered. Such instruments are interpreted as quantum analogues of procedures
of statistical inference. It is shown that, under some additional conditions, such instruments determine
the semi-spectral measures representing the results of measurements. This is an analogue of the same
property of completely positive linear instruments considered in the standard quantum information
theory. Under some further conditions, these measures are supported by the states corresponding to
superselection sectors that are specified by a uniquely determined commutative algebra. This solves
the problem of choice of ‘preferred’ Hilbert space basis associated with the description of measurement
results. Moreover, it is proved that the standard quantum mechanical description of measurement in
terms of the von Neumann–Lüders rule is a special case of the entropic instrument. This result is
a quantum analogue of the derivation of Bayes’ rule as a special case of the maximisation of relative
entropy with constraints.

The discussion of nontrivial examples of passive instruments starts by considering a generalisation
of symplectic structure to the manifold of quantum states, induced by the commutator of noncommu-
tative 𝑊 *-algebra. A specific class of instruments, which are predualisations of such one-parameter
weakly-⋆ continuous, but not necessarily unitary, groups of automorphisms of 𝑊 *-algebras that de-
termine the hamiltonian vector fields on the state spaces, is characterised. Next, it is shown how the
geometric structures on the state spaces can be expressed in terms of operators acting on the fibres
of a Hilbert space bundle over a state space. In particular, the time-dependent multi-point correla-
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tion functions are constructed to include corrections to the unitary evolution which come from the
geometric structure of the state space. The class of passive instruments representing this evolution
is constructed too. These results are based on the theory of unbounded perturbations of unbounded
generators of unitary evolutions that represent one-parameter automorphisms of 𝑊 *-algebras.

In addition, it is analysed in what sense and how the quantum mechanical notion of a time-
dependent transition amplitude can be expressed and generalised in terms of the proposed approach.
A preliminary discussion is also provided regarding the possibility of a nonperturbative formulation of
the renormalisation of quantum dynamical models using the quantum geometry of state spaces.

A procedure for constructing of space-times, understood as ‘emergent’ objects, obtained directly
from the geometry of quantum states, is also proposed. This procedure is based on the transformation
of a quantum riemannian metric to a lorentzian form by a ‘complex rotation’ with respect to a global
vector field of a temporal evolution determined by a passive instrument. As a nontrivial (albeit
somewhat restricted) model, a space of quantum states, which recovers the Schwarzschild space-time
is constructed.

A separate chapter is dedicated to the discussion of the conceptual meaning of mathematical
structures and results that are considered and obtained in this work. The discussion is based on
the conceptual framework of information theory, probability theory, and the bayesian approach to
statistical inference theory. The relationships of the proposed approach to the standard (Hilbert
space based), logico-algebraic (orthocomplemented poset based), algebraic (𝐶*-algebra based) and
operational (semi-spectral measure based) approaches are extensively studied.

Constructions provided in this work are based on a number of results obtained in recent years in the
theories of operator algebras and quantum information geometry. These include: construction of the
canonical theory of noncommutative integration and noncommutative 𝐿𝑝 spaces (Falcone–Takesaki),
construction of the Lie–Poisson manifold structure on preduals of 𝑊 *-algebras (Odzijewicz–Ratiu),
construction of a smooth manifold structure on faithful state spaces over arbitrary 𝑊 *-algebras based
on noncommutative Orlicz spaces (Jenčová), construction of the theory of perturbation of liouvil-
leans by unbounded operators (Dereziński–Jakšić–Pillet), and construction of the bundle of Hilbert
spaces over preduals of 𝑊 *-algebras (Odzijewicz–Sliżewska). This work is their first application to the
problems of foundations of quantum theory and quantum geometry.

This thesis also includes an extensive appendix, which contains a systematic exposition of notions
and results of the theory of noncommutative integration on 𝑊 *-algebras. It is a unique elaboration
of this research area, covering many results that are otherwise scattered across the literature of the
subject.
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Streszczenie

Tematem tej rozprawy jest nowe podejście do problemu matematycznych podstaw teorii kwantowej.
W oparciu o niekomutatywną teorię całkowania oraz kwantową geometrię informacji, zaproponowana
została konstrukcja nieliniowej kwantowej kinematyki i dynamiki, w której podstawową rolę odgrywają
obiekty geometryczne i algebraiczne całkowicie niezależne od przestrzeni Hilberta.

Punktem wyjścia pracy jest zdefiniowanie przestrzeni stanów kwantowych jako zbiorów dodatnich,
skończonych, normalnych funkcjonałów na niekomutatywnych 𝑊 *-algebrach, co stanowi kwantowe
uogólnienie zbiorów skończonych dodatnich miar na lokalizowalnych algebrach Boole’a. Struktury
geometryczne zostają wprowadzone poprzez dwupunktowe niesymetryczne funkcje odległości na tych
przestrzeniach, będące uogólnieniem kwantowej względnej entropii. Rozmaite dodatkowe warunki
nałożone na przestrzenie stanów i uogólnione entropie prowadzą do różnych specyficznych geometrii.
W szczególności, przy odpowiednich warunkach różniczkowalności, uogólnione względne entropie de-
terminują jednoznacznie riemannowską metrykę i parę afinicznych koneksji na przestrzeni stanów
kwantowych. Szczególnie istotne, z punktu widzenia teorii informacji, są dwie klasy uogólnionych
względnych entropii: entropie monotoniczne ze względu na całkowicie dodatnie liniowe odwzorowania
przestrzeni stanów, oraz entropie spełniające uogólnione twierdzenie Pitagorasa. W pracy przeprowad-
zony jest szczegółowy przegląd znanych wyników dotyczących obydwu klas. Następnie zostaje skon-
struowana, w oparciu o niekomutatywne przestrzenie 𝐿𝑝, kanoniczna rodzina uogólnionych kwan-
towych względnych entropii należących do przecięcia tych dwóch klas. Wynik ten uogólnia znane
wcześniej konstrukcje do postaci niezależnej od wyboru reprezentacji. Prócz tego wykazane zostaje,
że dla skończenie wymiarowej sytuacji otrzymana rodzina spełnia różniczkową wersję uogólnionego
twierdzenia Pitagorasa, względem metryki i koneksji indukowanych przez te entropie.

Zaproponowane w pracy podejście do kwantowej dynamiki wychodzi od pojęcia instrumentu,
jako odwzorowania między dwoma przestrzeniami stanów, zależnego od zbioru parametrów kontrol-
nych. Rozważane są dwie klasy instrumentów: aktywne i pasywne, mające za zadanie uogólnić role
pełnione w standardowym formalizmie mechaniki kwantowej przez, odpowiednio, kwantowy pomiar
oraz ewolucję unitarną.

W roli nietrywialnego przykładu aktywnych instrumentów zaproponowane zostają nieliniowe odw-
zorowania maksymalizujące uogólnione kwantowe entropie z więzami. Instrumenty te są zinterpre-
towane jako kwantowe odpowiedniki procedur statystycznego wnioskowania. Pokazane zostaje, że,
przy pewnych dodatkowych założeniach, instrumenty te determinują miary półspektralne reprezentu-
jące wyniki pomiarów, co stanowi odpowiednik tejże własności posiadanej przez całkowicie dodatnie
liniowe instrumenty rozważane w standardowej kwantowej teorii informacji. Ponadto, przy pewnych
dodatkowych warunkach, nośnikami tych miar są stany odpowiadające sektorom superselekcji zadanym
przez jednoznacznie określoną komutatywną algebrę, co rozwiązuje problem wyboru ‘preferowanej’
bazy w przestrzeni Hilberta związanej z opisem wyników pomiaru. Ponadto udowodnione zostaje,
że standardowy kwantowomechaniczny opis pomiaru przy pomocy reguły von Neumanna–Lüdersa
jest szczególnym przypadkiem entropowego instrumentu. Wynik ten stanowi kwantowy odpowied-
nik wyprowadzenia reguły Bayesa jako szczególnego przypadku maksymalizacji względnej entropii
z więzami.

Punktem wyjścia do dyskusji nietrywialnych przykładów nieliniowych pasywnych instrumentów
jest rozpatrzenie uogólnienia struktury symplektycznej na rozmaitość stanów kwantowych, indukowanej
przez komutator niekomutatywnej 𝑊 *-algebry. Scharakteryzowana zostaje klasa instrumentów, które
są predualizacją jednoparametrowych słabo-⋆ ciągłych, ale niekoniecznie unitarnych, grup automor-
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fizmów𝑊 *-algebr, oraz determinują hamiltonowskie pola wektorowe na przestrzeniach stanów. Następ-
nie zostaje pokazane w jaki sposób struktury geometryczne na przestrzeni stanów mogą zostać wyrażone
pod postacią operatorów działających na włóknach wiązki przestrzeni Hilberta nad nią. W szczegól-
ności, skonstruowane zostają zależne od czasu wielopunktowe funkcje korelacji uwzględniające poprawki
do unitarnej ewolucji pochodzące od struktury geometrycznej przestrzeni stanów, a także klasa pasy-
wnych instrumentów reprezentujących tę ewolucję. Konstrukcja ta opiera się na teorii nieograniczonych
perturbacji nieograniczonych generatorów unitarnych ewolucji reprezentujących jednoparametrowe au-
tomorfizmy 𝑊 *-algebr.

Prócz tego, zanalizowano w jakim sensie i w jaki sposób kwantowomechaniczne pojęcie zależnej od
czasu amplitudy przejścia daje się wyrazić i uogólnić w ramach badanego podejścia. Wstępnej dyskusji
poddane są także możliwości nieperturbacyjnego sformułowania renormalizacji modeli kwantowej dy-
namiki opartej o kwantową geometrię przestrzeni stanów.

W pracy zaproponowana została też procedura konstrukcji czasoprzestrzeni jako ‘emergentnych’
obiektów, otrzymywanych bezpośrednio z geometrii przestrzeni stanów kwantowych. Procedura ta
opiera się na transformacji kwantowej riemannowskiej metryki do postaci lorentzowskiej poprzez ‘ze-
spolony obrót’ względem globalnego pola wektorowego ewolucji czasowej zadanej pasywnym instru-
mentem. W roli nietrywialnego (choć posiadającego pewne ograniczenia) modelu, skonstruowana
zostaje przestrzeń stanów kwantowych, która odtwarza czasoprzestrzeń Schwarzschilda.

Osobny rozdział pracy poświęcony jest dyskusji znaczenia pojęciowego badanych struktur matem-
atycznych i otrzymanych wyników, w oparciu o aparat pojęciowy teorii informacji, teorii prawdo-
podobieństwa, oraz teorii wnioskowania statystycznego w ujęciu bayesowskim. Szeroko przedysku-
towane zostały związki i różnice zaproponowanego podejścia z podejściami: standardowym (opartym
na przestrzeniach Hilberta), logiczno-algebraicznym (opartym na częściowych porządkach z ortokom-
plementacją), algebraicznym (opartym na 𝐶*-algebrach), oraz operacyjnym (opartym na miarach
półspektralnych).

Przeprowadzone w pracy konstrukcje opierają się o szereg rezultatów otrzymanych w ostatnich
kilkunastu latach w teorii algebr operatorów i w kwantowej geometrii informacji. Są to między in-
nymi: konstrukcja kanonicznej teorii niekomutatywnego całkowania i niekomutatywnych przestrzeni 𝐿𝑝
(Falcone–Takesaki), konstrukcja struktury rozmaitości Lie–Poissona na predualach 𝑊 *-algebr (Odzi-
jewicz–Ratiu), konstrukcja struktury gładkiej rozmaitości na stanach wiernych na dowolnych 𝑊 *-
algebrach oparta na niekomutatywnych przestrzeniach Orlicza (Jenčová), konstrukcja teorii perturbacji
liouvilleanów przez nieograniczone operatory (Dereziński–Jakšić–Pillet), konstrukcja wiązki przestrzeni
Hilberta nad predualami 𝑊 *-algebr (Odzijewicz–Sliżewska). Niniejsza praca stanowi pierwsze ich za-
stosowanie w problemach podstaw teorii kwantowej i kwantowej geometrii.

Rozprawa zawiera także obszerny dodatek zawierający systematyczne opracowanie pojęć i rezul-
tatów teorii niekomutatywnego całkowania na 𝑊 *-algebrach. Jest to jedyne takie opracowanie w liter-
aturze przedmiotu, uwzględniające wiele rezultatów rozproszonych w trudno dostępnych publikacjach.
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List of symbols
(...) żaden symbol graficzny nie wyraża myśli dokładniej,

niż słowo lub zdanie, którym opisano znaczenie tego symbolu!
Adam Wiśniewski-Snerg,

Jednolita teoria czasoprzestrzeni1

𝑃 𝑥 38 209 Ψ𝛾 81 C∞
F 135 (·)⋆ 167 225

E 41 110 114 𝑐(𝜔, ℎ) 85 {·, ·} 135 136 137 (·)0 167
ℳ 55 56 57 𝜔ℎ 85 d𝑓 135 (·)1 167
𝒮 56 167 ̃︁𝜑ℎ 86 X𝑘 135 136 137 𝒩 167
𝑇⋆ 58 P𝛾

𝐶 87 88 96 𝜛 135 B(ℋ) 168
𝐷 60 𝒮0 89 167 𝑤ℎ𝑡 137 m𝜔 168
f 61 63 T𝑝ℳ 89 247 Ad 137 𝒲 168 228
f𝑐 61 T𝑝ℓ𝛾 89 92 ℎ𝛼 139 𝒲0 168 228
𝐷f 61 62 63 Υ 90 93 ℋℳ 139 n𝜑 169
χ2 61 Υ1 90 𝐾𝛼

𝜔 140 supp 169 169 178
epi 65 Υ𝜑 93 a 140 ≪ 169 236
efd 65 66 𝐿ϒ 90 93 A 140 |𝜑| 170
𝜕Ψ 65 gFRJ 94 𝐾𝛼,𝑥 141 𝜋 170
ΨL 65 ∇𝛾 95 𝛼𝑥 141 𝜋𝜔 170 171
efc 66 gf 95 ℒ(𝜔, 𝑡) 145 Ω𝜔 170
DG

+ 66 c 97 Iℒ 145 ℋ𝜔 170 171
DG 66 h 97 98 (

⨂︀𝑛ℋ)ℳ 147 ⟨·, ·⟩𝜔 170
DF 66 ∇f 95 TPℋ 149 [·]𝜔 171 171̃︀𝐷Ψ 67 gh 97 98 TPR 149 𝒩 ∙ 171
𝑊Ψ 68 71 Jh𝜌 97 TPCU 149 Z𝒩 172̃︀PΨ
𝐶 69 F 98 TP 149 face 173

P̂Ψ
𝐶 70 gBKM 99 DeQuant 155 co 173

(ℓ, ℓ@) 72 g𝛾 101 ĝ 155 156 𝒞𝛼∞ 176
𝐷Ψ 72 74 𝑑Bures 101 150 𝒞 164 Lin 178
LΨ 72 73 ℳexp 105 107 I 164 234 𝐽𝜔 178 179 179
ΘΨ 73 SGS 105 𝑥* 164 ∆𝜔 178 179 179
add 73 SvN 106 𝒞𝑜 165 𝜎𝜔 178 179 223
ΞΨ 73 I 109 Aut 165 𝒩𝜎𝜔 179
adc 73 Mf 110 𝒞𝛼 165 𝐾𝜔 179
�̄�Ψ 73 74 Λ 112 ≤ 165 168 226 ℋ♮

Ω 180
P̄Ψ
𝐶 75 P𝐷,Λ

𝒬 112 (·)+ 166 ℋ♮ 180
PΨ
𝐾 76 a 113 Proj 166 𝜉𝜋 180
𝐷𝛾 76 78 79 P𝐷,Λ

a 113 (·)sa 166 𝜉𝜋♮ 180
f𝛾 77 P𝛾

a 113 (·)asa 166 𝐽𝜑,𝜔 181
ℓ𝛾 78 y 132 (·)uni 166 ∆𝜑,𝜔 181 182 188
ℓ̃𝛾 78 ad 135 137 (·)B 166 225 𝑉𝜑,𝜔 182

1«(...) no graphic symbol does express thoughts more accurately than a word or phrase that describes the meaning
of this symbol!» Adam Wiśniewski-Snerg, Uniform theory of spacetime [1874].

