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Summary. We study whether or not the spaces occurring in classical harmonie analysis have 

the unconditionality property for martingale difTerences We also show some operator spaces 

having that property 

1. Introduction. During the last few year , the class of Banach spaces 
with the unconditionality property for martingale differences has been 
extensively studied (see, e.g., the papers by B. Maurey [15], D. J. Aldous [1], 
D . L. Burkholder [7], [8] and J. Bourgain [4], [5]). The main reason 
for the interest in this new class of spaces is that the analogues of 
severa} <.:lassical results on martingales and ingular integrals are also 
true for a Banach pace belonging to this class. 

Some examples of spaces containing the unconditionality property for 
martingale differences (UMD-property for short) are R (see [6]), the 
Lcbc\gue \paces /11 , L,, (T) for l < p < 'l- ( ee [8]) and the Schatten classes 
S 11 (H , K) of compact operators between two eparable Hilbert spaces 
r5l On the other hand, since every UMD pace is reflexive [15], [l], 
l he spaces / 1 and I x do not belong to that cła s. But there are few 
more known example of concrete space with the UMD-property. 

The purpose of thi note is to tudy whether or not the spaces 
occurring in classical harmonie analysis have the UMD-property. Our 
a ttention will mainly be focussed on the Zygmund space L 11 (log L)", 
the O' cil space K 11 (log t- KY1 and the Zygmund spaces za of functions 
who e 1 ct-th powers are exponentially integrable ( ee [21], [18] and [2]). 

We al o show some operator spaces that have the UMD-property. 
At this point, we shall work with the Lorentz-Marcinkiewicz operator 

space S"'·" (H, K), introduced and studied by the author in [9]. They 
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are extensions of the Schatten classes: For <p (t) = t 1 ą, Sq,.ą (H, K) = Są (H, K). 
To work out this programme, an essential tool will be the real 

interpolation method with function parameter developed by J. Peetre 
[19], T. F. Kalugina [12], J. Gustavsson [10], C. Merucci [16], [17] 
and others. In fact, we shall show that, concerning the UMD-property, 
the (<p, q)-method is stable if 1 < ą < oo, while for the cases q = 1 and 
q = oo we shall derive a negative result. This observation will allow us 
to get a large part of our results. 

2. Preliminaries. Let E be a (real or complex) Banach space and let 
(Q, µ) be a measure space, with µ a positive cr-finite measure. For l ~ p < oo, 
we denote by LP (E) = LP (E; Q) the usual vector-valued Lr-space in the 
sense of the Bochner integral. The cases Q = [O, 1] and Q = R, with µ 
the Lebesgue measure, will be of special interest for us. 

Let 1 < p < oo. A Banach space E is said to have the unconditionality 
property for martingale differences (UMD-property, for short) if E-valued 
martingale difference sequences are unconditional in Lr (E; [O, 1]). For 
properties of UMD spaces we refer to the papers by D . L. Burkholder 
[7], [8] and J. Bourgain [4], [5]. 

Although the class of UMD spaces appears to depend on the choice 
of p, t his is not the case [ 15], [7]. 

Let fELP(E;R) and a>O. The truncated Hilbert transform off 
is defined by 

%,f (x) = ! J f (~-t) dt. 

ltl>i: 

The following characterization of Banach spaces with the UMD-property 
in terms of the vector-valued Hilbert transform, due to D . L. Burkholder 
[8] and J. Bourgain [ 4], will be very useful for our considerations. 

THEOREM A. Let 1 < p < oo. A necessary and sufficient condition for 
a Banach space E to have the UM D-property is that the limit ,:l(f = 
=limJfi:f exists almost everywhere for all fELP(E;R) and that there is 

i;-+O 

a constant MP such that 

Let T be the unit circle and let f be a scalar-valued measurable 
function on T. The distribution function off is defined by 

D1 (y) = m [x: I f (eix)I > y}, O< y < oo, dm= dx /2n 

and the non-increasing rearrangement off by 
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f* (t) = inf {y: D1 (y) ~ t}, O< t < l. 

The function f is said to belong to: 

- The Zygmund space LP (log L)Y, 1 ~ p < oo, - oo < y < + oo if 
21t 

J [lf (eix)l logY (2+1f (eix)l)]P dx < 00. 
o 

- The O'Neil space KP (log+ K)'7", 1 ~ p < oo, O< a< oo if 

00 

J D f (y)l lp (log y)<7-IP dy< oo. 
I 

- The Zygmund space za., O < a < oo if 

21t 

J exp (l I f (eix)l 11a.) dx < oo 
o 

for some positive constant A = A (f). 

