Relativistic corrections to the Bethe logarithm for the 23S and 23P states of He
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With this work we start a project calculating the QED contribution of order a’m to the 23P-235
transition energy in helium, aiming for an accurate determination of the nuclear charge radius rg
from measurements of the corresponding transition frequency. Together with the complementary
determination of rg from muonic helium, this project will provide a stringent test of universality of
electromagnetic interactions of leptons in the Standard Model. We report a calculation of the rela-
tivistic corrections to the Bethe logarithm for the 23S and 2 3P states, which is the most numerically

demanding part of the project.

I. INTRODUCTION

One of the prominent low-energy tests of the Standard
Model (SM) with a possible signature of new physics is
based on a comparison of the Lamb shift in muonic hy-
drogen pH and electronic hydrogen H. The lepton uni-
versality of SM implies that the same physical laws and
physical constants define the energy levels in H and pH.
However, it has been found that the proton root-mean-
square charge radius, extracted from the comparison of
theory and experiment for the Lamb shift, turned out to
be significantly different for the electronic [1] and muonic
[2, 3] hydrogen,

rp(H) = 0.8759 (77) fn,
rp(pH) = 0.84087(39) fm.

This 4.5 ¢ discrepancy, known as the proton radius puz-
zle, may signal the existence of interactions that are not
accounted for in the Standard Model. Several exper-
iments aiming to resolve the puzzle have been accom-
plished recently, namely the measurement of the 25-4P
transition energy in Garching [4], 25—-2P Lamb shift in
Toronto [5], and two measurements of the 15-3S5 tran-
sition energy performed in Paris [6] and in Garching [7].
These experiments yield conflicting results for the pro-
ton charge radius, which does not solve the puzzle but
suggests the presence of unknown systematic effects in
hydrogen measurements. Further experiments directed
to clarify the proton radius puzzle are currently being
pursued, notably, measurements of the 15-25 transition
energy in He™ [8, 9], transitions between circular Ryd-
berg states in H-like ions [10], and the direct comparison
of the cross sections of the e-p versus u-p elastic scatter-
ing [11].

An alternative way to solve the proton charge radius
puzzle can be gained through spectroscopy of the helium
atom. Specifically, a comparison of the nuclear charge ra-
dius from the helium spectroscopy with the radius from
muonic helium, expected soon from the CREMA collabo-
ration [12], would provide an independent test of the lep-
ton universality in atomic systems. On the experimental

side, several transition energies in the helium atom are
already known with an accuracy sufficient for determin-
ing the nuclear charge radius on a 1072 fractional level
[13-19]. In order to achieve a similar level of accuracy in
theoretical predictions, one needs to improve the previous
helium calculations [20, 21] by completing the next-order
term of the NRQED expansion, namely the a’m cor-
rection. This is a very challenging theoretical problem.
Among few-electron atoms, it has so far been solved only
for the helium fine structure [22-24].

With this paper, we start a project calculating the
complete a’m correction for energy levels of two-
electron atoms. At present, we restrict ourselves to the
triplet states, for which the nonrelativistic wave function
¢(71,7) vanishes at 71 = 7. As a result, the whole
class of the so-called contact operators does not con-
tribute, thus making the derivation of a”m operators
more tractable. An improved theory of the triplet states
will allow the determination of the nuclear charge radius
from the 235-23P transition in *He, which was accurately
measured by the Hefei group [18].

The present status of theory of helium energy levels
complete up to order a®m is described in our recent re-
view [25]. The next-order a’m contribution can be rep-
resented as a sum of three parts,
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where H® | H®) and H are the effective Hamiltoni-
ans of order a*m, o®m, and a”m, respectively; H and
E are the nonrelativistic Hamiltonian and its eigenvalue,
respectively; and E, is the low-energy contribution, also
known as the relativistic correction to the Bethe loga-
rithm, which is the main subject of this work.

Out of the three terms contributing to E(7), the rela-
tivistic correction to the Bethe logarithm is numerically
the most demanding one and thus is the crucial part of
the whole o’ m project. The calculation of (the spin-
dependent part of) such a correction was first performed
in Ref. [26] for the fine structure of helium and later im-
proved in Refs. [23, 24]. For the Coulomb two-center sys-



tems (H3, HD*, etc.), the relativistic corrections to the
Bethe logarithm were calculated by Korobov et al. [27].
The goal of the present work is to calculate the spin-
independent low-energy correction Ej for the 2359 and
23P states of helium.