11



[𝜑 : 𝜔]𝑡 182 182 184 208 223 ℰ 213 T∇ 248
𝜓
𝜑∙ 183 188 224 𝑇 214 215 Γ∇ 249
𝐽𝒩 186 𝜑 214 215 220 𝜅∇ 249
𝜋𝒩 186 ℎ𝜑 216 exp∇ 249
L 187 224 M 𝑝(�̂� , 𝜏𝜓) 216 ∇† 249
R 187 224 𝐿𝑝(𝒩 , 𝜓) 217 218 ̃︀∇𝜗 250
d 188 𝐿𝑝(𝒩 , 𝜓∙) 218 (ℓ, ℓ†) 251
𝛼 191 [[·, ·]]𝜓 218 gΦ 252
ð 193 𝐿𝑝(𝒩 ) 186 219 222 222 gΨ 252
𝑉𝛼 195 grad 221
𝐾𝛼 195 M 𝑝( ̃︀𝒩 , ̃︀τ) 221
�̃�𝐺 197 sup 226
Cc 197 inf 226
𝜋𝛼 198 𝒜 227
𝑢𝐺 198 spS 228
o𝛼 198 𝜇 228
�̂� 198 𝐿𝑝(𝒜) 229 229 236

𝜋𝜎𝜓 199 𝐿𝑝(𝒜, 𝜇) 229 229
𝑢R 199 𝜒 230
𝜑𝜆 186 200 201 219 220 224 𝒜𝜇 230
�̂� 200 f 232

𝒩 (𝑡) 201 f0 232
ℋ(𝑡) 202 �̃� 233̃︀𝒩 202 Meas+ 233̃︀ℋ 202 null 233

aff 205 206 f�̃� 233
M (𝒩 ) 205 𝐿𝑝(𝒳 ,f(𝒳 ), �̃�) 233

𝜏ℎ 206 206 𝒜�̃� 234
𝜑ℎ 207 fBorel(𝒳 ) 238

𝐿𝑝(𝒩 , 𝜏) 209 210 Meas+⋆ 238
M (𝒩 , 𝜏) 210 Rad(·)+ 239

G𝑝 211 211 spG 240
𝒩 ext 211 C 240

𝜏 212 T~𝑞 ℳ 247
𝜑 212 g 247 248
𝜏𝑥 213 𝑑g 247
𝑇 59 60 213 ∇ 248
n𝑇 213 t∇ 248
m𝑇 214 R∇ 248

Apart from this the following notation is used: i, e, π, N, R, C, Z are standard, and the convention
R+ = [0,∞[ is used; id denotes identity morphism in the category of objects of a given kind, dom
denotes domain, cod denotes codomain, ran denotes image, spanK denotes linear span in the vector
space over K ∈ {R,C}, int denotes interior of a topological space, Set denotes the category of sets and
functions; given a small category C , Ob(C ) denotes the set of all objects in C , while HomC (𝑋,𝑌 )
denotes the set of all arrows between 𝑋,𝑌 ∈ Ob(C ); ℘(𝒳 ) := HomSet(𝒳 , {0, 1}) is the power set of a
set 𝒳 ; #(𝒳 ) denotes the cardinality of a set 𝒳 if 𝒳 is finite and +∞ otherwise; ⊕ and ⊗ denote direct
product and tensor product, respectively, that are defined dependently of the category of objects under
consideration; 𝛿𝑖𝑗 denotes Kronecker’s delta, while 𝛿(𝑥− 𝑦) denotes Dirac’s delta; 𝐺 denotes group, 𝑔
denotes group element, while 𝑒 denotes neutral element of a group; ℋ and 𝒦 denote Hilbert spaces,
while 𝜉, 𝜁 denote Hilbert space elements; sp denotes spectrum of an operator on a Hilbert space, while∫︀ ⊕ denotes direct integral in von Neumann’s [1813] sense.
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Chapter 1

Introduction

Nie mogę ci powiedzieć, kiedy rojenie zmieniło mi się w hipotezę,
bo sam nie wiem. Postawiłem na niezdecydowanie, wiesz prze-
cież. Odkrycie moje jest fizyką, należy do fizyki, ale do takiej,
której nikt nie zauważył, bo droga wiodła przez tereny ośmie-
szone, wyzute z wszelkich praw. Trzeba było przecież zacząć od
myśli, że słowo może stać się ciałem, że zaklęcie m o ż e się zma-
terializować – trzeba było dać nura w ten absurd, wejść w związki
zakazane, aby dostać się na drugi brzeg, tam gdzie już oczywiście
jest równoważność informacji i masy.

Stanisław Lem,
Profesor A. Dońda1

The aim of this thesis is to investigate the possibility of developing new mathematical and con-
ceptual foundations for quantum theory, based on quantum information geometry on preduals of
𝑊 *-algebras instead of spectral theory of operators on Hilbert spaces. Apart from recent tendencies
to develop various information theoretic approaches to foundations of quantum mechanics (understood
mathematically as the theory established by von Neumann [1800]), we are strongly motivated by the
problem of lack of nonperturbative foundations of predictive quantum field theory and the problem of
mathematical and conceptual unification of general relativity with quantum theory. The impressive
resistance of the last two problems, despite many attempts to solve them, make us believe that the
general mathematical and conceptual formulation of quantum theory still waits to be developed. We
consider this problem as requiring essentially different perspective and treatment than the problems of:
(i) providing information theoretic reconstruction of quantum mechanics; (ii) constructing some sort
of quantisation of general relativity theory; (iii) further development of effective perturbative quantum
field theories. The main intention underlying this text is to use the conceptual insights from informa-
tion theory and bayesian approach to statistics, as well as mathematical tools of quantum information
geometry without relying on the framework of Hilbert spaces, in order to propose a foundational ap-
proach to quantum theory, which would be intrinsically geometric and nonlinear, allowing for a new
perspective on the problems of nonperturbative predictive quantum theory and quantum space-time
geometry.

1«I cannot tell you when it was that my reverie became a hypothesis, for I do not know this myself. You know that I
have chosen indecision. My discovery is physics, belongs to physics, but physics overlooked as the road to it led through
the lands derided, deprived of all laws. For it springs from the thought that a word may become flesh, that a spell m a y
hatch into matter—one had to plunge into this absurdity, and enter the forbidden relationships to emerge on the other
side, where information and mass are, obviously, equivalent.» Stanisław Lem, Professor A. Dońda [1056].
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In what follows we will present the summary of key mathematical and conceptual ideas of our
approach. Conceptual aspects will be further discussed in detail in Section 2, while mathematical
aspects will be further discussed in the rest of this work. The detailed discussion of the mathematical
contents of this thesis, including the new results and open problems, is given in Section 2.3. The
purpose of this Chapter is to explain underlying motivations and insights.

1.1 Mathematical framework

The idea to quantify the distance between two probability distributions dates back to Laplace and
Gauß. Such quantification was found necessary in order to decide, on the basis of a given evidence,
which among a given set of abstract probability distributions, provides the ‘best’ fit to this evidence.
The notion of ‘best’ was defined as minimal in a given distance, under constraints that represent the
problem under consideration. In particular, Laplace’s principle of minimum variance distance [443]
produces median as a ‘best’ unconstrained estimate, while the Gauß principle of least square distance
[616] produces expectation as a ‘best’ unconstrained estimate.2

Consideration of distances on the sets of probability distributions may suggest to investigate geo-
metric properties of these sets by means of some suitable distances. However, despite the use of differ-
ential geometry in the study of spaces of thermodynamic parameters (initiated already by Riemann
[1441], who calculated the Riemann curvature tensor of some thermodynamic variables), this idea has
waited long for its time. The geometric considerations of the spaces of probabilities were initiated by
Rao’s [1397] and Jeffreys’ [875] observation that Fisher’s matrix [562] g𝑖𝑗(𝜃) determines a riemannian
metric on the space of probability densities. The systematic development of geometric study of families
of probability distributions has begun with the works of Chencov [312, 313, 314, 315, 316, 317], who
(among other results) introduced a class of affine connections on the space of probability measures,
generalised pythagorean theorem for relative entropies (considered as nonsymmetric distances), and
provided a characterisation of the class of riemannian metrics and affine connections that are monotone
in the category of probabilistic models with coarse grainings as arrows.

The main mathematical structure of resulting theory of information geometry are nonsymmetric
distance functions (relative entropies), which can play the role of generalisations of squared euclidean
(or Hilbert space) distance because they satisfy nonlinear nonsymmetric generalisations of pythagorean
and cosine theorems. The Taylor expansion of relative entropy at a given point allows to define
additional local differential geometric structures, such as the above riemannian metric.

Chencov’s revolutionary idea was that the geometric properties of spaces of probability distribu-
tions, together with their transformation properties encoded in the structure of a suitable category,
should be considered as a basis for foundations of statistical inference theory3. The idea that forms
the basis of this thesis is to apply the same foundational perspective to quantum theory. However,
this immediately leads to two problems. First is to find a suitable generalisation of mathematical
framework that would fit this purpose. As discussed in details in the following Sections and Chapters,
Hilbert spaces «present a picture of structural monotony» [1166], and cannot serve for this purpose.
Second problem is to deal with an ocean of conceptual quandaries associated with variety of different
conflicting interpretations of statistical inference theory and quantum theory. These two problems are
strongly entangled. In particular, a misguided preference of some conceptual setting might lead to
inevitable preference of some mathematical structures, and conversely.

The crucial mathematical input, allowing us to use a suitable generalisation of information ge-
ometry for quantum foundational purposes, comes from the noncommutative integration theory on
𝑊 *-algebras. As opposed to the commutative setting, for which there is almost complete equivalence
between the approaches based on the notion of measure and the approaches based on the notion of
integral, this is no longer the case in the noncommutative setting.

2Both minimisation problems are stated in terms of the space of estimated functions and not the space of probability
measures. However, the modern approach to variational optimisation problems based on duality (see e.g. [1467, 1061,
172]) allows to consider these problems interchangeably (see e.g. [34]).

3Later, but independently, the similar idea was proposed by Amari [36, 37, 38, 39, 40].
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We begin with postulating that quantum theoretic kinematics should be constructed as a general-
isation of mathematical framework of probability theory, with measurable spaces (𝒳 ,f(𝒳 )) replaced
by noncommutative 𝑊 *-algebras 𝒩 , probabilistic models ℳ(𝒳 ,f(𝒳 ), �̃�) ⊆ 𝐿1(𝒳 ,f(𝒳 ), �̃�)+1 replaced
by the quantum models4 ℳ(𝒩 ) ⊆ 𝐿1(𝒩 )+ ∼= 𝒩+

⋆ , and additional structures associated with prob-
abilistic models (geometry, estimators) replaced by the structures on ℳ(𝒩 ). This setting can be
also thought of as a generalisation and replacement of the Hilbert space based kinematics of quantum
mechanics, with elements of ℳ(𝒩 ) generalising the elements of a Hilbert space ℋ and the density
operators on ℋ, and with the quantum relative entropy functional5 𝐷(·, ·) on ℳ(𝒩 ) replacing the
quantitative and geometric role played by the scalar product ⟨·, ·⟩ on ℋ. From the conceptual point of
view, formulation of the new mathematical foundations of quantum theory on the basis of integration
theory on 𝑊 *-algebras and geometry of spaces of these integrals is aimed at removing all mathe-
matical reasons for consideration of Hilbert spaces and measure spaces on the foundational level. In
such case, the spectral and semi-spectral measures acting from measurable spaces (𝒳 ,f(𝒳 )) to spaces
B(ℋ)+ of positive bounded operators on ℋ become irrelevant too, and the same applies to probability
distributions, arising from traces of spectral and semi-spectral measures with density operators.

The passage from Hilbert spaces to 𝑊 *-algebras is not a simple generalisation, because it changes
the roles played by the noncommutative algebra and by the two point functional acting on what is
to be considered the space of quantum states. In the former setting the noncommutative algebra
consists of operators in a specific representation, while the scalar product is responsible for defining
the expectations of elements of an algebra and for defining the geometric structures on the state space.
On the contrary, in the latter setting the noncommutative 𝑊 *-algebra 𝒩 is abstract (so it does not
consist of operators), the expectations of elements of this algebra are defined by quantum states,
𝜑 : 𝒩 ∋ 𝑥 ↦→ 𝜑(𝑥) ∈ C, without invoking any two point functional, while the quantum relative entropy
𝐷(·, ·) is used exclusively to provide the notion of a distance and to define other geometric structures
on the spaces ℳ(𝒩 ).

In particular, under suitable differentiability conditions imposed on ℳ(𝒩 ) and 𝐷, the second and
third order Taylor expansions of 𝐷(·, ·) determine a riemannian metric g on ℳ(𝒩 ) and a pair of
torsion-free affine connections (∇,∇†), respectively. These objects satisfy the characteristic property
of the Norden–Sen geometries6, namely

g(t∇𝑐 (𝑢), t∇
†

𝑐 (𝑣)) = g(𝑢, 𝑣) ∀𝑢, 𝑣 ∈ Tℳ(𝒩 ), (1.1)

and for all smooth curves 𝑐 : R → ℳ(𝒩 ), where t∇𝑐 denotes a ∇-parallel transport along 𝑐. This
is a generalisation of the riemannian geometry. On the other hand, for every model ℳ(𝒩 ) one can
consider a quantum distance

𝐷1/2(𝜑, 𝜓) =
1

2
||𝜉𝜋𝒩 (𝜑) − 𝜉𝜋𝒩 (𝜓)||2𝐿2(𝒩 ), (1.2)

where 𝜉𝜋𝒩 : 𝒩+
⋆ → 𝐿2(𝒩 )+ is a canonical representation in the canonical Hilbert space 𝐿2(𝒩 ).7

The space 𝐿2(𝒩 ) is an operator algebraic generalisation of the Hilbert–Schmidt space G2(ℋ), the
association 𝒩 → 𝐿2(𝒩 ) is functorial over the category of 𝑊 *-algebras, while the representation 𝜉𝜋𝒩
is a generalisation of the map G1(ℋ)+ ∋ 𝜌 ↦→ √

𝜌 ∈ G2(ℋ)+, where G1(ℋ) is the space of all trace
class operators on ℋ. These properties are quite impressive. However, the main result that requires to
consider 𝐷(·, ·) as an important geometric structure on ℳ(𝒩 ) is the generalised pythagorean equation,

𝐷(𝜑,P𝐷
𝒬(𝜓)) +𝐷(P𝐷

𝒬(𝜓), 𝜓) = 𝐷(𝜑, 𝜓) ∀(𝜑, 𝜓) ∈ 𝒬×ℳ(𝒩 ), (1.3)

4Which are the subsets of the positive cones 𝒩+
⋆ of Banach preduals 𝒩⋆ of 𝑊 *-algebras 𝒩 , which is equivalent to

saying the ℳ(𝒩 ) are sets of finite positive normal functionals on 𝑊 *-algebras.
5Strictly speaking, the quantum distance is a map 𝐷(·, ·) : 𝒩+

⋆ ×𝒩+
⋆ → [0,∞] such that 𝐷(𝜑, 𝜓) = 0 ⇐⇒ 𝜑 = 𝜓,

while the quantum relative entropy is a map (−𝐷)(·, ·) : 𝒩+
⋆ ×𝒩+

⋆ → [−∞, 0]. See Section 3.2 for more discussion. In
this Section we will use these notions interchangeably, meaning 𝐷 in all cases.

6See Section B.2.
7See Section A.2.4.
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where 𝒬 ⊆ ℳ(𝒩 ) is a closed convex set such that

P𝐷
𝒬(𝜓) := arg inf

𝜔∈𝒬
{𝐷(𝜔, 𝜓)} (1.4)

exists and is unique. This property is satisfied by a large family of distances 𝐷(·, ·), see Sections
3.2.2 and 3.2.3. Under suitable additional conditions, (1.3) can be restated in local differential geo-
metric terms of (1.1) as a claim that the nonlinear projection of 𝜓 ∈ ℳ(𝒩 ) along ∇-geodesic onto
∇†-autoparallel ∇†-affine submanifold 𝒬 ⊆ ℳ(𝒩 ) coincides with the constrained relative entropic
projection (1.4).8 On the other hand, the generalised pythagorean theorem (1.3) for (1.2) turns to the
pythagorean theorem in the Hilbert space 𝐿2(𝒩 ) with (1.4) turning to the orthogonal projection onto
convex closed subset of this Hilbert space.

