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We present a detailed derivation of the QED effects of order a” m to the hyperfine structure
(hfs) of the *S states of helium-like ions and perform numerical calculations for °Li* and "Li™.
By comparing the theoretical point-nucleus results with the measured hfs of LiT, we determine the
nuclear-structure contribution parameterized in terms of the effective Zemach radius. Using the
experimental hfs results for Li*, we obtain accurate predictions for the hfs of °Li®* and "Li%*, for
which no experimental data is available so far. By examining the normalized differences of the hfs
of Li™ and Li and of the corresponding isotope-shift differences, we test the consistency of the hfs

measurements in ©7Lit and ®7Li.

I. INTRODUCTION

The hyperfine structure (hfs) of atomic levels with van-
ishing orbital angular momentum arises from the inter-
action between the nuclear spin and the intrinsic angular
momentum (spin) of the electrons within an atom. The
energy level of an atomic S state can be conveniently rep-
resented as a sum of the centroid energy level Ecepnt, the
magnetic dipole hyperfine structure Ejs; and the electric
quadrupole hyperfine structure Fpgo,

E :Eccnt + EMl + EE2
= Boens + AL - S) + B((I'T)P (S5 (1)

where A and B are the so-called hyperfine constants, S is
the total spin of electrons, I is the nuclear spin operator,
(a*a?)?) denotes the irreducible second-rank tensor, and
the summation over repeated indices is implicit. The
matrix elements are given by

(I-S)=[F(F+1)—IIT+1)-S(S+1)]/2, (2
and

(I'TP)P(8787) @) =(I- §)? +(I- §)/2
—I(I+1)S(S+1)/3. (3)

We note that the electric quadrupole structure is present
only for the electron states with the total momentum
J = S > 1/2; in particular, it vanishes for the ground
state of atomic Li and Li®*.

In the present work we are interested in the magnetic
dipole hfs. In order to obtain experimental results for
the A constant from the measured spectra, one needs to
eliminate the quadrupole structure by combining several
hfs transitions. Using the most accurate experimental
results summarized in Table I, we get for the Lit ion
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Aep("Li*) = G V1/2-3/2 F 1g V3/2-5/2 (5)

TABLE I: Experimental hfs intervals in Lit and Li, in

MHz.
System Interval Experiment Ref.
6Lit 23871 3001.783(12) [
6Lit 235172 6003.619(11) 1]
TLit 2351 /273/2 11 890.088(65) (2]
TLit 23,53/275/2 19817.696(42) 2]
6L 228,157%/2 228.205 259 0(30) 3]
"Li 2°8) 7 803.504 086 6(10) 3]

where vp_ g are the measured F'— F’ transition energies.
For atomic Li, the quadrupole structure is absent, so we
have just

. 2

Aexp(°Li) = 3 V1/2-3/2> (6)
. 1

Aexp(7Ll) = 5 Vi—2. (7)

II. HFS THEORY OF LIGHT HYDROGEN-LIKE
IONS

We start with summarizing the existing theory for the
magnetic dipole hfs of S states of hydrogen-like atoms.
To the leading order in the fine-structure constant «, it
is given by

_4 4m§ 7oa
Er = g(Za) W9<I'S>, (8)

where m, = mM/(m + M) is the reduced mass, m and
M are the mass of the electron and nucleus, respectively,
Z is the nuclear charge number, and the nuclear g-factor
is defined as

Ze o

28T
s 90 9)

ﬁ:



where (i is the nuclear magnetic moment operator. The
leading-order hfs contribution in Eq. (8) is also known as
the Fermi energy.

The complete hyperfine structure of S states in hydro-
genic systems is represented as an expansion in terms of
a’

Eyi = Ep(1+4), (10)
where
5 = K+ 5(2) + 5(3) —+ 6(4) + 5£§g.re1 + 6struct . (11)

Here, « is the magnetic moment anomaly of a free elec-
tron, k = a/(27) + O(a?), 6 are QED corrections of
order o' Ep, (5552.“31 is the relativistic recoil correction of
order a? Ep, and dgruct is the nuclear structure correc-
tion.

The results for the QED corrections for an S state and
a point and infinitely heavy nucleus are given by [4, 5]

§(Za)2+a(Za)(ln2—g), (12)
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Here, Ggg(Zoz) is the one-loop self-energy correction
which needs to be calculated numerically. For Li, we
use the result from Ref. [6] of Gggr) (3a) = —4.5875(1)
which includes higher orders in Z « for Z = 3. Further-
more, the last term in §*) represents the estimate of the
unknown three-loop binding QED correction.

The relativistic recoil correction was derived in Ref. [7].
It has a finite point-nucleus limit and is given by

2
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The last term in Eq. (11) is the nuclear-structure con-
tribution dgiruct. Its dominant part is the elastic contri-
bution of order o E'r, which is parameterized in terms of

the Zemach radius rz,

5(1)

struct

(elastic) = —2Zamyrz, (16)

where
Ty = /d37“1 /d37“2 pE(’F1)p]u(’F2) |’F1 — FQI 5 (17)

and pg and pjs are the Fourier transforms of the electric
and magnetic form factors of the nucleus normalized to
unity.

There are many further contributions to dstruct, both
of the elastic and the inelastic kind. So far there is no
established theory for calculating the inelastic nuclear
effects in hfs for a compound nucleus. For this reason,
we parameterize the whole nuclear structure contribution
in terms of the effective Zemach radius 7, which is, by
definition,

Ostruct = —2Z amy Ty . (18)

It should be noted that the definition of the nuclear struc-
ture contribution (and, therefore, the effective Zemach
radius) is not unique. In particular, in our previous study
of He™ [8] we separated out from Jgtryet the nuclear recoil
correction ch) and the elastic higher-order nuclear con-
tribution 653& Moreover, many previous studies (among
them, Refs. [1, 9]) disregarded all higher-order nuclear
contributions, thus making no difference between the
elastic Zemach radius rz and the effective Zemach radius
7z. In the present work, we define the nuclear structure
contribution by Eq. (11), where we separated out only
those corrections that have a well-defined point-nucleus
limit.

