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ABSTRACT

We derive formulas and perform calculations of nonadiabatic corrections to rates of
electric quadrupole transitions in the hydrogen molecule. These corrections can be
represented in terms of a single curve D(l)(R), similarly to the Born-Oppenheimer

one, D(0>(R)7 derived originally by Wolniewicz. Numerical results change E2 transi-
tion rates for the fundamental band by as much as 0.4 - 12% depending on rotational
quantum numbers.
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1. Introduction

Most of the calculations of molecular properties are performed in the Born-
Oppenheimer (BO) approximation. When higher precision is needed, e.g., for ac-
curately measured transition energies in Hy [1, 2, 3, 4], one includes adiabatic and
nonadiabatic corrections. These corrections can be calculated systematically within
the so-called nonadiabatic perturbation theory (NAPT) [6, 7]. Using NAPT, one can
calculate not only corrections to rovibrational energies, but also to many other physical
properties [8], like the nuclear magnetic shielding. This allowed for the most accurate
determination of deuteron and triton magnetic moments [9].

In this work, we derive a formula for the leading nonadiabatic correction to rates of
electric quadrupole transitions in Ho. This nonadiabatic correction can be represented
in terms of a single function D) (R), which can be added to the BO quadrupole mo-
ment function D(Y)(R), calculated by Wolniewicz in Ref. [10], recalculated by Komasa
[11] using ECG functions, and significantly improved here using an enhanced version of
H2SOLV code [12], which employs the Kotos-Wolniewicz (KW) functions. Apart from
many applications in astrophysics, these accurate rates can be used in the primary
thermometry for temperatures as low as 10 K [4, 13, 14, 5]. In particular Authors of
Ref. [14] propose to measure the ratio of two transition rates from the same vibrational
band to achieve higher accuracy for temperature due to cancellation of experimental
and theoretical uncertainties. Hydrogen molecule is the best for this purpose, because
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transition rates can be calculated very accurately from first principles, and this work
is the first step toward this accurate termometry.

2. Nonadiabatic perturbation theory

Following Ref. [8], let us start from a nonrelativistic Hamiltonian for a neutral diatomic
molecule

e PR, Pp
2m  2my  2mp

H:

+V, (1)

where the summation index a enumerates all electrons, and A and B refer to nuclei,
and atomic units are used throughout the paper. To derive formulae for nonadia-
batic effects, one must fix the reference frame. We start with the laboratory frame
{74, 7B, Ta}, and subsequently change variables to {ﬁ, Re, %4} according to

71 = Rg +ep R, (2)
7p = Re — e R, (3)
7y = Re + Za, (4)

with the relative position of nuclei R=r4— 7B, and the origin of the new frame,
Rg = €474 + €epTn, where €4 + eg = 1, chosen anywhere on the internuclear axis.
The conjugate momenta are related by

Pa=eaPa+P—eay Ga (5)
a
Pp=esPo—P—epy qu (6)
a
ﬁa = (.Taa (7)
where P = —iV rand ¢, = —1i ﬁma. The nonrelativistic wave function with vanishing

total momentum does not depend on ﬁg, S0 ¢ = P(Zq, ﬁ) We now choose the center
of the reference frame at the nuclear mass center,

ma mp
€B= ————,
maA +mp

(8)

€= ————
ma+mpg’

and split the Hamiltonian into the electronic and nuclear parts,

H=Hg,+ Hy, (9)
6_72

H, = a“ 4y 10

ol 5 +V, (10)

1 1\ - 1 2
H, = p2 —( *) —H +H 11
n (2mA+2mB> +2(mA+mB) Za:qa n T4 (11)

This form of the nuclear Hamiltonian is convenient for the calculation of nonadiabatic
effects.



Next, the total angular momentum operator J does not depend on the reference
point, because we assumed the vanishing total momentum for molecular states. There-
fore we chose for convenience R as a reference point and J becomes

J = (fa— Ra) x Pa+ (Fa — Ra) x pa+ (7 — Ra) x .. (12)

a

In new variables

J=Y Faxqu+RxP=Jg+Ju, (13)
a

J can also be split into electronic J_‘;l and nuclear j;1 parts.
Let us now introduce NAPT [6, 7]. The total nonrelativistic wave function ¢ of an
arbitrary molecule is the solution of the stationary Schrodinger equation

[H — E]|¢) =0, (14)

with the Hamiltonian H being a sum of the electronic H, and nuclear H, parts,
Eq. (11). In the adiabatic approximation the wave function ¢ = ¢,, where

Qba(fa ﬁ) - (bel(f) X(R)7 (15)

is represented as a product of the electronic wave function ¢ and the nuclear wave
function x. We note that ¢e depends parametrically on the nuclear relative coordi-
nate R. The electronic wave function obeys the clamped nuclei electronic Schrédinger
equation

[Hel - gel(R>] |¢el> =0, (16)

while the nuclear wave function is a solution to the Schrodinger equation in the effective
potential generated by electrons

[Hn + ga(R) + gel(R) - Ea] |X> =0, (17)
where the adiabatic correction &,(R) is

Ea(R) = (barl Hnlder),, - (18)

In NAPT, the total wave function is the sum of the adiabatic solution and a nonadi-
abatic correction

¢ = ¢a+6¢na = ¢elx+5¢na. (19)

The nonadiabatic correction d¢y, is decomposed into two parts,

5¢na = ¢el 5X + 5/¢na ) (20)



obeying the following orthogonality conditions

<5/¢na|¢el>el == 07 (21)
(ox|x) =0, (22)

which imply the normalization condition (¢,|¢) = 1. In the first order of NAPT one
has