These properties show that the quantum information geometry based on quantum distances 𝐷(·, ·)
over quantum models ℳ(𝒩 ) allows for a sort of “re-unification” of the riemannian geometry with
the geometry of Hilbert spaces. This striking feature leads us to consider the geometries of ℳ(𝒩 )
defined by 𝐷(·, ·) as the main structural element for the underlying kinematic setting of new founda-
tions of quantum theory. Like riemannian geometry, quantum information geometry naturally carries
infinitesimal and local nonlinear structures, but, like in the Hilbert space geometry, individual points
have their own internal structure.

Apart from the above structures, quantum models ℳ(𝒩 ) are naturally equipped with one more
geometric structure. It is the Poisson bracket {·, ·}, which is induced by the commutator of the 𝑊 *-
algebra 𝒩 , and which equips 𝒩 sa

⋆ and some of its subspaces with the Banach–Lie–Poisson manifold
structure (see Section 4.2.1). Hence, while 𝐷(·, ·) is a generalisation of the scalar product and is able
to reproduce riemannian metric and affine connections (which allows to study Killing vector fields,
geodesic flows, etc.), {·, ·} provides a generalisation of the symplectic form (which allows to study
hamiltonian vector fields, Poisson flows, etc.). While one can postulate various quantum distances
𝐷(·, ·) on a given quantum model ℳ(𝒩 ), the Poisson bracket {·, ·} on ℳ(𝒩 ) is determined uniquely
by 𝒩 . In this sense, {·, ·} is a part of quantum geometry of ℳ(𝒩 ), but is not an independent elements
of construction of quantum kinematics. For commutative𝑊 *-algebras 𝒩 , the BLP structure trivialises,
while the quantum information geometry based on 𝐷(·, ·) reduces to the corresponding information
geometry of statistical models ℳ(𝒳 ,f(𝒳 ), �̃�), where 𝐿∞(𝒳 ,f(𝒳 ), �̃�) ∼= 𝒩 . On the other hand, the
above setting allows to recover the Kähler geometry of pure states (Hilbert space vectors) modulo
phase in a special case, for a specific choice of 𝐷 which admits an extension of the derived riemannian
metric to pure states (see [470, 1672, 1322]). In this sense, the geometry of quantum mechanics and
the geometry of probability theory (called «geometrostatistics» by Kolmogorov, cf. [320]) are just the
special cases of quantum geometry of ℳ(𝒩 ).9

We also propose to consider quantum theoretic dynamics as a direct generalisation of the statistical
inference theory, with various rules of inference, conditioning, and causality replaced by the general
setting of instruments. An instrument is defined as a function from the set of ‘control parameters’
to the space of mappings ℳ1(𝒩 ) → ℳ2(𝒩 ) between two quantum models ℳ1(𝒩 ),ℳ2(𝒩 ) ⊆ 𝒩+

⋆ .
These mappings are not assumed to be linear or completely positive. Instruments provide a generali-
sation of various forms of quantum dynamics and conditioning, including the description of “quantum
measurement” and unitary evolution. We investigate various instruments that are dependent on the
geometric structure of quantum models ℳ(𝒩 ). We are especially concerned with instruments that
are generated by constrained minimisation (1.4) of the quantum distance 𝐷(·, ·) and with instruments
that arise from predualisation of automorphisms {𝛼𝑡 | 𝑡 ∈ R} ⊆ Aut(𝒩 ) of 𝑊 *-algebras 𝒩 . They
provide the key examples of ‘active’ and ‘passive’ classes of instruments, respectively.10

8See Section B.3.
9We will use term ‘quantum information geometry’ to speak of geometries on ℳ(𝒩 ) arising from 𝐷(·, ·), and we will

speak of ‘quantum geometry’ to refer to all geometric structures on ℳ(𝒩 ), including those that arise from 𝐷(·, ·) and
those that arise from {·, ·}.

10The idea of two different and independent temporal evolutions, external—governed by maximisation of entropy, and
internal—governed by the energy, each one associated with its own notion of time, is due to Kępiński [966, 967, 968].
Our concept of active and passive instruments is intended as a suitable generalisation of this idea (we were also inspired
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An instrument is said to be ‘active’ if it is used for the purposes of inductive inference conditioned on
given set of epistemic constraints. Thus, it is a ‘rule of conditioning’ of information states. Bayes’ rule
and the von Neumann–Lüders rules are the most standard examples of conditioning rules. (Recently it
has been shown that Bayes’ rule is an entropic instrument in the above sense [962, 1609, 1822, 292, 633].
In Sections 4.1.2 and 4.2.3 we prove that the same is true for the von Neumann–Lüders rules. This
justifies consideration of entropic instruments as nonlinear active instruments.) Moreover, as we show
in Section 4.1.1, under some additional conditions, active instruments determine the semi-spectral
measures representing the results of measurements. This is an analogue of the same property of
completely positive linear instruments considered in the standard quantum information theory. Under
some further conditions, these measures are supported by the states corresponding to superselection
sectors that are specified by a uniquely determined commutative algebra. This provides a specific
solution to the problem of choice of ‘preferred’ Hilbert space basis associated with the description of
measurement results.

An instrument is called ‘passive’ if it is used for the purpose of defining the referential system of
causality, understood as a transformation of the information states that is independent of any action
of active instruments. This provides a generalisation of the role played by the unitary evolution of
density operators in quantum mechanics and the predualised action {𝛼𝑡⋆ : 𝒩+

⋆ → 𝒩+
⋆ | 𝑡 ∈ R} of

the weakly-⋆ continuous group of automorphisms of a 𝑊 *-algebra 𝒩 in the algebraic approach. This
predualisation works also in the commutative case, and one can apply it to automorphisms of an al-
gebra 𝐿∞(𝒳 ,f(𝒳 ), �̃�) induced by automorphisms of an underlying boolean algebra f(𝒳 )/f�̃�(𝒳 ) (see
e.g. [591]) or its sample-space representation. So, the passive instruments can be also considered as
a specific method of modelling causality in the sense of statistical inference theory (see e.g. [1286] for
a review). The presence of the BLP structure, which is a generalisation of the symplectic structure,
leads us to analyse its role in the construction of passive instruments. We characterise the class of
predualised automorphisms 𝛼⋆ that are also Poisson flows of {·, ·}, and show that under certain con-
ditions hamiltonian vector fields of these flows can be expressed by generators of unitary evolutions
in the Hilbert space bundle over ℳ(𝒩 ). Using this correspondence, we construct a new family of
nonlinear passive instruments, which arise from the additional perturbations by one forms on the BLP
manifold. Trivialisation of the BLP structure for commutative 𝑊 *-algebras shows an important dif-
ference between quantum theory and statistical inference theory: in former causality may be analysed
in terms of hamiltonians and their perturbations, while in the latter this is impossible. Yet, both have
the same conceptual meaning.

Quantum distances 𝐷(·, ·) play a crucial role in construction of active instruments that imple-
ment the nonlinear inductive inference procedures, generalising widely the setting of Bayes’ and von
Neumann–Lüders’ rules. In infinitesimal approximation, they determine riemannian metrics and affine
connections acting on the tangent bundle of the model ℳ(𝒩 ). On the other hand, the BLP structure
{·, ·} plays a crucial role in construction of passive instruments that implement the nonlinear causality
systems, generalising the unitary evolutions. It is genuinely related to the cotangent bundle of the
model ℳ(𝒩 ). In this sense, two independent geometric structures on the quantum models ℳ(𝒩 )
play the key role in the construction of nonlinear examples of two independent forms of dynamics on
models ℳ(𝒩 ).

The question regarding the relationship between those two structures leads us to the final step
of our investigations, which amounts to proposing that the space-times should be thought of as ob-
jects that emerge from information geometric kinematics and causal (passive) dynamics, while the
space-time trajectories (not necessarily causal) should arise from the active dynamics. We propose to
implement this general postulate by changing the signature of the riemannian metric induced by 𝐷(·, ·)
to lorentzian form in a way that makes the global vector field of a given passive (causal) evolution
timelike.

by Savvidou’s work [1515, 1516] on two different time evolutions in the Isham–Linden approach to consistent quantum
histories). This terminology stems from observation that entropic evolution can be regarded as active, because it describes
the change of knowledge and represents a decision, while energy-governed evolution (such as unitary evolution) can be
considered as passive, because it describes invariance properties of knowledge and represents the criteria of judging the
quality of decision (e.g. whether a given active instrument is causal or not).
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1.2 Conceptual motivations

Let us move to the discussion of conceptual justification of this specific choice of mathematical structure
and its relationship to quantum mechanics. Our starting point is an opinion that the predictive content
of quantum theory should be independent of any other theory, so it should rely neither on any ‘classical
theory’ nor on any additional (and chosen ad hoc) methods of statistical inference used for probabilistic
estimation. This leads us to part with two foundational principles of the orthodox approach to quantum
mechanics: quantisation11 and spectral representation.

The idea of quantisation was originally proposed [464, 467] as a method of construction of quantum
theoretic models that relies on some additional (‘classical’) theory, which is a subject of quantisation
procedure. But there are many inequivalent variants of this procedure,12 and most of them are in some
sense mathematically ambiguous,13 while those that are not ambiguous have a seriously restricted
applicability. In addition, the ‘classical’ theories subjected to quantisation are quite often devoid of
any predictive content (e.g. most of nonabelian Yang–Mills theories), so they are also ad hoc. Finally,
quantisation seems awkward from the conceptual point of view, if one considers quantum theory
as more fundamental than ‘classical’ theory (or if one considers quantum theory as an analogue of
probability theory)—why more fundamental theory should rely on the less fundamental one?

On the other hand, the purpose of spectral representation [1794, 1797, 1813] is to construct a
probability measure supported over the subsets of sample space that are indexed by eigenvalues of a
self-adjoint operator or a commutative algebra of self-adjoint operators. Hence, its use is based on the
assumption, or leads to a conclusion, that the predictive validity of quantum theory has to rely on
other additional theories, namely probability theory and statistical estimation theory. Moreover, it also
reflects a belief (or a postulate) that eigenvalues of self-adjoint operators are mutually independent «in
principle observable» [767], which (from the frequentist statistical point of view) justifies using them as
labels for subsets of sample space. However, the eigenvalues of self-adjoint operators are not directly
observable or measurable: they are abstract symbols, while this what is measured consists of values
of various experimental variables.14 The relationship between them is not direct, as it relies on the
choice of ad hoc conventions of statistical inference. The idealistic character of the assumption of “in
principle observability” was criticised in length in the literature on operational approach to quantum
theory (see Section 2.2 for an extended discussion), while the idealistic character of the assumption
of mutual independence of eigenvalues comes under criticism in the literature on renormalisation
theory15. Eigenvalues, as well as any other abstract mathematical concept, such as expectation values
or higher order correlation functions, can be used only to estimate the values of some functions that
are, more or less directly, related to some selective choice of what is considered as experimental ‘data’.
Finally, if the mathematical formalism of kinematics of quantum theory can be shown to be a strict

11More precisely, quantisation is not a principle of von Neumann formalisation of quantum mechanics. However, it
became the main method of practical quantum theoretic model construction, and is widely considered to be a constitutive
component of an orthodox approach to quantum mechanics.

12Such as Dirac’s and other canonical quantisations, the Feynman–Kac and other path integral quantisations, the
Kirillov–Konstant–Souriau and other geometric quantisations, the Weyl–Wigner–Groenewold–Moyal quantisation, etc.
See e.g. [626] for a partial review.

13E.g. from the van Hove theorem [1776] it follows that it is impossible to preserve the whole ‘classical’ Poisson bracket
algebra under ‘canonical quantisation procedure’, defined as replacing the Poisson brackets between smooth functions
on the phase space by commutators between the corresponding operators on the Hilbert space. Moreover, the choice
of a particular subalgebra is arbitrary. In general, this means that the equivalent ‘classical’ Poisson algebras of smooth
functions on the phase (= sample) space lead to unitarily inequivalent ‘canonically quantised’ noncommutative algebras
of operators on a Hilbert space. See also [1589] and references therein.

14In our opinion, the role of eigenvalues in foundations of quantum mechanics is quite similar to the role of ‘virtual
particles’ in the perturbative approach to quantum field theory: they are abstract symbols devoid of any direct rela-
tionship to epistemic evidence, but are kept due to their applicability in calculations within available mathematical
formalism (in fact of lack of alternative to it) and due to the ontological conceptual content they carry. In the case of
perturbative quantum field theory the corresponding formalism is given by the Fok–Cook Hilbert space representation,
while the conceptual content is the ontological interpretation in terms of particles.

15In principle, introduction of an epistemically motivated cut-off on unbounded ‘ideal’ (and predictively unreliable)
self-adjoint operators leads to a mutual dependence of eigenvalues of a predictive, renormalised, operator. (A similar
problem, but encountered for expectation values, will be analysed in details in Section 4.1.3.)
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generalisation of formalism of probability theory, then the predictive applicability of former should
require no further translation to the latter.

In this sense, denying the principles of quantisation and spectral representation we aim at removing
dependence of quantum theory on auxiliary and, in our opinion, foundationally irrelevant theories:
classical mechanics and probability theory.

In order to explain better the reasons behind, and consequences of, the conceptual change we
propose, let us take a short comparative look at the mathematical and conceptual foundations of
quantum mechanics and of frequentist statistics. The origins of both theories seem to be heavily
influenced by the postulate that the full content of a predictive theory can be reduced to manipulation
with tables (matrices) of experimental data (numbers). Most clearly these ideas were expressed by
the founders of the modern formulations of these theories: Heisenberg [767] postulated16 that all
experimental data should be in principle reducible in terms of real eigenvalues of the matrices with
complex valued entries, while Fisher [561, 562] postulated that all experimental data should be in
principle reducible in terms of sufficient statistics over sample spaces. These theories have been elevated
to their nowadays orthodox mathematical formalisms in the monographs of von Neumann [1800] and
Kolmogorov [972], respectively. The latter text established the abstract measure theory as a framework
for probability theory (following earlier ideas of [1623]), while the former one established the abstract
Hilbert space theory as a framework for quantum mechanics (following earlier ideas of [1794]). However,
none of these books provided solid conceptual grounds for frameworks provided there.17 This has
fruitfully contributed to long debates on the interpretations of probability theory and quantum theory.
More importantly, none of these books have offered general and unambiguous methods of quantitative
model construction and conditioning18 that would be based on the presented formalisms, and would
reflect the quantitative descriptions and constraints of the practical (experimental) situations under
consideration in a unique way. This has led to long debates on the correct methods of statistical
inference and the correct methods of construction of ‘interacting’ quantum theories (and quantum
field theories in particular).

It became soon clear that the idea underlying the original postulates of Fisher and Heisenberg is
idealistic (metaphysical) and, more importantly, it is invalid in most of situations of practical predictive
concern. In quantum theory this has been shown ultimately by Wintner [1873] and Wielandt [1848],
who proved that the Born–Jordan–Dirac–Heisenberg commutation relations cannot be represented
by bounded operators in Hilbert space. In statistical theory this has been shown by Darmois [428],
Koopman [974] and Pitman [1345], who proved that exponential families are unique probabilistic
models that admit sufficient statistics whose dimension remains bounded with the increase of the
sample size. Thus, the experimental data alone are insufficient to determine the structure of, as
well as quantitative predictions drawn from quantum and statistical models. In order to construct
the model and to draw inferences from it, some additional principles are necessary. This leads to
the problems of justification of the choice of specific principles19 and reevaluation of the conceptual
and mathematical foundations of the respective theories in the light of the key role played by these
principles for predictive verifiability of those theories.

