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A general quantum electrodynamic method for the derivation of nuclear recoil corrections in hydrogenic
systems, which are exact in the nuclear charge parameter Z «, is introduced. The exemplary derivation is
presented for the O(m/M) nuclear pure recoil correction to the hyperfine splitting. The obtained result is

verified by comparison to the known (Z «)® contribution.

I. INTRODUCTION

Consider a two-body system with an arbitrary nucleus and
a point light fermion, such as an electron or muon. If the nu-
cleus can be treated as a static source of an electric potential,
then its energy levels can be obtained from the Dirac equation

Hp¢=FEp¢, (D
where
Hp=a -p+Bm+ Ve 2)

and where V¢ is a Coulomb potential including the nuclear
charge distribution pc (1),

A
Ve(r)= — / dr’ |F_°;,,| pc(r'). 3)

The Dirac equation is valid only in the limit of the infinite nu-
clear mass M, and there is no corresponding equation for the
finite nuclear mass case. This means that we are not able to
treat exactly two-body systems with arbitrary masses in the
relativistic theory, in contrast to nonrelativistic quantum me-
chanics.

There are in principle two perturbative approaches that are
employed for two-body systems. The first relies on expansion
in powers of Z a while keeping an arbitrary mass ratio

E(%’Zo‘> =m+M+E®+EY+E® 4+ EO 4
“4)

where E(™) is of the order (Z a)™ and may sometimes con-
tain finite powers of In(Z «). In this expansion, the coefficient
E(®) is the nonrelativistic energy, E®) is the relativistic cor-
rection, and E(">%) are higher-order quantum electrodynam-
ics (QED) and relativistic corrections. These corrections for
point arbitrary mass particles have already been obtained up to
E©) [1-3] using the so-called nonrelativistic QED (NRQED)
approach. For the finite nuclear size case, they are also known
upto (6) for an arbitrary mass ratio [2, 3], with the exception
of S-states which are known only in the nonrecoil limit [4].
In the second approach, one performs an expansion in the
mass ratio m/M, while keeping the parameter Z « arbitrary,

E(%,Za) = Ep(Za)+ Eree(Za)+..., (5

where the Dirac energy Ep is in the infinite nuclear mass
limit, F\ is the first order in the mass ratio ~ m/M correc-
tion, while the higher-order terms are merely unknown. This
first order in mass ratio correction (for the point nucleus) was
first derived Shabaev in Refs. [5, 6]. Next, it was indepen-
dently rederived in Ref. [7], together with the calculations
of the, unknown at that time, (Z )% m? /M correction. The
compact form for this first-order recoil correction for a point
nucleus was obtained in Ref. [8]. Soon after, the direct numer-
ical calculations were performed in Refs. [9, 10]. The gener-
alization for the finite size nucleus was achieved only recently
in Ref. [11], and the formulas are the following,

) * dw ) )
Erec:M[mﬁ<¢|[#_Dé(w)}
x G(Bp +w) [P = DL ()]I). (6

where ¢ is an eigenstate of the Dirac-Coulomb Hamiltonian
in Eq. (2),
G(E) = [E - Hp(1 —ie)] ™" @

is the Dirac-Coulomb Green’s function, Dé (w) is an operator
which in coordinate representation is given by the function

DL(w,7) = —4nZaa’ GE(w,7), (8)

where
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is the transverse photon propagator for a point nucleus, and

G, 7) = / (;lj:;d {pC(k_ka) (6@‘ _ k;l;)

Kk po(k*)] i
- pe e (10)
for the finite-size nucleus [11], with k2 = w? — k2 and

w = kY. Equation (6) will be further transformed to two dif-
ferent forms. For convenience, we will give different names
for different forms of this recoil correction to energy, and this
one in Eq. (6) we call the F; form.

In this papers we derive the analogous formula for the lead-
ing recoil correction to the hyperfine splitting (hfs) Fysrec and
verify it by calculation of the (Z «)® contribution. This for-
mula has a very universal character, such as that in Eq. (6),



and it can be used for an analytic derivation of the Z « expan-
sion or for direct numerical calculation. In view of the planned
hyperfine splitting measurements in muonic atoms [12], this
nonperturbative numerical calculation of Ejggec Would be
helpful in the interpretation of the measured hfs in terms of
the nuclear magnetization distribution. The accurate recoil
corrections to hfs are important also in view of significant dis-
agreements for uD [13] and 6Li [14—16] measured values.

