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This work attempts to present a complete theory of the µH hyperfine splitting, including all contributions
above 1 ppm. Quantum electrodynamic and recoil corrections are calculated directly, while the proton structure
correction is obtained with the help of the H hyperfine splitting. The resulting theoretical prediction for the
ground state of µH is Ehfs = 182 626(5) µeV.

I. INTRODUCTION

The ground state hyperfine splitting (HFS) in regular hy-
drogen has long served as a low-energy test of the Standard
Model of fundamental interactions [1–3]. Despite the appar-
ent simplicity of the hydrogen atom, the high precision calcu-
lation of two-body effects and estimation of proton structure
corrections remain a challenge. In fact, we observe a 2σ dis-
crepancy between the most recent theoretical predictions [4]
and extremely accurate HFS measurements [5–7]. This recent
work [4] improved theoretical predictions by recalculation
of the leading relativistic recoil correction, and the not well
known proton structure is most probably the source of this
remaining 2σ discrepancy. At present, there is no straightfor-
ward way to improve the theoretical estimates for the Zemach
radius and the proton polarizability. Lattice QCD is not yet
able to predict proton properties at the 1% level. The only vi-
able approach to improving the hydrogen test of the Standard
Model is through the measurement of HFS in another hydro-
genic system, namely in µH, where the electron is replaced by
a muon [8, 9].

In this work, we study QED contributions to the µH HFS,
with emphasis on nuclear recoil corrections. These correc-
tions become highly significant here due to the muon-proton
mass ratio being approximately 0.1, which is much larger
than the 0.0005 ratio in regular hydrogen. We aim to identify
all contributions larger than 1ppm. Most of them are subse-
quently calculated, while a few remaining ones are only esti-
mated and left for future investigation. Our work is probably
the first attempt of a comprehensive calculation of µH HFS.

II. LEADING ORDER HFS

Let us introduce the notation before proceeding to the cal-
culations. The spin averaged expectation value of an operator
Qwill be denoted by ⟨Q⟩. The expectation value involving the
nuclear spin I⃗ depends on the total angular momentum F , so
we denote it by ⟨Q⟩F . Finally, ⟨Q⟩hfs denotes the difference

⟨Q⟩hfs = ⟨Q⟩J+1/2 − ⟨Q⟩J−1/2 . (1)

If Q does not involve the nuclear spin, then ⟨Q⟩hfs = 0.
Therefore, we will consistently drop the subscript “hfs” in
⟨Q⟩hfs for operators Q that involve the nuclear spin.

The nuclear magnetic moment

µ⃗I =
q

2M
g I⃗ , (2)

where q = −Z e and e is the electron charge, can be expressed
in terms of the nuclear g-factor and the magnetic moment
anomaly κ with g = 2 (1 + κ). In a nonrelativistic frame-
work, the interaction between the point-like nuclear magnetic
moment and that of the muon leads to a hyperfine splitting of
the atomic energy levels given by the expectation value of the
magnetic interaction

Vhfs = − 2

3
µ⃗I · µ⃗µ δ

3(r)

=
8

3

Z α

mµM
(1 + κ) (1 + aµ) I⃗ · s⃗ π δ3(r) , (3)

evaluated with the nonrelativistic wave function ϕ

Ehfs = ⟨ϕ|Vhfs|ϕ⟩

=
8

3

(Z α)4

n3
µ3

mµM
(1 + κ) (1 + aµ) ⟨I⃗ · s⃗⟩

≡ EF (1 + aµ) , (4)

where µ is the reduced mass

1

µ
=

1

mµ
+

1

M
. (5)

Below we investigate all corrections to HFS and express them
in terms of δ defined by Ehfs = EF (1 + δ).

