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Introduction

Crash-course in differential geometry:

Spacetime = 4-dimensional smooth manifold

Coframe ϑα = hα
i dxi; dual frame field eα (observer)

Metric g: gαβ = g(eα, eβ) (lengths and angles)

Linear connection: 1-form Γα
β (parallel transport)

Notation: α, β, · · · = 0, 1, 2, 3 anholonomic components;
i, j, · · · = 0, 1, 2, 3 coordinate components

η - volume 4-form; ηα = eα�η = ∗ϑα, ηαβ = ∗(ϑα ∧ ϑβ),
ηαβγ = ∗(ϑα ∧ ϑβ ∧ ϑγ), and ηαβγδ = ∗(ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ)
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Spacetime metric and linear connection structures are
a priori independent.

Riemannian constraints:

Dgαβ = 0 (metricity)

Dϑα = 0 (no torsion)

Then connection is expressed in terms of the metric:

Γα
β = Γ̃α

β =
{

α
β

γ

}
ϑγ

{
α

β
γ

}
= 1

2gβδ (∂αgδγ + ∂γgδα − ∂δgαγ) Christoffel symbols.

Einstein’s GR is based on the Riemannian geometry.
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“...The question whether this
continuum has a Euclidean,
Riemannian, or any other
structure is a question of
physics proper which must be
answered by experience, and
not a question of a conven-
tion to be chosen on grounds
of mere expediency.”

A. Einstein, Geometrie
und Erfahrung, Sitzungsber.
preuss. Akad. Wiss. 1 (1921)
123-130.

.
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Non-Riemannian geometries in physics (examples)
no gravity

Dislocations, Cosserat continuum
Continua with microstructure (Mindlin elastic bodies)
Thermodynamics (theory of equilibrium)
Physics of plasma (drift dynamics)

gravity and spacetime geometry
Einstein-Cartan theory (minimal generalization of GR)
Ashtekar approach, first-order gravity
Supergravity
String theory (effective action)
Conformal symmetry (Penrose 1982)
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How can the non-Riemannian geometry of spacetime be
detected?

=⇒ dynamics of matter (particles, fluids, bodies)

There are several widely spread erroneous claims and
results about the motion in non-Riemannian spacetimes

Point particle in GR moves along geodesics

False #1: Point particle in non-Riemannian geometries
moves along autoparallel (H.Kleinert, e.g.)

Compare: neutral particle do not feel Lorentz force!

False #2: Macroscopic collective dynamics of usual matter
can feel non-Riemannian geometry (Y.Mao, M.Tegmark, A.
Guth, S. Cabi, arXiv:gr-qc/0608121 on Gravity Probe B)

False #3: Equivalence principle violates gauge symmetry
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Gauge approach to gravity

History:
Utiyama (1956), Kibble (1961), Sciama (1962)
Reviews:

F.W. Hehl et al, Rev. Mod. Phys. 48 (1976) 393
F.W. Hehl et al, Phys. Rep. 258 (1995) 1
A. Trautman, in: One hundred years after the birth of
A. Einstein, (NY, Plenum, 1980) vol. 1, p. 287
A. Trautman, in: Encyclopedia of Mathematical Physics,
(Elsevier, Oxford, 2006) vol. 2, p. 189

Yang-Mills type framework:
Global symmetry =⇒ conserved current JI (3-form)
Local symmetry =⇒ gauge field AI (1-form potential)

=⇒ JI ∧ AI interaction
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General scheme follows Yang-Mills for internal symmetry
group G with N parameters εI . Invariance of action under
global symmetry

Noether theorem =⇒ JI , I = 1, . . . , N.

Local symmetry with εI(x) demands AI with

δAI = −DεI . Then DJI = 0.

Gravity: spacetime symmetry group G. Lorentz group −→
Poincaré group −→ general affine group GA(4, R).