1
m H, |¢el X>7 (23)

10/ fna) V) =
where 1/(Eq — He)' denotes the resolvent with the reference state ¢q subtracted out.
This correction to the wave function can be used to derive the finite nuclear mass
corrections to various matrix elements. Consider the Hermitian electronic operator @
(without derivatives with respect to nuclear variables) and its matrix element between
(different) rovibrational states. In the BO approximation, this matrix element can be
represented in terms of the diagonal electronic matrix element nested in the nuclear
matrix element, namely

(@ = (daxilQldaxi) = Ol @8 i), (24)
where
(@Y = (Qa = (#alQlda). (25)
We will show that the same holds for the leading nonadiabatic corrections, which is
(1 _ 1 | 1 .
(@)Y = (¢e1 xt| Hn (o — Ha) Qlder xi) + (de1 x¢|Q (Ea — Hy) Hy|¢el Xi)- (26)
Namely,
<Q>(1) = /ng {(X%‘( Xi) |:<Hn (bel’; Q ’¢el> + <¢el‘Q # ’Hn ¢el>:|
(gel - Hel), (gel - Hel)/
V(xix) [ e =
T T omn [<VR¢eI|M Q |@e1) + (Da|Q (Ea— Ha) |VR¢e1>}

(27)

(Xi Vi — Xt €Xi> . 1 1 .
[<VR¢el\(€l_Hl), Q |pe1) — (Pl Q (Ea— Ha) VR¢e1>} }

2my

Assuming () is invariant with respect to time reversal, the third term vanishes, and
with the help of integration by parts, we obtain

@0 = el @D 1), (28)
O _ g — L .
<Q>e] - <¢el‘ Hn (561 _ He])/ Q |¢el> + <¢el| Q (561 — Hel)/ Hn |¢el>, (29)



where for arbitrary 1) and )

W Faltber) = (VR $alV R Ya) /(2 1) + WLl H [a), (30)

and where my, is the reduced nuclear mass.

3. Electric quadrupole moment

The electric quadrupole moment operator is
DY =Y ea (rin iy — Tans 07/3). (31)
(6%

where the summation index « refers to both electrons and nuclei, e, refers to the
electric charge of the a-th particle, and 7,a; are particle positions with respect to the
center of mass, 7y,

Mo Ta

VR

gl
I

(32)

«

For the hydrogen molecule, ) e, =0, and M4 = Mp = my, so the total mass M is
M=2my+2m. (33)

Let us rewrite the quadrupole moment operator in terms of position vectors Z, = 7g
with respect to the geometric center 7, which coincides with the nuclear mass center.

G = (fa +7B)/2. (34)
Namely
R R ., Mo M T Mo ToG
I SR TR S
(03 « (63

Because 7 is the geometric center, the sum over nuclei cancels out, and

— m —
Ta= — i Tel s (36)

where
T =Y Taa (37)
a

The quadrupole moment operator in new variables becomes

g , . , . . L 509
DY = Z €a [(T;G +xg) (1l o+ x) — (Fac + xG)2 =
«



y 5
g i g i i oR. = 07 m

where, assuming e is the electron charge,

and

ij i j —2
D¢y = Z €q <raG ra — TaG

«

with

mn

Dh= Y earhg=crh
«

iJo_ i j
=3 (TGG M

a

54

3

The quadrupole moment operator is therefore

el

g g Y £ ¥/
D — ij _ € TR _R2__
er 2<R 3

—e—

m
mn

54
J— _'2 —_—
el 3 ) .

S 01
rarl — i3 3) —|—O(

Its matrix element on the ¢ state in the BO approximation is

el

where n’ = R'/R and

DY _ ¢ <nZ nd —

while the leading nonadiabatic correction is

pWis _

el -

Let us denote

m ; i
7,0 =2
—e——(rgry —7T
N<el el el

& + 2 7Y ! H,
i e -
3 el (Sel - Hel)/

5”) DOY(R)

3
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Then, with reduced mass m, = my/2 the adiabatic correction to the quadrupole
moment becomes

D" = e == (nind - §/3) DV(R), (49)
where
3[ 1/, _, 72 1 1 .
DOR) = § |5 (G = ) i VhollIVhoa) + 11 (sl7Bien) |
(50)
and where P = ), ¢a. Since
nind k= - (6% —nFnd) - e (6" —nFn?) + VFnind (51)
R R
Then
(n'n? V& |V Gel) = < R st | Viader) — <¢H|v Pe1) - (52)
The last term in the above can be transformed using
Vep=(-Vg)—ix (i x Vg), (53)

to the form

(¢r1|VROa) = — (bn|fi X (7 x VR)|pa) = —% (fnlit x Ju|gel) = é (61| R % Jat| el) -
(54)

Thus, we have obtained the following formulas for the quadrupole moment in Hy (in
atomic units).

D(R) = DO(R) + mﬁ DW(R) (55)
DO(R) = 3 Qo(R) (56)
DU(R) = 2 [Qu(R) + @2(R) + Qs(R) + Qu(R)], 67)
where
2
Qo) = 3 (a7 - ¢el> is (59)
QI(R) = - % <¢e1 (Tel n) ¢el> (59)
Qa(R) = (Vis+|Vida) (60)
QslR) = — 2Bl x Juléa) (61)



QR = ¢ {owl (1) Tou). (62)

This is the complete formula for the leading nonadiabatic correction to the quadrupole
moment in a homonuclear diatomic molecule. The second term involves differentiation
over the nuclear variable R, and the following section describes a convenient way to
calculate it with high precision.