III. EVP IN µH FOR A POINT NUCLEUS

For a point-like proton, the largest QED correction arises
from electron vacuum polarization (EVP). This is because the
spatial size of EVP is on the order of the (muonic) Bohr radius.
In general, vacuum polarization modifies the photon propaga-
tor as follows [10]

1

k2
→ 1

k2
(
1 + ω̄(k2/m2

e)
) ≈ − ω̄(k

2/m2
e)

k2
, (6)

where k2 = ω2 − k⃗ 2. The Coulomb interaction is modified
accordingly [11][

1

r

]
vp

=

∫
d3k

(2π)3
4π

k⃗ 2
[−ω̄(−k⃗ 2/m2

e)] e
i k⃗·r⃗ . (7)

Using the integral form

ω̄(k2) =
α

π
k2
∫ ∞

4

d(q2)
1

q2 (q2 − k2)
u(q2) , (8)
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one obtains[
1

r

]
vp

=
α

π

∫ ∞

4

d(q2)
u(q2)

q2

∫
d3k

(2π)3
4π ei k⃗·r⃗

(k2 +m2
e q

2)

=
α

π

∫ ∞

4

d(q2)
u(q2)

q2
e−meq r

r
, (9)

which is a convenient representation of the EVP potential.
Thus, the calculation of the EVP corrections to the HFS is
performed in two steps. In the first step, matrix elements with
the Coulomb potential 1/r replaced by a Yukawa potential
exp(−ρ r)/r are obtained analytically and denoted by E(ρ).
In the second step, one numerically evaluates the integral

E =
α

π

∫ ∞

4

d(q2)
u(q2)

q2
E(me q) , (10)

where

u(q2) =
1

3

√
1− 4

q2

(
1 +

2

q2

)
. (11)

A. δ
(1)
evp

Let us begin the calculation with the one-loop EVP. For a
massive photon, the spin-spin interaction takes the form

Vhfs(ρ) =
8

3

Z α

mµmp
(1 + κ) (1 + aµ) I⃗ · s⃗

×
(
π δ3(r)− 1

4

e−ρ r

r3
(ρ r)2

)
. (12)

The correction to the HFS can be expressed as

δEhfs(ρ) = ⟨Vhfs(ρ)⟩+ 2

〈
Vhfs

1

(E −H)′
(−Z α) e

−ρ r

r

〉
= EF (1 + aµ)

[
8

κ+ 2
+

8 + 8 ln (1 + κ/2)

(κ+ 2)2
− 16

(κ+ 2)3

]
,

(13)

where κ = ρ/(µZα). The result of numerical integration

δEhfs =
α

π

∫ ∞

4

d(ρ2)

ρ2
u

(
ρ2

m2
e

)
δEhfs(ρ)

= EF (1 + aµ) δ
(1)
evp , (14)

for the 1S state is

δ(1)evp = 0.006 075 29 . (15)

B. δ
(2)
evp

δ
(2)
evp represents the corresponding two-loop EVP correc-

tions, which we obtain using PbarSpectr code [12]. Namely,

we numerically solve the Schrödinger equation for a point-
like nucleus with one- and two-loop EVP

δ
(1)
evp,npert = 0.006 089 78 , (16)

δ
(2)
evp,npert = 0.000 046 76 , (17)

and extract δ(2)evp by subtracting δ(1)evp

δ(2)evp = δ
(1)
evp,npert + δ

(2)
evp,npert − δ(1)evp

= 0.000 061 25 . (18)

This partially includes three-loop corrections, but they are ex-
pected to be negligibly small.