Gravitational gauge potentials of metric-affine gravity (MAG)

ϑα (translations εα)
Γα

β (linear group εα
β)

gαβ (special status)
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Gauge field strength (recall: F I =“DAI ”= dAI + [A ∧ A]I )

Gravitational gauge field strengths

Tα = Dϑα = dϑα + Γβ
α ∧ ϑβ (torsion)

Rα
β = “DΓα

β” = dΓα
β + Γγ

β ∧ Γα
γ (curvature)

Qαβ = −Dgαβ = −dgαβ + Γα
γ gγβ + Γβ

γ gαγ (nonmetricity)

Sources arise as derivatives (recall: JI = δLmat/δA
I )

Currents in metric-affine gravity

Σα = δLmat
δϑα (canonical energy−momentum)

∆α
β = δLmat

δΓα
β (intrinsic hypermomentum)

σαβ = 2 δLmat
δgαβ

(metrical energy−momentum)
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In GR, only mass (energy-momentum) was the source of
the gravitational field
in MAG, in addition to the energy-momentum, there are
sources that correspond to the microstructure of matter

“Fine structure” of hypermomentum

∆α
β = τα

β + 1
4 ∆ δα

β + �∆α
β

ταβ = −τβα spin
∆ = ∆α

α dilation current
�∆αβ = �∆βα (�∆α

α = 0) shear hypermomentum

This decomposition corresponds to the Lorentz (rotation)
group, dilation (isotropic volume scaling), and anisotropic
shear deformation with fixed volume
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Noether: Symmetry =⇒ conservation law (recall: DJI = 0)

Diffeomorphism invariance: energy-momentum conservation

DΣα = (eα�T β) ∧ Σβ + (eα�Rβ
γ) ∧ ∆β

γ − 1
2
(eα�Qβγ)σβγ

Additionally

Linear group transformations: hypermomentum conservation

D∆α
β + ϑα ∧ Σβ − σα

β = 0

In gravity, equations of motion need not be postulated
separately, they can be derived from the conservation laws
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Matter in metric-affine approach

Matter in metric-affine gravity is characterized by mass
(energy-momentum) and, in addition, by microstructural
properties (spin, dilation, and shear “charges”).
Specific examples:

Medium with defects, Cosserat continuum
Elastic medium with microstructure (Mindlin continuum)
Hadronic matter (composite objects describing excitation
bands of nuclei), see Y. Dothan, M. Gell-Mann, and Y.
Ne’eman, Phys. Lett. 17 (1965) 148

Types of matter to study:
Fundamental matter fields (e.g., multispinors of Ne’eman
and Šijački)
Point particles
Continuous media (fluids)
Test bodies (multipole approach)
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Elastic test particle

[Spinning particle: W. Kopczyński, Phys. Rev. D34 (1986)
352]

We describe test particle with microstructure as a physical
point with attached frame θi

a, a = 0, 1, 2, 3
Frame is not orthonormal (gij spacetime metric)

gab = gijθ
i
aθ

j
b “internal metric”

With the evolution parameter t, motion is described by

xi(t), θi
a(t), gab(t)

θa
i is inverse, θa

i θi
b = δa

b
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Action A =
∫ t1
t0

L dt. The Lagrangian is a function of

xi, vi =
dxi

dt
, θi

a, θ̇i
a, gab

Here dot denotes covariant derivative along the trajectory

θ̇i
a = vk∇kθ

i
a =

dθi
a

dt
+ vkΓkj

iθj
a

We demand invariance under (i) diffeomorphisms, (ii)
global general linear transformation

θi
a −→ Λa

bθi
b, gab −→ Λa

c Λb
d gcd

Introduce the generalized velocity deformation tensor

Wj
i := θa

j θ̇
i
a
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Invariant Lagrangian is then unspecified function

L = L(vi, Wi
j, gij)

Define the momentum, hypermomentum, and symmetric
stress as

Physical characteristics of a particle

Pi :=
δL

δvi
, J i

j :=
δL

δWi
j
, Iij := 2

δL

δgij

Since L is scalar under diffeomorphisms, we find identity

Momentum, hypermomentum and stress are related

Piv
j = Ii

j + Wi
kJj

k − Wk
jJk

i
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Technical details: Variation

For a function f(x) its total variation δf(x) = f ′(x′) − f(x)
with x′ = x + δx reads δf = δ(s)f + δxµ∂µf where
δ(s)f(x) = f ′(x) − f(x) is the substantial variation.
Then the total variation of the Lagrangian

δL = Pi(δ(s)+δ(x))v
i+J i

j(δ(s)+δ(x))Wi
j+

1
2
Iij(δ(s)+δ(x))gij

with δ(x)f = δxµ∇µf for any f .
Obviously δ(s)x

i = δxi and then direct calculation yields

δ(s)v
i = 0, δ(x)v

i = ˙(δxi) + Tkl
iδxkvl

δ(s)Wi
j = θa

i
˙(δ(s)θi

a) − Wk
jθa

i δ(s)θ
k
a + vkδ(s)Γki

j

δ(x)Wi
j = ˙(θa

i δ(x)θi
a) + Wi

kθa
kδ(x)θ

i
a − Wk

jθa
i δ(x)θ

k
a + Rkli

jδxkvl
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Equations of motion of test particle
For a motion on a time interval t0, t1 from initial state
{xi(t0), θi

a(t0), gab(t0)} to final one {xi(t1), θi
a(t1), gab(t1)}

on a fixed MAG background geometry, dynamics follows
from the variational principle δ