4. R-derivatives

Following Ref. [15], let us now explain how one can calculate R-derivatives in the
exponential basis. Let 1, be the k-th element of the basis set employed to expand the
ground-state electronic wave function

Pel = Z Uk Pk 5 (63)

k

and let ¥ be a vector consisting of real coefficients of this expansion. The adiabatic
correction can be written as

(Virda |VRoa) = Z o v (V| Veyr) + Orve Orvy (bi| ) + 2 Orve v (Vi |OrYy)
k.l
(64)

where we assume that nonlinear parameters do not depend on R. Next, let us define
the following matrices

Hi = (Vr|Hatn) (65)
Nt = (w|r) (66)
A = (V|Or1) (67)
B = (Vrir| Vrir) - (68)

With this notation, the electronic Schrodinger equation can be written in the matrix
form as

(H—EqN)T=0. (69)

Let us further consider the first-order R-derivative of ¢

Orde = Y (r Orvk + vi ORty) - (70)
k

The term gy is assumed to be known, as it is the derivative of a basis function
at constant values of nonlinear parameters. The derivative dgv, can be obtained by
taking the derivative of Eq. (69), namely

(7‘[ — (‘:el/\/) OrU + (837‘( — 83591/\/ — &l 83./\[) 7 =0, (71)



so that

1
(Ea N —H) (

—_

ORU = OrRM — Ea ORN) T — - ¥ (F7 OpN'7) , (72)

2
where the last term was obtained by differentiation of the normalization condition
FTNT=1 (73)
leading to
2(0pV)' N+ T 9pN T =0. (74)
Now, the adiabatic correction of Eq. (64) is transformed to the form
(Vidal| Viee) = 07 BT+ (0rD)" N Ot +2(9r7)" AT (75)
To calculate QQ2, which contains R-derivatives, we define

6H = ¢nindrY (76)

el

and add it to the nonrelativistic Hamiltonian H). So that Q2(R) can be obtained by
a differentiation in &,

QQ = 3 57~ <v]]€{¢el‘v%¢el>£ ; (77)
£=0

where the subscript § in (...)¢ stands for the {&-dependence of ¢ due to -dependence
of the Hamiltonian in Eq. (76). The methods for calculation of ()2 are described in
the next Section and in Appendix A.

5. Numerical calculations

[Table 1 about here.]

Following Ref. [16] we employ a variational approach to obtain ¢ for the ground
electronic ¥ state and utilize explicitly correlated exponential functions with poly-
nomial dependence on interparticle distances of the form [17]

(I){n} — e*ynlfxﬁ2*u§1*’w§2r?20n?l 7]7212 113 34, (78)

where 7; and &; are proportional to confocal elliptic coordinates and are given by
M = ria —TiB, & = T4 + rip, with ¢ enumerating electrons and real y, x, u,w non-
linear parameters subject to variational minimization. By {n} we denote an ordered
set of interparticle coordinate exponents, (ng, n1, n2,ns,n4), which are conventionally
restricted by a shell parameter €2,

D ny<a. (79)

j=0



If a symmetry restriction is imposed, the set of allowed {n} is constrained even further
for special values of nonlinear parameters. By construction, the trial functions depend
on two-electron coordinates and account for the correlation via explicit dependence on
the coordinate r19. The electronic wavefunction is represented as

\I/E+ = ZU{N}SXBSTQ(I){”}’ (80)
{n}

Uy = Z ’U{n}SZBSTQ riJ_ (I){n} ) (81)
{n}

where ri =rl —n'Ar SZEB = 1+ Pyp and Psp permutes the nuclei A and B,
512 = 1+ Pis and Pjs interchange the two electrons, and appropriate + signs are
chosen to fulfill the symmetry criteria for gerade/ungerade and singlet /triplet states.
By solving the secular equation one obtains linear coefficients vy,y. Such a form of
wavefunction expansion is commonly referred to as the Kolos-Wolniewicz basis [17].
In our calculations we use two specific cases of the KW basis, namely the symmetric
James-Coolidge (JC) basis (y = z = 0, = v = w) for R < 10 au and symmetric
Heitler-London (HL) basis (&« = —y = ¢ = u = w) for R > 10 au. Consequently,
the resulting parametrization of our trial basis is extremely compact — just a single
nonlinear parameter o and the integer shell constraint €.

Matrix elements with KW functions can be expressed as a linear combination of
f-integrals with various sets of {n}, which are defined as

d37a1 d3T2 e Wirz— UG w ey M=, no—1_mny Mo ¢ng ¢Ny ]2
U SIS o (82)
T"1AT1BT2AT2B

f{n}

This is because all matrix elements can be expressed in terms of interparticle dis-
tances and their derivatives. For example, Qg and ()1 can be written as the following
expectation values

1 1
Qo= — = (R*+rig+rip+ris+13p) + R (riy—7ip)* + (r34 —r35)%), (83)

6
1
Q1=

1
SR —(ria+rip+riatrig — R —rly). (84)

(P4 =135+ 734 —735)%) + 6
The efficient recursive evaluation of f-integrals in arbitrary (extended) precision is
described in Refs. [12, 18]. The numerical algebra part of the calculations is performed
using parallel HSL_mp54 Cholesky solver [19, 20] adapted to quad-double arithmetic
precision (64 decimal digits) [21].