III. HFS THEORY OF LIGHT FEW-ELECTRON
ATOMS

For the S states, the leading-order magnetic dipole hy-
perfine structure is given by

Bp= (Vi) = 2220 G (1 5 %)). (1)

The matrix element in the above expression is assumed to
be calculated for a finite nuclear mass and thus implicitly
contains the reduced mass prefactor. For a hydrogen-like
atom, Eq. (19) reduces to Eq. (8). It is often convenient
to separate out the dependence on the total angular mo-
mentum by introducing the hyperfine constant Ar which
does not depend on the hyperfine state,

Ep=Ap(I-5). (20)

The complete magnetic dipole hyperfine structure is ex-
pressed analogously to Eq. (10)

Eyi =Er(1+9), (21)



where

§ =K+ 5(2)+ 5(‘3) + 5(4) + 5(2) + Ostruct - (22>

rec

Calculations of the leading-order magnetic dipole hfs
in helium and helium-like atoms are presently well estab-
lished [10]. The leading QED correction of order a?Ep,
6?2, was derived and calculated for helium in our previ-
ous investigations [11, 12]. For the Lit and Be?" ions,
similar calculations were carried out in Refs. [1, 9, 13].
The higher-order QED correction §®) has been unknown
until recently. The first calculation was reported by us
for helium atom in Ref. [14]. In the next section, we
present the detailed derivation of formulas and perform
numerical calculations of §® for Lit. The higher-order
QED correction 6% is approximated by the hydrogen-
like value in Eq. (14). While it is a relatively small cor-
rection, its uncertainty will define the overall uncertainty
of our theoretical predictions for the point-nucleus hfs.

The complete relativistic recoil correction 65822 for few-
electron systems is presently unknown. In this work we
approximate it by a sum of the relativistic recoil correc-
tion for the corresponding hydrogenic ion and the mixing

contribution 6

rec.mix’

5(2) — 6(2)

rec rec.rel

(Li2*) + 62 (23)

rec.mix

- . (2 . .
The mixing correction 6. .. is a second-order (in

the magnetic moment) contribution due to mixing with
closely-lying excited states. This correction is specific for
the helium-like ions, where the reference 23S state and
the first excited 2'S state are separated by a small en-
ergy interval. Namely, for the 23S reference state, the
following mixing contribution is present

(23S|Vp|2LS) (21 S|VE|23S)
E(238) — B(21S)
238|Vi[218) (21 S|V |23 S)
E(238) — B(215)
(23S|VE[218) (21 S|V |22 S)
E(238) — B(2'S)

Nfel‘jk[k

—ApT-56@

rec.mix ’

(24)

where we retained only the contribution to the magnetic
dipole hfs. Despite being second order in the electron-
nucleus mass ratio, this correction is significant because
of the small energy difference in the denominator. We
note that a similar correction contributes to the elec-
tric quadrupole structure and is present even when the
quadrupole moment of the nucleus is zero.

The nuclear-structure contribution gyt cannot be
calculated at present. Instead, we will extract it from
the experimental value of hfs in Li™. It is important that
with high accuracy, the nuclear structure contribution
expressed in terms of dstruct i the same for Li?T, LiT,
and Li. This fact will allow us to predict the hyperfine
structure of Li?T and to cross-check the experimental re-
sults for LiT against those for Li.

IV. QED CORRECTION OF ORDER o’Er

We now turn to the derivation of the QED contribution
of the order of ma” (= a®Er) to the magnetic dipole hy-
perfine structure of triplet S states in few-electron atoms.
The ma” contribution to Ej;; consists of the photon-
exchange terms (no radiative loops), the one-loop self-
energy, the one-loop vacuum polarization, and the two-
loop QED effects. It can be represented in terms of the
first- and second-order matrix elements as

1
EM =Eps® =B, +2(HY ———— HO)
" vt s (Eo — Ho)'
1

(5) 4 (7)
+2 <ths (Bo—Hyy H )> + (Hyg) + Ealoop ,  (25)

where Ep is the low-energy Bethe-logarithm-type con-

tribution; H}(:flg , H}(l?b) , and Hl(l? are the effective hfs

S
Hamiltonians of order ma*, ma®, and ma’, respec-

tively; H® is the Breit Hamiltonian, H®) is the effective
QED Hamiltonian of order ma?, and Hy and Ey are the
nonrelativistic Hamiltonian and its reference-state eigen-
value. The lowest-order hfs Hamiltonian H}(li) is given by
Egs. (5)-(11) of Ref. [12], where one should put the elec-

tron anomalous magnetic moment (amm) to zero. The
next-order hfs Hamiltonian H}(jb) is the amm correction
to H}(:flg and is immediately obtained from Egs. (5)-(11)
of Ref. [12]. The Breit-Pauli Hamiltonian is well known
and given, e.g., by Eq. (7) of Ref. [15]. The effective QED
Hamiltonian of order ma® is

-2 2
H® = <5 ! +lna> 102 [63(r1) 4+ 6°(r2)]

6 5 2A 3m?
7042 1 (5)
BEET R (26)

where 7 = |7} — 74|, A is the low-energy cutoff of photon

momenta, and Hf(f) is the amm correction to the spin-
dependent Breit-Pauli Hamiltonian, given by Eq. (14) of
Ref. [15]. Esioop is the two-loop contribution which has
the same form as in hydrogen-like atoms, see the last
term in Eq. (13), and is given by

a?(Z a)

Enloop = Er 0.77099(2) . (27)

The derivation of the low-energy contribution F, and
the first-order ma” effective Hamiltonian Hgs) is pre-

sented below.

A. Low-energy contribution Er

In this section, it will be convenient to use the atomic
units, and pull out the overall prefactor a”. Also, in the
rest of the paper we will set the electron mass to unity,
m = 1, unless specified otherwise.



