Ground-state hyperfine splitting in the Be™ ion
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Relativistic and QED corrections are calculated for the hyperfine splitting (hfs) in the 25, /5 ground state of
9Be™ ions with an exact account for electronic correlations. The achieved accuracy is sufficient to determine
the finite nuclear size effects from the comparison to the experimental hfs value. The obtained results establish

the ground to determine the neutron halo in ' Be.
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I. INTRODUCTION

High-precision atomic spectroscopy makes possible the ac-
curate determination of the electromagnetic properties of nu-
clei, including short-lived exotic isotopes. The best known
example is the mean square nuclear charge radius, which can
be obtained from the isotope shift of atomic transition ener-
gies [1]. Here, we develop a computational technique for the
determination of magnetic properties of nuclei, which can be
obtained from hyperfine splitting. Apart from the magnetic
moment, they are very much unknown. The atomic hyperfine
splitting is sensitive to the distribution of the magnetic mo-
ment and, to some extent, to combined polarizabilities. Al-
together it can be expressed in terms of the effective Zemach
radius 75 [2]. The results recently obtained for %7Li indicate
that 7z (°Li) is more than 40% smaller than 7z (7Li), which is
not necessarily easy to understand. This significant difference
can probably be resolved only by detailed nuclear structure
calculations.

In this work we perform analogous, accurate calculations
of hyperfine splitting in the 25 /5 ground state Be™ ions, in
order to determine 77 for 7%'!Be isotopes. Since the mag-
netic moment is known for “Be, we can compare 77 (°Be)
with theoretical predictions here. For other "!!Be isotopes
our calculations lay the foundation for the determination of
7z, once the magnetic moment is experimentally known. It
would be very interesting to confirm the large neutron halo in
!1Be using atomic spectroscopy measurements, and to study
the dependence of Bohr-Weisskopf effects on the isotope.

Our computational approach is based on explicitly corre-
lated basis functions. This allows us to accurately solve the
Schodinger equation, while relativistic and QED effects are
calculated perturbatively in terms of expectation values with
the nonrelativistic wave function.

II. EFFECTIVE HAMILTONIAN

Hyperfine splitting is a result of the interaction between the
nuclear magnetic moments of atomic nuclei and electrons. In
the nonrelativistic QED approach, relativistic and QED cor-
rections are expressed in terms of an effective Hamiltonian,

so the expansion in the fine structure constant « is of the form
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where H(W ~ ma™, and the nonrelativistic Hamiltonian in
the clamped nucleus limit and the nonrelativistic energy of the
ground state are [ and F, respectively. Higher order terms,
denoted by dots, are neglected as the highest order term H, }(12
will be calculated in an approximate way.

A. Leading order hfs
The leading interaction H, }(;2 of order m a* between the nu-

clear spin I and electron spins &', is obtained from the nonrel-
ativistic coupling of electrons to the electromagnetic field
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with A and B fields derived from the nuclear magnetic mo-
ment j{
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After some simplifications, Eq. (2) becomes
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M (m) are masses and gy (g) are g-factors of the nucleus
(electron). The relation of gy to the magnetic moment p of
the nucleus with charge 7 is

M
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where p is the nuclear magneton and I is the nuclear spin.
The only nonvanishing term in the ground state Hy}, is well
known as the Fermi contact interaction. Expectation values of
HE_ and HS, contribute in the second-order of perturbation
calculus. In principle these terms also involve the electron
g—Tfactor but here we set g = 2.

B. Correction of order m o®

Correction <H]§?2> of order m ® is a Dirac-d interaction

with the coefficient obtained from the two-photon forward
scattering amplitude. It has the same form as in hydrogen and
depends on the nuclear structure. At the limit of a point spin
1/2 nucleus it is
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a sgnall nuclear recoil correction. For a finite-size nucleus
H}(n%) does not vanish at the non-recoil limit. When assum-

ing a heavy and rigid nucleus, H, }(1‘2 takes the form

HY = e HA (—2Zamry) (12)

where
ry = /d3r a3’ pg(r) pa (') |7 — 7| (13)

and pg and p,; are electric charge and magnetic moment den-
sity. The inelastic contribution, usually neglected, is some-
times important. Since it depends on nuclear excitations, this
correction is very difficult to estimate and usually limits the
precision of theoretical predictions. For this reason, we will
interpret our calculation using experimental values as a deter-
mination of the effective Zemach radius according to Eq. (12),
where 77 is replaced by 7z

