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ł U C7 IONAL ANALYSIS 

Summary. The problem of descnption of the unit bali of the n-dimensional Orlicz and 
Musielak-Orlicz spaces in the pace of all compact convex subset of W is studied. For 11 = 2 
every compact symmetric body is the unit bali of somc Orlicz space. This result cannot be 
extended to arbitrar), 11 ~ 3 The unit bali of the 11-dimensional Musielak-Orlicz space is stable. 

It is well-known that to every compact centrally symmetric convex set 
with non-empty interior there corresponds a norm dcfined by the Minkowski 
functional. Consider a finite dimensional Orlicz space. More precisely, let 
<p: [O, ce )~ [O, J:::- ) be a convex function with <p (0) = O. By /~ we denote 
the space of . equences (xdER" endowed with the Luxemburg norm 

li 

li (xk) li"'= inf {ce L <p (I xk /a I) ~ 1. 
k == 1 

We refcr the reader to [3] for basie facts about Orlicz space . There is 
a natura! question, whether each compact symmetric convex ub et of R" 
with non-empty interior can be a unit ball B (/<::) of some n-dimensional 
Orl icz pace I'::. In this note \\e discu ·s the above question. An answer 
is affirmati e if 11 = 2 and negative if n~ 3 . 

The c:ondition I (xd 11 ~~ - I (I xk I) <P geometrically mean. that BU'::) is 
symmetric wi th respect to each hyperplane : xk :. ·k

0 
= O 1, 1.. 0 = 1, 2 . ... , n . 

The conve et Q C R'1 uch that (xd E Q if and only if (I xn<il I) E Q for all 
permutations n of 1, 2, .. , 11 will be called ymmetric. Ob\1ou ly the unit 
bali B (/~) f /fi is a symmetric comc,x subset of R" . 

Bccause I':: i an Orlicz pace defined on the atomie mea ure pace 
with m~L·s of atoms cqual to one. the domain of cp may be restricted 
to [O , 1] if it i · as 'umed that l'i I"'= 1. 
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THEORE\1 1. Every compact symmetric com'ex subset <f R 2 wit h non-empty 
interior is a unit hall of some Orlicz space I).. 

Proof. Let Q be a compact symmetric convex ubset of R 2 with 
non-empty interior. We denote by li· li the Minkowski functional of Q 
We may and do assume that li ei li = 1. We define a function f: [O, 1] ~ [O, 1] 
by 

f (x)= max{.:: l(x,.:)11 = 1). 

Note that if x < 1 then there exists exactly one .: ~ O with li (x, .:) li = 1. 
The function f is concave and decreasing and f (0) = I , I (f (x). x) I = 1 . 
Let x 0 > O be such that 11 (x0 , x 0 ) 11 = 1. We have O ~f (1) ~f (. ·0 ) = x 0 ~ 1. 
If Xo < 1 then O ~F- (.-~ 0 ) ~ -1 ~f~ (x0 ), sincef - 1 exists in some neighbour­
hood of x 0 (and f - 1 =f) . 

If x 0 = 1, then /). = /2. In this case Q is a unit ball of an Orlic? 
space generated by a function 

<p (t) = {o 
+oo 

No w assume t hat x 0 < 1 . Define 

for O~ t ~ 1 
for t > 1 

(

(1-f (t)}/2(1-x0 ) if 
<p(t)= 

1 

2 + (t- x0 )/ 2 (l - x0 ) if Xo < t . 

The function <p is convex. Indeed, the restricted function <p I ro. xoJ and 
<p l(xo,w> are convex. We only need to how that 

' . 1· <p(xo+h)-<p(xo) 
<p_ (. 0) = 1m -- - ~ = <p' C-o) 

11-+o h 2(1-.-0 ) 

The end of the above equality holds since O ~ F- (x0 ) ~ - 1 . 
We claim that B (/).) = Q. Let O~ x ~ y ~ 1 be such that li (x , _r) I= 1. 