C. δ
(3)
rel,evp

This is the one-loop EVP calculated using the Dirac wave
function, or more precisely, the relativistic correction to δ(1)evp.
The relativistic form of the hyperfine interaction

Vhfs(r⃗) =
e

4π
µ⃗I · α⃗× r⃗

r3
(19)

for a massive photon is

Vvp(r⃗, ρ) =
e

4π
µ⃗ ·
(
α⃗× r⃗

r3

)
e−ρr(1 + ρr) . (20)

δEhfs(ρ) takes an expectation value form similar to the non-
relativistic case

δEhfs(ρ) = ⟨Vhfs(ρ)⟩+ 2

〈
Vhfs

1

(E −H)′
(−Z α) e

−ρ r

r

〉
= δEhfs1(ρ) + δEhfs2(ρ) (21)

with the relativistic wave function ψ, the energy E, and the
Hamiltonian H . The unperturbed ground state wave function
ψ is described by the spherical Dirac spinor,

ψ(r⃗) =
1√
4π

(
g(r)χm

−if(r)(σ⃗ · r̂)χm

)
, (22)

g(r) = Nrγ−1e−Zαr , f(r) = −
√

1− γ

1 + γ
g(r) , (23)

where we adopt atomic units (m = 1) and γ =
√

1− (Zα)2.
The first part δEhfs1(ρ) is

δEhfs1(ρ) = ⟨ψ|Vhfs(ρ)|ψ⟩ = EF∞ δ
(1+)
evp1 , (24)

where

EF∞ =
8

3
(Zα)4

m2

M

g

2
⟨I⃗ · s⃗⟩ (25)

is the nonrecoil limit of the Fermi splitting. Using Eqs.
(22,23), one obtains

δ
(1+)
evp1(ρ) =

1

2(Zα)3

∫ ∞

0

dr (−2)g(r)f(r) e−ρr
(
1 + ρr

)
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=
1

γ(2γ − 1)

(
2

τ + 2

)2γ

(1 + γ τ) , (26)

where τ = ρ/(mµ Zα). Considering the second part,
δEhfs2(ρ), we note that within the subspace of the Dirac quan-
tum number κ = −1 , Vhfs can be simplified to

⟨Vhfs⟩ =
2

3

e

4π
⟨µ⃗I · σ⃗⟩hfs

〈
i
γ⃗ · r⃗
r3

〉
. (27)

Therefore, δEhfs2(ρ) can be written as

δEhfs2(ρ) = 2

〈
ψ

∣∣∣∣− Zα

r
e−ρr

∣∣∣∣δψ〉 2

3

e

4π
⟨µ⃗I · σ⃗⟩hfs

= EF∞ δ
(1+)
evp2 , (28)

where

δψ(r⃗) =
1

(E −H)′
i
γ⃗ · r⃗
r3

ψ(r⃗) =

(
W (r)χm

−iZ(r)(σ⃗ · r̂)χm

)
.

(29)

Using the Shabaev method [13, 14], one obtains

W (r) = C

[
2(Zα)3

γ
g − 3(1 + γ)f − 1 + 2γ

r
g − 2Zα(2γ + 1)

(
Ψ(2γ + 1)

γ
+ γ + 1− Zαr − ln(2Zαr)

γ
− 1

2γ

)
g

]
,

(30)

Z(r) = C

[
2(Zα)3

γ
f − 3(1− γ)g − 3(1 + 2γ)

r
f − 2Zα(2γ + 1)

(
Ψ(2γ + 1)

γ
+ γ + 1− Zαr − ln(2Zαr)

γ
+

1

2γ

)
f

]
,

(31)

where C = 1/[4(Zα)2 − 3]. The corresponding dimensionless contribution is

δ
(1+)
evp2 =

1

(Zα)2

∫ ∞

0

dr
[
W (r)g(r) + Z(r)f(r)

]
re−ρr

=
β−2γ

γ(2γ − 1)

[
2(2− γ)

2γ − 1
β +

2γ3 + 2γ2 − 2γ + 1

γ2
+

2

γ
lnβ − 2γ

β

]
, (32)

where β = 1 + τ/2. The sum of both parts δ(1+)
evp1 + δ

(1+)
evp2 = δ

(1)
evp + δ

(3)
rel,evp + . . . after expansion in Z α is

δ
(3)
rel,evp =

α

π
(Zα)2

∫ ∞

4

d(ρ2)

ρ2
u

(
ρ2

m2
e

)[
8 + 4 lnβ

β
+

3 + 6 lnβ + 2 ln2 β

β2
− 2 + 2 lnβ

β3

]
= 1.15 ppm . (33)

In Sec. V, we will calculate the EVP combined with nuclear recoil or finite nuclear size effects, and in Sec. VII we will consider
it combined with µVP and µSE, but before this we must briefly describe an approach for nuclear recoil corrections.