C. Relativistic correction of order mao?®

The first term for the relativistic correction of order ma® in

Eq. (1) comes from a perturbation of the wave function by the

Breit-Pauli Hamiltonian H® in the non-recoil limit
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The next term, H}(I?S), includes nuclear spin-dependent oper-
ators that contribute at order m af. In hydrogenic systems
it leads to the so-called Breit correction. For three-electron
atoms this term was first derived in Ref. [3] and recently red-

erived and simplified in [2]. The result is
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where braces denote an anticommutator. The resulting oper-
ators are divergent, and in the next section we describe the
cancellation of singularities with those in second-order matrix
elements.

D. Radiative corrections of order ma®”

Hr(g in Eq. (1) is a QED radiative correction [4, 5]
HO — HA 0 (Za) (22 1
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which is similar to that in hydrogen. There are no further cor-

rections of this order, so all terms at m o are known exactly.

The last term E}EQ of order ma” is calculated approxi-

mately using the hydrogenic value for the one-loop correction
from [6] and the two-loop correction from [5],
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where a21(25) = —1.1675, az0(25) = 11.3522 and byg =
0.771652.



E. Hyperfine structure constant

The hyperfine splitting can be expressed in terms of the hy-
perfine constant A

e
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where .J is the total electronic angular momentum. If we use
the notation that Hyss = I - Hyg, then
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The expansion of A in « takes the form
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All the results of numerical calculations will be presented here
in terms of dimensionless coefficients A(). The leading order
term A*) obtained form Eq. (6) is in turn expanded in the
reduced electron mass g to the nuclear mass M ratio
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The finite mass correction due to mass scaling of the §3(r,)
operator is included into A*'1), as well as the second-order el-
ement with the mass polarization correction to the wave func-
tion
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The next to leading correction A(®) and all others are obtained
in the leading order in the mass ratio, so that
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The most demanding part of the calculation is the correction
of order ma® given by A®). Due to the symmetry of inter-
mediate states in the second-order matrix element of Eq. (1),
the A, B and C parts of the hfs Hamiltonian give the non-
vanishing contributions with the corresponding A, B and C
parts of Eq. (14). Of note, the matrix element of the first-order
term in Eq. (18) and the second-order A terms are divergent
separately at small r,. However, these divergences can be

eliminated in the sum of both terms denoted by Affj)\,. So the

complete A(®) is of the form
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And the higher order term is
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III. CALCULATIONS
A. Cancellation of singularities in A(AGI)\,

The operators in Eq. (30) are transformed with the use of

Am 83 (ry) = Am [ (ra)lr — Y {f  E— H} , (35)
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Regularized operators [H4], and [63(r,)], have exactly the
same expectation value as the operator inside the square

brackets if the exact wave function is used. From Eq. (35)
and Eq. (36) we can obtain the following formulas
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After this transforrgation both the first and second-order ma-
trix elements in A(A])V become separately finite

A9 = AP 4 AQ (40)
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It is still necessary, however, to remove apparent singulari-
ties in some of the first-order operators by repeated use of the
Schrodinger equation, namely
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In this form, all matrix elements with the nonrelativistic wave
function can safely be calculated.

B. Wave function and first-order operators

The wave function for a lithium-like system in the ground
state is represented as a linear combination of v terms, the
antisymmetrized product of S-symmetry spatial ¢ and doublet
spin functions [7]

(43)
where A denotes antisymmetrization with respect to electron
variables, and the spin functions are defined by o, a(.) = «a(.)
and o, 8(.) = —B(.).