II. RECOIL CORRECTION IN THE TEMPORAL GAUGE

We first transform Eq. (6) to a different /5 form and intro-
duce a notation fs for a symmetric integration around a pole
atw =0,

i
M
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Erec = <¢|[ (VC) - wDé(w)}

where p? (V) = [p?, V|. Let us introduce a photon prop-
agator in the temporal gauge including the finite nuclear size
(171,

i = po(—k? o KUK
Gip(w, k) = ;72) (6] -— ), 1
and analogously
Di(w,7) = — 4nZa o’ G (w, 7). (13)

The temporal gauge is a particular case of the axial gauge and
is defined by the condition Ggf‘ = 0. The relation to the prop-
agator in the Coulomb gauge is

D (w) = Dp(w) +

— [w+Ep—Hp,p(Vo)]. (14)

Using Dy, the recoil correction E. takes the form

rec:M/

The simplest form, called here the F3 form, for the recoil cor-
rection is achieved when using the temporal gauge for the pho-
ton propagator. We will use this observation when presenting
the recoil correction to the hyperfine splitting.

(9| DI.(w) G(Ep + w) Di(w)|¢). (15)

III. DERIVATION OF RECOIL CORRECTION TO THE
BINDING ENERGY

The original derivation [5-7] of the nonperturbative for-
mula for the recoil correction was quite complicated. Here,
we present a very much simplified derivation, which later will
be used for the hyperfine splitting.

Consider the nonrelativistic kinetic energy of the nucleus

1 = -

Hy = 5o [P—q AR, (16)

where P = —iﬁR, q = —Z e, and e is the electron charge.
The leading recoil correction can formally be written as the
expectation value

1

Erec = (w|(P

517 (PIP = g A)?|¥)gmn (17)

on a hydrogenic state |U)qrp (which is centered at the posi-

tion of nucleus E) in quantum electrodynamic (QED) theory.
The meaning of this expectation value is not obvious and is
explained as follows. The matrix element of an arbitrary op-
erator () on a state W is

(P|TQ exp[—i [ d'y Hi(y)]|¥)
(U|Texp[—i [ d*y Hi(y)||¥)

(V[Q¥)qeD = (18)

where T denotes chronological ordering with an assumption

that the time coordinate of @ is ¢ = 0, the interaction Hamil-
tonian is

Hi(y) = eju(y)A"(y), (19)

and |¥) is the bare hydrogenic state in the second quantized
theory. We keep in mind that in Eq. (18), for the purpose of
this work, all the electron self-energy and vacuum polariza-
tions are being neglected. The crucial point is the interpre-
tation of P and its action on |¥)qgp. Namely, consider the
representation of the fermion field in terms of creation and
annihilation operators of one-particle hydrogenic states ¢,

i _
l‘) = Z Clsd)s(f) e i Bt + Z ba¢b(f) e

+ —
@)=Y atel @ e Pt + 3 biot (@) e s (20)
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for details, see Appendix B. The differentiation VR acts on
functions ¢4 and operators ag, bs, and this can be represented
as

ﬁRz/&WNm%¢m+%
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where (7) = ¢)(0,7), and dy is understood in the following

sense. The hydrogenic state ¢, is a function of ¢ (7 — &) of
the difference in electron and nucleus position vectors, there-

fore O s = —dy ¢, and s, b, remain intact. As a test, for
t=0,

ﬁmwmz—/fwﬂm@wmwmm—iwma
=0, (22)

as it should. Moreover, for an arbitrary Fock state |U),

ﬁwa:—/d%¢Wﬂ@¢www, 23)



and this holds in particular for the vacuum state |0).
We can now return to the expectation value of the nuclear
kinetic energy, and we split it into three parts,