16As it was made precise by Born and Jordan [208, 207].
17[972] explicitly states that measure theoretic foundations of probability theory are not justified by frequencies,

but also does not give any preference to a subjective, or other, point of view. [1800] contains allusions to several
different interpretations, including ontological idealism (while speaking about “quantum systems” as ontological objects),
subjectivism (while speaking of “quantum measurements” as provided by consciousness), and operationalism (while
associating projections with experimental filters).

18[972] introduced conditional expectations as a method of conditioning, while [1800] introduced projection postulates
(as shown by Nakamura and Umegaki [1226], a version of projection postulate, given by the weak Lüders’ rule, is a
noncommutative analogue of a conditional expectation). However, the practical applicability of both methods is strongly
restricted: most of epistemic situations under consideration do not provide a type of information that can be handled
by these tools. For example, the information specified by means of average values of some experimental quantities,
estimated theoretically by means of expectation, cannot be recast using a projection on a closed convex subset of a
Hilbert space.

19For example, in quantum information theory one deals with the problem of construction of a specific semi-spectral
measure corresponding to a given epistemic situation (see Section 2.2), while in effective quantum field theory one deals
with the problem of choice of the renormalisation method encoding known epistemic constraints.
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However, the pragmatic success of several models based on adaptation of ad hoc additional prin-
ciples has overshadowed these problems. As a result, the failure of initial postulates has not led to
downfall of the theories built upon them, despite clear further indications of the foundational crisis.
In quantum theory the problem of multitude of different unitarily inequivalent Hilbert space repre-
sentations of a given abstract algebra generated by commutation relations was discovered20, together
with the closely related problem of ambiguity of construction of ‘interacting dynamics’. The former
discovery implied that the eigenvalues of operators, which are quantities dependent on the choice of
a specific representation, cannot be given absolute (universal, objective, ontological) status, while the
latter was indicated by the widespread appearance of infinities in quantum field theory. In statis-
tical theory the problems of lack of general criteria of model selection, optimal estimation, and the
choice among different inequivalent statistical tests and methods of introducing causality, arose. For
the wide range of cases, the solution that have been adapted to pragmatically cure this issue was:
in quantum theory—to stay within one Hilbert space representation (provided by Schrödinger [1534]
and Heisenberg–Born–Jordan [767, 208, 207] in the finite dimensional case and by Fok [567] and Cook
[372] in the infinite dimensional case) and to construct predictive dynamical models by means of per-
turbative expansions; in statistical theory—to stay within the range of asymptotic applicability of
exponential and normal models (with sample size assumed to be infinite), and to use such tools as
Fisher’s maximum likelihood principle [561], or, more generally, Le Cam’s local asymptotic normality
theory [1043, 1044]. The unsolved critical issue of lack of general methods of control over the qual-
ity of these approximations were swept under the carpet by conceptual downgrading the problem of
construction of quantum dynamics and the problem of choice of statistical inference procedure that
corresponds to a given epistemic situation to the status of technical (and no longer foundational)
issues, governed by the set of pragmatic rules.

As a result, these two fields of research are plagued by a plethora of ad hoc techniques which lack
strict mathematical derivation from the single set of underlying principles. At the level of practi-
cal applications, asymptotic techniques21 (in frequentist statistics) and perturbative techniques22 (in
quantum field theory) still play the main role. This is a dark predictive dynamical side of the coin,

20See Footnote 3 in Section 2.1 for details.
21According to Weil, «although we know that statistical mathematics have been of considerable importance to science

(and in particular to biological sciences), it needs to be mentioned that statistical books amount in fact to a collection
of recipes and precepts we would like to believe to be well chosen. Being written in a highly algebraic form, sometimes
using logarithms, exponentials and integrals, they all have the prestige of mathematical exactitude to the untrained eye
while the so-called demonstrations statistics are wrapped in, even highly sophisticated, most often make no sense for
the mathematician and are simply made of more or less convincing heuristic considerations» [1831] (engl. transl. in:
[1879]). The average level of mathematical rigour in statistics has greatly improved since Weil wrote this judgement
(see [1821, 1044, 1045, 317, 821, 673, 1327, 1642, 40, 1046, 186, 1722, 1597]), yet the choice of specific mathematical
structures and methods corresponding to a given epistemic situation is still based on «more or less convincing heuristic
considerations», and there is also a large gap between this what can be strictly proved and this what is applied to a
given epistemic situation. In fact, most of mathematical results apply only to the asymptotic case of infinite number
of data points, which is devoid of practical meaning from the strict point of view. For example, Le Cam notes that
«limits theorems ‘as 𝑛 tends to infinity’ are logically devoid of content about what happens at any particular 𝑛. All they
can do is to suggest certain approaches whose performance must then be checked on the case at hand. Unfortunately
the approximation bounds we could get were too often too crude and cumbersome to be of any practical use» [1046].
The routinely used vague point of view is based upon using ad hoc conventions that relate the asymptotic results with
nonasymptotic situations: «in statistics no ‘general’ theory has yet been formulated that would investigate from a single
point of view the properties of estimates, tests and other inference procedures and would be accepted by the majority
specialists. A fundamental concept such as optimality is usually defined ad hoc in each special case, depending on the
nature of the problem» [1596].

22As Borchers notes, the lagrangean approach to quantum field theory «has the disadvantage that the expressions
which appear in this theory have only formal meaning. Up to now there is no convincing scheme which puts the formal
expressions onto a solid and consistent mathematical basis. The existing perturbation and renormalization theory
does not, in most cases, indicate anything about the quality of the approximation. Therefore, only comparison with
experiment can indicate the quality of the Lagrange function and the approximation» [199]. The comparison of this
remark with quotes in footnote 21 leaves a noticeable impression. It is quite striking to observe that two seemingly
distinct fields of scientific inquiry share a strong structural similarity of the large variety of ad hoc methods mixed
with a language of specialised, but rigorously undefined, concepts and semi-mathematical results, which hide the lack
of conceptually clear and mathematically strict principles. In fact, this observation was a motivation for a conceptual
reverse engineering of relationships of these two theories carried in Chapter 1.

20



bright side of which is a mathematical clarity of the abstract kinematical frameworks for probability
theory and quantum mechanics that were provided and turned into orthodoxy by Kolmogorov and
von Neumann, respectively. Persistence of this division despite all its negative consequences indicates
that this division is necessary in order to satisfy some implicit but very important postulate. For the
purpose of identification of it, let us summarise the main classes of problems that are encountered at
the predictive side of the above two theories:

(1) the arbitrariness of choice of a particular statistical inference method that is applied to a par-
ticular experimental situation. This choice might be suggested by intuition, tradition, or some
convention, but is not derived from any general principle that would explicitly take into con-
sideration the available knowledge that defines a given experimental situation. This situation is
based on the frequentist interpretation, which equips probability distributions with ontological
meaning, which forbids from considering them as carriers of epistemic knowledge, encoded and
processed directly by means of some conventions. As a result, the division of inductive inference
theory to probability theory and statistical inference theory is enforced, with probability theory
keeping the ideal ‘ontological’ look and statistical inference handling all epistemic contents by
means of ad hoc methods. See [870] for an extensive critical discussion concerning these issues,
and [960, 1043, 1358, 959, 862] for various examples of spectacular failures of standard ad hoc
methods;

(2) the arbitrariness of construction of predictive (‘effective’, ‘interacting’) quantum dynamics. Quan-
tum mechanics does not provide any prescription how to construct hamiltonians that would
directly encode the quantitative constraints imposed by experimentally verifiable temporal re-
lationships of experimental control-and-response parameters. There are various, inequivalent
methods of ‘quantisation’ of ‘classical’ hamiltonians or lagrangeans, which lack common concep-
tual or mathematical foundation and are, in general, ambiguous. The results of use of these
techniques often do not correspond directly to particular quantitative results and descriptions
of experimental procedures under consideration (they do not define predictive dynamics), hence
they have to be modified using additional ad hoc procedures (with more or less ad hoc choice
of parameters), like cut-offs, parameter fitting, regularisation, or renormalisation. These proce-
dures lead to serious problems of conceptual and mathematical character. In particular, they
might move the operators between different unitarily inequivalent representations. In such case,
the originally postulated lagrangean function or hamiltonian operator, far from being unique,
has also no experimental meaning, because it cannot be justified by the reference to quantitative
results of experimental procedures neither in terms of spectral representation, nor in terms of
the expectation values or higher correlation moments. Thus, the choice of a hamiltonian might
be suggested by intuition or tradition, but is not derived from any general principle (or explicitly
specified class of principles) which in some clearly defined sense would optimally encode the
available information about given experimental situation (or a class of them);

(3) the arbitrariness of relationship between the choice of specific method of model construction,
statistical inference procedure, and the assumptions regarding the causal structure that is con-
sidered as responsible for the changes of experimental data (see [1618, 1285, 1182, 1286] for a
detailed discussion);

(4) the arbitrariness of relationship between unitary (Born–Jordan–Dirac–Schrödinger) temporal
evolution and nonunitary (von Neumann–Lüders) temporal evolution. Quantum mechanics does
not give any definite prescription how to relate these two forms of temporal evolution of density
operators. This conflict is sometimes rephrased by saying that «the border between the field of
application of Schrödinger’s equation and the one of the projection postulate is not well defined»
[100] (see also [183]), or that «no formulation of a projection postulate tells us exactly at which
point [of time parameter of the unitary evolution] to apply it» [1700]. This sometimes leads
to denial of the structure associated with the nonunitary evolution as an attempt to solve this
conflict, see e.g. [252]. However, one should note that the above elements of mathematical
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structure of quantum mechanics do not give any argument which favours unitary continuous
temporal structure over nonunitary discrete temporal structure. Such preference may come only
from some additional assumption (interpretation), which can be usually identified as a belief
that quantum mechanics is a theory in some sense analogous to classical mechanics, as opposed
to probability theory.

Moreover, when it comes to assertion of predictive verifiability of dynamical quantum theoretic models,
all above problems combine into a new quality, due to:

(5) the arbitrariness (and a priori postulated necessity) of division of a knowledge describing (defin-
ing) a given experimental situation into a part that is subjected to probabilistic statistical
inference and a part that is subjected to quantum theoretical dynamics.23 This perspective is
based on a priori division of actual scientific inquiry into two different parts: “ideal/ontic the-
ories” and “statistical/epistemic estimation”. As a result, the predictive application of quantum
theoretic formalism becomes split into: (i) the ad hoc methods of probabilistic statistical estima-
tion (inductive inference), which aims at selecting the unique semi-spectral measure and unique
density operator that fit the specified quantitative results (see e.g. [777, 807, 809, 269, 427] and
discussion in Section 2.2), (ii) the abstract Hilbert space based dynamical model construction,
based on ad hoc procedures. The orthodox conceptual perspective considers dynamical model
of some theory as something that can be arbitrarily postulated (“let us consider the following
langrangean/hamiltonian of an interacting system...” and “let us postulate the following initial
state of an interacting system...”), and later, in face of experimental evidence, it can be either
dismissed or arbitrarily changed. As a result, “ideal/ontic theories” do not fit optimally the
experimental data, and require some fine tuning, which is more or less arbitrary (and is pro-
vided either on the level of statistical estimation, or on the level of perturbative construction
of ‘interacting’ hamiltonian). This shows strong contrast between the idealistic principles of a
theory and the pragmatic procedures of its application (and is also an illustration of Duhem’s
thesis [507, 508]). From the pragmatic (or renormalisation-minded) point of view, the ad hoc
hamiltonians/langrangeans serve only as a starting reference point for some other procedures
whose aim is to encode the particular experimental evidence.

In this context, let us note that the idea of “true probability distribution”, whose best incomplete
description is provided by means of frequentist statistic, is an analogue of the idea of “classical theory”,
whose incomplete description is provided by means of quantum operators. The former idea is based on
consideration of the notion of an ‘elementary event’ (modelled by an element of a sample space) as a
fundamental ontic entity, which is quantified by means of a statistic, while the latter idea is grounded
in consideration of the notion of an ‘elementary property’ (modelled by an element of a phase space)
as a fundamental ontic entity, which is quantified by means of a function on a phase space that is
further subjected to quantisation. In this sense the notion of a statistic in frequentist statistics and
the notion of an observable in quantum mechanics carry strong ontological undertones.24 Note also
that, while quantum mechanics does not rely formally on “classical theories” and quantisation on the
level of foundations, the spectral representation reintroduces the ontological interpretation by relying
on frequentist statistics over the sample space associated with eigenvalues. As a specific but crucial
consequence, this leads to interpretation of the procedure of perturbation of ‘quantised’ hamiltonians
as construction of the models of ‘interaction’ of some ontic entities, and not as providing the methods
of inference conditioned upon epistemic control parameters.

Thus, while it is disputable whether the quantum theory and statistical inference theory are cur-
rently the prisoners of ontological postulates or of a lack of alternative mathematical framework (prob-
ably both), it seems for us that the above mathematical and conceptual problems require more than
to postulate some new mathematical setting. It is essential to relate the structure of this setting with

23One can consider this sentence as nonontological reading (or the practical meaning) of the so-called “Bohr–Heisenberg
cut”.

24It is quite ironic, as compared with the postulates of Fisher and Heisenberg. Yet, it is a common problem of all
reductionisms.
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some specific postulates regarding the dynamical model construction and verifiability of predictions in
face of epistemic (experimental) evidence.

1.3 Postulates

The conceptual layer of our approach (as summarised in the main postulate below) provides an in-
terpretation of the underlying mathematical structure that is aimed at two goals: eliminating the
ontological assumptions imposed on the formalisms of quantum mechanics and statistical inference,
and clarifying the relationship between the predictive verifiability of dynamical models and their de-
pendence on the conventions used for the purpose of their construction.

Our main postulate is to regard quantum theoretic kinematics and dynamics as generalisations
of, respectively, probability theory and statistical inference to a regime where the underlying object
of inquiry is not a set of measurable sets, but an integrable noncommutative algebra, with nonlinear
quantum kinematics determined by the quantum relative entropy, and nonlinear quantum dynamics
determined by two independent notions of evolution, provided by active and passive instruments.
The corresponding conceptual postulate is to regard quantum theory as a strictly epistemic theory of
information and intersubjective inference25, as opposed to ontic theories of substance its action (such
as classical mechanics and general relativity).

The specific interpretation of the mathematical elements of our framework is:

1. Algebras. The 𝑊 *-algebras 𝒩 are viewed as the collections of abstract ‘elementary qualities’,
which are intersubjectively regarded as basic entities of a theoretical inquiry, and are subjected
to quantification by integration. The integrals on 𝒩 are given by quantum states 𝜑 ∈ 𝒩+

⋆ ,
and the corresponding quantifications are given by (not necessarily normalised) expectations
𝜑 : 𝒩 sa ↦→ 𝜑(𝑥) ∈ R. This is in strong analogy to viewing abstract boolean algebras as collections
of abstract ‘elementary events’, which are subjected to quantification in terms of measures. (If
these measures are normalised, then the corresponding quantifications are probabilities.) See
Sections 2.1 and 2.2 for a thorough discussion of these issues. Elements of 𝒩 are not regarded
as “observables”.

2. Models. Quantum models ℳ(𝒩 ) are viewed as sets of quantitative descriptions of epistemic26

knowledge about ‘abstract elementary qualities’ in 𝒩 . The passage from abstract notion of
‘quantification’ to more specific term, given in the previous sentence, is conditional upon ad-
ditional requirement. It states that an application of ℳ(𝒩 ) for the purpose of description of
some epistemic situation has to be based on explicit specification of a set theoretic bijection
between ℳ(𝒩 ) and the set of all those possible quantitative descriptions of this situation which
are intersubjectively regarded as relevant. In other words, our semantic requirement of the quan-
tum model construction is: everything, that is considered to be an intersubjectively relevant
quantitative knowledge that defines a given epistemic situation, should be bijectively translat-
able (= encodable and decodable) in terms of ℳ(𝒩 ).27 This is independent of the language

25In a sense similar, to some extent, to statistical mechanics and thermodynamics, when considered from the perspec-
tive of Jaynes [856, 858, 871, 859, 860, 863, 867], Ingarden [832, 834, 825, 826, 831], and others [1725, 1517, 1726, 658, 659].
From another point of view, one could say that our approach regards quantum theory as a framework for epistemic in-
formation processing. This resembles some similarity with the viewpoints of approaches of Srinivas [1619, 1620] and
Abramsky–Coecke [3]. However, apart from other differences, we allow a large variety of inference rules, which are not
required to be linear or local.