The other operators ()2, @3, and ()4 are second-order matrix elements and thus
require the construction of intermediate states,

1

[Psh) = o Hay " rdn’ n?|gel) | (85)
1
|617) = (€~ Ha) D (i) rh i |da) (86)

a

which are obtained by solving a corresponding linear equation in the basis of Wy+
and Wy functions, respectively. Those bases for intermediate states carry exactly the

10



same set of nonlinear parameters as the external basis — optimized for the energy of
the ground electronic state. This considerably reduces the number of integrals that
have to be computed, and for the case of |¢x+) allows us to reuse the basis already
constructed for the external (ground) state, hence we have Qx+ = Q. Whereas for |¢f})
we choose Qp = 2 — 2, which curiously, due to different symmetry restrictions for E;r
and II,, results in almost the same basis sizes, both in JC and HL cases.

Out of all Q;(R), the calculation of Q2 in Eq. (77) is the most difficult. The simplest
way to evaluate it is to perform the differentiation in £ numerically,

<v]{¢el|v ¢e1>§ - <v]]€{¢el|v ¢e1>

1
Q2% 5 2¢

(87)

The matrix element (V%d|V5ge)e is constructed according to Eq. (75), which
requires solving for a new eigenpair for each £, due to the &-dependence of the
Hamiltonian. Already with ¢ = 1075, this numerical method yields accurate results
(6 ~ —2.5-10"7 at R = 1.4011 au) in comparison to the method based on analytical
&-differentiation, described in Appendix A. This confirms that the accuracy of this
method is limited by the basis size, rather than the numerical differentiation at & = 0.

[Figure 1 about here.]

Numerical results for D(® and DM are presented in Table Al and in Fig. Al. These
results have been obtained with a single sector JC basis ({2 = 15,16) for R < 10 and
a HL basis (Q = 13,14) for R > 10. Individual contributions Q;(R) to D®(R) and
DW(R) are presented in Supplementary Material [23]. The relative accuracy of both
DO(R) and DMW(R) is typically no worse than 10~ and becomes especially high
(~10~17) for DO)(R) at large R, proving that a simple single-sector HL basis is an
excellent choice for this purpose.

As expected, the quadrupole moment and its finite nuclear mass correction vanish
as R — 0. Even more important, and a stringent test of our calculations, is the long-
range asymptotics. Although each of the individual parts, Q1, Q2 + @3, and Q4, has
a leading 1/R3 term, those leading terms cancel out in the total sum. Because the
long-range asymptotics of D(O)(R) is 1/RS, see Supplementary Material [23], one may
expect a similar asymptotics for D(l)(R), and indeed this is the case; see the bottom
panel of Fig. Al.

Comparing to the previous calculations, Wolniewicz [10] defines Q(R) by

= (oul Sori = Seostlbu) =115, (88)

Nevertheless, his numerical values correspond to the following definition

R) = (¢al > _r2[1 =3 cos’(6a)l|da) + B> = —2DO(R). (89)

For example, his result for R =1 is 0.512611 56, which is nearly —2 times our result
DO(1) = —0.256 305639 0(5). Komasa in Ref. [11] defines Q(R) with the opposite

11



sign,

Q(R) mZﬂL‘””m 2 _pom) (90)

and obtains Q(1) = 0.256 305 641. We have found that aside from this prefactor, the
numerical results of Wolniewicz [10] and Komasa [11] are in agreement with ours.

6. Transition rates

Following the notation from Ref. [10], the spontaneous electric quadrupole transition
probabilities from a (higher) initial state v'.J" to a (lower) final state v”J”, in atomic
units, is given by (see Supplementary Material [23])

aP

AE2 (47TROOC) 15 (

v J EU”J”)E) <'U”JH’D(R)"U,J/>2 f(J/7 J//) ) (91)

where R is the Rydberg constant, and rotational intensity factors are given by

A o
s =1 (1"> arry =@ (92
2(2ﬁ{(f)(;;)+ 1)’ J'=T=2()
and satisfy the identity
T +2)+ I I+ f(J,J —2)=1. (93)

We note that Eq. (4) of Ref. [10] contains a misprint in the J” = J' 4 2 case, namely
the numerator should read 3(J' + 1)(J’ + 2) instead of (3J’ + 1)(J’ + 2). Neverthe-
less, numerical transition rates in Ref. [10] appear to be calculated with the correct
rotational factors.

The radial matrix element in Eq. (91) is calculated with D(R) given by Eq. (55)
and with nuclear wavefunctions x being a solution of the radial equation with the in-
clusion of the diagonal adiabatic correction. We note that the Ags rate is sensitive to
this transition energy; therefore, we take values from the H2SPECTRE code [24], which
are accurate to about 1 MHz. Our numerical results are in agreement with those of
Wolniewicz [10] and Komasa [11], but should be more accurate due to the inclusion of
the leading nonadiabatic correction DW. In fact, the E2 transition rates’ uncertainty
is now dominated by the unknown relativistic corrections, which we estimated by o2
times Agy. We note, that magnetic dipole (M1) transitions occur at the same wave-
lengths as the electric quadrupole (E2) transitions. Consequently, in the spontaneous
emission the total transition probability is the sum of the separate M1 and E2 rates.
Therefore, whenever transition rates in the Q-branch (J” = J’) are of interest, one
has to include also the M1 channel. For the M1 transition rates in Table A2, we use
Eq. (13) from Ref. [11], and our results are in a good agreement.

