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The finite nuclear mass (Z «)? m/M Ep correction to the hyperfine splitting in hydrogenic systems is cal-
culated using a combined relativistic heavy particle and nonrelativistic quantum electrodynamics. The obtained
results are in disagreement with previous calculations by Bodwin and Yennie [Phys. Rev. D 37, 498 (1988)].
The comparison of improved theoretical predictions with the corresponding measurements in hydrogen reveals
5o discrepancy, which indicates problems with the proton structure corrections.

I. INTRODUCTION

Nuclear recoil (finite nuclear mass) effects in atomic sys-
tems are quite difficult to calculate, even for simple systems
like hydrogen-like ions. Although the reduced mass accounts
for the finite nuclear mass on the level of the Schrédinger
equation, it is not the case for a Dirac equation. In fact, one
has to refer to a full quantum electrodynamic (QED) theory
to account for relativistic nuclear recoil effects. There ex-
ist many formulations of two-body bound-state theory in the
literature, mostly based on the Bethe-Salpeter approach [1].
In all these formulations, the kernel of the integro-differential
equation can only be constructed perturbatively in powers of
the fine structure constant ««. Alternative formulation, intro-
duced by Caswell and Lepage [2], is the nonrelativistic QED
(NRQED), where one constructs perturbatively an effective
Lagrangian, by matching with a full QED theory. This was a
very fruitful formulation, which, combined with dimensional
regularization allowed for many important results for simple
atomic systems, like the recent one in Ref. [3].

Another development in bound-state QED was initiated by
V. Shabaev [4, 5], who formulated in 1985 the exact nonper-
turbative formula for the first order in the electron nuclear
mass ratio correction to atomic energy levels. A few years
later this correction was independently rederived in Ref. [6],
and since than it has been used for the calculation of the Lamb
shift in hydrogen-like ions [7, 8]. Very recently this original
formula has been extended to finite size nuclei [9], to the hy-
perfine splitting [10], and to higher powers in the m /M mass
ratio [11] under the name heavy particle QED (HPQED).

From the other side, measurement of the Lamb shift and
hyperfine splitting in hydrogen, hydrogen-like ions, and other
simple atomic systems are accurate enough to determine fun-
damental constants [12] and in general to test fundamental in-
teraction theory. Particularly accurate is measurement of HFS
of the ground state of the hydrogen atom, which after averag-
ing over several results [13] is By = 1420405.751 768(1)
kHz, However, it has the least accuracy of theoretical predic-
tions among all transitions in the hydrogen atom. In spite of
the fact that the proton size is 5 orders of magnitude smaller
than the atomic hydrogen, it gives a significant -33 ppm cor-
rection to the hydrogen HFS. To verify this proton structure
effect and to test the standard model of fundamental interac-
tions, all other quantum electrodynamics effects shall be rig-
orously calculated. Since the original calculation by Bodwin
and Yennie [14] of relativistic nuclear recoil effects, theoret-

ical predictions have been in a few o disagreement with this
measurement. The dubious correction was the one related to
the proton structure, namely the distribution of the magnetic
moment and the proton polarizability. Despite many further
investigations of the proton structure effects, this discrepancy
persisted.

In this work we recalculate relativistic nuclear recoil ef-
fects of order (Z a)>m/M in a system consisting of a lep-
ton of mass m and an arbitrary nucleus of mass M, using
complementarly NRQED and HPQED approaches, and ob-
tain a result in disagreement with the previous calculations by
Bodwin and Yennie in Ref. [14]. Moreover, the discrepancy
between theoretical predictions and the measured hyperfine
splitting in hydrogen is even increased, for which we do not
have any obvious explanation. Most probably, the analogous
measurement of the hyperfine splitting in pH [15, 16] will
shed light on this discrepancy. Since the muon is about 200
times heavier, the proton structure effects are much more sig-
nificant there. At the same time, the muon proton mass ratio
~ 0.11 is not very small, and thus nuclear recoil effects are
more important. In fact, our result for the relativistic recoil
effect significantly improves the accuracy of theoretical pre-
dictions not only for H, but also for uH HFS.