In the low-energy region the momentum of the virtual
photon k is of the order k& ~ a?. The corresponding
low-energy hfs contribution comes from the perturbation
of the Bethe logarithm by the Fermi contact interaction

operator

g2nZ
M 3

The low-energy contribution Ej, is

Vi = I-S[83r) + 8 ()] - (28)

A
_ % /O dk kP (), (29)

where

1 _ 1 _
Pp(k) =2 <vF G Hy L B F P> (30)

. 1
P
+< Eo — Hy

1 .
% [VF_<VF>]WP>a

and P = p1 + po is the total momentum operator. The
large-k expansion of Pp (k) is

B Chhk D

—t —t —+..., 31
7k et T (31)
where A, B, C, and D are the asymptotic constants sum-
marized in Appendix A. The A-dependent part of Fp, is
separated as

kP(k) = A+

_ ! i 9 2
EL—EL+37T 2ln A+DlnX), (32)

where the finite A-independent part is expressed as

E), = 3277{/0[( kdk P (k) +/Oo dk [kPL(k)

K

ABCln’fD]

VE k k
[AK+QBW+ In? K—i—Dan]}, (33)

where K > 1 is a free parameter.

In order to remove the dominant Z- and state-
dependence from E7, it is convenient to define the 6-
function-perturbed Bethe logarithm s as

Z? 2 /C
By =B (Vi) - = (5?22 + DInz?). (34
T 6547T<VF> 3 \3 n + DIn (34)
Defined in such a way, 85 depends very weakly on Z and
its numerical values for few-electron atoms are very close
to the hydrogenic values.

B. ma” Hamiltonian H}(]:S)

The effective ma’ Hamiltonian H}(IQ

sented as

can be repre-

7 7 7
H}(lfs) = H}(;fs),A + Hl(lfs) Bt (35)

where ... denotes terms that are proportional to the
electron-nucleus Dirac § function, §%(r,). At the first
stage of the derivation we will routinely drop such terms;
the corresponding contribution will be restored later by
matching the high-Z limit of the obtained formulas to the
known hydrogenic result, see Sec. IV C. More specifically,
we will omit terms proportional to Z3§3(r,); all other
terms proportional to 63(r,) will be preserved through-
out the derivation.

The first part of H}(IQ comes from the spin-dependent
terms in the generalized Breit-Pauli Hamiltonian Hgp
that are proportional to the electron amm k. Specifically,

YA . e ., = L
5HBP:Z”€{2Ua'TEXWa+8{7ra'Ba77T<L'O'a}
a

ak L, S S
+Zﬁaa-rab x (7 — ) , (36)

7 g 7
P i g 8T g i
¢B'(") = (Vx A)' = ~Za 51 0°() 1
g 1 y ripd .
To—2_ |59 = I
+ a2Mr3(6 3T2) (38)

Performing calculations as described in Appendix B we
obtain
Z - 227 1 -

hfs,A — A M 3 7“‘11 3 P1 53(7“1)173

1 o

—5( 54 —3T1r{)p'i>+§A§3(T1)
7

7.

Tg;%)}+uﬁ2). (39)

Some operators in the above expression are singular at
the origin and thus are not well-defined, but this am-
biguity will be eliminated by matching with the known
hydrogenic result.

—pi
4
3

The second part of H}(IQ is a middle-energy contribu-
tion that can be expressed in terms of slopes of form fac-
tors and the one-loop vacuum polarization. The deriva-
tion described in Appendix B yields

7 2t g Zo - = «
oY 5= 5 a7 L8 F(0) + F5(0) — e
X A3 (r) + (1< 2), (40)

where the slopes of form factors are given by

O‘[” 11 2] (41)

F{(O)+F2,(O):; o) 3\



TABLE II: Expectation values of operators @); for the
238 state of Lit, in atomic units. Singular operators
Q56 and Q57 are defined according to Ref. [18].

(o} 4763 (r1) 57.350354
Qs 4763 (r1) /2 27.981057
Qa 4763 (r1) p3 22.668097
Qo 1/r° 0.195563
Qu 1/ri 9.601760
le 1/(7”1’/‘2) 1.472668
Q13 1/(r1r) 0.860969
Q14 1/(rirer) 0.837624
Q15 1/(rir2) 5.002281
Q16 1/(rir) 4.660766
Q17 1/(r1r?) 0.514395
Qs (7 - 7)/(rir?) 0.083179
Q24 Pt (rir? 4 8912 [ (r1r®) pl 0.019568
Qo8 pi /D3 17.346919
Q51 47 Py 8% (r1) Pa 0.051166
Qs3 1/r 1.780585
Qs6 1/r3 —102.905512
Qs7 1/rt 271.277651
Qs9 1/(rir?) 0.405548

C. Regularization of divergencies and restoration
of the 63(r,) part

From now on we will use atomic units and pull out the
overall a” prefactor. The second-order matrix elements
in Eq. (25) contain divergences coming from the sum-
mation over the intermediate states. They arise when
operators on the left and on the right of the resolvent
1/(FEo — Hp)' are sufficiently singular, so that their first-
order matrix elements are finite but the second-order ma-
trix elements diverge. Specifically, there are two such
“problematic” operators in our case, the electron-nucleus
Dirac § function and the spin-independent part of the
Breit Hamiltonian Hé?g, given by Eq. (6) of Ref. [16]. The
divergences become more tractable if one moves them to
first-order matrix elements. This can be accomplished
[17] by representing the problematic singular operators
as an anticommutator with the Schrodinger Hamiltonian
Hj plus some more regular operator. Specifically, for the
Dirac § function, we use the following identity

ArZ [6%(r1) 4+ 6%(r2)] = {Ho — Eo, Q} + Vr,  (42)
Q2<Z+Z>, (43)

T1 T2

where V5 is the regularized operator defined by its action
on an eigenfunction ¢ of Hamiltonian Hy on the right as

77 = Ity o
Vr|o) 2—2(731 'V1+T32'V2)|¢>- (44)
1 5

For the spin-independent part of the Breit Hamiltonian
we use a similar identity

H'Y = {Hy — Eo,Q} + Hpg, (45)

nfs

a--1(2+2). (16)