26Our preference to the adjective ‘epistemic’ instead of ‘experimental’ stems from information theoretic and inference
theoretic perspective we adopt. According to it, quantum theory provides mathematical and conceptual framework
for processing any quantifiable knowledge. To some extent, this can be traced back to Hartley [756], who postulated
that information should be measured regardless of its semantic content. However, we impose an additional semantic
constraint, requiring that this knowledge has to be intersubjective (the meaning of this term is discussed onwards).

27The idea that the probability density function should be constructed as a result of maximisation of an absolute
entropy functional subjected to constraints that are expressed exclusively in terms of experimentally defined parameters
was introduced by Gibbs [627] and was further developed by Jaynes [856, 863, 864, 870] (see also [651, 1844]). As
opposed to Jaynes, we allow arbitrary intersubjective conventions of model construction.
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used for the description of epistemic situation, an intentional subject of concern of experiments,
experimental setting handled, etc.

3. Geometry. The meaning we assign to defining quantum theoretic kinematics in terms of quan-
tum information geometry stems from the general purpose of any kinematics as a framework for
quantitative analysis of the changes of states provided by dynamics, with a special emphasis on
initial and final states. In the case of information dynamics, the initial states are called ‘priors’,
while the finals states are called ‘posteriors’.28 The specific choice of geometric structure on a
quantum model is an explicit declaration of intersubjective criteria of relative relevance (dis-
tinguishability29) that are used for the purpose of selection of priors on the basis of available
epistemic evidence30 and for the purpose of judging the quality of inference on ℳ(𝒩 ) by com-
parison of posteriors with some reference (e.g. some state or a subset of states). The main issue
at stake here is that the prior selection and posterior quality judgement, which are pre- and post-
inferential procedures, respectively, require explicit specification of the criteria of ‘best’/‘optimal’
fit of the quantum state to some standard of reference. This is implemented by the quantum
distance 𝐷(·, ·), as well as by the derived notions, such as the riemannian metric g. Note that
quantum distance 𝐷(·, ·) on ℳ(𝒩 ) is irrelevant for construction of a model ℳ(𝒩 ) as a whole
(this is provided already by the Item 2 above). Putting it into a slogan: quantum models can
be constructed ; quantum states can be distinguished.

4. Dynamics. The active instrument defines the intersubjective convention regarding inference
procedure. It can be considered as an ‘information theoretic force’31. On the other hand, the
passive instrument defines the intersubjective convention regarding causality. It encodes the
assumptions about transformations of the epistemic evidence used for the purpose of model
construction. By itself, it carries no predictive content, but it serves as a reference for judgement
about inferences provided in terms of active instruments. In this sense, it is an ‘information
theoretic reference frame of motion’.32 For this reason, we will use the phrases ‘causality system’
and ‘referential evolution’ interchangeably with the notion of ‘passive instrument’.

The post-inferential judgement of quality of inference may be provided with respect to a quan-
tum state selected (:= distinguished) on the base of some epistemic evidence. But, as discussed
in Section 4.2.3, it can be also provided with respect to a passive instrument. Thus, instead
of postulating a hamitonian/lagrangean of a “free evolution” of a “noninteracting system” and
further perturbing it by means of an “interaction” (with indefinite methods and criteria of quan-
tification of quality of this approximation with respect to the available epistemic constraints),
we postulate that one should specify the referential evolution (passive instrument) Ipass, the
specific choice of 𝐷(·, ·) used for comparison, and then impose constraints on the allowed range
of active instruments (quantum inference procedures) by means of 𝐷 and Ipass. The concept of
transition distance, introduced in Section 4.2.3, is intended to serve this purpose. In other words,
we postulate that the individual acts of inference (represented by active instruments) should be
considered as relative to an intersubjective choice of the causality system, which describes the
motion of information states when no specific evidence and no active instrument is given.

28The entropic instrument that uses a prior measure as an input and produces an effect measure as an output is a
generalisation of this idea. (See Item 4 below and Section 4.1.1 for definitions of these notions.) Actually, this suggests
to construct a category of such generalised mappings, but we leave it as a topic for future research. See also Footnote 5
in Chapter 4.

29«this geometry does not describe the dynamics, or evolution, of a quantum system; rather it places limits on our
ability to distinguish one state from another through measurements» [241].

30We use term ‘epistemic evidence’ an ‘quantitative epistemic knowledge’ interchangeably.
31This interpretation is especially suggestive in the case of entropic instruments P𝐷,Λ

a . In this case the prior measure
Λ can be interpreted as an ‘information theoretic mass’ (see Section 4.1.1).

32This interpretation is especially suggestive for any instrument defined as a predualisation of automorphism of 𝒩
(thus, a causality system defined strictly at the algebraic level as a group of self-transformations of a set 𝒩 of ‘abstract
qualities’) which coincides with the Poisson flow of a globally defined hamiltonian vector field (see Section 4.2.2). All
unitary evolutions of the finite dimensional parametric quantum models belong to this class of instruments.
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5. Observables. The downfall of the principle of “in principle observability” of elements of spectra
of self-adjoint operators on a Hilbert space, as well as regarding the elements of an abstract
𝑊 *-algebra as ‘elementary qualities’ leads us to dissolve the quantum mechanical notion of
“observable” into a kinematic notion of ‘estimable’33 and dynamic notion of an ‘effect’. The
‘estimable’ is defined as an arbitrary function on an information model that can be used in order
to provide estimation (:= prior selection or posterior quality judgement) using the available
epistemic evidence. In particular, every element of an abstract 𝑊 *-algebra 𝒩 determines a linear
estimable by means of �̂� : ℳ(𝒩 ) ∋ 𝜑 ↦→ 𝜑(𝑥) ∈ C. Yet, one can consider arbitrary nonlinear
estimables on ℳ(𝒩 ) as well. Whenever ℳ(𝒩 ) is equipped with a smooth manifold structure,
then the algebra of smooth functions on ℳ(𝒩 ) might be of particular concern. A detailed
analysis of this class of nonlinear estimables and their relationships with the Banach–Lie–Poisson
structure {·, ·} on ℳ(𝒩 ), as well as an extensive discussion of the relationship of these objects
with an orthodox setting of quantum mechanical “observables” is due to Bóna [188, 190] (he uses
the term “generalised observable”, cf. also [1167]). On the other hand, the dynamic notion of
an ‘effect’ is an “estimable-like” quantification of the posterior of an inference procedure that is
uniquely determined by this procedure. This should be opposed to the relative quantification of
this posterior by means of 𝐷(·, ·). More precisely, an ‘effect’ is defined as a function on ℳ(𝒩 )
such that it is uniquely determined by a given active instrument for any choice of constraints
for this instrument. In Section 4.1.1 we introduce and analyse the nontrivial class of effects
defined by the entropic instruments. We regain the relationship with the quantum mechanical
setting by showing that, under some conditions, entropic effects determine the corresponding
unique semi-spectral measures, and this procedure is structurally analogous to determination of
semi-spectral measures by completely positive linear instruments.

6. Space-times. The notion of space-time does not belong to foundations of quantum mechanics.
However, one of our main motivations for developing new foundations of quantum theory is to
recover space-times from quantum theory as emergent objects (which is opposite to the idea of
“quantisation of space-time”). The mathematical aspects of this problem are discussed in Sections
4.2.4 and 2.4. From the conceptual point of view, construction of emergent space-times amounts
to regarding the lorentzian metric as an object encoding the conventions about the local criteria
of optimal estimation (infinitesimal measure of distinguishability of information states) and the
conventions about the global system of causality. This can be summarised by saying that: (i)
two space-time points are distinguishable to a given extent because they represent the states of
information that are distinguishable to a given extent; (ii) the space-time notion of causality,
provided by space-time metric, is determined by the information theoretic notion of causality,
provided by the passive instrument. Hence, the space-time causality encodes intersubjective
convention regarding the ‘causal factuality’ and ‘causal counterfactuality’ in the same way as
quantum information geometry encodes intersubjective conventions regarding ‘verifiability’ and
‘falsifiability’. As a result, each epistemic situation determines in principle its own space-time.
Different space-times can be related to each other whenever their corresponding epistemic sub-
jects, as well as intersubjective conventions used for the purpose of their construction, can be
related.

1.4 Conceptual framework

Note that we do not aim at avoiding a convention-dependent character of quantum dynamics/inductive
inference and its predictive verification. Our intention is to get rid of nonoptimality and intersubjec-
tively incoherent ad hockery. Following Spengler [1617] and Fleck [565], we do not expect that anything
stronger than intersubjective coherence in the above sense can be provided (the ontological postulates
serve the same purpose, after all, just without acclaiming it). In this sense, intersubjective bayesianism,

33We do not call it an ‘estimator’ in order to stress that its interpretation differs from, and is independent of, frequentist
statistics.
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as we define it here, can be understood as placed inside an intersection of two epistemic nominalisms:
moderate conventionalism and moderate operationalism, where ‘moderate’ means ‘lacking reductionist
overtones’.

This perspective is strongly influenced by the ideas of Jaynes [858, 860, 863, 870]. Like earlier
founders of modern subjective bayesian approach to statistical theory, he denied identification of
probability with frequency. However, he argued that the statistical inference needs to be constrained
more strongly than by individual subjective judgements. The point of view proposed by Jaynes was
a specific information theoretic interpretation of probability distributions, according to which they
are theoretical objects that serve for the purpose of encoding and decoding information regarding
intersubjectively communicable and verifiable knowledge. Jaynes attempted to justify the uniqueness
of some methods of statistical inference on the base of various arguments that were shown to be
indefinite (see [1741, 1742]). Our own point of view is that, while scientific inference is definitively
intersubjective and not personal, there is no absolute basis allowing to justify any unique rules of
inductive inference, so one necessarily deals with intersubjective conventions. The reconsideration of
information geometric approach to foundations of quantum theory from this perspective, leads to an
interesting return of Poincaré’s ideas [1350, 1351]: the choice of quantum geometry is conventional, so
is the emergent space-time geometry. However, this is not a subjective convention, because the criteria
of predictive verifiability have intersubjective character.

So far we have not defined the semantic term ‘intersubjective’. This would require us to coin
some specific metaphysics (not necessarily of ontological type), and argue in favour of it. But we
consider such attempts as arbitrary, hence irrelevant for the foundations (as opposed to applications).
Instead of this, we will try to specify the minimal conditions required for regarding some semantic
setting as providing necessary and sufficient meaning to ‘intersubjectivity’ in the context of scientific
inquiry. The starting point is an observation, which follows Heraclitus, that any particular individual
instance of an experimental situation is never reproducible. Only abstract schematic [339] descriptions
of experimental situations can be reproduced, so only these abstract descriptions can be used as
a basis for scientific inquiry. Hence, the postulate of reproducibility forces to use some abstract
language of description of experimental situations. A scientific fact is an abstract statement of the
above language. Next, the scientific requirement of an intersubjective reproducibility implies that
the criteria of providing intersubjective meaning to sentences of this abstract language are already
given. Finally, the last necessary condition for the scientific inference is a strict separation between
abstract language used for the purpose of schematic description and communication of experimental
situations and an abstract language used for the purpose of theoretic inference. As discussed in
details by Fleck [565], scientific facts (and more generally, whole epistemic layer of scientific inquiry)
can evolve similarly to scientific theories, and these two evolutions are mutually dependent. The
above postulate of strict separation warrants that there exists an intersubjective class of reference
(community of users) for which the division between experiment and theory is kept clear and fixed.
Our interpretation amounts to saying that: (1) an “information” and “information dynamics” is a
theoretic quantification of knowledge and its changes34; (2) this knowledge and its changes refer to
the scientific facts expressed in terms of an abstract language used for description of an epistemic
layer of inquiry; (3) the quantification in (1) and the relationship in (2) are provided accordingly to
intersubjectively shared conventions, and under strict separation of scientific inquiry into epistemic
and theoretic layers.

In this context, let us now consider the conceptual aspect of our main postulate, as stated at the
beginning of Section 1.3. By the phrase ‘strictly epistemic’ we mean a requirement that a given theory
can be subjected to predictive quantitative verification in terms of the available epistemic evidence
without invoking any external concepts, notions, and theories, and without assigning ontological status
to any of its elements.35 By ‘experimental evidence’ we understand sentences of some abstract lan-

34Quantification amounts to turning knowledge and its changes into evidence.
35«no verification is possible unless the relevant inference method is an integral part of the theory» [1677]. Note

that we postulate a judgement of the quality of inference to be a part of a theory (in line with the methods of model
construction, prior selection, and inference). In this sense, every theory constructed within our approach should carry
its own criteria of predictive verifiability.
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guage which is suitable for intersubjective communication of quantitative descriptions of experimental
designs, actions, and results, but does not involve any model construction, inference, or verification.

Interpreting inductive inference procedures as referring to something that is of abstract and inter-
subjective character draws a difference between the conceptual setting of our approach and the per-
sonalistic (‘subjective’) bayesianism [440, 441, 1514, 442, 534, 603, 297, 844, 605, 604, 298, 1707, 606]
on one side and rationalistic (‘objective’) bayesianism [961, 874, 376, 858, 1726, 148, 868, 870] on
the other. Similarly to subjective bayesianism, we consider the choice of particular method of induc-
tive inference as in principle arbitrary. Similarly to objective bayesianism, we consider the scientific
inference as a specific case of inductive inference theories, in which the constraint of intersubjective
reproducibility of the subject of inference should play main role.

Our implementation of both insights (which we tentatively call ‘intersubjective bayesianism’) stems
from observations of Spengler [1617], Granet [660], Fleck [564, 565, 566], and Chwistek [339]. According
to them, the subject of concern of scientific inquiry at experimental level is neither a content of
an individual subjective experience, nor an ontic “material reality”, but a structuralised system of
abstract ideas, which is shared with other people educated and cognitively prepared in the similar
way, and which frames the range of individual perceptions and thought style that can be subjected to
intersubjective communication and predictive verification.

1.5 Published and joint work

The new perspective and main definitions contained in the above Introduction, and in Sections 3.1.1
and 4.1.1 were partially published in [992, 995]. The discussion of some of the conceptual issues
connected with this new mathematical approach was provided in [994]. The new results contained in
Sections 3.2.3 and 3.2.4 were published in [993]. The content of Section 4.1.2 is a result of the joint
work with Wojciech Kamiński [924]36. The quantum Schwarzschild space-time model of Section 4.2.4
is a joint work with Paweł Duch [506].

1.6 Conventions

The following conventions are used: 1) the symbols denote the same mathematical entities throughout
all work; 2) the special syntactic forms used in text are: definitions, «citations», ‘notions subjectable
to strict definition’, “vague notions”, and attention markers; 3) the mathematical style of text for-
matting (definition/theorem/proof) is used only for stating essentially new mathematical results; 4)
whenever possible, we refer to original works containing results that are discussed or used; 5) the folk
attributions of surnames to mathematical concepts are changed to historically correct ones whenever
there is a definite evidence for the latter, and the concepts with attribution of three or four surnames
to it are turned to an acronym after first use, while in the case of more authors we use only the
descriptive naming of objects;37 6) for the Latin transliteration of the Cyrillic script (in references and
surnames) we use the following modification of the system GOST 7.79-2000 B: c = c, q = ch, h =
kh, � = zh, x = sh, w = shh, � = yu, � = ya, ë = ë, � = ‘, ~ = ’, y = y, � = e’, $i = ı̆, with an
exception that surnames beginning with H are transliterated to H.38

36The idea to use the generalised pythagorean equation as a method of proof, as well as some calculations suggesting
the correctness of this idea, emerged in our joint discussion with Frank Hellmann and Carlos Guedes.