II. LEADING ORDER HFS

Before moving to the main calculations, let us introduce
the hyperfine splitting and the basis notation. In a relativis-
tic framework the interaction between the static point nuclear
magnetic moment /i
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and an electron leads to the hyperfine splitting of atomic en-
ergy levels given by the expectation value of the magnetic in-
teraction Eyng = (Vig) with the Dirac wave functions. This
formula is valid for the infinite nuclear mass only, and it is
not obvious how to account for the finite nuclear mass in this
relativistic framework. In fact, later in this work we present a
recently derived [10] exact relativistic formula for the leading
recoil correction to HFS in mass ratio m/M. Nevertheless,
it is more convenient here to perform a nonrelativistic expan-
sion in Z «, where finite nuclear mass effects can easily be
accounted for. And so, the leading hyperfine splitting for .S



states is given by
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where y is the reduced mass, g is the nuclear g-factor defined
by
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and where ¢ = —Z e and e is the electron charge.

The next-to-leading hyperfine splitting for an arbitrary nu-
clear g-factor is conveniently split into three parts
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where the first part is
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and where G g and G are the electric and magnetic form fac-

tors of the nucleus, with normalization G/ (0) = 1+k = g/2.
It was convenient to write this finite nuclear size correction in
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where for the point-like spin 1/2 particle
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terms of the Zemach radius rz [17] defined by
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with pE and pjs being the Fourier transforms of G and
G /(1 + k). We point out that different definitions are as-

sumed for Ef(ns) in the literature. Namely, instead of the lepton
mass m in Eq. (5) one uses the reduced mass p of the system
[18]. Both definitions have some advantages and disadvan-

tages. Here, we prefer to use Eq. (5), because the remainder
E§§3 would not contain any Zemach-like terms.
The second part in Eq. (4) Elgec is the recoil correction

obtained from the forward Born amplitude. It is consid-
ered in the next section, while for the remainder, the nuclear

polarlzablhtyEI() O)l, we refer to works by others [18, 19].

III. LEADING RECOIL CORRECTION TO HFS
For the derivation of E§§3 we follow Ref. [20] and consider
again the total Ek(l?s) correction, which can be represented by
the two-photon exchange forward scattering amplitude. In the
temporal gauge A° = 0 it takes the form [21]
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and ¢ is the momentum at rest ¢t = (m, 6). Using above expression for the electron 7%, the two-photon exchange correction to

the hyperfine splitting becomes
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T*! is the corresponding virtual Compton scattering amplitude of the nucleus. We will assume at the beginning that the nuclear
spin I = 1/2 and consider only the first two terms in 1/M expansion, which are universal and valid for an arbitrary spin nucleus.

The generalization of t*! for a finite size I = 1/2 particle is

1
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F) and F3 are related to the electric and magnetic form factors by
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w?. We assume the nucleus to be described exclusively by electromagnetic form factors and thus neglect the

inelastic contribution. In addition, we neglect also higher order terms in 1/M and obtain
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This formula is valid for an arbitrary spin nucleus, provided the nuclear quadrupole moment is neglected. The resulting correction

to HFS can now be written as

where
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The leading ~ 1/M term is obtained using
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and then E,gf coincides with Ef(i) in Eq. (5), while the 1/M 2
term is obtained by neglecting w? — k2 in the denominator
containing the large nuclear mass M
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where fs dw denotes a symmetric integration around the pole
at w = 0. The same expression can be derived [10] from exact
formulas presented in the next section. Because form factors
are functions of Q? = k2 —w?, we perform at first the angular
integration in the four-dimensional space and subtract the 1/Q
term to obtain
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and x = /1 +4m?2/Q? 4+ 1. The integral over @ can be

calculated analytically using exponential parametrization of
the nuclear form factors
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Here we present a leading term in m /A expansion
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which is in agreement with previous calculations [20], ex-
cept for the fact that the omitted remainder is now of order

O(m/ A)Z. This means a lack of ~ m/A terms and equiva-
lently a lack of the Zemach radius rz = 35/(8 A) in the m/A
expansion in Eq. (22). This is why we use the lepton mass,

and not the reduced mass in Ef(m) in Eq. (5). The presence of
In A in Eq. (22) indicates a large momentum contribution. In
fact, for hydrogen, A ~ 840 MeV is not much smaller than

the proton mass; thus, A/M corrections might be important.