II. NONRELATIVISTIC LOW-ENERGY

CONTRIBUTION

The leading nonrelativistic (dipole) low-energy contri-
bution of order o® m is given by
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where P = P1 + P2 and A is the high-momentum cutoff.
Ero(A) diverges when A — oo and requires subtraction
of the leading terms in the large-A asymptotics.
Performing the angular integration and dropping the
overall prefactor a®m, one obtains
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Fro(A) = o /O kdk P(K), (3)
where
P(k) = <13 ﬁ 13> . (4)

The large-k expansion of P(k) is

kP(k)=—(P*) +—+...,
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where D = 27 Z (63(r1) + 03(r2)). The finite part of
the low-energy contribution is then defined by dropping
terms proportional to A and In(2 A) as
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where In kg is the standard Bethe logarithm,

o0

1

D
ko= ~ 5 ~Zy

dk {k P(k) + (P?) (2k — 1)

(P(H—FE)In[2(H - E)] P)
27 Z (3, 0%(ra)) ’

and 6(z) is the Heaviside step function.
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We construct the finite part of the Breit correction as
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The numerical calculation of the Bethe logarithm for
the helium atom remained for a long time a very difficult
problem [28, 29], which has been successfully solved only
relatively recently [30-32].

III. RELATIVISTIC LOW-ENERGY
CORRECTIONS

There are three types of relativistic corrections of order
a’m to the low-energy contribution (2),

Er=FEp+FEr+ ELs. (8)
The first part Ep, is a perturbation of the nonrelativis-
tic low-energy contribution Erg in Eq. (2) by the Breit
Hamiltonian H (4), the second part Ep9 is induced by the
relativistic correction to the current operator 13, whereas
the third term FEr3 is the retardation correction. All of
these corrections are defined as remainders after drop-
ping divergent in A terms, such as A and In A.

A. Breit correction Er1

The low-energy contribution perturbed by the (spin-
independent part of the) Breit Hamiltonian H®) is,
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The large-k expansion of Pr(k) is given by

By
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where the asymptotic constants are derived in Ap-
pendix A.
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where K > 1 is a free parameter.

B. Current correction Er-» where
The second low-energy contribution of order a’m is 1
induced by a correction to the current operator in Eq. (2), Pro(k) = <5j % P> . (17)
P — P+ 67, with ST
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The large-k expansion of Prs(k) has the same form as
that of PLl(k‘),
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where [, ] denotes a commutator. The corresponding vk
low-energy correction is

4 A where the asymptotic constants are derived in Ap-
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The finite part of the low-energy correction is constructed as
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where K > 1 is a free parameter.

C. Retardation correction FEr3

A retardation correction to the low energy contribution is
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Ers(A) = 3*/ kdk Prs(k), (21)
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where 0p2(...) denotes the quadratic in k term of the small-k expansion of the exponential functions in the matrix
element (...). Performing the expansion and integrating over angular variables, we obtain
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where (a'b))® = (a’b? +a7b') /2 —a-b6% /3 and L = 7, X ) + 7 X 2. The large-k expansion of Pp3(k) is of the form
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where the asymptotic constants are derived in Appendix C.
We construct the finite part of the retardation correction as
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where K > 1 is a free parameter.
[
IV. NUMERICAL EVALUATION and with V = —Z/ry — Z/ry+1/r, we transform the first
term in the right-hand-side of Eq. (10) to a regularized
A. Transformation to a regularized form form,
The Breit Hamiltonian H®* [Eq. (11)] contains sin- @) 1 . 1 -
gular operators (J(r,), pi) which complicates numeri- Pows(k) = 2 <HA (E—HY P E_H_k P>
cal evaluations of the Breit correction Erq. In order to
achieve high numerical accuracy, we transform Eq. (10) _9 < Q- (Q)] B 1 ]3> 6D
to a more regular form. Specifically, by using the identity E—-H-Fk

gy =HP|9) + {H - E,Q}e),  (28)

where |¢) is the eigenfunction H with energy E,

Furthermore, by using the identity

4 1
Q:_<Z+Z_2) (29) HY = HE) + {H - B.Qp} - 5 (H-E)’,  (32)
4\re 12T where
and
E 1/Z Z 2
| 77 =z-z(=+=-3), 33
H§4)|¢>:{_(E—V) + V2V2 Y Or 2 4 (7“1 T2 7“) (33)
2 4 r3
7 7y 1 8t pigd .
—Zg V2—2P1<T+ 3 )p%}ldﬁ, and
(200
o9)
1 1 Z 1 1 Z 1 1 1 09 pipd ;
HY = (B - B 22—+ =) - — — = . (34
B 2( V) + VV <P r1+r2 P1— P2 7“1+ P2 2171 el ol R (34)
we transform the second term in the right-hand-side of Eq. (10) to the regularized form,
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[
B. Angular decomposition ordinates. The reference-state wave functions of the 35