To prove our claim it is sufficient to show that 11 (x. y) 11 ,p = 1 . We have 

li (x, y) li~ = inf {a: q> ( ; ) + q> ( : ) .;; 1} = inf A 

where A= (ce X r:x ~ r (y lr:x)}. 
Obviously 1 EA. Suppose that some r:x 0 < 1 belongs to A . Then li (y /cx0 , 

x1a0) li ~ 1, but this contradices with li (x, y) li = 1. Therefore li (x. y) li ({) = 
= inf A = 1. This completes the proor' of Theorem. 

REMARK 1. Instead of <p in the proof of Theorem 1 we can use the 
following Orlicz functions 
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rXo if 0 ~ l ~ Xo 

({)1 (t) = 1 -f (t)/2x0 if Xo ~ t ~ 1 

+.x if t > 1 

r 

{" (I) 
if 0 ~ t ~ Xo 

<Pi (l) = 1-h (f (x)) if •• 0 <t~ł 

where \\e choose a function h m such a way that <p 2 1s convex. 
Obviously h (_ ·0 ) must be equal to l 2. 

Therefore R 2 the ame Orlicz space can be generated by two di tinct 
Orlicz function . 1-' or instance the Euclidean norm in R 2 is generated by 

<p <p
1 

where f (t) = 1-t2 and hy <p 3 = t 2 etc Note that from the con­
from the construction presented in the proof of Theorem 1 follows that 
the space ll ts generated by exactly one Orlicz function (because x 0 = 1/2). 

It should be pointed out that in the two dimcnsional case there exists 
strict conve Orlicz ·pace generated by no strict convex Orlicz function 
(cf. [5], [6], [1 ], [2]). 

RFMARK 2. There e ·ist a compact s mmctric convex ub et of R
3

, 

which is a unit bali of no Orlicz space l! For example let 

I ndced, supposc that thcrc exi ts an Orlicz function such that Q = B Un 
Since intersection Q \ ith the piane t(x1,-·2,0)ER 3 :.·1,-·2ER1 give n-ball. 
Thus <p (0)- O, ,p (1 2) = l 2 and <p (1) = 1, so <p (t) = t for tE[O, 1]. 

Therefore l~ = IL but Q i= B U1). 
We will need the following fact. 

LFMMA. Let H denote suhset <~/' the unit interml (0, 1) such tlwt 

(i) 1 2 EH, 

(ii) aE: H implie., (1-a)EH, 

(iii) a~H implies (1-a) 2EH. 

r /zen H i.-.. den.'ie in (O, 1). 

Proof. Applaing (ii) and (iii) we obtain 

(iv) u EH implies a/2 EH. 

Suppo e that k 2"EH, k = 1, 2, 3, ... , 2"-1, n EN. It is sufficient to show 
that 1/2"+ 1 EH for all / = 1, ... , 2"4- 1 

- 1. If IE2", then l 2"EH and by (iv) 
/2"+ 1 EH. If 2"<1<2" 1 , then (2"tl-/)2"+ 1 EH and by (ii) /2"+ 1 EH. 
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PRO POSITION. The sections of the unit bali B (i!) by the planes { (x 
1

, x
2

, 0)E 
ER

3
:x1, x 2 ER} and {(x 1 , x 1 , x 2)ER 3 x 1 , x 2 ER} uniquely determines the 

Orlicz Junction cp. 

Proof. Let li· li "' be the Luxemburg norm of l!. We can and do assume 
that li e1 li"'= 1. Let x 0 > O be such that li (x0 , x 0 , O) li = 1. We define 
functions f: [O, 1]-+ [O, 1], g: [O, x 0 ]-+ [O, 1] by 

f (x) = max [z: li (x, z, O) li"'= 1} 

g (x) = max {z: li (x, x, z) li"'= 1}. 

It should be pointed out that the functions f and g can be defined 
in the case if only piane sections of B ([!) presented in statement of 
Proposition are known. 