Indeed, for hydrogen, one calculates E}(lfb) rec COrTECtiON With-
out expansion in a large proton mass, by considering a full

two-photon exchange amplitude with measured nuclear form
factors [22]. It is not the case for EEEQ correction considered
in the next section, which is dominated by a momentum ex-
change of the order of the lepton mass.

IV. FORMULAS FOR RELATIVISTIC RECOIL
CORRECTION TO HFS

The relativistic (Z «)? Er correction for a point nucleus
can be represented as
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is the so-called Breit correction [23], and E}(lfs)]reC is the nuclear

recoil correction in question. It will be obtained from the exact
nonperturbative formula for the relativistic recoil correction to

the hyperfine splitting in hydrogen-like ions [10]
Ehfsrcc = Ekin + Eso + Escc s (25)

where
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where we generalized original formulas to arbitrary d = 3 —
2 € dimensions, and 1% = €% I* at d = 3. The subscript s
in fs denotes a modification of the Feynman contour, where a
symmetric integration around the pole at w = 0 is assumed.
The symbol

G(E)=[E—Hp|™", (29)

where
Hp=da-p+ pm+ Vo(r) (30)

stands for the Dirac-Coulomb Green function with the
Coulomb potential Vi
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where G is the photon propagator in the temporal gauge
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The photon propagator, as well as the Coulomb potential, in-
cludes the nuclear form factor, which we assume for simplic-
ity to be the same for the electric and the magnetic one. The
symbol dyg in Eq. (28) denotes the first-order correction in
the hyperfine interaction. This interaction is explicit as a Vjgs,
and implicit in the wave function ¢, the corresponding Dirac
energy E'p, and in the fermion propagator G by adding Vjg

J

(

to the Dirac Hamiltonian. Moreover, Eq. (28) includes the
frequency-dependent hyperfine potential

Vis (w, 7) = ZZ]\j [ Vidr D(w,r),  (34)
where
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and Vhfs(fy) = Vhfs (O, ’F)

We now pass to the calculation of (Z «)?m/M Er cor-
rection to the hyperfine splitting in hydrogenic systems. We
note that fs w~ "™ vanishes for an integer n > 1. Therefore,
due to £w symmetrization, we can subtract from the integrand
all w = 0 singularities. Moreover, for (Z a)?>m/MEF cor-
rection we can set p = 1, which is not necessarily obvious.
We will use dimensional regularization, perform Wick rota-
tion w — 7w, and split the recoil correction into the low- and
high-energy parts

£©

hfsrec
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In the low-energy part k ~ ma, and in the high-energy part
k ~ m. In the dimensional regularization the low- and high-
energy parts can be calculated separately using a different w-
integration contour and a different expansion adjusted to the
particular energy scale.

V. HIGH-ENERGY PART: HPQED

The high-energy part is obtained by the hard three-
photon exchange approximation of HPQED formulas in Eqs.
(26,27,28), namely
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where the momentum square k2 is in D = d + 1 dimensions. The high-energy contribution Ey;,g is split into two parts
Eiinn = Fxinna + Exinap. The first part comes from explicit presence of Vi (w) in Eq. (28)
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and the second part comes from implicit dependence on Vi¢s in Hp, Ep, and ¢ in Eq. (28)
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After performing spin algebra, described in Appendix A, Ez becomes an integral over scalar function of El, ks, and w. Using
formulas from Appendix C, we integrate at first over k; and next over w, and divide by factor n in Eq. (D4) from the dimensional
regularization, to obtain
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For the calculation of the low-energy part, instead of the 2mymo r L
direct use of the above formulas, we will use an equivalent @ _Zag i 5T
NRQED formalism because it is much simpler. Corrections hs = AT It d 6%(r)
t(;fene.rgylieve'lls can be writtlen as an expectation value of the Zag Jii i §ik ; ik )
effective Hamiltonian, namely T M 3 s
1
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L= ) (E—H) (46) where 7 = 7| — 7, e1 = e, e = —Ze, 09 = o,

IV = ¢ /2, and the subscript € stands for the dimensionally
regularized form of an operator written explicitly in d = 3,
which is described in detail in Appendix B.