- The Lorentz-Zygmund space Lp,ą (log L)", 1 ~ p ~ oo, 1 ~ ą ~ oo, 
- 00 < y < + 00 if 

l 

li f llp,q,y = 
(J [t t / p (1- log t)1' f* (t)]ą dt lt) t /ą, q < oo 
o 

sup [t t /p (1- log t)Y f* (t)], q = oo 
O<t< I 

is finite. 

All these spaces are important m classical harmonie analysis (see, e.g., 
[21 ], [ 18] and [2]). 

The first three classes of spaces are contained as special cases in the 
last one [2], Theorem D. 

For 1 ~ p < oo, q = 1 and y > O, the functional li llp.ą,y is a norm [14]. 

For 1 < p ~ oo, 1 ~ ą ~ oo, and - oo < y < + oo y < O, it is possible to 
·replace the quasinorm li ll p.ą, ,. with an equivalent norm [2], Corollary 8.2. 

Next we recall the definition of the Lorentz-Marcinkiewicz operator 
spaces [9]. 

The class of all functions q>: (O, + oo) -+ (O, + oo) continuous, wit h 
q> (1) = 1 and such that 

_ q> (ts) 
<p (t) = sup --( -) < oo for every t > O 

s> O q> S 

is represented by !.i. The Boyd indices aq; and /3q; of the function <p 
are defined by 

81ul. Mat. 4 
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log <p (t) __ 
11
.m log <p (t) 

ct.q; = inf 
l<t< oo logt 1-++ oo logt 

/3q; = sup log <p (t) = lim log <p (t) . 
0<1< 1 log t ,-- o log t 

The indices 'Y..cp and /3q; satisfy - oo < {3q; ~ ct.q; < + oc and indicate w hen <p 

belongs to L 1 ((1, oo ), dt lt) and L 1 ((0 , 1) , dt lt) (see [16]). 
Given two separable Hilbert spaces over the field of complex numbers H 

and K, given 1 ~ q ~ oc and <p E -~ wit h O < [3cp ~ 'Y. cp < 1 , Scp . ą (H , K) 
is the collection of all compact operators T from H into '1( with 

a finite norm 
Y n 

rcp.ą (T) = I (J, (q, (n) n - • ;~• s; (T))" n-
1

)

1

' 

sup (<p (n) n - 1 I si (T)) for q = oc 

for q < OC 

n ?: 1 i = I 

where (sn (T)) is the monotone non-increasing (non-negative) sequence 
converging to zero formed by the eigenvalues of the positive compact 
operator [T* T] 1 2 , each one repeated a number of times equal to it s 

multiplicity. 
We conclude these rreliminaries by describing the real interpolation 

_space with function parameter [19], [10], [16], [17]. 
Let (A 0 , A i) be a compatible couple of Banach spaces, let l ~ q ~ oo 

and <p F J6 with O < /3cp ~ :1.cp < 1 . The space (A O, A i)cp ,q consists of all 

xFA 0 +A 1 which have a finite norm 

CX; 

(J (<p (t) - 1 K (t , x))ą dt 1t} 11
q if q < oo 

li X ll cp ,q = 
o 

sup (<p (t) - 1 K (t , x)) if q = oc 
t > O 

where K (t, x) is the functional of J. Peetre, defined by 

K (t, x) = inf [li x 0 II A
0 
+t ll x 1 IIA 1

: x = x 0 +x 1 , x 0 EA0 , X1EA1 1-

For <p (t) = t9 (O < {) < 1) we get the classical real interpolation space 

{(Ao, A d.<i.ą, li li 9 , ą) (see [3], [20]). 

3. Results. In order to show that if 1 < q < oc then the (<p, q)-method 
1s stable for the UMD-property, we shall first prove 

LEMMA 1. Let (A 0 , A 1) be a compatible couple of Banach spaces, fet 
1 ~q< oo and Jet <pEJ& with 0</3q;~r:t.q;<l . Then 
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(Lą (A 0 ), Lą (A d)cp.ą = Lą ((A 0 , A i)cp,ą) (with equivalent norms). 