37The only definite exception that we have made consciously is the abstract notion of a ‘Hilbert space’. It was invented
(and named) by von Neumann. Hilbert invented only its special case, an ℓ2 space, while an 𝐿2(R, d𝜆) space was invented
by Riesz. Yet, the standard naming convention is too influential to stand up against it. More generally, we have adopted
the sequential adaptation of rules: (1) strong relevance of temporal priority, (2) weak relevance of folk popularity, (3)
weak avoidance of acronyms. As a borderline example, we speak of the “Morse–Transue–Nakano–Luxemburg norm”,
abbreviated to the “MTNL norm”, despite 5 years of difference between [1192, 1228] and [1108] due to wide popularity
of the term “Luxemburg norm” (enforced by [998, 1400]), but we speak of the “Csiszár–Morimoto f-distance” despite 3
years of difference between [380, 1184] and the Ali–Silvey paper [31]. On the contrary to this partially restrictive naming
system, the references are made as complete as it is reasonably possible.

38This is required for agreement with the widespread practice to transliterate Holevo as Holevo, etc.
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vypuklogo programmirovaniya, Zh. vychestl. matem. matem. fiz. 7, 620. (engl. transl.: 1967, The relaxation method for
finding common points of convex sets and its application to the solution of problems in convex programming, USSR Comput.
Math. Math. Phys. 7, 200).

[243] Broise M.M., 1966, Sur les isomorphismes de certaines algèbres de von Neumann, Ann. Sci. École Norm. Sup. 83, 91.
[244] Broniatowski M., Keziou A., 2006, Minimization of 𝜑-divergences on sets of signed measures, Studia Sci. Math. Hungar.

43, 403. arXiv:1003.5457.
[245] Brønsted A., 1964, Conjugate convex functions in topological vector spaces, Mat. Fys. Medd. Dansk. Vid. Selsk. 34, 1.
[246] Brønsted A., Rockafellar R.T., 1965, On the subdifferentiability of convex functions, Proc. Amer. Math. Soc. 16, 605.

Available at: www.math.washington.edu/∼rtr/papers/rtr-Subdifferentiability.pdf.
[247] Brown J.R., 1965, Doubly stochastic measures and Markov operators, Michigan Math. J. 12, 367.
[248] Brown L.D., 1986, Fundamentals of statistical exponential families with applications in statistical decision theory, Institute

of Mathematical Statistics, Hayward.
[249] Bub J., 1977, Von Neumann’s projection postulate as a probability conditionalization rule in quantum mechanics, J. Phil.

Logic 6, 381.
[250] Bub J., 1979, Conditional probabilities in non-boolean possibility structures, in: Hooker C.A. (ed.), The logico-algebraic

approach to quantum mechanics, Vol.2, Reidel, Dordrecht, p.209.
[251] Bub J., 1979, The measurement problem in quantum mechanics, in: Toraldo Di Francia G. (ed.), Problems in the foundations

of physics, North-Holland, Amsterdam, p.71.
[252] Bub J., 1992, Quantum mechanics without the projection postulate, Found. Phys. 22, 737.
[253] Bub J., Pitowsky I., 2009, Two dogmas about quantum mechanics, in: Saunders S. et al. (eds.), Everett 50, Proceedings of

the conferences held in Oxford and the Perimeter Institute, Oxford University Press, Oxford.
[254] Buchholz D., D’Antoni C., Fredenhagen K., 1987, The universal structure of local algebras, Comm. Math. Phys. 111, 123.
[255] Buchholz D., Haag R., 2000, The quest for understanding in relativistic quantum physics, J. Math. Phys. 41, 3674.

arXiv:hep-th/9910243.
[256] Bugajska K., Bugajski S., 1973, The lattice structures of quantum logics, Ann. Inst. Henri Poincaré 19, 333.
[257] Bugajski S., 1976, Joint probabilities in quantum mechanics, Unpublished typescript, Uniwersytet Śląski, Katowice.
[258] Bunce L.J., Hamhalter J., 1994, Jauch–Piron states on von Neumann algebras, Math. Z. 215, 491.
[259] Bunce L.J., Wright J.D.M., 1992, Complex measures on projections in von Neumann algebras, J. London Math. Soc. 46,

269.
[260] Bunce L.J., Wright J.D.M., 1992, The Mackey–Gleason problem, Bull. Amer. Math. Soc. 26, 288. arXiv:math/9204228.
[261] Bunce L.J., Wright J.D.M., 1994, The Mackey–Gleason problem for vector measures on projections in von Neumann

algebras, J. London Math. Soc. 49, 133.
[262] Burbea J., Rao R.C., 1982, Entropy differential metric, distance and divergence measures in probability spaces: a unified

approach, J. Multivar. Anal. 12, 575.
[263] Burbea J., Rao R.C., 1984, Differential metrics in probability spaces, Prob. Math. Statist. 3, 241.
[264] Burdet G., Combe P., Nencka H., 2001, On real hilbertian info-manifolds, in: Sollich P., Hughston L.P., Streater R.F.,

Coolen A.C.C. (eds.), Disordered and complex systems (King’s College, London, UK, 10-14 July 2000), AIP Conf. Proc.
553, AIP, Melville, p.153.

[265] Bures D.J.C., 1969, An extension of Kakutani’s theorem on infinite product measures to the tensor product of semiinfinite

260

http://oldweb.cecm.sfu.ca/projects/MomEnt+/ent_max.ps.gz
http://oldweb.cecm.sfu.ca/projects/MomEnt+/ent_max.ps.gz
http://webdoc.sub.gwdg.de/diss/2000/bostelmann/produkte.pdf
http://www.arxiv.org/pdf/math-ph/0409070
http://www.arxiv.org/pdf/0711.4237
http://www.arxiv.org/pdf/1003.5457
http://www.math.washington.edu/~rtr/papers/rtr-Subdifferentiability.pdf
http://www.arxiv.org/pdf/hep-th/9910243
http://www.arxiv.org/pdf/math/9204228


W* algebras, Trans. Am. Math. Soc. 135, 194.
[266] Burg J., 1975, Maximum entropy spectral analysis, Ph.D. thesis, Stanford University, Stanford.
[267] Burkholder D.L., 1961, Sufficiency in the undominated case, Ann. Math. Statist. 32, 1191.
[268] Busch P., Grabowski M., Lahti P.J., 1989, Some remarks on effects, operations, and unsharp measurements, Found. Phys.

Lett. 2, 331.
[269] Busch P., Grabowski M., Lahti P.J., 1995, Operational quantum physics, LNPm 31, Springer, Berlin. (1997, 2nd corr.

print.).
[270] Busch P., Lahti P.J., Mittelstaedt P., 1991, The quantum theory of measurement, LNPm 2, Springer, Berlin. (1996, 2nd

rev. ed.).
[271] Butnariu D., Byrne C., Censor Y., 2003, Redundant axioms in the definition of Bregman functions, J. Conv. Anal. 10, 245.

Available at: math.haifa.ac.il/dbutnaru/publications/bbc.ps.
[272] Butnariu D., Censor Y., Reich S., 1997, Iterative averaging of entropic projections for solving stochastic convex feasibility

problems, Comput. Optim. Appl. 8, 21.
[273] Butnariu D., Iusem A.N., 2000, Totally convex functions for fixed point computation and infinite dimensional optimization,

Kluwer, Dordrecht.
[274] Butnariu D., Iusem A.N., Zălinescu C., 2003, On uniform convexity, total convexity and convergence of the proximal point

and outer Bregman projection algorithms in Banach spaces, J. Conv. Anal. 10, 35.
[275] Butnariu D., Resmerita E., 2006, Bregman distances, totally convex functions, and a method

for solving operator equations in Banach spaces, Abstr. Appl. Anal. 2006, 84919. Available at:
www.emis.de/journals/HOA/AAA/Volume2006/84919.pdf.

[276] Cai L., Hansen F., 2010, Metric-adjusted skew information: convexity and restricted forms of superadditivity, Lett. Math.
Phys. 93, 1.

[277] Calderón A.P., 1964, Intermediate spaces and interpolation, the complex method, Studia Math. 24, 113.
[278] Campbell L.L., 1985, The relation between information theory and the differential geometry approach to statistics, Inf. Sci.

(NY) 35, 199.
[279] Campbell L.L., 1986, An extended Čencov characterization of the information metric, Proc. Amer. Math. Soc. 98, 135.
[280] Canderolo D., Volčič A., 2002, Radon–Nikodým theorems, in: Pap E. (ed.), Handbook of measure theory, Vol.1, North-

Holland, Amsterdam, p.249.
[281] Cantoni V., 1975, Generalized “transition probability”, Comm. Math. Phys. 44, 125. euclid:cmp/1103899296.
[282] Cantoni V., 1977, Intrinsic geometry of the quantum-mechanical phase space, hamiltonian systems and correspondence

principle, Rend. Accad. Naz. Lincei, 62, 628.
[283] Cantoni V., 1977, The riemannian structure on the states of quantum-like systems, Comm. Math. Phys. 56, 189. eu-

clid:cmp/1103901145.
[284] Cantoni V., 1982, Generalized transition probability, mobility and symmetries, Commun. Math. Phys. 87, 153.
[285] Carathéodory C., 1938, Entwurf für eine Algebraisierung des Integralbegriffs, Sitzungsber. Math.-Naturw. Kl. Bayer. Akad.

Wiss. München 1938, 27.
[286] Carathéodory C., 1956, Mass und Integral und ihre Algebraisierung, Lehrbücher und Monographien aus dem Gebiete der

exakten Wissenschaften, Math. Reihe, Bd. 10, Birkhäuser, Basel (engl. transl. 1963, Algebraic theory of measure and
integration, Chelsea, New York; 2nd ed. 1986).

[287] Carleman T., 1923, Sur les équations intégrales singulières à noyau réel et symmétrique, Uppsala Universitets Årsskrift,
Uppsala.

[288] Carrillo M.D., 2002, Daniell integral and related topics, in: Pap E. (ed.), Handbook of measure theory, Vol.1, North-Holland,
Amsterdam, p.503.

[289] Cartan H., 1922, Sur une généralisation de la notion de courbure de Riemann et les espaces à torsion, Compt. Rend. Acad.
Sci. Paris 174, 593.

[290] Cartan H., 1923, Sur les variétés à connexion affine et la théorie de la relativité généralisée, Ann. Écol. Norm. Sup. 40,
325 (engl. transl. 1986, On manifolds with an affine connection and the theory of general relativity, Bibliopolis, Napoli).

[291] Cartan H., 1937, Sur la mesure de Haar, Compt. Rend. Acad. Sci. Paris 211, 759.
[292] Caticha A., Giffin A., 2006, Updating probabilities, in: Mohammad-Djafari A. (ed.), Bayesian inference and maximum

entropy methods in science and engineering, AIP Conf. Proc. 872, 31. arXiv:physics/0608185.
[293] Cattaneo G., Dalla Chiara M.L., Giuntini R., Paoli F., 2009, Quantum logic and nonclassical logics, in: Engesser K., Gabbay

D.M., Lehmann D. (eds.), Handbook of quantum logic and quantum structures: quantum logic, Elsevier, Amsterdam, p.127.
[294] Cattaneo G., Laudisa F., 1994, Axiomatic unsharp quantum theory (from Mackey to Ludwig and Piron), Found. Phys. 24,

631.
[295] Cattaneo G., Nisticò G., 1991, Axiomatic foundations of quantum physics: critiques and misunderstandings. Piron’s

question-proposition system, Int. J. Theor. Phys. 30, 1293.
[296] Cattaneo G., Nisticò G., 1993, A model of Piron’s preparation-question structures in Ludwig’s selection structures, Int. J.

Theor. Phys. 32, 407.
[297] Caves C.M., Fuchs C.A., Schack R., 2001, Quantum probabilities as bayesian probabilities, Phys. Rev. A 65, 022305.

arXiv:quant-ph/0106133.
[298] Caves C.M., Fuchs C.A., Schack R., 2006, Subjective probability and quantum certainty, arXiv:quant-ph/0608190.
[299] Cecchini C., 1978, On two definitions of measurable and locally measurable operators, Bollettino U.M.I. A 15, 526. Available

at: dmitripavlov.org/scans/cecchini.pdf.
[300] Cecchini C., 1984, Non commutative integration and conditioning, in: Accardi L., Frigerio A., Gorini V. (eds.), Quantum

probability and applications to the quantum theory of irreversible processes. Proceedings of the International Workshop held
at Villa Mondragone, Italy, September 6-11, 1982, LNM 1055, Springer, Berlin, p.76.

[301] Cecchini C., 1985, Non commutative 𝐿𝑝 spaces and K.M.S. functions, in: Accardi L., von Waldenfels W. (eds.), Quantum
probability and applications II. Proceedings of a workshop held in Heidelberg, West Germany, October 1-5, 1984, LNM
1136, Springer, Berlin, p.136.

[302] Cecchini C., 1986, Noncommutative integration for states on von Neumann algebras, J. Oper. Theor. 15, 217.
[303] Cecchini C., 1988, Some noncommutative Radon–Nikodym theorems for von Neumann algebras, in: Accardi L., von Walden-

fels W. (eds.), Quantum probability and applications III. Proceedings of a conference held in Obserwolfach, FRG, January
25-31, 1987, LNM 1303, Springer, Berlin, p.52.

[304] Cena A., 2003, Geometric structures on the non-parametric statistical manifold, PhD thesis, Università di Milano, Milano.
[305] Cena A., Pistone G., 2007, Exponential statistical manifold, Ann. Inst. Stat. Math. 59, 27.

261

http://math.haifa.ac.il/dbutnaru/publications/bbc.ps
http://www.emis.de/journals/HOA/AAA/Volume2006/84919.pdf
http://projecteuclid.org/euclid.cmp/1103899296
http://projecteuclid.org/euclid.cmp/1103901145
http://projecteuclid.org/euclid.cmp/1103901145
http://www.arxiv.org/pdf/physics/0608185
http://www.arxiv.org/pdf/quant-ph/0106133
http://www.arxiv.org/pdf/quant-ph/0608190
http://dmitripavlov.org/scans/cecchini.pdf


[306] Censor Y., Lent A., 1981, An iterative row-action method for interval convex programming, J. Optim. Theory Appl. 34,
321.

[307] Censor Y., Lent A., 1987, Optimization of “log 𝑥” entropy over linear equality constraints, Soc. Industr. Appl. Math. J.
Contr. Optim. 35, 921.

[308] Censor Y., Zenios S., 1997, Parallel optimisation: theory, algorithms and applications, Oxford University Press, Oxford.
[309] Černý J., Brunovský P., 1984, A note on information without probability, Inf. Contr. 25, 134.
[310] Chamseddine A.H., Connes A., 1997, The spectral action principle, Commun. Math. Phys. 186, 731. arXiv:hep-th/9606001.
[311] Chen G., Teboulle M., 1993, Convergence analysis of a proximal-like minimization algorithm using Bregman functions,

Soc. Industr. Appl. Math. J. Optim. 3, 538.
[312] Chencov N.N., 1964, Geometriya “mnogoobraziya” raspredelenĭı veroyatnostĕı, Dokl. AN SSSR 158, 543.
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[811] Horuzhy S.S. (Khoruzhĭı S.S.), 1986, Vvedenie v algebraicheskuyu kvantovuyu teoriyu polya, Moskva, Nauka (engl. transl.

1990, An introduction to algebraic quantum field theory, Kluwer, Dordrecht).
[812] Howson C., Urbach P., 1989, Scientific reasoning: the bayesian approach, Open Court, La Salle (2nd. ed., 1993).
[813] Huber P.J., 2002, Discussion, Ann. Statist. 30, 1289.
[814] Hübner M., 1992, Explicit computation of the Bures distance for density matrices, Phys. Lett. A 163, 239.
[815] Hugenholtz N.M., 1967, On the factor type of equilibrium states in quantum statistical mechanics, Commun. Math. Phys.