Derivation of H(® is presented in the following, and we
H®Y =H® + 5 (47)  heavily rely on Refs. [24, 25]. The NRQED Hamiltonian for

where H® is the so-called Breit Hamiltonian. For the two-
body system, neglecting spin-orbit terms which vanish for S-
states, it takes a form



an electron (particle 1) is
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and for the nucleus (particle 2) we neglect 1/M? terms but
assume an arbitrary g
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where BY = ¢W*BF in d = 3 case. Using these
NRQED Hamiltonians, one obtains an effective H}(]?s) inter-
action Hamiltonian, which is a sum of 5 terms
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calculated below. Let us define static fields A%, A, and £ by
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with g1 = 2. We now examine the individual contributions
O0H;. 6H; is a correction to the Coulomb interaction when
both vertices are
-1 yimi
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It can be evaluated in the nonretardation approximation, with
the result
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0 Hj is the relativistic correction to the transverse photon ex-

change. The second particle is coupled to A by the nonrela-
tivistic term
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and the first one by the relativistic correction
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It is sufficient to calculate it in the nonretardation approxima-
tion, which yields
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where 01 05 = aij oéj . 0Hj is a seagull-like term that comes
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Once more the nonretardation approximation can be used,
yielding
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0H, is a retardation correction in a single transverse photon
exchange, where one vertex is nonrelativistic,
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0Hjy is a retardation correction to the single transverse ex-
change where both vertices are
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The result is
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This concludes our derivation of all spin-spin effective oper-

ators to order af. The total effective Hamiltonian H}(l?) after
transformation to atomic units and dividing by a factor n from
Eq. (D4) is
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Let us now obtain individual low-energy parts for Fg.,
Fio, and Eyi,. H© does not contain g2, thus Fiecr, comes
only from second-order terms
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It consists of two parts Fsecl, = Fsecr.A + Fsec.n- The first
part Egec1.a comes from the second-order contact interactions.
Using matrix elements from Appendix B, it is
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The kinetic part Fki,, contains the first- and the second-
order terms, thus
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which completes the calculation of the low-energy part.

VII. RESULTS FOR RELATIVISTIC RECOIL HFS

Final formulas for all contributions E(6) are obtained
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The sum forg =2and I = 1/2 s
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in agreement with previous calculations in Ref. [26] and also for n = 1 with [1] . Our result for the 1S state is
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in disagreement with the previous result of Bodwin and Yennie [14]
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We were not able to identify errors in Bodwin and Yennie [14]
calculations, but from our side we have checked our result
for Ege. by direct numerical calculation of Eq. (26) for the
ground state (n = 1), and this will be described in detail in a
subsequent work [27].

VIII. IMPROVED THEORY OF HYPERFINE SPLITTING

IN HYDROGENIC SYSTEMS

The complete hyperfine splitting is conveniently repre-
sented as

Ents = Ep (1496), (90)
where § represents corrections due to relativistic, QED, and

nuclear effects. Expansion of § in powers of the fine-structure
constant « is,
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+ 6rel,fns + 6rad,fns + 5rel,rec + 51’ad,rec
+ 8@+ 8 + duvea - 1)

Let us now explain various corrections in accordance with pre-
vious reviews on this topic [23, 28, 29].

ae 1s the magnetic moment anomaly of a free electron,
which is known to an accuracy of about 10719 [12]. §() are

QED corrections of order o, which are well known except for
NN

5@ = ; (Za)® +a(Za) (111(2) - g) , 92)
(6 [0 2
6® = %[7 gln(Z Q) (111(2 a) —In(4) + %)

34}

8
+17.122338 7513 — -2 In(2) + oo

a?(Z a)

+ 0.77099(2) , (93)

Er
M1+k

(89)

(

5@ %7 (Za)' +a(Za)? [(54%7 _5 1n(2)) In(Z o)

13 539
—4.4025(1 5y n2+ —
025(13) + o7 In +288}
2(7a)? r4
_ ot (Za) {, In*(Za) +1.278 In(Z a) + 10.0(2-5)}
2 3
3(Z
L@ Za) (94)
T

Most of the results summarized by Egs. (8)-(10) can be found
in Refs. [12, 23]. We mention that the a(Z «)? part of §(3)
contains the improved numerical value for the constant term
from Ref. [30], and the o (Z «)? part of §(*) includes higher
orders in Z « for Z = 1 from Ref. [31]. The last term in RIS
represents the estimate of the unknown three-loop QED bind-
ing correction. We should mention that these QED corrections
partially include nuclear recoil (or finite nuclear mass) effects
through ¢2(0) in Ex. Further nuclear recoil effects are pre-

sented separately below using expansion in c. 55&& is the lead-
ing nuclear structure correction coming from the two-photon
exchange,

nuc rec

00 = oL + 88 + 880 . (95)