Proof. lt is easily checked that A 0 n A 1 is dense in (A 0 ,Adą,.ą and 
that Lą (A 0 ) n Lą (A i) is dense in (Lą (A 0 ), Lą (A i))ą, . ą . With this in mind 
and calling the collection of all functions, S 

n 

f (x) = L f'k> XBk (x) 
k = I 

where n F N, f<k> E A 0 n A 1 , x8k is the characteristic function of the measurable 
set Bk, µ (Bk) < oo and Bi n B~ = 0 if j #- k , one can show that S is dense 
in (Lą (A 0 ), Lą (A i))cp,ą and in Lą ((A 0 , A dą,.ą) . 

On the other hand 

_ inf (li x0 11 ~
0 
+tą li x, li~/ ą ~ K (t, x) ~ 

x - x 0 + x 1 

~2l - l /ą inf ( ll xo ll ~ 0 +tą ll x, ll ~)1 1ą • 
x = x 0 + x 1 

Therefore we ha ve for every f F S 

li f I (1 .
4 

(.4 0 ) . L
4 

(A 1 )),.., "' 

,..,_, I <p (trq inf I (li fo (x) li~ + tq li f1 (x) li~ ) dµ !!!_ = 
f = f + f O I t 

o fl= Eą<AJ n 

00 

= ff <p (t) - ą inf (li fo (x) li \+ tą 11 f, (x) 11 ~1) !!!_ dµ ,..,_, 
f(x) = f 0 (x) + J 1 (x) t 

Q O f iCx )eAi 

~ f li f (x) I;',, ,., •• dµ = li f 111,({A, ,,,.,I 
n 

where -- indicates equivalence with constants that do not depend on f . 
This gives the desired equality. O 

Now we can establish 

TH EOREM 2. Assume that (A 0 , A i) is a couple of U MD spaces, 1 < q < oo 

and that <p E .!-6 with O < /3"' ~ a"'< t . Then (A 0 , A dcp . ą is a UM D pace. 

Proof. By Theorem A, the Hilbert transform is bounded on Lą (Ai; R) 
for j = O, 1 . Whence it follows from the interpolation theorem and Lemma 1, 
that .ff is bounded on Lą ((A 0 , A dą, . ą; R), and this proves the result. O 

As a consequence we obtain 
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CoROLLARY 3. Let 1 < p < oo, 1 < ą < oo and - oo < y < + oo . Then 
the Lorentz-Zyqmund space Lp,ą (log L)Y has the U MD-property. 

Proof. Take 1 <Po< p 1 < oo and O< 9 < 1 with 1/p = (1-9)/p0 +9/p 1 , 

and put 

<p ( t) = t9 (1 + I log t 1) -,, . 

According to [16], Theorem 1, we have that 

(LPo' Lp
1
)q,,q = Lp,q (log L)Y. 

Therefore, Theorem 2 implies that Lp , ą (log L)' has the UMD-property. D 
In particular, since LP (log L)Y = LP,P (log L)i' for 1 ~ p < oo and - oo < 

< y < + oo [2], Theorem D, we have 

CoROLLARY 4. For 1 < p < oo and - oo < }' < + oo , the Zyqmund space 
LP (log L)Y has the UM D-property. 

We next consider some limit cases. 
For 1 ~ p < oo and y > O, the space LP, 1 (log L)" is equal to the 

Lorentz space A (W, 1) [14], where the weight function W is defined by 

W (t) = t<t fp> - 1 (1-log t)Y. 

So LP, 1 (log L)Y is not reflexive. Neither is the space L a:,,oo (log L) -y 
reflexive because it is the dual space of L 1• 1 (log L)Y [2], Theorem 8.4. 
Therefore, all these spaces fail to have the UMD-property. 

Consequently, taking into account that [2], Theorem D 

KP (log + K)YP = Lp. 1 (log L)Y 

and 

z, = L
00

. -x (log L) -,, 

we get 

THEOREM 5. For 1 ~ p < oo and y > O, the spaces 

L (log L)" , KP (log + K)Y and Z 1 

fai/ to have the UM D-property. 
For the purpose of deriving a negative result complementing Theorem 2, 

we first establish 

LEMMA 6. Let A0 and A I be Banach spaces with A 0 continuously 
embedded in A 1 , /et <p, (l E .!A such t hat 

o < p"ip ~ a"ip < P<i ~ au < 1 

and [et 1 ~ q, r ~ oo. Then (A 0 , A d<p.ą is continuously embedded in (Ao, A 1)(!,r · 
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Proof. The sub-multiplicative functions µ, v:(0, +oo) • (0, +oo) defined 
by 