4 T1 T2

where Hp, is defined by its action on the eigenfunction of
Hj on the right as

1 1 1 . /69  rigd ;
H — | = 2,2 - En — P B e j
RI®) Lplpz 2( 0o—V) SPil\ -t s )
Zri-Ny ZieVa T
4 13 4 r3 2r3

na —%>]|¢>, (47)

where V = —Z/ry — Z/ro+1/r. By applying these iden-
tities as described in Appendix C, we express the second-
order contributions in Eq. (25) as

1 1
2(H) ———— H® ) +2(H) ——— H®
< b (Eo — Ho)' * S (Eg — Hp)'

- Esec(se) + Esec(vp) + Efo,A P (48)

where Fgoc(se) and Egec(vp) are the finite second-order
contributions given by Egs. (E2) and (E7) that corre-
spond to the self-energy and vacuum polarization, re-
spectively, with regularized operators Qg and Hp, and
Ex, 4 is an additional first-order contribution. As previ-
ously, in our derivation we dropped terms proportional
to the electron-nucleus Dirac § function in the first-order
matrix elements, which will be restored later.

A similar regularization of the Fermi contact interac-
tion was carried out in the calculation of the low-energy
part Er, for the integrand Pr(k) in Eq. (30). The in-
tegrand P (k) does not contain any divergences, so the
regularization is not obligatory but it greatly improves
the convergence of numerical basis-set calculations. For
the first term in the right-hand-side of Eq. (30) we used
the representation (42), whereas for the second term we
employed a more general identity

AnZ [83(r1) + 8°(r2)] = {Ho — E0,Q} + VR,  (49)

where
~ Z Z
Vr :4(E0 —V)( +>
T1 )
L(Z Z\ (Z Z\ .
—2p ( + > P1— 2172( + ) P2, (50)
T1 T2 1 T2

and @ is defined in Eq. (43). It might be noted that the
dependence on FEj in the above equations cancels out, so
that they represent a general operator identity.

Now we turn to restoring the contribution proportional
to the electron-nucleus Dirac § function. This is accom-
plished by evaluating the large-Z limit of the derived
ma’ contributions. In the Z—oo limit, all effects of the
electron-electron interaction vanish (since they are sup-
pressed by a factor of 1/Z as compared to the electron-
nucleus interaction) and the result should agree with the
ma” correction derived for the hydrogen-like ions. This

matching gives us the coefficient at the electron-nucleus



TABLE III: Second-order matrix elements for the 23S state of Lit

, in atomic units. “Symmetry” denotes the

symmetry of the intermediate states.

Symmetry Value
1 3
S1 Vr Bo=Hg) VR> S —30611.3035
Sa Vr m %3 58 4.33362
Ss VR Em gy HR> S 2399.03334
Tl o= o Ty o Ml o Ty o 3 pe
S4 (é X p1+ é X p2) W (*% X p1+ é X p2)> P —0.01580
T = T = 1 i = — 3
Ss (% X p1+ é X pz) Eo—Ho) (* (P —pz))> pe —0.03892
st 3ripd &5t 3rird 1 5%9 R~ 3 e

Dirac 0 function. The evaluation of the large-Z limit of
our formulas and the matching with the hydrogenic re-
sults is described in Appendix D. As a result, we obtain
an additional first-order contribution proportional to the
electron-nucleus Dirac ¢ function,

=

Eop =n(I-8) Z2m([83(r1) + 0°(r2)]), (51)
with the coefficient 1 given by
g 5351 4472 10 896
= - - - 3)+ —1In2
"= ear| 1m0 o 3Ot
16122—@1 6412 2561n21na ,
9 135
(52)

where we dropped the A\-dependent terms.
Finally we obtain the total first-order contribution as

(HD )+ (HE 5) + Eroa + Ero.s = Ero(se) + Eio(vD) ,
(53)

where Ei,(se) and Eg,(vp) are given by Egs. (E3) and
(ES), respectively.

So far the individual ma” contributions depend on the
logarithm of the low-energy cutoff of photon momenta,
In \. Naturally, the complete ma” correction should not
depend on A. The cancellation of the A-dependent terms

J

1 2
{9( +321n> 7% Q1 Q53 + (

183
3\ 6
2

Ago(se)

2

5
3 36

A 56
“ _ 2P o0
2 ) Q3 9 Qo Q53 + 9

is demonstrated in Appendix E; this constituted an im-
portant cross-check of the derivation. After the cancella-
tion is proven, we set A — 1 in all formulas.

D. Final formulas

We now collect all the contributions and obtain the
complete result for the ma” hfs correction for the 35
states of helium-like ions. It is convenient to separate
out the vacuum-polarization contribution and write the
final result as

(54)
where

A(7) = AL+Af0(Se)+Asec (Se)+Afo(Vp)+Asec(Vp)+A2(loor;-
55
Here, the first three terms come from the one-loop
self-energy, the fourth and fith terms are the one-loop
vacuum-polarization contribution, and the last term is
two-loop correction. The low-energy self-energy contri-
bution Ej = (I-S)Ap is given by Eq. (33). The
first-order self-energy contribution Ag, is conveniently ex-
pressed in terms of Q; operators which were encountered
in our previous investigation of the ma’ effects to the
Lamb shift [18] and are defined in Table II. The result is

143 8

-2
+ = In Oé> 22 Q57

108 9 2

56 3 47
Z Qs9 — ZQ18 + 3 EW Qs3

( 2F0Q13 + Qi1 + E5Qs3 + 2ZEgQ11 + 2ZEoQ12 — 2ZQ14 — 2ZQ16 + 37°Qu1s + Z Q56>
Z (77 Z (95
Q28 Q24+ (6 +161In >Q51 (

3 +32In _2>(E0Q1—Q3—;Q4)
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7 4472 10 896 16 938 64 , 256 VA
—— - = — In24+ —In"2— —ha- —1 — In21 — .
+{ T 36(3)+ 57 2+ 57 ma— e+ ==l na} 1 Ql} (56)
The second-order self-energy contribution is
2[(5 a2 3 Z (Z Z
Agec(se) = 271.'9M{9 [(6 +1n2> Sy — 78 + 253:| + 3 (2 Sy — 55) — 856} , (57)

TABLE IV: Individual ma” corrections to the magnetic
dipole hfs of the 238 state in Lit. Units are o> Ap.