5&), denoted in the other literature by dz, is the so-called

Zemach correction [17], which is given by

s = —2Zapry, (96)
where 7z is the Zemach radius, given by Eq. (6). Using the
modern parametrization of proton form factors, one obtains
[32] 7z = 1.054(3) fm. The difference, in comparison to our
notation in Eq. (5), is in the presence of the reduced mass
instead of an electron (or lepton) mass. This difference is ab-
sorbed by 65;2, which is obtained without expansion in the
electron-proton mass ratio [22]

6l = 5.26970-047 ppm, (97)

rec



TABLE 1. Contributions to the ground state HFS of H, Ej ;Y =
1420405.751768(1) kHz [13], Er = 1418840.091 kHz.

Term Value Ref. and comments
e 0.001 159 652 Ref. [12]

5@ —0.000 016 340 Eq. (92), Ref. [23]
6@ —0.000 007 099 Eq. (93), Ref. [23, 30]
6@ —0.000 000121 Eq. (94), Ref. [23, 31]
st —0.000039814(113)  Eq. (96), Ref. [32]
5ec 0.000 005 269(17) Eq. (97), Ref. [22]
) 0.000001090(310)  Eq. (98), Ref. [19]

8E —0.000000 029 Eq. (100), this work
82 s —0.000 000 609 Eq. (101), Ref. [33]
82 e —0.000 000 575 Eq. (102), this work
82 rec 0.000 000 086 Eq. (103), Ref. [34]
52 0.000 000072 Eq. (104), Ref. [33]
82 0.000 000 054(1) Ref. [35], hadronic VP
Osweak 0.000 000 058 Ref. [36], Weak Force
Stheo 0.001101694(330) this work

Sexp 0.001 103 479

Jexp — Otheo 0.000 001 785(330) 50 discrepancy

while the sum 5&2 + 55(13 is by definition a complete two-
photon exchange elastic (Born) amplitude. Finally, the inelas-
tic contribution includes everything beyond the Born approx-
imation. Its evaluation has a long history starting from Ref.
[37] in 1967, see Ref. [38] for a comprehensive review. This
correction dominates uncertainty of theoretical predictions for
the hydrogen HFS, and we take the most recent result from
Ref. [19],

') = 1.09(31) ppm. (98)

pol —
The higher order nuclear-structure corrections and the re-

coil corrections are much smaller than 61(1}12; They will be
calculated by expansion in the electron-proton mass ratio, as-
suming elastic approximation and that the nuclear charge and
the magnetic moment are the same and given by a dipole
parametrization in Eq. (21).

55317"}215 is the relativistic and higher order nuclear size cor-
rection (in the nonrecoil limit). The leading term in the Z «
expansion [39] is

4
Sratius = 5 (M7C Z )" (99)
7,2
X {—1+’y+1n(2mrcha)+ﬁ] )
C

where 7, is the root-mean-square magnetic radius, and
rcc/re = 5.274565 for the exponential charge distribu-
tion. Its numerical value is, however, smaller than the next-
order correction. Therefore, instead of using this formula for
5531)@5, we calculate finite nuclear size effects by solving nu-
merically the Dirac equation and obtain
§3T) = 99 x107°.

rel,fns

(100)

The radiative finite nuclear size correction in the nonrecoil
limit is [33]

2  _ af 5 2 A* 634
5rad,fns__QZO‘mTZTr<—4+31nTn2—315’
(101)

where the first terms comes from the electron self-energy and
next two from the vacuum polarization. Using the relation
A = 35/(8rz) we obtain the numerical value shown in Ta-

ble {.2)
6rel,rec

given by

is the relativistic recoil correction for a point nucleus

e -v °- 2
TR

2
(2) m (Z ) |:65 13 31 (102)

rel,rec
L 7o
—(8—}—25—1&)ln2—(2+2ﬁ+zf$)ln(2a).

It is derived in this work and corrects the previous calculation
by Bodwin and Yennie in Ref. [14]. Numerically, our result
for the hydrogen 5551)7“30 = 0.575 ppm does not differ much
from that by Bodwin and Yennie (0.464 ppm).