In our approach, we express all wave functions and
perform the angular momentum algebra in Cartesian co-



and 3P° symmetry are represented as
¢ (%) =F(ri,ra,r) — (14 2), (36)
P (3P°) =7l F(ry,mo,7) — (1 & 2), (37)

where the scalar functions I’ are linear combinations of
exponential functions,

= Z ciexp (—ayry — firg —vir) . (38)

)

F(ry,re,r)

The wave functions are normalized by (¢|¢) = 1 and

(¢']¢') = 1.

The angular decomposition of formulas in Sec. III is
mostly performed in the same way as for the nonrela-
tivistic Bethe logarithm. In that case, for the 35 reference
state, only 3P° intermediate states contribute,

P = (o(5) [P (g=gr=). Ple(s))
= (0 ()| P'|ao’ (P7)) . (39)

where d¢ is the perturbed wave function of the 3P° sym-
metry,
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The angular decomposition for the 3 P° reference state
is performed by using the identity

i 1 k= 7 1 =2
]¢k:§5k]‘¢+§€ikl(.7x¢§)l
L, ki ik? T
+2(J¢k+3k¢—35k3'¢>- (41)

The three terms in the right-hand-side of the above ex-
pression give rise to contributions from the 35, 3P¢, and
3D¢ intermediate states, respectively,

P(k) = PL:o(k) + PLzl(k) + PL:Q(k')
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where Ug = j- ¢, U = j x ¢, and Wi = jigh 4 jk¢i —
50%(-9).

A more complicated situation arises in the evaluation
of the symmetric part of the Ep3 contribution for the
3P reference state [the first term in brackets in Eq. (24),
Pp%™]. In order to perform the angular decomposition in
this case, we use the following identity,

o Z Tp]+Tgpa)¢k
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where T%* T% and T are the components of the (sym-
metric and traceless) irreducible tensors of the first, sec-
ond, and third rank, respectively,
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Using this identity, we express Py as a sum of the L =
1, L =2, and L = 3 parts,

Ppyt(k) = Ppyy (k) + Pryy(k) + Prys(k),  (48)
where
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Wave functions of the different symmetries in Carte-
sian coordinates required in this work are summarised in
Appendix D.

C. Numerical details

Numerical evaluation of the relativistic corrections
to the Bethe logarithm was performed according to
Egs. (14), (20), and (27). The general scheme of the com-
putation was similar to the one developed in our previous
calculation of the helium fine structure [23] (as described
in Sec. V.E of that work). Numerical cancelations, how-
ever, were much larger in the present work, because of
a greater number of asymptotic expansion terms that
needed to be separated out.

The low-energy part of the k integral, k € (0, K) with
K = 10-100, was evaluated analytically after diagonaliz-
ing the matrix representation of the Schrédinger Hamil-
tonian. In order to perform the high-energy part of the
integral, k € (K,00), we calculated the integrand for
several hundreds different values of k € (5,10000), sub-
tracted the contributions of the known asymptotic ex-
pansion coefficients, fitted the residual, and calculated



the integral analytically. For fitting of the subtracted
integrands wy;,

’LUL1<]{?) = kPLl(k) — A1 —— = —, (52)

ng(k)— kPL2(k) AQ—E—T_ k ’ (53)
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4, Bs Gslnk Dy (54)

we assumed the following functional forms of their large-k
expansion [27],

m

1 Cmyn ]
wlh) =1 32 Stk )
1 X dopo V4 dyp s 0k + do o
wras(k) = o ., (56)
m=1
where ¢; ; and d;; are fitting coefficients. In order to

ensure the stability of the fitting, high numerical accu-
racy of the integrand Pr;(k) was required, typically 10-12
significant digits.