IV. TWO-PHOTON EXCHANGE FORWARD SCATTERING AMPLITUDE

To calculate corrections beyond the point-like, static nucleus approximation, we first consider the two-photon exchange cor-
rection to the HFS. We closely follow our previous work in Ref. [15] and use the temporal gauge

E
(5)
hfs =

i

2
ϕ2(0)

∫
d4k

(2π)4
1

k4

(
δik − ki kk

ω2

)(
δjl − kj kl

ω2

)
tji T kl . (34)

For a point-like spin-1/2 particle

tji = e2
[
⟨ū|γj 1

̸ t − ̸k −m
γi|u⟩+ ⟨ū|γi 1

̸ t + ̸k −m
γj |u⟩

]
, (35)

and for a finite size spin-1/2 particle

T kl = (Z e)2
[
⟨ū|Γk(k)

1

̸ t − ̸k −m
Γl(−k)|u⟩+ ⟨ū|Γl(−k) 1

̸ t + ̸k −m
Γk(k)|u⟩

]
, (36)

where t is the four-momentum at rest, t = (m, 0⃗), and

Γµ(k) = γµ F1 +
i

2M
σµν kν F2 . (37)

Using the decomposition in terms of scalar functions ti and Ti
with i = 1, 2

tji = i ϵijk e2 ω

(
t1 s

k + t2
kk

k⃗ 2
k⃗ · s⃗

)
, (38)
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T ji = i ϵijk(Ze)2ω

(
T1I

k + T2
kk

k⃗ 2
k⃗ · I⃗

)
, (39)

one obtains for the lepton

t1 =
4 k2

(k2 − 2mω) (k2 + 2mω)
, (40)

t2 = 0 , (41)

and for the nucleus

T1(−k2, ω) =
4F1M

2 [F1 k
2 + F2 (k

2 + ω2)]− F 2
2 k

4

(k2 − 2Mω)(k2 + 2Mω)M2
,

(42)

T2(−k2, ω) =
4 (k2 − ω2)F2(F1 + F2)

(k2 − 2Mω)(k2 + 2Mω)
. (43)

The two-photon exchange correction takes the form

E
(5)
hfs = i ϕ2(0) (4π Z α)2

I⃗ · s⃗
3

∫
d4k

(2π)4

×
[
2

k2
t1 T1 +

ω2

k4
(t1 + t2) (T1 + T2)

]
. (44)

Since the form factors are functions of −k2, one performs a
Wick rotation ω = i k0, and k2 → −k2, and averages over
the three-dimensional sphere in Euclidean space

A[f ] ≡
∫
dΩk

2π2
f(k, k0)

=
2

π

∫ π

0

dϕ (sinϕ)2 f
(
k, k cosϕ

)
. (45)

For instance,

A

[
1

k4 + 4M2 k20

]
=

2

k4
1

1 +
√

1 + 4M2/k2
. (46)

We thus obtain

E
(5)
hfs =

16

3
ϕ2(0) (Z α)2

I⃗ · s⃗
3

∫
d4k

(2π)4

×A

[
2

k2
t1 T1 +

k20
k4

(t1 + t2) (T1 + T2)

]
. (47)

The low k asymptotic behavior of the integrand

A[t1 T1] ≈
16 (1 + κ)

M +m

1

k3
(48)

should be subtracted out [16, 17], yielding

E
(5)
hfs = − 16

3
(Z α)2

ϕ2(0)