12



In Table A2, apart from Ayjq, we present the Agz, Ag2, and Agz transition rates for
the Q (J" =J"),S (J" =J —2),and O (J” = J' + 2) branches of the fundamental
(v =1 — 0) band of Hg, respectively.

[Table 2 about here.]

In the Q-branch, we note that except for J' = 1, the magnetic dipole Ay rate
exceeds the nonadiabatic corrections to A%, significantly grows with J’, and starting

from J' = 18 exceeds the total AEQ2. In the (v = 1 — 0) O-branch, the relative
nonadiabatic correction is nearly constant and amounts to ~ 0.4%, the rapid drop
in the magnitude of the overall E2 rate (as J’ is increased) in this branch can be
attributed to the strong suppression by the (E, ; — E,»j»)° factor in Eq. (91) as the
energy difference goes to zero around J' = 21. Whereas for the S-branch, the relative
nonadiabatic correction varies strongly, starting from = 0.45% at J’' = 2, achieving a
maximum of 12% at J’ = 15 due to the smallness of the radial matrix element. This
behaviour might be interesting to verify experimentally.

7. Summary

We have derived formulas for nonadiabatic corrections to electric quadrupole transi-
tions in Hs using NAPT. These corrections can be represented in terms of a single
function DM (R), which is to be added to the BO function D(®)(R). We have performed
numerical calculations of D and D™ using James-Coolidge and Heitler-London ba-
sis functions. Results for D) are in agreement with previous ones [10, 11], but are
much more accurate and in the much wider range R < 50 a.u. Moreover, we have
found that the long-range asymptotics of DM (R) is ~ RS, similarly to DO (R).

Using DO(R) and DM (R) curves, we have performed exemplary calculations of
electric quadrupole transition rates in the v = 1 — 0 band for J” = J',J' + 2, and
observed that nonadiabatic corrections to the Q- and O- branches are about 0.44% -
1.14%, which are a few to ten times larger than could be expected from a simple mass
scaling by a factor of me/my. In the S-branch at J' = 15, where the rate is as small
as 5-107'%s7! the nonadiabatic corrections raise the rate by as much as 12%.

With the improved quadrupole moment curve, one may recalculate all transition
rates and lifetimes of Hy (and Dg, T4), which will be the subject of future work. The ul-
timate way, however, is the direct nonadiabatic calculation currently being pursued by
Komasa [26]. In addition, our results can be extended to heteronuclear molecules (such
as HD) without major modifications. Moreover, we note that an analogous method can
be used to derive formulas for nonadiabatic corrections for the electric polarizability
and QED corrections to transition energies.

Acknowledgements

We acknowledge interesting discussions with F. Merkt.

Disclosure statement

No potential conflict of interest was reported by the authors.

13



Funding

M.S. acknowledges support from the National Science Center (Poland) Grant No.
2019/34,/E/ST4,/00451.

References

1]

[21]

22]

N. Holsch, M. Beyer, E. J. Salumbides, K. S. E. Eikema, W. Ubachs, C. Jungen,
and F. Merkt, Phys. Rev. Lett. 122, 103002 (2019).

M. Beyer, N. Holsch, J. Hussels, C.-F. Cheng, E. J. Salumbides, K. S. E. Eikema,
W. Ubachs, C. Jungen, and F. Merkt, Phys. Rev. Lett. 123, 163002 (2019).

F. M. J. Cozijn, M. L. Diouf, and W. Ubachs, Phys. Rev. Lett. 131, 073001
(2023).

K. Stankiewicz, M. Makowski, M. Stowinski, K. L. Soltys, B. Bednarski, H.
Jézwiak, N. Stolarczyk, M. Naroznik, D. Kierski, S. Wéjtewicz, A. Cygan, G.
Kowzan, P. Mastowski, M. Piwiniski, D. Lisak, and P. Wcislo, arXiv:2502.12703
[physics.atom-ph] (2025).

D. Lisak, V. D’Agostino, S. Wéjtewicz, A. Cygan, M. Gibas, P. Wcislo, R. Ciuryto,
and K. Bielska, Phys. Rev. Lett. 135, 103201 (2025).

K. Pachucki and J. Komasa, J. Chem. Phys. 129, 034102 (2008).

K. Pachucki and J. Komasa, J. Chem. Phys. 130, 164113 (2009).

K. Pachucki, Phys. Rev. A 81, 032505 (2010).

M. Puchalski, J. Komasa, and K. Pachucki, Phys. Rev. A 92, 020501(R) (2015).
L. Wolniewicz, I. Simbotin, and A. Dalgarno, Astrophys. J. Suppl. Ser. 115, 293
(1998).

K. Pachucki and J. Komasa, Phys. Rev. A 83, 032501 (2011).

K. Pachucki, M. Zientkiewicz, and V. Yerokhin, Comput. Phys. Commun. 208,
162-168 (2016).

H. Liang, Y. Tan, C.-L. Hu, Z.-L. Nie, A.-W. Liu, Y. R. Sun, J. Wang, and S.-M.
Hu, Phys. Rev. A 110, 042817 (2024).

J.-K. Li, J. Wang, R.-H. Yin, Q. Huang, Y. Tan, C.-L. Hu, Y. R. Sun, O. L.
Polyansky, N. F. Zobov, E. I. Lebedev, R. Stosch, J. Tennyson, G. Li, and S.-M.
Hu, Sci. Adv. 11, eadz6560 (2025).