µ (t) = tQ (1/t), V (t) = <p (t) Q (l it) 

satisfy 

/3 µ = 1 - (Xi > o, (XV = (X°ip - /% < o . 
Thus [ 16], Pro position 3 

I CXl 

J Q (l it) dt < oo, J q5 (t) Q (l it) dt lt < oo. 
O I 

Consequently, the assertion can be proved by modifying in a natura! way 
the method used in [20], Theorem 1.3.3l(e). O 

LEMMA 7. Assume that A0 and A I are Banach spaces with A0 continuously 
embedded in A 1 , that <p E :i.i with O< /3-q; ~ aq; < 1 and that 1 ~ q ~ oo. 
If A 0 is not closed in A 1 , then (A 0 ,A 1 )q,.ą contains a subspace isomorphic 
to lą . 

Proof. Take 1 <r, 17< oo such that 

1 (17-l)r+l 
O < - < /3"q, ~ aq; < 

r 17r 

and put 

(lo (t) = tł r and (!1 (t) = (<p (t)ltl /11r)11/(11- 1). 

Both functions belong to ;!,.i and their indices are 

1 
0<{3- =a- = - < 1 (!o C!o r 

[
{3 - _1] > o 

"' 17r ' 
ati = 11 i- [a,n - _1_] < 1. 

l ry ~ 1Jr 

Therefore, [17], Thm. 2 gives 

(Ao, Adq,.ą = ((Ao, Ade0 .2, (Ao, Ai)u 1.2)(11 - 1) ,,.ą · 

In addition, we have from Lemma 6 

Let us now see that B0 is not closed in B 1 : 

It is not hard to verify that B0 is dense in B 1 • So, if we suppose 
that B0 is closed in B 1 , we would have B0 = B 1 . Then, taking lir< [J < f3"i>

1 

and again applying Lemma 6, we would obtain 
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(Ao, Ai).9,2 =Bo= (Ao, Ad1 1r.2· 

But this contradicts [11], Theorem 3.1. 
Hence B0 = B0 nB1 is not closed in B 1 = B0 +B 1 and (A 0 , A 1 )ep.ą = 

= (B0 , Bi)1t1 t> ,,.ą· Whence the result follows using [t3], Theorem. D 
As an immediate consequence of this lemma we get 

THEOREM 8. Assume that A0 and A I are Banach spaces with A0 

continuously embedded in A 1 , and that cp E .!,6 with O < /3"' ~ cxq; < 1 . ff A0 

is not closed in A 1 , then the spaces (A 0 , A dep. 1 and (A 0 , A dep. 00 fai/ to have 
the UM D-property. 

Finally, we apply these results to the Lorentz-Marcinkiewicz operator 
spaces. 

CoROLLARY 9. Let cp F. .!,6 with O < /3ep ~ ':l.ep < 1. Then the followinq holds. 
(i) For 1 < q < x.,, Sep.ą (H, K) has the UM D-property. 

(ii) The spaces Sep, 1 (H, K) and Sep, (H, K) fai/ to hare the UM D-property. 

Proof. Choose 1 <Po< p 1 < oc such that llp 1 < /3ep ~ :t.q; < 1/p0 and 
consider the function 

According to [9], Theo rem 5.1, we ha ve 

sep.q (H, K) = (SPo (H, K), SP1 (H, K))(!,q . 

Moreover, the Schatten classes S,,;(H,K) are UMD spaces, by [5]. 

Therefore Theorems 2 and 8 g1ve the result. D 

The problems treated in this note have been suggested to us during 
a conversation with Professor Jose L. Rubio de Francia. We should like 
to thank him for his helpful comments. Our thanks also to Professor 
Jose L. Torrea for some valuahle information on the UMD-property. 
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<I> . Ko6oc, O npocTpancTeax, e ICOTOpblX nocJJe OBaTeJibHOCTH MapTHHr3JlbHblX paJHOCTCH 

6e1ycJIOBHbl 

B CTaTbe oocy'lK.uaeTCSI CJJylfaH, Korna npocTpaHCTBa, paccMaTp1-rnaeMbie B rapMOHH'łeCKOM 
,rnamne, UMCI-OT CBOHCTBO 6e3yCJJOBHOCTH .UJJSI MapTHHfaJlbHbIX paCHOCTeH. npHBOJUITCSI 

I aK)l(e npHMepbl onepaTOpHblX npocTpaHCTB, o6JJa.Ual-OlllHX 3THM CBOHCTBOM. 
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