6, 189.
[816] Huijsmans C.B., de Pagter B., 1982, Ideal theory in 𝑓-algebras, Trans. Amer. Math. Soc. 269, 225.
[817] Huijsmans C.B., de Pagter B., 1984, Subalgebras and Riesz subspaces of an 𝑓-algebra, Proc. London Math. Soc. 48, 161.
[818] Hurwitz A., 1897, Ueber die Erzeugung der Invarianten durch Integration, Nachr. Königl. Gesellsch. Wisennsch. Göttingen,

Math.-phys. Kl. 1897, 71.
[819] Husimi K., 1937, Studies on the foundations of qunautm mechanics I, Proc. Phys.-Math. Soc. Japan 19, 766.
[820] Huygens C., 1657, De ratiocinniis in ludo aleæ, Johannis Elsevirri, Leiden. Available at:

www.leidenuniv.nl/fsw/verduin/stathist/huygens/1657.pdf (engl. transl. 1714, Libellus de ratiociniis in ludo aleæ,
Keimer, London. Available at: www.stat.ucla.edu/history/huygens.pdf).
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[929] Kaplansky I., 1950, Quelques résultats sur les anneaux d’opèrateurs, Compt. Rend. Acad. Sci. Paris 231, 485.
[930] Kaplansky I., 1951, Projections in Banach algebras, Ann. Math. 53, 235.
[931] Kaplansky I., 1951, A theorem on rings of operators, Pacific J. Math. 1, 227.
[932] Kaplansky I., 1952, Algebras of type I, Ann. Math. 56, 460.
[933] Kaplansky I., 1953, Modules over operator algebras, Amer. J. Math. 75, 839.
[934] Kaplansky I., 1955, Rings of operators, Lecture notes, Mathematics Department of Chicago University, Chigago (rev. ed.:

1968, Benjamin, New York).
[935] Kappos D.A., 1948, Ein Beitrag zur Carathéodoryschen Definition der Ortsfunktionen in Booleschen Algebren, Math. Z.

51, 616.
[936] Kappos D.A., 1949, Zur mathematischen Begründung der Wahrscheinlichkeitstheorie, Sitzungsber. Math.-Naturw. Kl.

Bayer. Akad. Wiss. München 1948, 27.
[937] Kappos D.A., 1951, Über die Unabhängigkeit in der Wahrscheinlichkeitstheorie, Sitzungsber. Math.-Naturw. Kl. Bayer.

Akad. Wiss. München 1950, 157.
[938] Kappos D.A., 1960, Strukturtheorie der Wahrscheinlichkeits-Felder und -Räume, Ergebnisse der Mathematik und ihrer

Grenzgebiete. Neue Folge. Heft 24, Springer, Berlin.
[939] Kappos D.A., 1969, Probability algebras and stochastic spaces, Academic Press, New York.
[940] Kappos D.A., 1976, Measure theory on orthomodular posets and lattices, in: Bellow A., Kölzow D. (eds.), Measure theory.

Proceedings of the conference held at Oberwolfach, 15-21 June, 1975, LNM 541, Springer, Berlin, p.323.
[941] Kapur J.N., Kesavan H., 1992, Entropy optimization principles with applications, Academic Press, New York.
[942] Karbelkar S.N., 1986, On the axiomatic approach to the maximum entropy principle of inference, Pramana J. Phys. 26,

301.
[943] Kass R.E., 1980, The riemannian structure of model spaces: a geometrical approach to inference, Ph.D. thesis, University

of Chicago, Chicago.
[944] Kass R.E., 1989, The geometry of asymptotic inference (with comments and rejoinder), Statist. Sci. 4, 188.
[945] Kass R.E., Vos P.W., 1997, Geometrical foundations of asymptotic inference, Wiley, New York.
[946] Kass R.E., Wasserman L., 1996, The selection of prior distributions by formal rules, J. Amer. Stat. Assoc. 91, 1343. (corr.:

1998, J. Amer. Stat. Assoc. 93, 412).

274

http://www.arxiv.org/pdf/math/0402181
http://www.arxiv.org/pdf/math/0301044
http://projecteuclid.org/euclid.pja/1195579206


[947] Kastler D., 1976, Equilibrium states of matter and operator algebras, in: Convegno sulle algebre 𝐶* e loro applicazioni in
fisica teoria (12-18 Marzo 1975, Convegno sulla teoria degli operatori indice e teoria 𝐾 (13-18 Ottobre 1975), del Istituto
Nazionale di Alta Matematica, Roma, Symposia Mathematica 20, Academic Press, New York, p.49.

[948] Kastler D., Pool J.C.T., Poulsen E.T., 1969, Quasi-unitary algebras attached to temperature states in statistical mechanics.
A comment to the work of Haag, Hugenholtz, and Winnink, Commun. Math. Phys. 12, 175.

[949] Kastler D., Robinson D.W., 1966, Invariant states in statistical mechanics, Commun. Math. Phys. 3, 151.
[950] Katavolos A., 1976, Isometries of non-commutative 𝐿𝑝-spaces, Canad. J. Math. 28, 1180.
[951] Katavolos A., 1981, Are non-commutative 𝐿𝑝-spaces really non-commutative?, Canad. J. Math. 33, 1319.
[952] Katavolos A., 1982, Non commutative 𝐿𝑝 spaces II, Canad. J. Math. 34, 1208.
[953] Kato T., 1952, On the perturbation theory of closed linear operators, J.Math. Soc Japan 4, 323.
[954] Kato T., 1966, Perturbation theory for linear operators, Springer, Berlin.
[955] Kelley J.L., 1966, Decomposition and representation theorems in measure theory, Math. Ann. 163, 89.
[956] Kelley J.L., Namioka I., 1963, Linear topological spaces, Van Nostrand, Princeton.
[957] Kelley J.L., Vaught R.L., 1953, The positive cone in Banach algebras, Trans. Amer. Math. Soc. 74, 44.
[958] Kelly G.M., Laplaza M.L., 1980, Coherence for compact closed categories, J. Pure Appl. Alg. 19, 193.
[959] Kempthorne O., Folks L., 1971, Probability, statistics and data analysis, Iowa State University Press, ?.
[960] Kendall M.G., Stuart A., 1958, The advanced theory of statistics, Vol.1-2, Griffin, London.
[961] Keynes J.M., 1921, A treatise on probability, Macmillan, London.
[962] Kivinen J., Warmuth M.K., 1999, Averaging expert predictions, in: ? (ed.), Computational learning the-

ory: 4th european conference, EuroCOLT’99, Nordkirchen, Germany, March 29-31, 1999, Springer, Berlin, p.153.
users.soe.ucsc.edu/∼manfred/pubs/C50.pdf.

[963] Kiwiel K.C., 1997, Free-steering relaxation methods for problems with strictly convex costs and linear constraints, Math.
Oper. Res. 22, 326.

[964] Kiwiel K.C., 1997, Proximal minimization methods with generalized Bregman functions, Soc. Industr. Appl. Math. J. Contr.
Optim. 35, 1142.

[965] Kiwiel K.C., 1998, Generalized Bregman projections in convex feasibility problems, J. Optim. Theor. Appl. 96, 139.
[966] Kępiński A., 1972, Rytm życia, Wydawnictwo Literackie, Kraków.
[967] Kępiński A., 1972, Schizofrenia, Państwowy Zakład Wydawnictw Lekarskich, Warszawa.
[968] Kępiński A., 1977, Lęk, Państwowy Zakład Wydawnictw Lekarskich, Warszawa.
[969] Kochen S., Specker E.P., 1965, The calculus of partial propositional functions, in: Bar-Hillel Y. (ed.), Proceedings of the

1964 International congress of logic, methodology and philosophy of science, North-Holland, Amsterdam, p.65.
[970] Kochen S., Specker E.P., 1965, Logical structures arising in quantum theory, in: Addison J., Henkin L., Tarski A. (eds.),

Theory of models. Proceedings of the 1963 International symposium at Berkeley, North-Holland, Amsterdam, p.177.
[971] Kochen S., Specker E.P., 1967, The problem of hidden variables in quantum mechanics, J. Math. Mech. 17, 59.
[972] Kolmogorov A.N., 1933, Grundbergriffe der Wahrscheinlichkeitrechnung, Ergebnisse der Mathematik und Ihrer Grenzgebiete

Bd. 2, Springer, Berlin. (engl. transl. 1950, Foundations of the theory of probability, Chelsea, New York).
[973] Koopman B.O., 1931, Hamiltonian systems and transformations in Hilbert space, Proc. Nat. Acad. Sci. U.S.A. 17, 315.
[974] Koopman B.O., 1936, On distributions admitting a sufficient statistic, Trans. Amer. Math. Soc. 39, 399.
[975] Koppelberg S., 1989, General theory of boolean algebras, in: Monk J.D., Bonnet R. (eds.), Handbook of boolean algebras,

Vol.1, North-Holland, Amsterdam, p.1.
[976] Kosaki H., 1980, Canonical 𝐿𝑝-spaces associated with an arbitrary abstract von Neumann algebra, Ph.D. thesis, University

of California, Los Angeles. Available at: dmitripavlov.org/scans/kosaki-thesis.pdf.
[977] Kosaki H., 1980, Positive cones associated with von Neumann algebra, Math. Scand. 47, 295.
[978] Kosaki H., 1981, Noncommutative Lorentz spaces associated with a von Neumann algebra and applications, Proc. Japan

Acad. Ser. A 57, 303.
[979] Kosaki H., 1981, Positive cones and 𝐿𝑝-spaces associated with a von Neumann algebra, J. Oper. Theor. 6, 13.
[980] Kosaki H., 1982, Interpolation theory and the Wigner–Yanase–Dyson–Lieb concavity, Commun. Math. Phys. 87, 315.
[981] Kosaki H., 1982, A Radon–Nikodym theorem for natural cones associated with von Neumann algebras, Proc. Amer. Math.

Soc. 84, 207.
[982] Kosaki H., 1982, 𝑇 -theorem for 𝐿𝑝-spaces associated with a von Neumann algebra, J. Op. Theor. 7, 267.
[983] Kosaki H., 1983, On the Bures distance and Uhlmann transition probability of states on a von Neumann algebra, Proc.

Nat. Acad. Sci. U.S.A. 89, 285.
[984] Kosaki H., 1984, Applications of the complex interpolation method to a von Neumann algebra: non-commutative 𝐿𝑝-spaces,

J. Funct. Anal. 56, 29.
[985] Kosaki H., 1984, On the continuity of the map 𝜙→ |𝜙| from the predual of a 𝑊 *-algebra, J. Funct. Anal. 59, 123.
[986] Kosaki H., 1985, Lebesgue decomposition of states on a von Neumann algebra, Am. J. Math. 107, 697.
[987] Kosaki H., 1986, Relative entropy for states: a variational expression, J. Op. Theor. 16, 335.
[988] Koshevnik Yu.A., Levit B.Ya., 1976, On a non-parametric analogue of the information matrix, Theor. Prob. Appl. 21, 738.
[989] Kossakowski A., 1969, On quantum informational thermodynamics, Bull. Acad. Polon. Sci. Ser. Math. Astr. Phys. 17, 263.
[990] Kossakowski A., 1972, On necessary and sufficient conditions for a generator of a quantum dynamical semigroup, Bull.

Acad. Polon. Sci. Ser. Math. Astr. Phys. 20, 1021.
[991] Kossakowski A., 1972, On quantum statistical mechanics on non-hamiltonian systems, Rep. Math. Phys. 3, 247.
[992] Kostecki R.P., 2010, Quantum theory as inductive inference, in: Mohammad-Djafari A., Bercher J.-F., Bessière P. (eds.),

Proceedings of the 30th International Workshop on Bayesian Inference and Maximum Entropy Methods in Science and
Engineering, AIP Conf. Proc. 1305, Springer, Berlin, p.24. arXiv:1009.2423.

[993] Kostecki R.P., 2011, The general form of 𝛾-family of quantum relative entropies, Open Sys. Inf. Dyn. 18, 191.
arXiv:1106.2225.

[994] Kostecki R.P., 2011, On principles of inductive inference, in: Goyal P. et al (eds.), Proceedings of the 31st International
Workshop on Bayesian Inference and Maximum Entropy Methods in Science and Engineering, 9-16 July 2011, Waterloo,
Canada, AIP Conf. Proc. 1443, Springer, Berlin, p.22. arXiv:1109.3142.

[995] Kostecki R.P., 2012, Information dynamics and new geometric foundations for quantum theory, in: D’Ariano M. et al
(eds.), Foundations of Probability and Physics – 6, Växjö, Sweden, 14-16 June 2011, AIP Conf. Proc. 1424, American
Institute of Physics, Melville, p.200. arXiv:1110.4492.

[996] Koszul J.L., 1961, Domaines bornés homogènes et orbites de groupes de transformations affines, Bull. Soc. Math. France
89, 515.

275

http://users.soe.ucsc.edu/~manfred/pubs/C50.pdf
http://dmitripavlov.org/scans/kosaki-thesis.pdf
http://www.arxiv.org/pdf/1009.2423
http://www.arxiv.org/pdf/1106.2225
http://www.arxiv.org/pdf/1109.3142
http://www.arxiv.org/pdf/1110.4492


[997] Kraft C.H., 1955, Some conditions for consistency and uniform consistency of statistical procedures, Univ. Calif. Publ.
Statist. 1, 125.
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matematicheskŏı literatury, Moskva (engl. trans. 1961, Convex functions and Orlicz spaces, Nordhoff, Groningen).

[999] Kraus F., 1936, Über konvexe Matrixfunktionen, Math. Z. 41, 18.
[1000] Kraus K., 1971, General state changes in quantum theory, Ann. Phys. 64, 331.
[1001] Kraus K., 1983, States, effects and operations: fundamental notions of quantum theory, Springer, Berlin.
[1002] Krĕın M.G, Krĕın S.G., 1940, On an inner characteristic of the set of all continuous functions defined on a bicompact

Hausdorff space, Dokl. Akad. Nauk SSSR 27, 427.
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Kyōto Univ. 20, 959.

[1144] Masuda T., 1984, Groupoid dynamical systems and crossed product, I–the case of 𝑊 *-systems, Publ. Res. Inst. Math. Sci.
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[1249] Norden A.P., 1976, Prostranstva affinŏı svyaznosti, (2nd. rev. ed.), Nauka, Moskva.
[1250] Ochs W., Bayer W., 1973, Quantum states with maximum information entropy II, II, Z. Naturf. 28a, 1571.
[1251] Ochs W., Spohn H., 1978, A characterization of the Segal entropy, Rep. Math. Phys. 14, 75.
[1252] Odzijewicz A., 2011, Hamiltonian and quantum mechanics, Geom. Topol. Monogr. 17, 385.
[1253] Odzijewicz A., Ratiu T.S., 2003, Banach Lie–Poisson spaces and reduction, Commun. Math. Phys. 243, 1.

arXiv:math/0210207.
[1254] Odzijewicz A., Ratiu T.S., 2004, Extensions of Banach–Lie–Poisson spaces, J. Funct. Anal. 217, 103. arXiv:math/0310312.
[1255] Odzijewicz A., Ratiu T.S., 2008, Induced and coinduced Banach Lie–Poisson spaces and integrability, J. Funct. Anal. 255,

1225.
[1256] Odzijewicz A., Sliżewska A., 2011, Groupoids and inverse semigroups associated to 𝑊 *-algebras, arXiv:1110.6305.

280

http://projecteuclid.org/euclid.tmj/1178245178
http://projecteuclid.org/euclid.pja/1195578669
http://matwbn.icm.edu.pl/ksiazki/fm/fm15/fm15114.pdf
http://www.arxiv.org/pdf/math/0210207
http://www.arxiv.org/pdf/math/0310312
http://www.arxiv.org/pdf/1110.6305


[1257] Ogasawara T., Yoshinaga K., 1955, Extension of ♮-application to unbounded operators, J. Sci. Hiroshima Univ. 19, 273.
Available at: dmitripavlov.org/scans/ogasawara-yoshinaga-1.pdf.

[1258] Ogasawara T., Yoshinaga K., 1955, A non-commutative theory of integration for operators, J. Sci. Hiroshima Univ. 18,
311. Available at: dmitripavlov.org/scans/ogasawara-yoshinaga-0.pdf.

[1259] Ohya M., Petz D., 1993, Quantum entropy and its use, Springer, Berlin (2nd. ed., 2004).
[1260] Ojima I., 2004, Temperature as order parameter of broken scale invariance, Publ. Res. Inst. Math. Sci. Kyōto Univ. 40,
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73 (engl. transl. 1982, Spaces of 𝐿𝑝 type with respect to a weight on a von Neumann algebra, Sov. Math. 29:8, 93).
[1707] Timpson C.G., 2008, Quantum bayesianism: a study, Stud. Hist. Phil. Mod. Phys. 39, 579.
[1708] Toeplitz O., 1918, Das algebraische Analogen zu einem Satze von Fejér, Math Z. 2, 187.
[1709] Tomamichel M., Colbeck R., Renner R., 2009, A fully quantum asymptotic equipartition property, IEEE Trans. Inf. Theor.