Term Value
Ap 45.0968 (22)
Ago(se) 50.8070
Asec(se) —186.2134
Ao (VD) 1.3752
Asec(vp) 3.7756
A2100p 0.7362
A —84.4226 (22)

where the second-order matrix elements S; are defined in
Table III. The vacuum-polarization contribution is given
by

Ago(Vp) = — 457€M {16Z2 Q1 Q53 +2Z Q51 +42%Qs7
1
+4Z(1-32)Qs —AZ (EU 0, — §Q4)
2
+ 73 (1356 + 81na> Ql] , (58)
and
_ g
Asec(vp) = 457rMSl . (59)

The two-loop QED contribution Eojgep = <f .S > Asloop
is given by Eq. (27).

V. RESULTS

A. Li" hfs

Our numerical calculations of the ma’ corrections

were carried out with the basis set of exponential func-
tions e~ " ~Ai2=% T introduced by Korobov [19]. The
method of calculations follows the one developed in our
previous investigations and reviewed in Ref. [20]. The
most difficult numerical part is the computation of the
Bethe-logarithm contribution Er. This contribution is
very similar to the low-energy ma’ contributions for
the Lamb shift; so we refer the reader to our previous
work [21] for details of the numerical approach. Ex-
pressed in terms of S5, our numerical results for the low-

[
energy ma’ contribution are

Bs(23S,Z = 2) = 70.5314 (28) , (60)
B5(23S, Z = 3) = 70.0036 (34) , (61)

which can be compared with the hydrogenic limit [22]
Bs(152s, Z = 00) = 68.834482. (62)

Numerical results for the individual ma’ corrections to
the hfs of the 23S state of Lit are presented in Table I'V.

We now collect all available theoretical contributions
to the magnetic dipole hfs in SLit and "Lit. Accurate
values of the nuclear magnetic moments were obtained in

Ref. [23],

U {0.82204463(37) for °Li, (63)
uy | 3.25641619 (55) for "Li,
and, therefore,
g(OLi) = 1.635878 84(74),
g("Li) = 5.039258 37(85) . (64)
The nuclear masses
M (°Li) = 6.013477 3618(15) u,
M("Li) = 7.014 357 9087(45) u, (65)

were obtained from the atomic masses from Ref. [24] by
subtracting the electron rest masses and the binding ener-
gies. Values of other physical constants were taken from
Ref. [5].

Table V presents results for individual theoretical con-
tributions to the magnetic dipole hfs of the 23S state
in SLit and "Li*. The numerical results are expressed
in terms of § defined by Eq. (22). The theoretical un-
certainty is defined by the QED contribution of order
ma®, for which no direct calculations exist so far; it was
estimated by using the corresponding hydrogenic result
listed in Sec. II. The entry dineo is the total theoreti-
cal prediction without the nuclear-structure contribution.
The difference fexp — dtheo then determines the nuclear-
structure contribution dstryct-

B. Effective Zemach radius

The nuclear structure contribution dg¢uet is parameter-
ized in terms of the effective Zemach radius 7, according



TABLE V: Contributions to the magnetic dipole hfs of
the 235 state in Lit and "Li* and the determination
of the nuclear structure contribution dgsryct .

Term SLit it
K 0.0011597 0.0011597
5@ 0.0004435 0.0004435
6@ —0.0000328 —0.0000328
S —0.0000021(5)  —0.000002 1(5)
52 0.000 002 4 0.000 006 2

2 0.000 000 3 0.000 000 4
Stheo 0.0015709(5) 0.0015749(5)
Stheo [9] 0.001576(2) 0.001 580(2)
Ar[GHz] 2.997 908 1(14) 7.917508 1(13)
Aexp|GHZ] [1, 2] 3.001 805 1(7) 7.926 990 1(23)
Oexp = Aexp/Ar — 1 2 9

(
0.001 299 9(
(

(
4)  0.0011976(29)
—0.0002710(24) (

—0.000 377 3(30)

(Sstruct = 6exp - 6theo

TABLE VII: Hfs splitting in Li?*.

Term 614 14

@ (Li*T-Lit) —0.0000133 —0.0000133
62 LLi*F-Lit)  —0.0000024 —0.000 006 2
@ (Li*-Lit) —0.000000 5 —0.000 0005

Sexp(Lit) [1, 2]
§(Li%T)
Er(Li*T) [GHg]
e (Li?1) [GHz]

0.001 2999 (24)
0.001 283 8 (24)

8.468319(4)
8.479190 (21)

0.001 197 6 (29)
0.001 177 6 (29)

(
29.819 893(5)
29.855 013 (86)

TABLE VIII: Li—Lit hfs difference.

TABLE VI: Results for the effective Zemach radius 7
of SLi and 7Li, in fermi.

System Reference 5Li Li
Lit This work 2.39 (2) 3.33(3)
Lit Sun et al. [1] 2.44 (2)

Lit Qi et al. 9] 2.40(16) 3.33(7)
Lit Qi et al. 9] 2.47(8) 3.38(3)
Li Puchalski et al. [25]" 2.29 (4) 3.23 (4)

T recalculated for the nuclear momenta given by Eq. (63).

to Eq. (18). Numerical results for 7z of ®7Li are listed
in Table VI. This table also compares the present val-
ues of 7z with previous determinations. The result from
Puchalski et al. [25] was recalculated by including drec rel
and by using the updated magnetic moments of 67Li,
given by Eq. (63). We confirm the surprising result, first
pointed out in Ref. [25], that the effective Zemach ra-
dius of Li is smaller than for “Li, in spite of the fact
that the nuclear charge radius of ®Li is larger than for
“Li. The probable explanation is a large contribution of
inelastic effects. Previously, significant inelastic contri-
butions were found in hfs of D [26] and pD [27].