K. Pachucki and J. Komasa, J. Chem. Phys. 141, 224103 (2014).

K. Pachucki, Phys. Rev. A 82, 032509 (2010).

W. Kotlos and L. Wolniewicz, J. Chem. Phys. 45(2), 509-514 (1966).

K. Pachucki, Phys. Rev. A 88, 022507 (2013).

HSL, A collection of numerical software for large-scale scientific computing,
Rutherford Appleton Laboratory, http://www.hsl.rl.ac.uk/.

J. D. Hogg, A DAG-based parallel Cholesky factorization for multicore systems,
RAL Report RAL-TR-2008-029, Rutherford Appleton Laboratory (2008).

Y. Hida, X. S. Li, and D. H. Bailey, Proc. 15th IEEE Symp. Comput. Arith.,
155-162 (2001),

P. Mohr, D. Newell, B. N. Taylor, and E. Tiesinga, Rev. Mod. Phys. 97, 025002
(2025).

K. Pachucki and M. Sitkowski, Supplementary Material.

J. Komasa, M. Puchalski, P. Czachorowski, G. Lach, and K. Pachucki, Phys. Rev.
A 100, 032519 (2019).

14



[25] E. Roueff, H. Abgrall, P. Czachorowski, K. Pachucki, M. Puchalski, and J. Ko-
masa, Astron. Astrophys. 630, A58 (2019).
[26] K. Pachucki and J. Komasa, PCCP 20, 247 (2018).

Appendix A. Alternative Calculation of Q2

Q2(R) requires evaluation of (V5@s| VK pe). Below we derive an explicit expression
for Eq. (77), starting from Eq. (75),

4
d€ e,

The matrices B, N, A do not depend on §H, so

(Vi¢s| Viga) = (07 B+ (0pt)T N 0pv + 2 (0r0)" At)e. (A1)

N

(Vhosi| Vhoel) = 01 BT + (9r0)T N 0ot + (0r00)T AT + (0r0)T AT, (A2)

where

dv
o= — . A3
%, (A3)

07 can be obtained by differentiation of the linear equation (H — Eq N)¥ = 0 over
(H—EqN)OT+ (0H — 6EQN )T =0, (A4)

and by differentiation of the normalization condition (77 N@) = 1 over &, so 07 is
orthogonal to ¥, namely v/ N'67 = 0, and

1
W= m——F—-0HV A5
U= N -y (A5)

where dHy = <wk‘5H’¢l>. Next, we differentiate Eq. (71) over &

(H —EqN)OrdoT + (0H — 6EQN) OrT + Or(H — Eq N) 0T + Op (0H — 6EQN) T =10,
A6)

to obtain

OROU = S [83 (57‘[ — 0&q1 N) U+ (57—[ — 0&q N) ORvU + 83(7‘( — &l N) 517]

1
(EaN —H)
— T [(0rD)T N 60 + &7 OpN 37, (A7)
where the last term (parallel to ¥) is found by differentiation of Eq. (74)

2(0pV) ' NG+ 0T OpN T =0, (A8)
over &

(OrOD)T N ¥ + (OrD)T N 67 + 0T OpN 67 = 0. (A9)
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The derivative of &, over R is obtained from
0 = Ag[0T (H — EqN)T] = T (OpH — OrEAN — Eq OrN)T, (A10)
o)
OrEel = U1 (ORH — Eq OpN)T (A11)
Similarly, the derivative of 6& = 1 61T over R is obtained from
ORr(Ea + &) = (07 + 607 )(OpH + OpdH — (Eqt + 3Ea) ORN) (T + 67) (A12)
S0
Or0Ee = U1 (OROH — 6E) ORN)T + 20T (OrH — Ee1 OrRN) T (A13)
Summarizing, one calculates Q2 using Eq. (A2), with ¥ obtained from Eq. (69), Ort

from Eq. (72), §¥ from Eq. (A5), Orév from Eq. (A7), Or&e from (All), and with
ORd& from (A13).
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Table Al. Numerical results for DO (R) = 3Qo( ) and D(R) = %ZZ:LA Qi(R). For R < 10 au we
used the single-sector JC basis (y =z = 0, = u = w, Q = 15,16), and for R > 10 au a single-sector HL basis
(a=—y=z=u=w=1/2, Q=13,14).

R DO)(R) DM(R) R DO)(R) DM(R)

0.1  —0.002951435(4)  —0.006320(8) 4.6 —0.4243903845(3) —1.467 309 361 8(6)
0.2  —0.01170944(1)  —0.021260(9) 4.8  —0.350786 848 4(3) —1.188 240220 9(5)
0.3  —0.02605181(1)  —0.042022(2) 5  —0.2869722116(3) —0.953 297 753 5(4)
0.35  —0.035231298(6) —0.0542838(9) 5.2 —0.2327800118(3) —0.759 883733 8(4)
04  —0.045699563(4) —0.0677461(4) 5.4 —0.1875095697(3) —0.602 961001 4(4)
0.45  —0.057417112(3)  —0.0824014(2) 5.6 —0.1501843213(3) —0.476 861125 0(4)
0.5  —0.070343172(2) —0.0982571(1) 5.8 —0.1197319372(3) —0.376 191601 6(4)
0.55  —0.084435808(2) —0.11533071(8) 6  —0.0950977373(2) —0.296 203 401 3(4)
0.6  —0.099651980(2) —0.13364681(6) 6.5 —0.0528559490(1) —0.162 042133 8(2)
0.65 —0.115947571(2) —0.15323491(5) 7 —0.029133976 98(9) —0.088 399260 3(1)
0.7  —0.133277395(1)  —0.17412840(4) 7.5 —0.01607501117(5) —0.048 441307 7(4)
0.75  —0.151595187(1)  —0.196 363 74(3) 8  —0.00896360549(3) —0.026 898 288 7(7)
0.8  —0.1708535791(9) —0.21997996(2) 8.5 —0.00510160200(2) —0.015283959(1)
0.85  —0.1910040765(8) —0.24501841(1) 9  —0.00299248499(1) —0.008973903(1)