Eree = 2M <\I’|(VR +ZqA)(vR - ZC]A)‘\I/>QED
=FEc+Er+Es, (24)

where the quadratic derivative is understood in the symmetric
form, namely

V% =-VrVg. (25)
Let us start the derivation from the Coulomb part ¢, where

|¥)qeD can be replaced by |U) because we neglect all the
radiative corrections. The hydrogenic state |¥) = d;ﬂo), and

Ee = 2M<w|P )
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We note that the leading recoil correction is obtained from the
above by replacing P, = I — P_ and subsequent neglect of
P_, thus

rec ~ <¢| |¢> (27)

The second part is the single transverse photon exchange,

ET=2}W V(P Ze AR)}W)qun
= M<‘I’|Al( R) V| ¥)qep + h.c.
Z—M/ (W|T[AY(R) V% 7 (y) A7 (y)] |¥) + h.c.
= iy T P W] 19) Gy — B) + e
=Eri+Ers, (28)

where the V operator is assumed at ¢ = 0 in the chronologi-
cal ordering. E7; is due to the first term in Eq. (21), so

iZe? 4, i 3
ET1—72M dch(y*R)/d:E

x (Olag T((0F 0" 9)e (V7 al )] af10) + hc.

i

=~ [ 29 il Gl + Bo) D)0}
+ <¢|Dé(w) G(w+ Eo)p’|¢)] . 29)
E7s, due to the second term in Eq. (21)

zZe

Ers = / dty O(—yo) (U] ()|©)

X 8;G” (y—R)+h.c. =0, (30)

vanishes due to the current conservation (|8}, j*(y)|¥) = 0.

The third part, the double transverse (seagull) contribution
Es, is

722 -
U|A2(R)|¥
2M< |A%(R)|¥)qep

Z2 2 .
T oM 2 /d4 /d4
<\I’IT[ 2(R)j(x) - A(z) j(y) - Ay)] )

— 17 [ 52 (6IDbw) Gl + o) D) alle).
(€29)

Es =

The sum E¢ + Er + Eg gives Eyec in the F; form in Eq. (6),
which is next transformed to the /35 form in Eq. (15). The
same approach will be used for the derivation of the recoil
correction to the hyperfine splitting.

IV. NONPERTURBATIVE RECOIL CORRECTION TO
HFS

In the relativistic formalism the hyperfine splitting for the
point and infinitely heavy nucleus is obtained from the expec-
tation value of

Vigs = —ed - Ay, (32)
where
- e 7
Ar(F) = — i x —
€ I(T) A X r3 ) (33)
on a state ¢
Ents = (¢ Vis|o) - (34)

For the finite size nucleus, the Coulomb interaction be-

comes
1 _ d’q pc(q ) iqT
|:r:| N / (2 7'(') 4 q2 e q (35)

[cf. Eq. (3)], and the magnetic one becomes

fs




In the following we will assume po = ppr = p to keep the
notation short, and the final formulas will later be generalized
to pc # pum-

The recoil correction to the hyperfine splitting is obtained
using the following effective Hamiltonian for a particle with
an arbitrary spin I and charge ¢, which includes all spin-
dependent terms up to 1/M?,

Hye = 5— +qA° = 24T B
o 4 oY
q — — — — —.

where [l = P — q A, and where we introduced the nuclear g
factor,

. q 7

fi=oor9t (33)
We will use this Hamiltonian for the nucleus, where we as-
sume that the charge of the nucleus is ¢ = —Ze with e
being the electron charge. Electromagnetic form factors are
neglected in the above, because they depend on ¢ through
¢ = qg — ¢ and thus cannot be included on the Hamiltonian
level. Because every photon exchange between the nucleus
and the electron involves the photon propagator multiplied by
the nuclear form factors, we can move these form factors to
the redefined photon propagators [see Eqgs. (10) and (12)].
The neglect of gy in nuclear form factors is a common mis-
takes in relativistic atomic structure calculations.

Using Eq. (37) the recoil correction to hfs is split into three

parts,

Ehfsrec = Ekin + Eso + Esec ) (39)

which are calculated one by one in the following.