55, 5840. arXiv:0811.1221.
[1710] Tomita M., 1953, On rings of operators in non-separable Hilbert spaces, Mem. Fac. Sci., Kyūsyū Univ., Ser. A 7, 129.
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act standartly, 180
adequate, 66
adjoint, 177
adjoint map, 135
admissible codomain, 73
admissible domain, 73

affiliated, 205
affine, 96
affine connection, 248
affine geometry, 248
affine manifold, 248
Alber functional, 68
Alber projection, 70
algebraic hamiltonian vector field, 139
Amari conjecture, 95
Amari–Cressie–Read 𝛾-distance, 80
Amari–Nagaoka geometries, 95
anti-self-adjoint, 165, 178
antilinear *-homomorphism, 165
antilinear *-isomorphism, 165
antirepresentation, 170
approximately finite dimensional, 191
Araki distance, 80
Araki–Masuda spaces, 218
archimedean, 227

Bóna equation, 138
Bóna–Odzijewicz–Ratiu equation, 137
Banach, 227
Banach *-algebras, 164
Banach algebra, 164
Banach dual, 166
Banach Lie algebra, 135
Banach Poisson manifold, 136
Banach–Lie–Poisson space, 136
band, 228
barycenter, 173
basically disconnected, 238
Bhattacharyya distance, 81
bimodule, 187
Bogolyubov–Kubo–Mori metric, 99
boolean, 226, 227
boolean algebra, 227
boolean homomorphism, 227
boolean isomorphism, 228
bounded, 60
bounded above, 226
bounded below, 226
Bregman functional, 67
Bregman functional projection, 69
Bregman pre-distance, 72
bregmanian renormalisation, 132

canonical 𝒩 -𝒩 bimodule, 187
canonical core, 203
canonical embedding, 167
canonical Hilbert space, 186
canonical integral, 222, 238
canonical liouvillean, 195
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canonical relative modular operator, 188
canonical representation, 186
canonical right 𝒩 module, 187
canonical standard form, 186
canonical trace, 220
Cantoni–Uhlmann transition probability, 149
cartesian, 249
ccb-algebra, 228
center, 172
central, 173, 189
central support, 169
centrally faithful, 171
Chencov–Amari 𝛾-connections, 95
Christoffel symbols, 249
clopen, 238
closable, 177
closed, 65, 177
closure, 177
coadjoint map, 135
coarse graining, 59
Codazzi structure, 252
cofinite, 66
commutant, 171
compact, 211, 238
compactly inner regular, 238
complete, 166
complete morphism, 232
completely positive, 59
complex Riesz lattice, 227
conditional expectation, 213
cone, 180
configuration parameters, 48
conjugation, 175
Connes cocycle, 184
Connes spatial quotient, 183
Connes’ cocycle, 182
Connes’ spatial quotient, 188
Connes–Hilsum spaces, 218
constraint mapping, 113
continuous, 189
contraction coefficient, 132
control parameter, 109
converge in 𝜏 , 210
convex, 65
convex hull, 173
correspondence, 187
cotangent bundle, 247
cotangent space, 247
countably additive, 228, 233
countably additive algebra, 232
countably additive complete, 226, 227
countably additive ideal, 232
countably additive probability measure, 33
countably additively orthocomplete, 32
countably finite, 172
covariance equation, 192, 198
covariance matrix, 107
covariant derivative, 248
covariant representation, 196
cozero, 238
crossed product, 198
Csiszár–Morimoto f-distance, 61
cumulant function, 105
curve, 247
cyclic, 170

Daniell lattice, 234
Daniell system, 235
Daniell–Stone extension, 235
Daniell–Stone integral, 234
Dcb-algebra, 228
Dedekind–MacNeille complete, 226, 227
densely defined, 177
density operator, 58
dequantisation, 155
Dereziński–Jakšić–Pillet perturbation, 141
derivation, 193
dimension function, 188
discrete, 189
distance, 60
distributive, 226, 227
dominated, 168
downwards directed, 226
dual action, 198
dual coordinate system, 72
dual pair, 65
dual povm-instrument, 110
dual representation, 72
dual weight, 214
dualisable, 73
dualiser, 73
dually flat coordinates, 251
dually flat manifold, 251
Dye–Segal density, 209

effective domain, 65
Eguchi equations, 250
Eguchi geometry, 250
Eguchi manifold, 250
Eguchi system, 250
emergent, 156
entropic effect measure, 114
enveloping von Neumann algebra, 172
epigraph, 65
essentially Fréchet differentiable, 67
essentially Gâteaux differentiable, 67
essentially strictly convex, 67
estimable, 48
evaluation, 228
evolutional transition probability, 149
expansional, 141
exponential, 96
exponential coordinates, 105
exponential family, 105
exponential map, 249
extended liouvillean instrument, 145
extended liouvillean model, 145
extended liouvillean operator, 145
extended positive cone, 211
extremal point, 167
extremally disconnected, 238

f-algebra, 227
face, 172
factor, 172
factorial, 173
faithful, 167, 168, 170, 212–214
Fenchel dual, 65
Fenchel subdifferential, 65
Fenchel subgradients, 65
finite, 58, 168, 189, 228
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finite coarse graining, 58
finite curve, 247
Fisher matrix, 94
Fisher–Rao–Jeffreys metric, 94
fixed point, 133, 165, 199
flat, 248, 253
flow of weights, 200
Fréchet, 60
Fréchet derivative, 66
Fréchet differentiable, 66
Fréchet–Legendre, 67

Gâteaux derivative, 66
Gâteaux differentiable, 66
gauge, 141
gauge geodesic propagation, 143
gauge geodesic propagation model, 143
Gel’fand ideal, 170
Gel’fand spectrum, 240
Gel’fand–Năımark–Segal bundle, 139
Gel’fand–Năımark–Segal representation, 171
generalised Alber functional, 71
generalised Bregman distance, 74
generalised Bregman functional, 73
generalised Bregman functional projection, 75
generalised Bregman projection, 76
generalised cosine equation, 69, 75
generalised Legendre transformation, 73
generalised orthogonal decomposition, 75
generalised pythagorean equation, 70, 76, 96, 254
generalised statistical Bregman distance, 76
generalised transition probability, 149
generated, 166, 173
generator, 193
Gibbs–Helmholtz equation, 106
Gibbs–Shannon entropy, 105
global charge, 147
global gauge, 141
global source strength, 144
grade, 221
greatest element, 226
greatest lower bound, 226
group homomorphism, 191

Haagerup–Terp spaces, 217
Hamilton equation, 137
Hamilton function, 135, 136
hamiltonian flow, 137
hamiltonian vector field, 135, 136
Hasegawa 𝛾-distance, 80
Hausdorff, 238
Helstrom–Uhlmann metric, 101
hereditary, 166
hessian, 252
hessian manifold, 252
hessian structure, 252
Hilbert–Schmidt, 211
Hilbert–Schmidt space, 211
Hurwitz measure, 197
hyperstonean, 238

ideal entropic projection, 113
identity correspondence, 187
increasing, 212
indicator function, 70

infimum, 226
infinite, 189
information distance, 60
information inequality, 107
inner *-automorphisms, 190
integrable, 201, 214
invertible, 165
irreducible, 172
isometric, 228
isometric isomorphism, 165
isometry, 165

Jordan *-homomorphism, 165
Jordan *-isomorphism, 165

Kakutani–Hellinger distance, 62, 81
Kosaki–Petz f-distance, 63
Kubo transform, 99
Kubo–Martin–Schwinger condition, 176

lattice, 226
lattice homomorphism, 227
Lauritzen manifolds, 251
least element, 226
least upper bound, 226
Lebesgue measure, 197
left Haar measure, 197
left support, 169
Legendre, 67
Legendre transformation, 72
length of a finite curve, 247
length of a vector, 247
Levi-Civita, 248
Lie algebra, 135
Lie bracket, 135
Liese–Vajda 𝛾-distances, 76
lineal, 182
linear, 167
local gauge, 141
local gauge liouvillean, 142
local gauge liouvillean model, 142
local gauge model, 141
local gauge quantum field models, 147
local gauge quantum fields, 147
local gauge structure, 141
local source liouvillean, 144
local source liouvillean model, 144
local source model, 144
local source operator, 144
local source strength, 144
local source term, 144
localisable, 228, 233
locally bounded, 66
locally compact, 192, 238
locally finite, 238

Maharam, 228, 233
majorises, 167, 168
Markov instrument, 110
Markov map, 59
markovian renormalisation semi-group, 133
Massieu–Planck functional, 105
maximal central, 173
Mazur map, 216
mcb-algebra, 228
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meager, 238
measurable space, 232
measure, 228, 233
measure algebra, 228
measure preserving, 230
measure space, 233
metric tensor, 248
metric–affine geometry, 248
metric-compatible, 248
metrical, 60
MI-space, 227
mixed, 167
mixture coordinates, 105
modular, 179
modular algebra, 224
modular automorphisms, 179
modular conjugation, 178
modular function, 197
modular hamiltonian, 179
modular operator, 178
modular spectrum, 190
monotone, 95, 97
Morozova–Chencov function, 97
Morozova–Chencov–Petz metrics, 97
morphismo, 166
mutually dual foliations, 129

natural cone, 180
natural trace, 215
noncommutative flow of weights, 221
nondegenerate, 170
nonparametric quantum manifold, 94
nonparametric statistical manifold, 91
nonsingular, 208
nonzero, 170, 189
Norden–Sen dual, 249
Norden–Sen geometry, 249
Norden–Sen manifold, 249
norm continuous, 166
norm preserving, 165, 228
norm topology, 166, 192
normal, 165, 167, 168, 170, 190, 213, 214, 238
normal extension, 172
normal model, 108
normalised, 97, 167, 168
normalised quantum expectations, 58
normalised quantum model, 57
normalised state, 168
normalised states, 58
nowhere dense, 238
nuclear, 211

open, 239
operator concave, 63
operator convex, 63
operator monotone decreasing, 63
operator monotone increasing, 63
operator valued weight, 213
opposite algebra, 165
optimal decision, 112
optimal entropic projection, 112
optimal estimate, 112
order closed, 226
order continuous, 227
order preserving, 227

order unit, 227
order unit norm, 227
Orlicz space, 90
orthocomplementation, 32
orthocomplemented, 32
orthogonal, 75, 76, 150, 173, 174
Orthogonality, 32
orthogonality condition, 75
orthomodular, 32
ortochronous Poincaré group, 142

parallel transport, 248
parametric probabilistic manifold, 89
parametric quantum manifold, 92
parametric statistical manifold, 89
partial isometry, 165
partially ordered set, 226
partition function, 105
Pearson–Kagan χ2-distance, 61
Pedersen–Takesaki density, 208
Petz function, 97
Plancherel formula, 199
Poincaré–Bloch–Wick rotation, 156
Poisson compatibility condition, 139
Poisson manifold, 135
Poisson map, 136
Poisson structure, 135
polar decomposition, 170, 178, 181
Pontryagin dual group, 198
Pontryagin duality map, 198
poset, 226
positive, 59, 165, 167, 178, 228
povm effects, 110
povm-instrument, 110
predual, 167
premeasurable space, 232
primary, 173
prior, 112
probabilistic expectation, 56
probabilistic model, 56
probabilistic state, 56
probability, 57
probability density, 56
probability manifold, 88
probability simplex, 58
projection, 165
projection band, 228
proper, 65, 227
properly infinite, 189
pseudosupported, 173
pure, 167
purely infinite, 189

quadrilateral equation, 69, 75
quantum 𝛾-distance, 79
quantum 𝛾-entropic instrument, 113
quantum 𝑛-form field, 147
quantum Bregman distance, 76
quantum Bregman functional, 76
quantum coarse graining, 60
quantum distance, 60
quantum entropic instrument, 113
quantum expectations, 57
quantum exponential family, 107
quantum field extended liouvillean model, 146
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quantum field model, 146
quantum fields, 146
quantum information manifold, 88
quantum information model, 57
quantum information states, 57
quantum instrument, 109
quantum manifold, 88
quantum Markov map, 60
quantum model, 57
quantum operation, 109
quantum Schwarzschild space-time, 160
quantum space-time, 155
quantum state, 168
quantum states, 57
quasi-open, 239
quasi-stonean, 238

Radon, 238
Radon–Nikodým quotient, 236
Raggio transition probability, 149
rare, 238
reduced, 169
reducible, 172
registration parameter, 109
regularity conditions, 88
relative entropy, 60
relative free energy, 85
relative modular conjugation, 181
relative modular hamiltonian, 182
relative modular operator, 181
relative prior, 112
representation, 140, 170, 191
Ricci curvature scalar, 249
Rickart, 166, 238
Riemann–Christoffel curvature tensor, 248
riemannian distance, 247
riemannian geometry, 247
riemannian manifold, 247
riemannian metric, 247
riemannian quantum manifold, 94
riemannian statistical manifold, 94
Riesz, 226
Riesz dual, 227
Riesz homomorphism, 227
Riesz isomorphism, 228
Riesz–Schauder, 211
right 𝒩 module, 187
right annihilator, 166
right Gâteaux derivative, 66
right Haar measure, 197
right support, 169

scalar potentials, 252
Schwarz, 63
Schwarz–Kadison inequality, 63
self-adjoint, 165, 167, 178
self-polar, 180
semi-direct product, 142
semi-finite, 168, 189, 212, 213, 228, 233
semi-spectral measure, 41
separable, 172
separating, 170
sequentially order continuous, 227
skew information, 102
skewness tensor, 250

source term, 131
space-time, 155
spectral measure, 38
spectral principle, 39
square root, 165
standard, 195
standard Bregman distance, 74
standard cone, 180
standard conjugation, 180
standard core, 202
standard form, 180
standard liouvillean, 195
standard representation, 180
standard unitary equivalence, 181
standard unitary transition, 182
standard vector representative, 180
state, 168
states, 57
statistical Bregman distance, 76
statistical density, 56
statistical distance, 60
statistical manifold, 88
statistical model, 56
statistical state, 56
stochastic matrix, 58
Stone, 238
Stone lattice, 234
Stone representation map, 228
Stone spectrum, 228
stonean, 238
strictly convex, 65
strictly positive, 228
strong topology, 192
strong-⋆ topology, 168
strong-⋆⋆ topology, 168
strongly continuous, 176, 192
strongly disjoint, 173
subprojection property, 115
support, 169, 178
supported, 173
supremum, 226
symmetric, 60, 97, 98, 248

tangent bundle, 247
time dependent 𝑛-point correlation functions, 148
time independent 𝑛-point correlation function, 148
topological, 164, 192
torsion tensor, 248
torsion-free, 248
total variation distance, 62
totally convex, 70
totally disconnected, 238
trace, 168
trace class, 211
tracial, 167
transition amplitude, 149
transition distance, 154
transition probability, 149
triangle equality, 115
triangle inequality, 60
two sided annihilator, 166
type I, 189
type I∞, 189
type I𝑛, 189
type II, 189
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type II1, 189
type II∞, 189
type III, 189
type III0, 190
type III1, 190
type III𝜆, 190

Umegaki distance, 80
unit preserving, 228
unital, 165
unitarily equivalent, 170
unitarily inequivalent, 170
unitary, 165
unitary implementation, 192
upwards directed, 226

von Neumann algebra, 172
von Neumann entropy, 106

von Neumann equation, 138
von Neumann–Schatten 𝑝-class, 211

Wald–Good–Kullback–Leibler distance, 77
weak-⋆ topology, 167, 192
weakly-⋆ continuous, 176, 192
weight, 168
Wigner–Yanase metric, 100
Wigner–Yanase–Dyson skew information, 101
Wigner–Yanase–Dyson–Hasegawa metric, 101

Young function, 90
Young–Fenchel inequality, 65
Yuen–Lax metric, 100

zero-dimensional, 238
zone consistent, 71
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