C. Li*" hfs

Theory of the magnetic dipole hfs of hydrogenlike
atoms is summarized by Egs. (10)-(14). This theory
alone is not capable of predicting the hfs energy split-
tings since the nuclear structure contribution dg¢pyct can-
not be accurately calculated from the first principles at
present. We can circumvent this problem by using the
nuclear structure contribution extracted from the Li* hfs
measurements in order to predict the Li?* hfs. An equiv-
alent way is to calculate the difference of the normalized
hfs values in Li>* and Li* and use the experimental re-

Term SLi Li
6@ (Li-Lit) 0.000204 8 0.000204 8
62 . (Li-Lit) ~0.000 002 4 ~0.000 006 2

6@ (Li-Lit)

S(Li-LiT ) theo
S(Li-Lit)exp [1-3]

—0.0000005 (47)

0.000201 9 (47)
0.0002129 (24)

—0.0000005 (47)

0.000 1980 (47)
0.000209 5 (29)

sult for the Li™ hfs to predict the hfs in Li**. Such a
determination is presented in Table VII. The table lists

theoretical values for 6, §?) and 63 for the Li**-

rec.mix’

Lit difference. The sum of the theoretical contributions
and the experimental value ey, (LiT) gives the predic-
tion for §(Li*"). It is remarkable that the uncertainty
of our prediction for the Li>* hfs comes exclusively from
the uncertainty of the experimental Li* hfs value.

D. Li-Li" hfs difference

Our present calculation of hfs in LiT allows us to check
the consistency between the theoretical and experimen-
tal results for hfs in Li and Li*. Only few theoretical
contributions to ¢(Li-Li*) are nonvanishing, namely, the
relativistic and QED terms 62 and 6¢®), and the hyper-
fine mixing contribution 5£§g‘mix (absent in the case of Li
atom). The results are presented in Table VIII, where we
used the Li result for §(2) from Ref. [25]. The dominant
theoretical uncertainty comes from the estimation of the
8B correction for Li, which we assumed to be the same
as in Li?*. We observe a 20 tension between the theo-
retical and experimental hfs results, which might result
from a larger than expected 6 correction in atomic Li.
This supposition can be verified by a direct calculation
of this QED correction in atomic Li.



TABLE IX: SLi-7Li isotope shift of atomic ground-state

hfs.
Term Value
8(°Li-"Li) theo —0.000 000 1
S(OLi-"Li)exp [3] 0.000 105 7(5)
Sstruc (PLi-"Li) 0.000 105 8(

5)
Sstruc (PLiT-"LiT) 0.000 106 3(38)

E. SLi-“Li isotopic hfs difference

A further test of consistency of the measured hfs values
can be obtained by examining the isotope shift of the nor-
malized hfs values in Li and LiT. On the theoretical side,
all QED contributions vanish in the isotope-shift differ-
ence. The only noticeable correction is the nuclear recoil
contribution, which is nevertheless tiny and amounts to
52 (PLi-TLi) = —1 x 10~7. Therefore, the SLi-"Li dif-
ference of the normalized experimental hfs values can be
almost solely attributed to the nuclear structure effect.
This means that the isotope-shift difference of the nu-
clear structure contributions can be extracted from the
experimental hfs values of atomic Li almost without any
theoretical input, see Table IX. The table presents the
6Li-"Li isotope shift of the nuclear-structure contribu-
tion dgiruc Obtained from the experimental hfs values of
atomic Li [3]. The result is compared with the corre-
sponding value extracted from Lit (see Table V). We
observe very good agreement of the isotope-shift differ-
ences of dgrue Obtained from atomic Li and LiT, which
indicates the consistency of the experimental results.

This consistency can be studied further by construct-
ing the difference A from the normalized hfs isotope shifts
as follows,

A= [5(°Lit) — §("Lit)] — [6(°Li) — 6("Li)].  (66)

From the theoretical point of view, this difference comes

mostly from 65622'mix, is very small numerically and can

be calculated very accurately. We obtain
Atheo = —3.9 x 1076 (67)
which can be compared to the experimental value

Acxp = —3.4(3.8) x 107°, (68)

obtained from the experimental results [1-3]. The con-
servative estimate of uncertainty for Aeyp, is obtained by
adding quadratically the uncertainties of individual inde-
pendent measurements, with the assumption that they
are not correlated.

The above comparison constitutes a strict test of con-
sistency of the four different measurements of hfs in
67Lit and %7Li [1-3]. By contrast, if we use the recent
value for the °Li hfs: 228.2015(14) MHz from Ref. [28],
then the experimental difference moves away from the
theoretical prediction and becomes Agy, = 13.1(7.2) X
109, which casts some doubts about the correctness of
the uncertainty estimation in Ref. [28].

VI. CONCLUSION

We have performed calculations of the QED effects of
order ma’(= a®Ef) to the magnetic dipole hyperfine
structure in LiT. This calculation greatly improves the
theoretical value of hfs in LiT in the point-nucleus limit.
By comparing the theoretical point-nucleus result with
the experimental Lit hfs value, we determine the nuclear-
structure contribution and parameterize it in terms of
the effective Zemach radius. We confirm the surprising
result, first pointed out in Ref. [25], that the effective
Zemach radius of Li is smaller than that of “Li, which
is in contrast with the charge radius of ®Li being larger
than that of “Li. The probable explanation of this fact
is large contributions of inelastic effects, for which no
calculations exist up to now.