A. Kinetic energy contribution
The kinetic energy contribution is
1 52

For its derivation we use Eq. (18) with H; including the nu-
cleus magnetic interaction

Hi(y) = eju(y)A'(y) — i

—

By)B@—R), @)

J

S ([T ()

8,40(7) Or| W) qup + h.c.

and split it into two parts
Exin = Exin1 + Exin2 - (42)

Ein1 due to the first term in Eq. (21) is obtained from the
previous result for the recoil correction to energy,

Eyin1 = Ect + ETl + Eg1
7
= Ohfs i <¢| [p? — D} o(w)]

xG(ED+w> [P — DL(w)]|¢),  43)

where the state ¢ and the propagator GG are corrected by the
hyperfine interaction Vi including the finite nuclear size,
namely

Bt = 17 [ 520l - DLW]G(ED +4)

x (Vats — (Vi) )G(Ep + w) [p7 — DL(w)]|6)
+2(¢|Vats G'(Ep) [p? — DL (w)]G(Ep + w)
x [’ = DL (w)]16)] (44)

Eliye 1s due to the second term in Eq. (21) and is split into
three parts,

Eving = Ecs + Eco + Er2, (45)

which are calculated as follows. The first part is

Ecs = (¥|0r IR ¥)qED

1
2M
“oM / d'y / dt (B|T[(ie AJ), (iiB)i,r Or Ir]|¥)
i

= [ e e . 6)

where we introduced the frequency-dependent hyperfine in-
teraction

Viss(w, 7) = €9 e p’ o? ' D(w, ), (47
such that V}¢(0,7) =

_ [ Pk i p(R =)
D(w,r) = / @n) e R (48)

Vhfs (7“), and

The second part in Eq. (45) is

y/dt/d3 (w|T| (ie A7), (’ﬁg)t,3(1&+5zﬂ)rgR]|W>+h.c.

[<¢|a (Vits(w) — Vi) G(Eg + w)|0%¢) + (08| G(Ey + w) OF (Vigs(w) — Vags)|0) | - (49)



The third part in Eq. (45) is

Ery = — ;i; <W|AZ(E) 9% W) qrp + h.c.
— - g [ dds dTIAN ) 0 (16) 7 (0) AV(0) €)1 (0) A*w) () ' B8 D) +

1 dw

=~ [<¢|Dc( ) G(Eo — w) 0" (Vags(w) — Vaugs)|6) + (B0 (Viugs(w) — Viugs) G(Ep + w) D (w)|9)]

E\H

(50)
Combining these three parts together, Fii,2 in Eq. (45) becomes
) d s d 1
B = = 37 [ 50100 (Vi) = Vin)l6) =5 = 77 [ 5= = [~10109 (i) = Vi) G0 +)
% (17 = DL())I6) + (81(0 — DE(w)) G(Bo + ) 0 (Vi (w) — Vi)l6)] Gb

and this form we will call F; in analogy to the previous case. It can be further transformed to the F> form,

By = — % ;L;‘T’ % {16107 (Vs (@) — Vi) G + @) [ (V) + w D(w)][6)
+ (91 [p (V) —w DL (w)] G(Eo +w) & (Vass () — Vis)|9) } (52)
and combined with Fy;,; in the F5 form,

Buam = ~ 0z [ 52 =5 @I (V) =0 D)) 6l + Eo) [ (V) + w DE()]I6) 53

to obtain a simpler expression for Fy;y:
Buan = g7 [ 52 25 (Il (Vo + o)) = D ()] Gl + o) [ (Ve + Vin(w)) + w D()]l6), (54
which can be further simplified in the F3 form
Bian = =gy [ 52 25 (019 (hia(w) = DH@IGw + Bo) [P Qi) + w DH @I (59)

Indeed, the recoil corrections take the compact form in the temporal gauge. It would be worthwhile to derive them directly in
this gauge, because a derivation of radiative recoil corrections would otherwise be much more complicated.

B. Spin-orbit contribution

The spin-orbit contribution

o=~ 1y (9= DT (UE x T~ i x E[¥)qep
= Esol + E302 + Eso3 s (56)

is split into three parts. In the Ey3 part, o— figR and

E@oS =1

4M2 (9—1)T - (W|[E x I + Ir x E|¥)qep

=ip 9 1)eijk]i/d4x (U T[EI (B)0% (—i€) ju(x) A(2)]|¥) + hc.