Until now, the most accurate nonrelativistic wave functions
for lithium-like systems were obtained using the Hylleraas-
type basis functions [7-11] with elements of the form

G (T, T2, T3) = T3 raf r1a 11t ry® ry®e 1M —azr2mas’s

(44)
with nonnegative integers ny,. We use the wave function ob-
tained variationally [11], to evaluate most of the first-order
matrix elements of the hyperfine structure operators, includ-

ing the Fermi contact term in Eq. (24). Such matrix elements

TABLE I: Symmetrization coefficients in matrix elements

(k7l7m) Ckim ckAlm cllc:‘l%n cil?m kFﬁm
(1,2,3) 2 1 0 0 2
(1,3,2) -1 -1 1 -1 -1
(2,1,3) 2 1 0 0 2
(2,3,1) -1 -1 -1 1 -1
(3,1,2) -1 1 1 -1 -1
(3,2,1) -1 -1 1 1 -1

can be expressed as a linear combination of Hylleraas inte-

grals, defined as
/dd’f‘l /ddTg /ddT‘g
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In a series of papers, we have formulated an analytic method
for calculations of Hylleraas integrals with recursion relations
[7, 12, 13], which is sufficient for the evaluation of energy lev-
els including corrections up to ma® order [14, 15]. At higher
orders, additional classes of Hylleraas integrals are necessary,
e.g. f(—1,—1,n3,n4,n5,n6). These difficult integrals have
been solved with the use of Neumann-type expansions [16],
but this approach is not effective enough in large-scale cal-
culations. There is also an exceptional group of operators of
Ag\?) with accompanying Dirac-é operators. We are not able to
regularize them by rewriting in a form analogous to Eq. (37).
However, the direct treatment of Dirac-J is applicable in the
Hylleraas basis set, where the matrix elements are expressed
in terms of well-known two-electron integrals [17-19].

It has been demonstrated recently [2] that matrix elements
of some complicated operators, which are intractable in the
Hylleraas basis, can be calculated with exponentially corre-
lated Gaussian (ECG) functions [20]

2 2 2 2 2 2
—Q1T]—Q2T;—Q3 "'3*51 "'23*ﬁ2 T13*ﬂ3 T12

(46)
Even if the wave function in the ECG basis decays too fast
at long inter-particle distances and fails to correctly satisfy
the Kato cusp condition, it can be sufficiently accurate to ob-
tain matrix elements of these complicated hfs operators with
at least 4-5-digit precision (see numerical results in Table II).
This has been verified by more accurate calculations using
correlated Slater functions [11, 21] for the lithium case [2].
Hopefully, the numerically dominating operators in Ag\?) are
those obtained with Hylleraas functions. This is especially im-
portant due to the cancellation of about 2-3 digits in this sum.
Calculations of mean values with ECG basis for operators like

ij
Tc.tb:; pi o Lp2or pb7 (fb + M) pJ involve non-standard
b

classes of integrals that nevertheless have been considered in
the Gaussian basis set with linear terms [22].
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C. Spin variables reduction

Matrix elements of each spin-independent operator (), after
eliminating spin variables, takes the standard form

@WNQIY) = (¢'(r1, r2, 15)[Q)
XPleras ¢(r1,72,73)]) 47)

with ¢, coefficients defined in Table I, and P is the sum of
all permutations of 1,2, and 3. This reduction is applicable
in an evaluation of the overlap matrix and the Hamiltonian.
Another useful form is obtained for the Fermi contact matrix
element. If we denote

W1Qalv)r = (#(r1, 2, 73)] (48)
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then for the ground state of Be® with J = 1/2 and J =
Y a/2 we get

T ;ﬁaww =2(/|Qulv)r  (49)

Second-order terms involve spatially antisymmetric states
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for which reduced matrix elements are of the form
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D. Second-order matrix elements

Calculations of the second-order terms in Egs. (31), (32)
and (41) are also highly nontrivial. The approach using
Hylleraas functions encounters severe numerical problems.
Namely, the optimization of the nonlinear parameters for the
pseudostate in the second-order matrix elements leads to dif-
ferences of many orders of magnitude between variational pa-
rameters, and it destroys the numerical stability of the recur-
sion method for extended Hylleraas integrals [13]. Also, the
complexity of such calculations makes an optimization pro-
cess very time consuming. An alternative solution is the use
of a well-optimized ECG basis. With this, function represen-
tations of pseudostates can be determined sufficiently accu-
rately and very efficiently.