It is demonstrated that the nuclear-structure contribu-
tion, when normalized by the Fermi energy EF, is nearly
the same numerically in Li?*, Lit, and atomic Li. The
charge-state dependent contributions to dg¢ruct are of or-
der O(Z a)? and very small numerically. Using this state-
ment, we obtain accurate predictions for the hfs in 6Li%+
and "Li%*, for which no experimental data is available so
far. Examination of the normalized differences of the hfs
values of Li™ and Li and of the corresponding isotope-
shift differences allowed us to demonstrate the consis-
tency of four different measurements of hfs in %7Lit and
67Li [1-3]. By contrast, the recent measurement of °Li
hfs [28] leads to a 20 tension in the consistency test.
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Appendix A: The asymptotic expansion coefficients
of the Bethe-logarithm contribution

Here we present a summary of formulas derived for
the coefficients in the asymptotic expansion of the in-
tegrand Py (k) of the low-energy contribution Ej, given
by Eq. (31). As in Sec. IVA, we work in atomic units
and pull out the overall a” prefactor. The asymptotic
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coefficient A is

_ 52 1
A= 2<P 7(E0—H0)/ Vi

where P = 5 + > and Vp is given by Eq. (28). For the
numerical evaluation, we transform the second-order ma-
trix element to a more regular form by using the identity
(42). After simple calculation, we obtain

4= 5 09 |- (P o )

+ 47 Z(83(r1) + 63(ra)) + 2 <13 (Z + Z) 13>

RO

The coefficients B and C originate from the exchange
of high-momenta photons. The corresponding formulas
are derived by considering the forward scattering ampli-
tude with two and three photon exchanges, correspond-
ingly, perturbed by the Fermi contact interaction. The
results are proportional to the expectation values of the
local contact interaction and are given by

78\/§gZ2 -

(A1)

(A2)

B= = I 8) (r(8(r) +8°02))) . (A3)
3 - -
C= - 192 (I-5) (7r(63(r1)+63(r2))>. (A4)

3M

The calculation of the coefficient D is more compli-
cated. It consists of the low- and high-energy parts which
are calculated separately using the dimensional regular-
ization, similarly to that for the Lamb shift [21]. The
result is

D= 478|167 22(5%0) + 8202 (£ + )

1 T2

VARA 1
2o (2 N (Vg
- <7"11+7"§>+<R(E0H0)’ R>

37 —1 5
- <ﬁ1 4m 2 6%(r1) pr — (Eo L8220 n
2

[=p}

—62% + 577 ln2> 87 Z6%(r1) + (1 ¢ 2)>].

(A5)
Appendix B: Derivation of ngQ
. . . (7 .
In this section we derive H;, 4 and Hy g p in Eq. (35).

The effective operator H}EQ 4 1s given by Eq. (36) which

can be rewritten as

Z . -
H]SQ,A—ZK{;EIL'Z X (—eAa)
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The individual parts of this expression are calculated as

o - -
+ K —a Oq - Tap X (€Ay —eAyp) . (B1)
z 2r3 ( ) follows,

,'n

- rd .
S I|: 83 pa53(ra)pa +pa <5” -3 a a>p?1:|7 (B'?’)

a

e sy gl L = 3
;—EJQ-AB(TG)fW;salAwé (ra), (B4)
6] — -, gZOz2 N _‘Fub 7? Fb
Z 5 Oa  Tab X (eA(ra) — eA(rb)) =~ 3 w1 3 (743 — 73> ) (B5)
a,bjaztb  ab a,bjab ab a b
[
Deriving the above formulas we used (SI7) = (I - metric in spin parts. For example,

S ) 8% /3, which is valid for the triplet S states. After sim-

ple calculations we obtain the result for H}(Q 4 as given

by Eq. (39).

Turning to H}(IQ 5, wWe evaluate it as

7 € a - 5
B = 35 [HO+ 0 - m} 5. AB(T)

Z J Za[ (0) + F4(0) —

x A5 (rq)] (B6)

where the index a = 1, 2 runs over the two electrons. De-
riving the above formula, we again omitted terms van-
ishing for the triplet S states. We simplify the result by
rewriting all terms as a sum of symmetric and antisym-

J

1
2(HY ———— (wH
< hfs (EO *HO)/ ( nfs

After simple but tedious calculations we obtain

and

S5 T8 (ra) = 3 (54 82) - T[5°01) + 8°(r)]

+ = (51— &) T [03(r1) — 83(r2)] - (B7)

1
2
The expectation value of the antisymmetric part vanishes
for the triplet S states and only the symmetric part con-
tributes. Taking into account that the sum of the spins of
both electrons is equal to the total spin S , we can make
the replacement s, — S /2 in all expressions.

Appendix C: Regularized form of the second-order
contribution

Here we consider the singular part of the second-order
contributions in Eq. (25), namely, terms containing the
Dirac § functions. With the help of Egs. (42) and (45)
the singular second-order contributions are transformed
into a form suitable for numerical calculation, whereas
all divergences are transferred to the first-order matrix
elements. We thus write

+ HI(I})S))> = Esec7A + Efo,A . (Cl)
51 2 2
6—5+1nO;)\)VR +37r/£HR}> (C2)

g Z
1 T2
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zZ 7 z? 72 1 zZ 7 1 /72 Z
1 T2 7“1 7“2 T 1 T9 T 1 T2

kala/Z% 72 Zry  Zty 7 z Z 1 z Z
e e A Y (i S L I L AN B — V2 o2 [ L A2
g 7)) w) (G ) e ) (T )

Z Z (Za  Za) (69
+2E<4>< + > + <pi< + ) —+
71 T2 T1 T2 r

where E4) is the relativistic correction of order ma? to
the centroid energy. The above formulas contain contri-
butions from the self-energy and the vacuum polariza-
tion. The latter is induced by the vacuum-polarization
correction to the Coulomb potential,

2
sV = 2 s+ (16 2),

15 (C4)

and is a part of H(®) Hamiltonian in Eq. (26).

Appendix D: Matching the hydrogenic limit

In this section we obtain the hydrogenic (Z—o00) limit
of our formulas derived for the helium-like atom. We
first consider the normalized difference of hfs energies,
AE™ =n3 EM(nS) — E(M(189), for which the obtained
limit should agree with the known results derived for the
hydrogen-like atoms. Next, we consider the 1S state, for
which the limit of our formulas should differ from the
hydrogen result by a term proportional to the electron-
nucleus Dirac ¢ function. By matching these two results,
we obtain the missing §-function contribution.