0.9  —0.2119970248(7) —0.27152249(1) 9.5 —0.00182375872(1) —0.005 487953 2(1)
0.95 —0.2337815735(6) —0.299537567(8) 10  —0.001 160487 87(7) —0.0035110185(2)
1 —0.2563056390(5) —0.329110882(6) 10.5 —0.00077161762(5) —0.0023499251(2)
1.05  —0.2795158652(5) —0.360291479(5) 11  —0.00053451789(3) —0.001 639140 3(1)
1.1 —0.3033575844(5) —0.393130134(4) 11.5 —0.00038368760(2) —0.001 184 382 29(9)
115 —0.3277747791(4) —0.427679284(4) 12  —0.00028363266(1) —0.000 880 703 22(8)
1.2 —0.3527100442(4) —0.463992910(3) 12.5 —0.00021467634(1) —0.000 669 983 92(6)
1.25  —0.3781045521(4) —0.502126397(3) 13  —0.000165571539(7) —0.000 518 962 39(5)
1.3 —0.4038980203(4) —0.542136330(3) 13.5 —0.000129649 273(5) —0.000 407 848 30(4)
1.32  —0.4143133315(4) —0.558678568(3) 14  —0.000102794279(3) —0.000 324 366 36(3)
1.34  —0.4247785906(4) —0.575533947(3) 14.5 —0.000082 364 189(2) —0.000 260 585 51(2)
1.36 —0.4352897388(4) —0.592706189(3) 15  —0.000066 598 895(2) —0.00021118781(1)
1.38  —0.4458426780(4) —0.610199025(2) 15.5 —0.000054287879(1) —0.000 172492 27(1)
1.39  —0.4511335281(4) —0.619066831(2) 16  —0.000044 576 061 9(6) —0.000 141 883 297(9)
1.4 —0.4564332715(4) —0.628016185(2) 16.5 —0.000036846 1089(4) —0.000 117 462 538(8)
1.4011 —0.4570167638(4) —0.629005612(2) 17  —0.000030 644 336 2(2) —0.000 097 828 413(8)
1.41  —0.4617413851(4) —0.637047552(2) 17.5 —0.0000256324229(1) —0.000 081 931 504(7)
142  —0.4670573432(4) —0.646161396(2) 18  —0.000021 554967 77(8) —0.000 068 976 789(6)
1.44  —0.4777106777(4) —0.664638373(2) 18.5 —0.00001821712859(4) —0.000 058 355 868(6)
1.46  —0.4883890205(4) —0.683450812(2) 19  —0.00001546888322(2) —0.000 049 598 999(6)
1.48  —0.4990880777(4) —0.702602387(2) 19.5 —0.00001319375812(1) —0.000 042 340 584(5)
1.5  —0.5098035165(4) —0.722096737(2) 20  —0.000011 300 639 904(7) —0.000 036 293 994(5)
1.55 —0.5366349951(4) —0.772355724(2) 21  —0.000008 388192 347(2) —0.000 026 977 838(5)
1.6 —0.5634720535(4) —0.824833971(2) 22  —0.0000063164173756(5)  —0.000020 338 922(4)
1.65 —0.5902438248(4) —0.879582963(2) 23  —0.0000048186542417(2)  —0.000015532065(3)
1.7 —0.6168779885(4) —0.936649816(2) 24  —0.00000371987968632(7) —0.000012 001 058(3)
1.8 —0.6694373075(4) —1.057894508(2) 25  —0.00000290296419007(5) —0.000009 372 825(2)
1.9 —0.7205450757(4) —1.188794210(2) 26  —0.00000228812732035(3) —0.000007 392 753(2)
2 —0.7695790930(4) —1.329381366(2) 27  —0.00000182014600164(3) —0.000 005 884 301(2)
2.1 —0.8159053627(4) —1.479406343(2) 28  —0.000001460 226 59503(2) —0.000004 723 262(1)
2.2 —0.8588857412(4) —1.638231196(2) 29  —0.00000118074367913(2) —0.000003821075(1)
2.3 —0.8978881001(3) —1.804709949(2) 30  —0.00000096177594164(1) —0.000003113796(1)
2.4 —0.9322992400(3) —1.977064939(2) 31  —0.00000078878922076(4) —0.000002 554 730(2)
2.5 —0.9615406206(3) —2.152775178(2) 32  —0.00000065106412309(3) —0.000002 109 401(2)
2.6 —0.9850867108(3) —2.328499368(2) 33  —0.000000 540614 44329(3) —0.000001 752 106(2)
2.7 —1.0024854027(3) —2.500061558(2) 34  —0.00000045143377964(2) —0.000001 463 496(2)
2.8 —1.0133795032(3) —2.662528726(2) 35  —0.00000037896456488(2) —0.000001228881(1)
2.9  —1.0175278602(2) —2.810404164(2) 36  —0.00000031971971955(2) —0.000001037014(1)
3 —1.0148242746(2) —2.937946270(2) 37  —0.00000027101026692(1) —0.000000879217(1)
3.1  —1.0053120980(2) —3.039599290(2) 38  —0.00000023074732592(1) —0.000 000 748 746(1)
3.2 —0.9891924246(1) —3.110494365(2) 39  —0.000000 197296 85386(1) —0.000 000 640 322(1)
3.3 —0.9668241336(1) —3.146952952(2) 40  —0.00000016937216556(1) —0.000 000 549 788(1)
3.4  —0.9387147394(1) —3.146909544(1) 41  —0.000000 145953755 17(3) —0.000 000 473 846(2)
3.5  —0.9055020036(1) —3.110174370(1) 42  —0.000000 126229 02294(2) —0.000 000 409 869(2)
3.6 —0.8679273839(1) —3.038481851(1) 43  —0.000000 109546 63334(2) —0.000 000 355 749(2)
3.7  —0.8268034400(1) —2.935311834(1) 44  —0.00000009538171257(2) —0.000 000 309 788(2)
3.8  —0.7829780670(1) —2.805516542(1) 45  —0.00000008330913550(2) —0.000000 270 610(2)
3.9  —0.7372987245(1) —2.654822813(1) 46  —0.00000007298289296(1) —0.000 000 237 094(2)
4 —0.6905796435(2) —2.489296550(1) 47  —0.00000006412005959(1) —0.000 000 208 324(2)
42  —0.5969552004(2) —2.1368608793(9) 48  —0.000 000056 488 26529(1) —0.000 000 183 546(1)
44  —0.5070855349(3) —1.7876443425(7) 50  —0.000 000 044 184093 148(8) —0.000 000 143 591(1)
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Table A2. Transition rates for the Q (J” = J’), S (J” = J —2), and O (J” = J' + 2) branches of the fundamental
(v =1 — 0) band of Hs in units of 1078 s~1. Ay is the magnetic dipole transition rate with the uncertainty due