Such accuracy turned out to be difficult to reach for
the perturbed wave function part of the Breit correction
for the 23 P state. The reason for this is the logarithmic
singularity [27] of the perturbed wave function d¢,

1
=y
In order to ensure good convergence of numerical results
for d¢ we had to choose the basis for the propagator
very carefully. It was constructed as follows. We start
by variationally optimizing two symmetric second-order
corrections,

HYs. (57)

e (it lt). o
8o F = <P2ﬁ P2> . (59)

The form of §oF is suggested by the expression for the
leading asymptotic constant A;, Eq. (A2). In order to
account for the logarithmic singularity present in d; F, we
exploit the flexibility of our exponential basis functions
(38) and emulate the singularity by allowing the nonlin-
ear parameters to be very large. In order to effectively
span large regions of nonlinear parameters, we used a
non-uniform distribution of nonlinear parameters oy, ;,
and ~y; introduced in Ref. [33], typically,

= A+ (1/t] — 1) A, (60)

where the variable ¢; has a uniform quasirandom distribu-
tion over the interval (0,1), and A; and Ay are the vari-
ational optimization parameters. Finally, we merge the
optimized basis sets for 61 F and d, F and use the result
for calculating the perturbed wave function d¢. Nonethe-
less, a large number of basis functions (N = 3000-5000)
were required in order to reach the desired accuracy.

TABLE I. Numerical results for the relativistic corrections to
the Bethe logarithm and asymptotic expansion constants for
the 235 and 2°P (centroid) states of helium, in atomic units.

Term 238 23p

D 33.184 142 629 31.638617831 (1)
Ay —33.989031782(2) —31.977565 646
D, —132.158 24269 (5) —127.498 49392 (10)
Ep: —45.1291 (35) —41.7175 (40)

As 42.692 780 038 40.253 149916
D, —53.768 709 997 (3) —50.260 445 50 (9)
Er» 335.8675 (36) 319.1601 (36)

Gs 0.032 569 625 —0.065 018180

F; 2.121 589 807 2.079 835929
As —49.768 158 799 —47.4533918 (3)
Ds 1175.043 968 722 (4) 1121.20287092 (12)
Ers —1095.0439 (3) —1045.271 (8)

V. RESULTS

Our numerical results for the asymptotic expansion co-
efficients and the relativistic corrections to the Bethe log-
arithm are presented in Table I. For the 235-23P transi-
tion energy in helium, the total relativistic correction to
the Bethe logarithm, F;, = Ep1 + Ero+ Er3, amounts to
Er, = —4.9665 (15) MHz. This can be compared with the
estimate of Ref. [25, 34] obtained from the hydrogenic re-
sults by rescaling the electron density at the origin. For
the 235-23P transition energy, this approximation yields

By (appr) = o7 m 2° [£(25) ~ 5LCp1ja) — SLCpspo)]

{<53(7’1) + 63(ry >2JS <§3(r1) + 53(r2)>23p} ,
(61)

with £(2s) = —28.350965, L£(2p1/2) = —0.795650, and
L(2p3/2) = —0.584517 [35, 36]. The corresponding nu-
merical value is Ep(appr) = —3.7(0.9) MHz, where we
assumed a 25% uncertainty, like in Ref. [25].

A complete treatment of the a’m correction requires
calculations of the two remaining terms in Eq. (1), which
will be addressed to in our future investigations. The nu-
merical contribution of these terms is expected to be com-
parable to that of E7. In particular, for the 235-23P tran-
sition energy in helium, the hydrogenic approximation for
the remaining contribution yields —4.3 (1.1) MHz.

In summary, in this work we report calculations of the
relativistic corrections to the Bethe logarithm for the 235
and 23P states of helium. This is the first step on the
path to calculating the complete QED contribution of
order a’m to the triplet states of helium. Being the
most numerically demanding part, the calculation of the
relativistic corrections to the Bethe logarithm indicates
the feasibility of the whole a” m project.
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Appendix A: Asymptotic coefficients of Pr1

Here we derive the coefficients Ay, By, C1, and Dq of
the large-k expansion of Pr; given by Eq. (12). There
are contributions coming from both the low-energy and
the high-energy regions of the virtual photon momenta.
Individually, the low- and the high-energy parts may con-
tain divergences, which are regularized by working in d
dimensions and are canceled when both parts are added
together.

L _ (4) 1 ’Fl — T
DE = —2Z<HA I <7€-V1+ .