At the first step, we reduce spin variables with the help of a
computer algebra program. Next, the second-order elements

for the ground state of the lithium-like atom involve spatial
coordinates only and are of the following form
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The symmetry of internal pseudostates in the above is deter-
mined as follows. Since, [H A]T is a scalar operator, the sym-

metry of the pseudostate in Aff) has to be exactly the same as

that of the wave function in Eq. (43). For Ag) and A(g), the
spatial part can be represented with elements of P-even and
D symmetry

Ohy (1, T, T3) = €gpriry ¢(71, 7, 75), (56)
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respectively. The normalization of the corresponding wave
functions is set by Eq. (47) with an implicit sum over carte-
sian indices. In the calculations of the second-order matrix
elements, we generated the ground state wave function with
ECG basis functions of progressively doubling size from 256
to 2048 terms. Next, for the given external wave function of a
given size N, the nonlinear parameters for pseudostates were
optimized using a symmetric second-order element with the
corresponding hyperfine operator. Such a matrix element can
be minimized using the adopted variational principle. In our
approach, the basis set for the pseudostate in Aff) is divided
into two sectors. The first sector is built of the basis func-
tions with the nonlinear parameters of size N/2 determined
in the optimization of the external wave function. The non-
linear parameters here are fixed during the optimization in or-
der to enable accurate representation of the states orthogonal
to the ground state. The second sector, of size N, consists

of basis functions that undergo optimization. For Ag) and

A(C(?) an orthogonality to the ground state is realized by a dif-
ferent symmetry of the basis functions in Egs. (56) and (57).
Then, only a single sector is needed with all parameters to be
optimized for the basis sizes N and 2N, respectively. The
size of the pseudostate is chosen to achieve convergence for
a fixed external wave function. We noted that the symmetric
second-order element with H“% is divergent. Therefore, in
the optimization of the pseudostate for the A(c6 ) term we use
a lower singular operator by decreasing the power of r, by
one. Due to the more complicated structure of the second-
order matrix elements, both the convergence and the cost of
the optimization are less favorable in comparison to the wave
function optimization.



TABLE II: Numerical values of first-order operators in the ground state of Li (Ref.[2]) and Be™

, H - Hylleraas basis, G - Gausian basis.

Operator Basis Li Be™
E = (H) H —7.478 060323910 10(32)* —14.324 763 176 790 43(22)"
(Ha) H —12.049 907 85(6) —43.68801368(8)
(6%(ra)) P H 0.231249661(2) 0.994 525 337(5)
([6°(ra)]mp) P H —0.027 726 521(11) —0.08788092(4)
(rah) H 5.718 110 882476 5(4) 7.973 888857015 4(5)
(ra\yr H 0.360 344 320 41(8) 0.628 135118 56(2)
(0%(ra) Xpsa 7o ) F H 0.419 203 4(10) 2.620 526 3(15)
(ra' Y psa 63(rb))p H 4.0956920(4) 16.792994(4)
(rat Spee 0% (roe)) p H 0.1738341(2) 0.846 757 5(3)
(6%(ra) (Zb¢apb/2 +V+Zr;' —E)r H 0.733477(4) 4.857754(5)
ra? e 2 +V+2 ra - E)r H 1.506 463(3) 7.3720572(8)
(rat (B — V) —Z%r7 %) H 43.82414(2) 232.429 630(7)
(PaTa’Pa)F H 4.86337(4) 28.63162(3)
E = (H) G —7.478 060 322 96 —14.324 763175 15
Cora 32 I3)r G 0.017 363 5(7) 0.0812587(9)
_ab _a
Coza 78 T—g>F G —0.065 937 5(6) —0.438 358 5(6)
ab b
(3 peePora ' P2)F ¢ 12.663 6(8) 74.893(4)
(Cpsethrat (£ ’”bc bc)pc> G 0.266 794(3) 0.92284(3)
a - Ref. [11]
IV. RESULTS