55221’rec is the radiative recoil correction, which is a sum of
vacuum polarization and self-energy. Karshenboim [33] pre-
sented only a rough estimation for this correction in hydrogen,
and his results are 55527\,1) = —0.02 ppm and 6@27% =0.11(2)
ppm. The result of our calculations Ref. [34] is

5(2)

rad,rec

= 0.086 ppm, (103)

in agreement with numerical values from Ref. [33].
6,32‘,)13 is the muon vacuum polarization with the finite size

nucleus and without subtracting a point nucleus,

3 2 A2 634
52 —m{Za2—2Zamurza< )
my, |4 T

e = 3 Yz 315
(%)
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Finally, the hadronic vacuum polarization is taken from Ref.
[28], and weak force correction from Ref. [36]. The sum of all
important contributions in comparison to experimental result
is presented in Table I, and we observe 5 o discrepancy with
the experimental value.

(104)

IX. SPECIFIC DIFFERENCE D3,

Considering the specific difference Ds; in HFS

Doy = 8 Engs(25) — Ens(15), (105)
where nuclear structure effects cancel out to a high degree,
our result

1
8Dy (new) = (Z a)? % Ep|2In2— §9



TABLE II. Dy with corrected recoil in H and He™ in Hz.

D21 H He+
DEe(old) 48954.1(2.3) —1190068.(64)
Aoy -3.6 60.
Dihe 48950.5(2.3) —1190008.(64)
DSP 48959.2(6.8) —1189979.(71)
DS — Dihe 8.7(7.2) 29.(96)
7 73\ g—1 7 145
——In2+ — | —— - In2—-—
+<2n+32> g +<8n 128)4
(106)

is in disagreement with the previous result from Ref. [40]

m 9
8Dy (old) = (Z a)? 17 Er {—8

In2 7T\g—1 7 145
22 ) (e -2 gl o7
+< 2 32) g +<8 . 128) g} 1on

The difference
Agl = 6D21(neW) — (SDQ] (Old)

= (Za)? % Ep (5 —2In 2) 972 10y

4 g

affects theoretical predictions for Do; in H and He™, see Ta-
ble II. For H, we used Ref. [41] for the most recent and ac-
curate experimental and theoretical values, and for He™ HFS
we took the previous theoretical predictions from Ref. [40]
and experimental results from Refs. [42, 43]. We observe an
excellent agreement for Het. While, in the hydrogen case,
the relative experimental uncertainty is large, so agreement is
maintained, but a new, more precise measurement of hydro-
gen Fy,5(2S5) might be in place.

X. SUMMARY AND CONCLUSIONS

We have calculated (Z «)? m/M Ep relativistic recoil cor-
rection to the hyperfine splitting in hydrogen-like systems.
Our result is in disagreement with the n = 1 value obtained
by Bodwin and Yennie in Ref. [14], and also with state de-
pendence from Ref. [40], but is in agreement with previ-
ous calculations for g = 2 case. We observe 5o discrep-
ancy of theoretical predictions with the measurement of the
hydrogen ground state HFS. This disagreement is puzzling,
as the proton polarizability correction should be almost three
times larger to reach an agreement. We do not have any ob-
vious explanations, apart from incomplete treatment of pro-
ton structure effects. Namely, the current theoretical value
for the proton structure contribution §£ﬁl(the) = —33.45(33)
ppm can be compared with the proton structure inferred from
the comparison of measured HFS with theoretical predictions

51(1{1)0(exp) = —31.67 ppm and they clearly disagree. Planned
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HFS measurements in pH [15, 16] may shed light on the ori-
gin of this discrepancy. It is because one can compare regular
H with ©H by considering the difference

nuc

A= TG0 (H) — 60 (uH)
m my

e

= Afns + Arec + Apol . (109)

This difference A can be calculated much more accurately

than individual 58&, because the large momentum contribu-
tions cancel out. In fact Ags = 0, A using Eq. (22)