SEICE SR

+<2E iy <1>)7r25(3)(r1 +pi
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Here, [Z/r]e is the d-dimensional form of the Coulomb
potential (for details see [20]). The terms [(Z/r1)3].
and [Z2/r}]. contain singularities which will be canceled
when combined with corresponding terms coming from
the high-energy part. Term DL is evaluated as

T2

Z—-1 p3
DE = <—(E+ s p22>7rZ§(3)(7"1)

N

(A5)

+ §p_i7r5(3)(7”1)]5'1 + (1« 2)>.
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Low-energy part

The low-energy part can be derived by performing a
direct large-k expansion of the expression

k Pi>,

P ==

(A1)
where & denotes the first-order perturbation of the ma-
trix element by Breit Hamiltonian H®*. The coefficient
A; from Eq. (12) comes from the perturbation of the
reference-state wave function,

A = 4<H<‘Dﬁp2> (A2)
- <Hg4>ﬁ P?) v 2([Q - (@)] P

The low-energy part of the coefficient D; is

DE=3 <Pi(H - E)Pi>
1
(E—H)

= D{, + D};.

= (H [PV, P + 5 (P [, P

(A3)

The second-order term DY is singular. We employ the

regularized form of the Breit Hamiltonian HXL), Eq. (28),
in order to move singularities into first-order terms and
use the dimensional regularization in order to handle the
remaining divergences. The result is

(A4)

High-energy part

Coefficient By can be obtained from the forward scat-
tering two-photon exchange diagram perturbed by the
Breit Hamiltonian. The result is

By =V22%x[6® (1) + 6P (r)]).  (A6)

The Breit correction to the forward-scattering three-
photon exchange diagram contains both the coefficient
C7 and the high-energy part of the coefficient D1,

c, =273 <7T[5(3)(7‘1)+5(3)(7‘2)]>, (A7)
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Finally, the coefficient D; is the sum of the low-energy
part DI and the high-energy part Dff. Making use of  we write the result as
J
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Appendix B: Asymptotic coefficients of Pr» and
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the large-k expansion of Pro given by Eq. (18). JZ (50 i 3pipd — §id 2
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Low-energy part dr Z (3)
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First we examine contributions coming from the region
of low virtual photon momenta. The coefficient As is
the leading-order term of the direct large-k expansion of
Eq. (17), with the result

1

ha =3 (1E-VP 2R B+ 2E- V)i
5ii

+(

rird i i (] ]
r +r73 Py +05) (01 +23) ). (B1)

The low-energy part of the coefficient D5 is

= (¢0j* (H — E) j'|9)

_ 1 4| g g -4 _ L L
(o [+ 2] Aotk

(B2)

High-energy part

Now we turn to contributions induced by high mo-
menta of virtual photons. The coefficient By comes from
the forward-scattering two-photon exchange perturbed
by §5° and can be evaluated to yield

By =— Z*V2 (47 [53(r1) + 6% (r2)])- (B5)

Similarly to the case of Pp1, the coefficient Cs and the
high-energy part of Dy are obtained from the forward
scattering three-photon exchange with additional §5° and
5% vertices,
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From this expression, we derive the following results,

3
Co =2~ (4n[8(r1) + 8 (r2)]) .

= (B7)

€

DY = (22w [6 (r1) + 6D (r9)]) (8 1 m 2> . (BS8)

The total coefficient D, is then the sum of the corre-
sponding low-energy and high-energy parts,

Z (59 rird Sripd — §i p2
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Appendix C: Asymptotic coefficients of Pr3

We now turn to the derivation of the coefficients G3,
I3, A3, B3, Cs, and D3 of the large-k expansion of Pr3
given by Eq. (25), which is the most complicated part.

Low-energy part

In order to derive contributions coming from the low
photon momenta, we first make a large-k expansion of the
propagator 1/(E — H — k) in Eq. (22). In the obtained
expression, we then make a small-k expansion and keep
the k2 contribution.

Using the angular average identity in d dimensions
(with k = k/k)

/ ko k,mk,n((sm

k'K
4 )

[(d+1) 676" — §imeIm — §n5i™] | (C1)

T dd+2)

we get

a,b=1,2
-w>p;>,

= % <p’1 (26”%2

where the symbol §;, stands for performing a small-k
expansion and taking the coefficient at the k2 term.