We start with the self-energy part. To get the hy-
drogenic limit of our formulas, we make the replacement
S = 257 and drop all the electron-electron terms con-
taining r and terms containing variables of the second
electron. For the normalized hfs difference, omitting the
low-energy part E7 and using known results for the ex-
pectation values of effective operators with hydrogenic
wave functions, we obtain

78 g 71 79 55
M (o) — 2 o
ABTse) = — o315 DR~ 57 B4
9214 ,
+ ?(7 +¥(n) —In(n)) + (- In(e) "> +1n2)

This agrees with the result from Ref. [29] after the re-
placement In(Za)~? — In(a)~2, which is caused by the
different choices of the photon cutoff in the low-energy
part. For the 1S state, the hydrogenic limit of our for-
mulas is

Z5 g = 319

EM(se,18) = =—2_(5, - I) | — g T 16mA

W”‘)pg> — (n Za [ (r1) + 63<r2)]><z ¥ Z>] } » (&)

r3

1 ]

646 214 64
RELR Y Wil N S
Ty met oy 9

—&—anlnA—l—anan)} +275nge (81-1),

(ln2 2+ In2lnA
(D2)

where 75 parameterizes the missing J-function self-
energy contribution. The above result should agree with
the hydrogenic 15 self-energy result given by the sum of
Fyrand Fy in Egs. (A12) and (A13) of Ref. [8]. In these
equations the intermediate cutoff € is the same as cutoff
A = a2\ used in this work. Matching Eq. (D2) with the
result from Ref. [8], we get the missing contribution

4472 10 896

g 7
P [ L =2
1k 47rM{ 6 2 3@ty
1 4 1 1
+§6ln227%lnA+§6ln2A+$ln21nA

+1n(o¢)<22174 - %IHA— 6941n2>} .

Adding the corresponding contribution from the second
electron, then employing Eq. (B7) to rewrite their sum
as a combination of the symmetric and antisymmetric
parts, and dropping the antisymmetric part since it does
not contribute for the S state, we get the complete 6-
function self-energy contribution for helium.

For the vacuum polarization we proceed in a similar
fashion. For normalized difference of S-states, the hy-
drogenic limit of our formulas

32269 . -3 1
_ 3 1
ESTAE >{

(D3)

AE™ (vp) =

4 n

+ ﬁ +7+0(n) - hl(n)} , (DY)

agrees with the result in Ref. [29]. For the 15 state, the
hydrogenic limit of our formulas

Z5 29 . <
?45M<51-I>(36—161n2—161nZ)

+225 (5, - 1),

is matched with the literature result [4], yielding the
missing d-function contribution

472
Tvp = g {7 + 16111(05)} .

EM(vp,15) =
(D5)

— D6
45 M | 15 (D6)
It should be noted that for the vacuum polarization we
checked this result by a direct derivation of the é-function
contribution by using the dimensional regularization.



The sum of the self-energy and vacuum-polarization
0-function contributions yields the term FEf, p given by
Egs. (51) and (52).

Appendix E: Cancellation of A\-dependent terms

In this section we obtain the final formulas for the ma”

correction and demonstrate the cancellation of terms de-

Eoc(se) =

J g ]
- SZ<SZIJ { (5” - 3T1r1> 4 L (5” -3
2 r1 1 5

The first-order self-energy contribution reads

2

Exo(se) =

Wl o

/\

85 a~? 1
161ln —— 7283 (r)—
3 +16 ) ><7T ) (rl)T2>

o[ &
/\

3 w|N

N/\

L) L2y (9 o
p 311 7’3

° \

For the simplification of the result we used the identity

;1 ij Tlﬂ‘{ j 2 5 3 k Z?
<p1r:1”<6]_3r% P )= §p1Z7T5(7“1)p1+g

Z 771 77 Z -1 p2
F A (EO + S ;)zn53(r1)>. (E4)

By algebraic calculations we checked that the depen-
dence on the photon momentum cutoff A is canceled in
the sum of Fp, Esec(se), and Eg,(se). After that, we can
remove the A dependence by setting A = 1 in all for-
mulas. In this way we obtain the final formulas given
by Eqgs. (56) and (57). The second-order contribution in
Eq. (57) is obtained from Eq. (E2) after spin averaging
with help of a formula

(i ots ey = T uany, )

in the second and the third line of Eq. (E2

ingly.
The final result for the vacuum-polarization contribu-
tion is a sum of the corresponding parts of the second-

), correspond-
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pending the low-energy cutoff \. We start with the self-
energy contribution, which is represented as a sum of
three terms,

ED(se) = EL, + Esec(se) 4+ Ego(se). (E1)
Here, Ey, is the Bethe-logarithm low-energy contribution

given by Eq. (32). The second-order self-energy contri-
bution Fge.(se) is obtained in Appendix C as

g - 71 3 Z
I-S 32In —— Zd —
ey >[9<3 o2 2)\><7T (“)><r1
Z 3/Zr 7 4z
ey A S W =
r3T1> 12< re r3>+ 3 <r1

(5ommg)((n- 3

it a2
(6 +161n 2)\) (py w8 (r1) pt)

(T 8)ne 22w (83 (r)) + (1 2).  (E3)

(

order contribution in Eq. (C1), the first-order contribu-

tion contained in H}EQ in Eq. (35), and the additional
Dirac-d-like part obtained in Appendix D. We thus get

ED(vp) = Esee(vp) + Ero(vp) , (E6)
__ 9 7.3 1

Esec(vp) - 457 M <I S> <VR (EO — HO)/ VR>7

(E7)

7. 3 zZ_ Z
Eio(vp) =~ =2 (T s>{<16wzs 2+ 2
+4(p1mZ 8 (r1) p1) m(Z—32%)8(r :>

2

-8<(E0-2)7f“‘°’< >>+2<ff )

+ (41752 +161n(a )) (nZ36°(r1)) + (1 & 2)} . (E8)