Mm
I⃗ · s⃗

∫
dk

k

[
− 4

m

k
GE(k

2)GM (k2) + 4 (1 + κ)
m

k
+ Trec(k)− 4 (1 + κ)

m

k

m

M +m

]
, (49)

where the recoil part Trec is

Trec(k) =
4m

k
GE(k

2)GM (k2) +
m

M

 k2

8m2
− 2

(
1 +

√
1 +

4m2

k2

)−1(
k2

8m2
− 1

)F 2
2 (k

2)

+
Mm

M2 −m2

(
1 +

√
1 +

4M2

k2

)−1 [(
1− 8M2

k2

)
F1(k

2) + 3F2(k
2)

]
GM (k2)

− Mm

M2 −m2

(
1 +

√
1 +

4m2

k2

)−1 [(
1− 8m2

k2

)
F1(k

2) + 3F2(k
2)

]
GM (k2) . (50)

The Sachs electric GE and magnetic GM form factors are re-
lated to F1 and F2 by

GE(k
2) = F1(k

2)− k2

4M2
F2(k

2) , (51)

GM (k2) = F1(k
2) + F2(k

2) , (52)

with the normalization GM (0) = 1 + κ = g/2. For a point-
like nucleus F1 = 1 and F2 = 0, we obtain

E
(5)
point,hfs = −8 (Z α)2

ϕ2(0)

M2 −m2
(I⃗ · s⃗) lnM

m
, (53)

in agreement with a well-known result [18] for the recoil cor-
rection to the hyperfine splitting. For a finite size nucleus in
the nonrecoil limit, we obtain the Zemach correction [19]

δ
(1)
fns =

2Z αm

π2

∫
d3k

k4

[
GE(k

2)GM (k2)

1 + κ
− 1

]
= − 2Z αmrZ . (54)
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It is convenient to express this finite nuclear size correction in
terms of the Zemach radius rZ [19], defined as

rZ =

∫
d3r1

∫
d3r2 ρE(r1) ρM (r2) |r⃗1 − r⃗2|, (55)

where ρE and ρM are the Fourier transforms of GE and
GM/(1 + κ), respectively. Using the dipole parametrization
for the nuclear form factors ρE = ρM = ρ with

ρ(k2) =
Λ4

(Λ2 + k2)2
, (56)

one finds rZ = 35/(8Λ). Using the dipole parametrization
with Λ adjusted to the Zemach radius rZ = 1.054 fm, we ob-
tain a recoil correction of δ(1)rec = 0.001 667. This is not very
different from the more accurate value of δ(1)rec = 0.001 672(3)
obtained using more realistic proton form factors [20]. There-
fore, our subsequent calculations of VP and SE corrections
to the two-photon exchange amplitude will employ the dipole
approximation for the proton form factors.

V. VP COMBINED WITH RECOIL AND FNS

The radiative recoil Z α2m/M EF correction has previ-
ously been studied only for muonium HFS [18], but not for
a finite size nucleus with an arbitrary g-factor. Here we derive
formulas without expansion in m/M and Λ/M , expressing
the result in terms of a one-dimensional integral. The electron
vacuum polarization modifies the photon propagator accord-
ing to Eq. (6). The explicit formula for ω̄ is given by [10]

ω̄(−k2) = − α

3π

{
1

3
+ 2

(
1− 2

k2

)
×
[√

1 +
4

k2
arccoth

√
1 +

4

k2
− 1

]}
. (57)

The VP correction due to a lepton of mass m′ (m′ ̸= me for
µH) can be easily obtained from the two-photon exchange am-
plitude (without subtracting the small k asymptotic behavior)

E(6)
vp =

16

3
(Z α)2

ϕ2(0)

Mm
I⃗ · s⃗

∫
dk

k

×
[
4
m

k
GE(k

2)GM (k2)− Trec(k)

]
(−2) ω̄

(
− k2

m′2

)
= E

(6)
vp,point + E

(6)
vp,fns + E(6)

vp,rec . (58)