L <g—1>1i/ 99 4165 od % D(w)|) (57)
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In the E.op part, [T — i [ d3r ¢ (7) 8, ¢ (7) and

1
Bz = — i WD [ e 1 (R0 () 0 04 W) e

= LD p [ty [ @ (@I R0 0 90 (i) (o) A ]0)
- —iiqz(?\/[_zl) eijkﬁ/;li; (610" G(Bo +w) [~ wa! GA(w) +i0'G¥]|¢)
+{¢|[w ol GE(w) + i GX] G(Ey + w) 0*|9)] - (58)

In the Fyo; part, o— —q /f(ﬁ) and

2
-1) - N o
g, =Ty (U|E(R) x A(R)|¥)qep

2 M?2
2 — L. . (—1e 2 N
T SR [t [[aty(wInis (8 A4 (o) 4% (2) o) A )1 0)

S q2§\942 D it i ;L“; [(6][wa™ G (w) +i 0 GX] G(Ey +w) o G (w)|6)
+ (¢la! GE(w) G(Eo + w) [~ wa™ G (w) + iG] |¢)] - (59)

The total spin-orbit part using Eq. (56) is
An Z —-1) .p s [d .
By = = T2l gt [ 996100 0 D))

2 M?
+ (o] [w ™ G (w) + i0'GY] G(Ey +w) [p* +4r Zad G (w)]|9)
+ {0l [0 + AT Zaa! Gh(w)] G(Ey +w) [ - wa™ G (w) +i0/GE]|9) } . (60)
It becomes simplified in the F» form,
—-1) . o [dwl ;
B = o et 1t [ 922 (9][p1 (Vo) — w D (w)] GlBo +) [pH(Ve) + DE)]I9) (6)
and even more simplified in the F3 form,
(=1 ki [dw
P = = S T [ 520 61D ) G(By +) DE@)0). (©2)

C. Double hfs contribution

The double hfs contribution is due to the two-photon exchange between the bound electron and the nucleus magnetic moment

i [18],
Bk a3k k2 — w? k2 — 2 s CiE
Pe=ic* [ 57 [ G / e g BTGB ) ) B

w2 —k?4iew? —k3+

i - 1
- - ia(g J
[ ) — o U xke) o+ (T he) w+e

(ji 1?51)1'] . (63)

We shall make at this point a note regarding the reference state singularity. The reducible contribution in the ladder diagram,
where the intermediate state is the same as the external one, ¢ € in the denominator of the fermion propagator should reverse the
sign, namely 7 ¢ — —i € (see Ref. [19]), which effectively leads to a symmetric integration in w around a pole at w = 0.

Let us now decompose the product of the nuclear magnetic moments into irreducible parts, namely

b 0% b b 3, 1 b
P Iy I VP i)+ 5 [n®, u’]. (64)
3 2 3 2
Only the last part contributes to the magnetic dipole hyperfine splitting, and
) . dw 1 - oo
Bgoe = —ie? [y, ;ﬂ]/ 5 - (1@ x V)" D(w,7) G(Ep +w) (@ x V) D(w, 7)) . (65)



D. Final formula for recoil correction to hfs

The total recoil correction to the hyperfine splitting in hydrogen-like ions is
Ehtsrec = Ekin + Eso + Eeec ) (66)
dw 1 , ) 4
Biin = 7 [ 5 2 (614 ) G +4) 0 (Vs @)[6) = (0107 (V) G(Ep + ) D) )]0

d . .
- / 2 (01D} () G(ED +) Dh(w)16) (67
—-1) ;. [d
B = = U et [ 920 61D} ) Gl +) Db W)l (69)
AnZa \° .. do 1, e L e
E:( ;M“g) eI It / 5o~ (61(@ x V) D(w) G(Ep +w) (@ x VY D(w) |4), (69)

where D (w) is defined in Eq. (13), Viugs(w) in Eq. (47), and D(w) in Eq. (48). We can now replace p by p¢ or pas depending
on the presence of the g factor. Namely in Eq. (67) p in D7 is replaced by pc and in Vi by pas. In Eq. (68) pin g Dy is
replaced by pjs, while in the other Dy is replaced by pco. In Eq. (69) p in both D are replaced by pj. In the next section we
will verify this formula for El e by the derivation of the (Z a)5 correction, which has already been obtained by other means
in Ref. [18].