The final results of the numerical calculations are presented
in Table II and Table III. The values and their uncertainties
have been obtained by extrapolation of the results obtained
for several sizes of basis sets. Most of the first-order matrix
elements in Table II were obtained in Hylleraas basis sets be-
cause of the much higher accuracy that can be obtained in
comparison to using the ECG functions. However, some of
the matrix elements have been calculated only with Gaussians.
These are the most complicated ones, but they are numerically
less significant than the other terms in AE\?). The achieved nu-
merical accuracy is sufficiently high that the main uncertainty
comes from estimation of higher order terms such as those
in Table IV. All the second-order matrix elements have been
calculated only with Gaussian functions by global optimiza-
tion of nonlinear parameters in about 1000 functions, which
are used to represent the sum over intermediate states. In
spite of the fact that Gaussian functions do not satisfy the cusp
condition at the coalescent points, they are flexible enough to
achieve much greater accuracy than with Hylleraas functions
for second-order matrix elements.

Results of the expansion of (dimensionless) hyperfine con-
stant A in powers of « and the mass ratio for the Be™t ion
are presented in Table III. Leading order terms, the Fermi
contact interaction, and the mass polarization correction are
compared with previous results by Z. -C. Yan et al. [24]. Our
result for A(®) are in excellent agreement with the relativis-
tic CI calculations of Yerokhin [23]. It gives us confidence in

TABLE III: Numerical values of dimensionless relativistic and QED
corrections to the hyperfine splitting in Be™ ion, results from [23] in
terms of G'v1 are multiplied by 256/3

Contribution Value
AEO 33.326 863 92(18)
Ref. [24] 33.326 8(8)
AW 97.0356738(13)
Ref. [24] 102.(18.)

AD 1196.97(4)

AY —133.631(16)

ALY 0.1346(2)

Al 0.8142(6)

A(b) —240.866 95

A© 823.42(4)

Ref. [23] 823.

Ref. [24] 756.(42.)

AM —2992.(481)

the theoretical approach and in the numerical results obtained
in this work. Table IV summarizes the results for the “Be™
ion. From the measured hyperfine constant and the magnetic
moment, we determined finite nuclear size effects, which are
expressed in terms of the effective Zemach radius 7. We ob-
served that the experimentally determined 7, (°Be) does not
agree well with the approximate nuclear structure calculations



TABLE IV: Contributions in MHz to the hyperfine splitting constant
A in °Be™, physical constants are g = 2.002 319 304 361 53(53),
a™t = 137.035999074(44). The second uncertainty of Agpe
comes from the nuclear magnetic moment.

9Be™
—1.177432(3)
9.01218220(43)

wlpen] Ref. [25]
atomic mass [u] Ref. [26]

9N —1.755 335 5(25)
ex107? —6.602679(17)
catg/2 AW —624.600 44

ca® AR 0.006 85

cab A® —0.82096(4)
ea’ AM 0.021 8(36)

—625.3927(36)(16)
—625.401(22)
—625.008 837 048(10)

(Aexp — Athe) /Aexp —614(6)(3) ppm
Ref. [23] (theory) —514(16) ppm
Ty 4.07(5)(2) fm
i Ref. [28] 2.519(12) fm

Atne (point nucleus)
Ref. [23]
Aexp Ref. [27]

in Ref. [23]. Bearing in mind the significant differences in 7,
in Li isotopes, considerable theoretical work is needed to cor-
rectly describe the finite nuclear size and polarizability effects
in the atomic hyperfine splitting.

V. SUMMARY

We have developed a nonrelativistic QED approach to the
hyperfine splitting in light atomic systems and have demon-
strated that from the comparison to experimental values one
can obtain valuable information about the finite nuclear dis-
tribution. We observed in Ref. [2] that the Zemach radius for
6Li is about 40% smaller than that of “Li. Here we demon-
strate that by means of atomic spectroscopy one can obtain
the Zemach radius for Be isotopes, and give example for ?Be,
for which the magnetic moment is well known. For other Be
isotopes, although hyperfine splitting is known [29, 30], the
magnetic moment has not yet been measured with the suffi-
cient accuracy. We do not attempt here to accurately relate 7
to the distribution of the magnetic moment, as our knowledge
of nuclear theory is not sufficient. We point out, however, that
this model is an independent and very accurate (as accurate as
the magnetic moment) method to approach nuclear magnetic
moment distribution.
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