∫ t1
t0

Ldt = 0 with

δx(t0) = δ(s)θ(t0) = δ(s)gab(t0) = 0,
δx(t1) = δ(s)θ(t1) = δ(s)gab(t1) = 0,

δ(s)gij = 0, δ(s)Γki
j = 0.

Equations of motion from variations of δx and δθ

Ṗi = Tij
kvjPk + Rijk

lvjJk
l − 1

2
Qijk(P jvk − W jlJk

l + Wl
kJjl)

J̇ i
j = Wk

iJk
j − Wj

kJ i
k
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Special case 1: When particle does not have
microstructure, J i

j = 0, equations of motion reduce to

vj∇̃jPi = 0.

=⇒ trajectory is Riemannian geodesics, even in MAG.
Special case 2: When the geometry of spacetime is
Riemannian, the terms with torsion and nonmetricity vanish
Then we recover usual Mathisson-Papapetrou equation

vj∇̃jPi = R̃ijk
lvjτk

l

Dynamical currents as gravitational sources

Σα
i = vi Pα, ∆α

β
i = vi Jα

β, σαβ = Iαβ

Yuri N. Obukhov Equations of motion in the gauge gravity models



Introduction
Gauge approach to gravity

Equations of motion
Hyperfluid: continuos medium with microstructure

Summary and Conclusions

Motion of hyperfluid

Hyperfluid: continuous medium with microstructure

Fluid model is constructed along the similar lines
History: Weyssenhoff-Raabe (1947), Kopczyński (1985)
Fluid’s element is characterized by four-velocity uα (flow
3-form u = uαηα) and triad bα

A, A = 1, 2, 3 attached
Together (uα, bα

A) form material frame uαuα = 1, uαbα
A = 0.

Internal structure of fluid is described by: particle density ρ,
specific entropy s, Lin (identity) variable X, specific
hypermomentum density µA

B

Constraints imposed:

d(ρu) = 0, u ∧ ds = 0, u ∧ dX = 0

(number of particles, identity, and entropy are conserved)
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Motion of hyperfluid

Motion of hyperfluid

Fluid’s Lagrangian

L = ε(ρ, s, µA
B) η − 1

2
µA

BbB
α u ∧ Dbα

A + constraints

Internal energy density ε; second term is kinetic energy
Variation wrt: field g, ϑ,Γ and matter u, b, ρ, s,X, µA

B

Define density Jα
β := 1

2 µA
BbB

β bα
A and pressure p = ρ ∂ε

∂ρ − ε

With Pα = ε uα + 2uβgγ[αJ̇γ
β] and hαβ = gαβ − uαuβ then

dynamical currents as gravitational sources

Σα = uPα − p(ηα − uuα)
∆α

β = uJα
β

σαβ = η(εuαuβ − phαβ) + 2uγu(αD∆β)
γ
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Motion of hyperfluid

The dynamics of the hypermomentum (derived from δµ) is
described by the equation

D∆α
β = uαuγD∆γ

β + uβuγD∆α
γ

The hypermomentum density satisfies

Jα
β uβ = 0, Jα

β uα = 0

This generalizes the Frenkel-Pirani condition
Translational equation of motion (Euler equation) reads

DΣα = (eα�T β) ∧ Σβ + (eα�Rβ
γ) ∧ ∆β

γ − 1
2
(eα�Qβγ)σβγ

Hyperfluid model generalizes phenomenological
Weyssenhoff-Raabe model of spinning particles/fluids
It reproduces the elastic particle results when the pressure
vanishes p = 0 (collisionless gas)
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Summary and Conclusions

Following Einstein, geometrical structure of spacetime is a
physical question, and not a matter of convention, it should
be determined experimentally

Metric-affine gravity provides framework to go beyond
Riemannian geometry

Matter with microstructure is a physical tool to detect
non-Riemannian structures
Other aspects (not touched in this talk):

Semiclassical derivation from fundamental quantum
theory?
Extended bodies
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Thanks !
Dziȩkue !
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