(C2)

Analogously, the next coefficient F3 is obtained as

Ly [

ab 1,2
x 8 (ph e ™ (H = E) pl ™)
1
=(E-V—-—). C3
( = (c3)
Furthermore
3 AQ o e
A3 = — — — (69 — k'K
3 2‘”22/ el )
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The low-energy part of the coeflicient D3 is the most com-
plicated term and thus will be discussed in some detail.
The starting expression is

dQ o

S Y [Grei-kw)
a,b=1,2

X Oz <pr e~k (H—-E)p etF 7o >

It is convenient to split the above expression into two

parts, with a = b and a # b. The first part can be
evaluated with help of the identity

e—ik.?’f(p) eiki‘ _

(C5)

flo+k). (C6)

We obtain

Dh=5 X [ @ k)

a12

(C7)

. N 3
X 0L <p; (H—E+ﬁa~k+k2/2> p;>.

After straightforward but tedious manipulations that in-
volve expanding the matrix element in small £ and re-
taining the coefficient in front of k? and using identities

A 72 AZREE
2 2 1
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as well as Eq. (A9), we arrive at
3/71 1 3ripd — §Hr? 1 . 5717 7Z*
L _°2/l -, 2 pipi20 ©" %" , > (3) 5 o 221
Dsa 2<6r4+12PP 5 g AT 20T )P - g 1313 +3p1 2’”
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The second term in Eq. (C5) with a # b is evaluated as
Q o
DL = 5/‘ZW’“ (6% _klk1)5k2<p1 “IRT(H — B)3 pl et T >+(1<—>2)
Q2 1475 i — ik j k-7 3
:4/ S0 - kW) ;2<[[p§e ENH — E) [H - E,[H - B, pe'* QH]>+(1<—>2):Z T, .
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The individual terms T; are calculated as follows: _ L47‘(‘25(3)(T1)+(1 HQ)}>7 (C14)
T2
Sy,
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Substituting the terms T, into Eq. (C10), we obtain the
result for the low-energy part of the coeflicient Ds,
1 (/69 ripd - 37 1 1 8 72 4 , 7?
DE=3(Zp (% - i B sy L L L 82 il Al
3 3<3p (r3 37’5>p oo PAT O NP+ 35 G+ g 3r%( V)+3p1rfp1
612 -7 4 ,7Z° o ripd \ rird
P AnZ 63 (1) B P35 z 3-L1
TP ATZ )P gy T g +15 <r§ s )
7 P2\ 231 (2 103
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High-energy part _E 3 él 9 022
x ( 1533 (C22)

The coefficient B3z comes from the corresponding
forward-scattering two-photon exchange diagram,

e faeow [ E5[5 (G

mp] (67 — kik7)
= 2V2 22 (4n[53(r1) + 83 (r2)]) .

x p'
(C20)

Similarly, the analogous forward-scattering three-photon

The total coefficient D3 is obtained as a sum of the low-
energy part DY and the high-energy part Di. Using the
identity,

; S ryJ . 5 . 1
p<rg )P] ()(T)p72—7ﬁ4

exchange diagram gives rise to the coefficient Cs, . 1 < @ ng) i ©23)
Cs = —27% (4 [63(r1) + 6%(ra)]) , (C21) A\rg 3 )
and the high-energy part of the coefficient Ds,
DY = 73 {4z [5(d) (r1) + 6@ (r2)]) we express the final result for D3 as
1 16 54 ripd\ rird 3 Zry T
Dy = (375476 () g+ 5 + 22— — 31 | — — 20X, + = 5 4nZ 6B U
3 5< PaAm I (r) P+ 3 + 3 o) 1 T (r1) P e
TE7Z1 231 7, 8322 )
— == 1022102 | 47 §® 12) ). C24
+(2+2r2 6, 4271 T n2)4rZ 85 (n) + (10 2) (€24)

The operator p) 4nZ (5(3)(7“1)1?1 requires some clarifica-
tions, because its expectation value is conditionally con-
verging. It should be calculated with the implicit projec-
tion into the L = 0 state between p; operators and this
requirement comes from the dimensional regularization.

Appendix D: Wave functions in Cartesian
coordinates

Following Schwartz [28], we use the following repre-
sentations of the wave functions, with F = F(rqy,ro,7),



G = G(r1,72,7), and the upper sign corresponding to the
singlet function and the lower sign, to the triplet func-
tion,

¢ (135°) = F+ (14 2), (D1)
5(1,3]30) =R F+(12), (D2)
G(PY) =R x i F+ (14 2), (D3)
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(D4)
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12

and
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17 . o o
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