to unknown finite-nuclear-mass corrections estimated as ~ 2::5 An- 5Aé2 is the difference in the E2 transition rate
n

between those calculated with the mass-corrected quadrupole operator (D(1)) with the adiabatically corrected nuclear
wavefunction with X = @, S, O, for Q-, S-, and O-branch, respectively; and the E2 rate in the BO approximation
(D operator and BO nuclear wavefunction). The E2 rates’ uncertainty is now dominated by the unknown relativistic
corrections, estimated by ~ a?Agy ~ 0.5 - 10~* Ag,. Physical constants are from Ref. [22].

J' A1 A%, 102 §AZ, /A, AZ, 102 - 6AS, /A3, AQ, 102 - 6AQ, /AQ,
0 00 0.0 = 0.0 - 85.601 2 0.43
1 0071263  43.01858 0.44 0.0 - 42.355 57 0.43
2 0213856  30.39475 0.44 25.345 57 0.45 29.048 50 0.42
30427900  27.90732 0.44 34.82158 0.47 20.885 10 0.42
4 0713535  26.59235 0.44 39.95798 0.48 15.02287 0.42
5 1.070888  25.53708 0.45 42.22816 0.50 10.645 77 0.41
6 1.500 002 24.520 37 0.45 42.056 38 0.52 7.379740 0.41
7 2000858  23.47148 0.45 39.71709 0.55 4.983036 0.41
8 2573176  22.36733 0.46 35.542 90 0.59 3.266 392 0.41
9 3.216497 21.203 88 0.46 29.97495 0.64 2.071 560 0.41

10 3.930060  19.98588 0.47 23.555 94 0.71 1.266 124 0.41

11 4712747 18.72264 0.47 16.897 15 0.82 0.742 0804 0.41

12 5563033  17.42588 0.48 10.63477 1.00 0.414 3583 0.41

13 6.478907  16.10852 0.49 5.384 776 1.34 0.218 4628 0.42

14 7457797  14.78394 0.50 1.702 894 2.26 0.107 4067 0.42

15 8496474  13.46542 0.51 0.053 1505 11.79 0.048 3604 0.42

16 9.590935  12.16580 0.52 0.786 6411 —2.98 0.0194046 0.42

17 10.73626  10.89715 0.53 4130413 —1.21 0.006 6420 0.43

18 11.92643 9.67058 0.55 10.185 26 —0.71 0.001 7974 0.43

19 13.15412 8.496 08 0.56 18.93057 —0.48 0.000 3309 0.43

20 14.41037 7.38242 0.58 30.234 23 —0.35 0.000 0286 0.44

21 15.68430 6.33712 0.60 43.865 42 —0.27 0.000 000 270 0.44

22 16.96260 5.366 34 0.63 59.508 71 —0.21

23 18.228 98 4.47497 0.66 76.77773 —-0.17

24 19.46351 3.666 56 0.69 95.2274 —0.14

25 20.64162 2.94340 0.73 114.3634 —0.12

26 21.73296 2.306 50 0.78 133.6486 —0.11

27 22.69975 1.75561 0.84 152.503 8 —0.10

28 23.49467 1.28929 0.92 170.3039 ~0.09

29 24.05779 0.904 82 1.01 186.3630 —0.09

30 24.31198 0.598 28 1.14 199.905 3 —0.08
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Figure Al. Top: Born-Oppenheimer approximated quadrupole operator D(9(R) (orange; circles) and its
leading-order mass correction D(l)(R) (blue; squares). Bottom: Their ratio, supporting the claim that their
leading-order long-range asymptotics is the same (~ R~8) up to a constant relative factor of about 3.25(5).
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