V. (Z )’ RECOIL CORRECTION

Let us at first calculate the (Z «)® finite nuclear size correction to the energy given by Eq. (15). This correction comes from
the hard two-photon exchange and is split into two parts,

ES) =B +EY),. (70)

rec rec2

In the first part these hard two exchanged photons are Dr(w), thus

5 Ak [Pk —1] o KRR L, kKR o [
B = gpoo 2o |G P (0 ) (- ) G

1 d*k (k) -1 2m (k* + 204
:—¢2(0)(47r2a)2/ . PPk 1] m (k7 +207)
M s (2m)%d k4 w? (k* — 4m?2 w?)
E 1 o [ dq [p(¢®) —1] 2m (¢* +243)
=—0¢“(0)dnZ Al— 71
[
where in the last line we performed the Wick rotation, and A subscript s in Eq. (71). Applying this angle average
denotes an average over the three-dimensional sphere in the
Euclidean space, m dq _
b Bl = 37 9°(0) <Za>28/ ral e ILCOERE
a0 2 T ) sub
Al = [ St flaa) =2 [0 sin®(6) £ (0.4 cos(6)). (5)
s ™ Jo
(72) where b = 1 + /1 + a2, and “sub” denotes the subtraction
then of low ¢ singularity which corresponds to (Z «)* finite size
correction. Equation (75) agrees with the one derived previ-
1 _ 2 1 (73) ously in Ref. [11]’s Eq. (12) . For electrons, it can be further
q* +4m? ¢} ¢ 1+vV1+a2’ simplified in terms of the effective radius (r? In(mr)).
1 2 The second part EfecZ comes from the nonrecoil hard two-
A5 ==, 79 Coulomb ph h
@ q oulomb photon exchange
where a = 2m/q. In the second formula we assumed a sym- (5)

™
EQ). = — - ¢*0)(Z 3= (o V) 76
metric integration around the pole at ¢° = 0, as denoted by nree 3 O*(0) (Zay mry = (@Vaeld) . 76)



where
7"?1} = /d3r1 /d3T2 pc(r1) po(re) |7 — 77'2|3, 77

and from the operator in Eq. (15) replaced by the nonrelativis-
tic nuclear kinetic energy [cf. Eq. (27)], so
1 =2

719 = 357 EX)

nrec

(78)

E®) =24V, ——
rec2 <¢|Vnrec (E o H)/ 2'M

It can be interpreted as a reduced mass scaling of the nonrecoil
(Z a)® correction.
We are now ready to pass to the (Z «)® hyperfine recoil
correction. It also split into two parts,
E®)

hfsrec —

5
= El(lf)rccl + E( )

S hfsrec2 *

(79)

The first part comes from the hard two-photon exchange,
where these two photons are Dy (w) and D(w) or Vi (w),

but here we do not subtract the point nucleus contribution.
(5)

rec

o dq| 5 (2 1
(0 ) /sub q {Pc<b+2b2)
1

Following closely the previous case of E,,;; we obtain

5 16 (Z )
El(lfgrecl = 3

g 2 1 g 2 1
g 2b—1)— 2 V4L 2 (— )|
+2PM,OC< b-1)-7 b2>+ L ACTEA

(80)

It requires low g subtraction as denoted by “sub”, which cor-
responds to the leading hyperfine splitting of the order of
(Z a)*. Namely, the term 2 (b — 1) contains the linear singu-
larity 2 (b—1) ~ 2a = 4m/q for the small ¢, which should be

subtracted out. Then, 2 (b—1—a) = 2/(a+v1 + a?) = 2/¥
and

5 16 (Z)? - dq 2 1
El(lfs)recl - ? M2 ¢2(0) I-s 0 p b + 573 22

+§pMﬂc<§/‘z2f ) C< ﬂ

+ 0B et (81)
in agreement with Ref. [18]. The last term 6Ehfsrec1 is
5 167 (Z a)? -~ g
5El(1fs)recl 3 M2 ¢2 (0) I-s § mrz, (82)
where
1 d3 9 5
7= | A 911~ pe(a®) par(a®)] (83)

is the so-called Zemach radius [20].