Za 2 (342
A = Z02(397 39 9Y (me) 4y
™ g \ 16 4 4 my,

can be expressed in terms of kinematic factors, and only the
smallest Ay, requires a separate analysis, but one may also
expect a significant cancellation here. In conclusion, provided
QED theory for ©H achieves sufficient accuracy, one can im-
prove the test of fundamental interactions theory by consider-
ing the difference A in Eq. (109). The result obtained in this

work for the relativistic recoil correction ¢ @ 0.000119

for ©H is indispensable to achieve this goai.CLrCC

Considering the difference Do; = 8 Eps(25) — Engs(15),
it is very much independent of the proton structure effects.
The obtained result for the relativistic recoil correction im-
proves an agreement for He™ HFS, which probably is the most
sensitive test for the existence of spin-dependent long-range
interactions. However, the obtained result worsens agreement
with hydrogen HFS. This indicates the need for improved
measurement of Fy,¢(2.5) in hydrogen before drawing further
conclusions.

Finally, it would be worth directly calculating numerically
complete recoil corrections using Eqgs. (26,27,28), because
one can account for the finite nuclear size effects, which are
important for ¢H, and also to account for higher powers of
Z a, which are important in heavier muonic atoms. This
project is currently being pursued.
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Appendix A: Spin algebra in d-dimensions

Apart from the lack of the Levi-Civita symbol in arbitrary
d-dimensions, the spin algebra is the same as in d = 3. Let
us therefore define an antisymmetric tensor 7% for a spin 1/2
particle,

(A1)
such thatind = 3

ot =27 ik gk (A2)



One can express arbitrary products of o in terms of 6%, ¢,
and %, for example

olo?d =89 40" (A3)
o O_b o€ O‘d _ 6ad 6bc _ gac 5bd + 6ab 6cd
44 (6Cd Uab + (de o 4 §ac G'db
+ 6ad O_bc + 5ab O_cd + 5bc O_ad). (A4)
From the last Eq. (A4), one obtains
{0 gk} =2 (5% 571 — 5% 57F) (A5)

[O'ij , akl] =24 (5jl otk 4§k oIl 4 5 ghI 4 5Tk J“).
(A6)
For an arbitrary spin particle we define S%, such that
gii d—3 ik Sk,

(AT)

where S is the spin operator and § = &/2 for S = 1/2. The
commutator of general spin operators is similar to Eq. (A6)

(A8)
and the angular average in d-dimensions leads to
g §ik st — git gik
Sighy=8.6 — A9
(STt =50 @)
o sit
<S”O’l>=S'UF, (A10)
where
S.0=8%s19=343. 7. (A11)

Appendix B: Bound-state matrix elements in d-dimensions

Let us define

% 4n . O 1
Vl(T)Z/Wﬁe T pi2e — 0 (B1)

ddk' 47T i ki e
VQ(T):/i(Q,R—)d ﬁelk :CQT1+2 = —5Te, (Bz)

where
Cy=n"Y21r(1/2-¢), (B3)
1
Cy=—n12T(=1/2—¢). (B4)

4

Many integrals can be expressed in terms of V; and Vs, for
example

16 i ATV A
Sl | = R (I <Y R el kT
2| r ], (2m)d k2 k2

=69V, + 070V,

11

and

ij d*k g KRN Er
47T(5ﬁ:/(2ﬂ_)d477<6j— k2>€

1), R
_@-b y 1)5”4775d(r) + <a¢aﬂ — % a2> Vi

2 Gij 3 1 id _ g6 .2
[3534775 (r)+75(37“ rjéjr)} (B6)

€

The following matrix elements frequently appear in calcula-

tions
(= ()= (8 (243,
(B7)

(3) () (3 (t). o

where for [ = 0 states

1 ) < dr
(%)=tim [0+ £0) (4 ma
4 (1 1 n
TN\ . < dr f(0) ’
(G)=tm [5G0 -I2 4 ro6mg
8 5 1 1 n
== -z+—+-— ¥U(n)—In—
n3< 3t o, Tee T Y0 nz)’
(B10)
with
1) = [ s @9 B11)
Further identities involving singular matrix elements
o 1
(4m o p'p’y = —<7rV25d(r)>—<r4>, (B12)
1
<5d(7~) 7n> =0. (B13)
The regular matrix elements for [ = 0 states are
E=— 1 (B14)
- 2n2’
(3= B15)
r n
1 2
1
3 _
(md°(r)) = —. (B17)
2
(rV25%(r)) = e (B18)
o 2
(o' o' m () = - =, (B19)

nd
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Second-order matrix elements for [ = 0 states are