Put y 1 = max {x:f (x) = 1}, y2 = max {x: g (x) = 1}. Because f and g 
are concave and decreasing, the restricted functions / 1 = f l[}.

1
• 

11 
and g

1 
= 

= gl[Y2,l] are strictly decreasing. Therefore r;- 1 and g1 1 exist. 
Since cp is increasing, convex and cp ([O, 1 ]) c [O, 1] it is sufficient to 

find a set B such that H = {cp (x):xEB} is a dense subset of (O, 1). Note 
that if li (x 1 , x 2 , x 3 ) li = 1 and O~ xi < 1 i= 1, 2, 3, then q> (x

1
)+cp (x

2
)+ 

+cp(x3)= 1. Thus if x,f (x), g(x)E(0, 1), then q>(x)+cp(f (x))= 1 and 
cp (x) + cp (x) + cp (g (x)) = 1 Therefore if the value b = q> (y) is known, then 
we can determine cp (r; 1 (y)) = 1-cp (_v), and analogously cp (g1 I (y)) = [1 -
- cp (y)J/2. Let B be a set such that 
(a) x 0 EH 

(b) xEB implies / 11 (x)EB 

(c) xEB implies g1 1 (x)EB. 

Then cp(x0 )= l 2EH and hEH implies (1-b)EH (by (h)) and (l - b)/2 
H (by (c)). Invoking the Lemma we conclude H is dense m (O, 1). 
Therefore cp is uniquely determined by the functions f and y . 

R MARK 3. Above Proposition can be written for arbitrary l~, n ;::: 3 
and l"' . 

PROBLEM. Characterize all B (I~) in the space of compact symmetric 
convex subsets of R" (n;::: 3) . 

The case of Musielak-Orlicz space . Consider more generał class of spaces : 
Musielak-Orlicz spaces. In the 2-dimensional case the unit bali of the 
Musielak-Orlicz space generated by cp 1 , cp

2 
is a set 

where cpi are convex functions with cpi (0) = O, i= 1, 2 . Obviou ly the unit 
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all of each Musielak-Orlicz space is centrally symmetric convex body. 
t is also symmetric with respect to x and y - axes when we consider 
he plane. 

THEOREM 2. Every compact convex set BC R 2 with int B # 0 such that 
(x, y)EB implies (±x, ±y)EB is a unit bali of some 2-dimensional Musielak­
-Orlicz space. 

· Proof. Let B be a subset of R2 satisfying the assumption of the 
Theorem. We denote by li· li the norm corresponding to B. Let a, b > O 
be such that 11 (a, O) li = 11 (O, b) li = 1. Put 

t 
</)1 (t) = -

a 

{
1-max {z: li (az, t) li= 1} 

<fJ2 (t) = 
+oo 

if O~ t ~ b 

if t ~ b. 

[t is not hard to see that <pi are convex functions with <pi (O) = O, 
i = 1, 2, and the unit ball of the Musielak-Orlicz space generated by <p 1 , <p 2 

coincides with B. 

REMARK 4. There exists a compact symmetric convex subset of R3 

which is the unit ball of no Musielak-Orlicz space. For example the set Q 
from Remark 2. Indeed, suppose, to get a contradiction, that Q is the 
unit ball of a 3-dimensional Musielak-Orlicz space generated by convex 
functions <p 1 , <p 2 , <p 3 1.e. 

Q = {(x, y, z)E R3 <p 1 (lxl)+ą>2 (lyl)+<p3 (lzl) ~ 1}. 

Because(l,0,0), (O, 1, O), (O, O, l)EB we have rp;(l),;; 1. Because (~,~,o} 
(~,O, ~). ( O, f, ~) belong to the unit sphere we obtain 

'Pt C )+'P2 C) = J 

'Pt C)+rp3 c) = 1 

'P2 C)+rp, c) = 1 

After solving the above three equations we obtain rp, ( ~) = ~ i= 1, 2, 3. 