The second part E}(lfs)I oco comes from the second term in Eq
(67), where the perturbation is due to the nonrecoil hyperfine
correction

(5) _ 1671'

g r .
hfsnrec — 3 ( ) ¢2( )7MI'STZ

= <¢|Vhfsnrec|¢> (84)
and with recoil replaced by the nuclear kinetic energy
=2
(5) I 7
Ehfsrec2 <¢‘ VhfSUYCC m m |¢>
= -3 M }Efs)nrec : (85)
It can be interpreted as a reduced mass scaling of E}(I?S)mec.
Together with
5 5
5E}(1fs)recl = 7m/M E}(lfs)nrec (86)

it gives the factor 4 and the total reduced mass scaling (p1/m)*

of the Zemach contribution E( 5)

hisnrecs 1D agreement with Ref.
[18].

VI. SUMMARY

We have introduced a general quantum electrodynamic
method for the derivation of nuclear recoil corrections in hy-
drogenic systems, and we present an exemplary derivation of
the nuclear recoil correction to the hyperfine splitting. The ex-
act formulas in Z « are shown in Egs. (67) - (69). They can be
used for the direct numerical calculation of the nuclear recoil
effects, or for an analytic derivation of Z o expansion coef-
ficients, in particular of the O(Z «)? Er contribution, which
was originally derived by Bodwin and Yennie in Ref. [21],
but has not been confirmed.

This general method can be applied for the derivation of
all the other nuclear recoil effects of an arbitrary order in the
mass ratio, including radiative recoil. It would be worthwhile,
however, to simplify the derivation by direct use of the tempo-
ral gauge, because formulas are very much simplified in this

gauge.

Appendix A: Photon propagator

The photon propagator in the Feynman gauge is

iG" (2" — ) = (0|TA*(2") AY(2)|0)
d4k 671']@(1'71)
= —ig" | ————— Al
Zg /(277)4 k2+i€ ) ( )
n g"
G = - e (A2
while in a Coulomb gauge with finite size,
GE = p(k*) /K, (A3)
ij _ P(_kQ) ij k' k7 _ k' K P(EQ)
Ge(k) = 12 0 (k0)2 (k9?2 f2 - (A4)
The transverse part is not orthogonal to k’
i g 2 e



in contrast to the propagator in the regular Coulomb gauge.
The photon propagator in the temporal gauge with finite size
is

i o p(—k? o KUK
The auxiliary propagators are
(0]TA (z) BY (y)|0) = — i€"" V" D(z — ), (AT)

Ak p(—k?
D(I’fy) _ /(271-)4 efzkrr p(k2 ) , (AS)

&k g P(l22 —w?)
D(w,r) = /(%)3 e R (A9)

éleptal 0" D(w,r)
irZa - . -
L agI~62

Vhfs(w7 T) =

Appendix B: Spinor field

The representation of the spinor field in terms of solutions
of the Dirac equation are

+
T) =Y a.ps(7)

—i Est
)

efiEst + Zbg¢q(f) e

+ —
=Y alol@e P+ biol (@) e Pt B
which form a complete basis
+ —_
Yo os(@) ¢F (@) + ) ds(a’) 6 (2) = 6°(& — 7). B2)

The fermionic anticommutation relations are

{a‘T7 aj} = {b1"7 bj} = 57‘,8 Y (B3)

and
{0(@',0), $7(&,0)} =@ ~ 7). (B4)
The fefinition of the vacuum state is
ar|0) = b;7[0) = 0. (B5)

The projection operators into positive and negative energy
subspace are

= (014 (&',0) 4™ (&,0)[0) ,

ﬁ—Zm oF
Z@ of

= (0] " (%,0) (", 0)[0), (B6)

with

Pt +P =1. (B7)
The fermion propagator is

(0T (2 /)1&*(' )I >

—i [y

PGz, x) =

—iw (2'%—z0)

(B8)
The equal time propagator can be written as
i G2, 2)]go—go = (0T (z") F ()]0 |r0—go
1 A A
5 (01(") & () — ™ () d(a")0)
= % (Pt —P7). (B9)
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