(B20)

1 p? 1 3 1 n 1
5 pN_-(f_°2_ 1. ° Uln) —In— | — —(rs? B22
(ro0 s ) = (-3t b -nD) - o), @)
1 1 1 1 n 1
d d _ d
<7T5 (r)(E _H)/7T5 (1")> = n3(_ 5 n + v+ ¥(n) —ln2> - E(wts (r)), (B23)
1 1, [69  oigd . 2 9 1 5 n 1
) ————=p' | — Iy=—| —=-—— U(n)—In= | — —(xd? B24
<7T (T)(EH)’2p[r + r3LpJ> n3( R v ) nz) 5c (o)) (B24)
§i i 1 [64  pigi 40 8 1 3 ny 10
— —3—| ——|—&% —3— =—-——|-=4+— U(n) —In— — (r o .
<{r3 3r5 LE—HL“?’ 37"5 L> 3n3( 15 2n+20n2+w+ (n) n2)+3e<ﬂ- (r))
(B25)
Appendix C: Integration of the high-energy part
The integration over k1 and ks is performed using the following formula
/ dk, / diky A 47 47
emt | @ R B+ mg)= (0 +ma)
Comy ) D42 — ng) T(ng 4 ng — d/2) T(ny + ng — d/2) T(ng + 1o +ng — d)
(471')‘173 F(Q’I’Ll +ng +n3 — d) F(ng)F(ng) F(d/2)

><2F1(n1 + ng + n3 —d7n1 —+ N9 —d/2,2n1 + ng +n3 —d,]. —m%/mg) . (Cl)

After E-integration, the integrand f is a real function of w,
which is analytic for $#(w) > 0 and for R(w) < 0. The Feyn-
man integration contour is

/ooodw[f(w+ie)—f(w—ie)]. (C2)

We assume that the square root has a branch cut on a real
negative axis, so

Vz=/|z|ei® = \/]z] €' ¢/? (C3)

for —m < ¢ < 7, and for an arbitrary real n
Zn:|2‘n€i¢n. (C4)

Our integrand contains (—w?)™, which shall be interpreted for
R(w) > 0 and S(w) > 0 as

(—e?)"=(~(w+ieP)" =wme ™, (C5)

therefore
(- (w—|—i€)2)n —(—(w —ie)z)n = — 24 sin(mn)w?™.
(Co)

(

Our integrand contains also ( — 2w — wQ)n, which shall be
interpreted for R(w) > 0 as

n 2 " n
(—2w-w?)" = <1+) (—w®)". (€D
w
So, the w integration with a regular f is

O—ie oco+1 €
) ( +
co—1€ +ie

[ w0
= 2 sin(m n) Aoodww2”f(w). (C8)

After changing the integration variable to z = 2/w

/Ocdwf(w):/oodzif(2> (C9)
0 0 z z

the last z-integral can be performed using

/ oFy(a,b,c; —t) =51 dt (C10)
0

I'a+s) T(b+s) T(e)
I'(a) r'b) T(c+s)

—T(-s) (€1



and

/°° o=t ~ T(a)T(b—a) C12)
o ( '

o T

Appendix D: Atomic units in d-dimensions

The dimensional regularization is performed in natural
units, while the elimination of singularities will be performed
in atomic units, which in d-dimensions become a little more
complicated. The nonrelativistic Hamiltonian in natural units
is

=2
p C1
H:%fZarl_Qs. (Dl)
Changing coordinates to atomic units
F— (mZa) V029 7 (D2)
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H can be written as

(1-2¢)/(1+2¢) a/(142e) [P Ch

If one pulls out the factor m(1=2€)/(14+2€) (7 ,)2/(14+2€) from
H, then one will obtain the nonrelativistic Hamiltonian in
atomic units. Similarly for H () the common factor in atomic
units

m(lflOE)/(lJrQe) (ZOL)G/(1+2E) — m(ZOZ)Gn (D4)
is pulled out. Such a factor will also be pulled out from El,
which will lead to the appearance of the logarithmic term,
namely withm = 1

(Za)? §r)y = (Z a)_ﬁ (Z a)% 54 (r)

€ €

= C +41n(Z a)> §%(r). (D5)
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