Thus we have <pi (t) = t for t E [O, 1], since <pi are convex. This contradicts 
with 
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( 
1 1 1 ) . 

<P1 2 '2'2 EQ 

and 

(() 1 ( 1 2) + (() 2 ( 1 /2) + (() 3 ( 1 /2) = 3 /2 > l. 

The problem of descnption of all the unit balls of Musielak-Orlicz 
spaces in the space of compact convex subset of R" (n ~ 3) remam, open. 

The affine structure of the unit hall. For a point x a convex compact 
set B we define a face generated by x in B as follows 

Fx = [yEB: there ex1st ::EB and aE(O, 1] 

such that x = ~J +(I-~)=~. 

Note t hat x E ext B if and only if dim F x = O. 

REMARK 5. Let (()i: R --t [O, ry,) be convex functions s.t. (()i (t) = O iff t = O. 
Let Ui be maximal open subsets of R such that (() 1 1s linear on each 
connected component of l, i, i = 1, 2, .. . . n. Denote by /~<PJ the n dimensional 
Musielak-Orlicz pace generated by (()i. Let x E /~<P,l with l x = 1. We have 
dim Fx = dim lin Y, \.\here Y = fy: x±yE B (/~<I';>). By convexity of((); for ::E Y 

n n 1 
1 = I (()i (xi) = L 1 [cpi (xi-=i)+<Pi Vi+=J] = 1 

i= 1 i= 1 .... 

SO 

Therefore if x;(/:U; then zi=O, i.e. ::EY and iEJ(x)= (i:x;EUd implie· 
zi = O. Hence 

dim Fx = I ~-I 

n 

where k = card J (x). 

if k = O and 

if k ~ 1 and 

if li X 11 < 1 

I x li= 1 

lx =1 

1 he m-skeleton of a convex set B is the et of all x EB uch that 
dim F x ~ m. We recall that a convex compact set B in an Euclidean 
space is aid to be stable if all m-skeletions of B are closed (se~ [ 4]). 

THEOREM 3. The unit bali of l~"'i> is stable. 

Proof. Fix m ~ n. Let a equence {xkH:= 1 with dim Fxk ~ n converge 
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to x0 . We need to show that dim F_-,;o ~ m. Suppose, to get a contradiction, 
that dim Fxo = m' > m. Then card J (x0

) = m' + 1 and there ex1sts K such 
that xf and x? belong to the same component of Li for all k ~ K 
and all i EJ (x0

) (since Ui are open). By Remark 5 it follows that 
dim J:> ~ m' > m for all k ~ K. Th1s contradiction ends the proof. 

The author wishes to thank Dr Henryk Hudzik for his hclpful remarks. 
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P. r,Ko11c.1eB11,1. Ko11e'-łHOMcp111.1c npocrpa11noa Op.1nLta 

B pa6o I c paCC\.ta I p11BaCTC51 11poó.1e\.m ino6pa>Kem151 mapa n- 1epIrnro 11pocrpa11crna Op,rn<ia 

li Myce,rnKa Op,111t1a B npocIpaIIcrne ocex K0\.rnai-.:I11bIX BbHI)KJlbL' \1110iKCCIB B R11 
• .[lm, 

Il 2 CH 1\.ICiplt'ICCK0C KO maKTJI0C BbIII)K,!0e \.1H0jf(CCIBO HB I51C1C51 rnap0\.1 011pcne,1e11Horo 

11pocIpa11cIBa Op_rntta. )lae1c51 11p11,1ep 11a 10, ttto 11e C)lllCC1ByeT raKoro 1no6paiKe1rn51 

JJ_rn n 1 ;::{0Ka1brnae1n1. ,, ro 111ap 11-,1ep110I o 11poc I pa11c1 Ba Myce,rnKa Op,111 1-ia HBJ151CTC51 

Cl a61t,Ihllbl 1. 
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