E
(6)
vp,point arises from the low k asymptotic behavior of the

integrand

E
(6)
vp,point =

16

3
(Z α)2

ϕ2(0)

Mm
I⃗ · s⃗

∫
dk

k2

× 4 (1 + κ)µ (−2) ω̄
(
− k2

m′2

)
= EF

3

4
Z α2 µ

m′ , (59)

where µ is the reduced mass. E(6)
fns,vp is the finite size correc-

tion in the nonrecoil limit,

E
(6)
vp,fns = EF

2Z αm

π2

∫
d3k

k4

[
GE(k

2)GM (k2)

1 + κ
− 1

]
× (−2) ω̄

(
− k2

m′2

)
≈ − EF 2Z αmrZ

α

π

(
2

3
ln

Λ2

m′2 − 634

315

)
, (60)

where the dipole parametrization of nuclear form factors is
assumed, in agreement with Ref. [21]. Finally, E(6)

rec,vp is the
recoil VP correction

E(6)
vp,rec = − 16

3
(Z α)2

ϕ2(0)

mM
I⃗ · s⃗

∫
dk

k

×
[
Trec(k)− 4 (1 + κ)

m

k

m

M +m

]
(−2) ω̄

(
− k2

m′2

)
.

(61)

Using Eq. (58), we obtain for µVP in H

δµvp,point(H) = 0.193 ppm, (62)
δµvp,fns(H) = − 0.121 ppm, (63)
δµvp,rec(H) = − 0.001 ppm. (64)

In the case of EVP in µH,E(6)
vp,point is treated separately, be-

cause the scattering approximation is not valid here. The cal-
culations for a point-like nucleus have already been described
in Sec. III. Here we consider only E(6)

vp,fns and E(6)
vp,rec. Using

Eqs. (59) and (61), respectively, we obtain

δevp,fns(µH) = − 149.81 ppm , (65)
δevp,rec(µH) = 25.24 ppm . (66)

The final cases to consider are EVP H and µVP µH, where the
VP particle is the same as the one in the atom. The point-like
VP contribution in the nonrecoil limit is already included in
δQED, so we rearrange the remaining corrections as follows.
FNS VP in the nonrecoil limit is given by Eq. (61) with m′ =
m, while the recoil correction is redefined and includes the
recoil part from E

(6)
vp,point, namely

E(6)
evp,rec = − 16

3
α2 ϕ

2(0)

mmp
I⃗ · s⃗

∫
dk

k
Trec(k) (−2) ω̄

(
− k2

m2

)
.

(67)

Our numerical results for H are

δevp,fns(H) = − 0.725 ppm, (68)
δevp,rec(H) = − 0.032 ppm, (69)

and for µH

δµvp,fns(µH) = − 25.10 ppm, (70)
δµvp,rec(µH) = − 1.18 ppm. (71)
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VI. SE COMBINED WITH RECOIL AND FNS

The lepton self-energy (SE) correction is obtained by re-
placing tji with the self-energy corrected tensor tjise in Eqs.
(34), (38), and (44)

E(6)
se =

i

2
ϕ2(0)

∫
d4k

(2π)4
1

k4

(
δik − ki kk

ω2

)(
δjl − kj kl

ω2

)
tjise T

kl ,

= i ϕ2(0) (4π Z α)2
I⃗ · s⃗
3

∫
d4k

(2π)4

[
2

k2
t1se T1 +

ω2

k4
(t1se + t2se) (T1 + T2)

]
, (72)

where the arguments of the lepton and proton factors are (−k2 , ω). The self-energy corrected lepton line is (for its calculation
see Appendix A)

t1se(−k2, ω) =
α

2π

{
− 4

k2 + 2ω
− J

[
1

2
+ ω +

8 (1 + ω)

k2 + 2ω
+
ω (1 + 2ω) (2 + ω)

2 (k2 − ω2)

]
−
[
1 +

8

k2 + 2ω
+

1 + ω

2 (1 + k2 + 2ω) (k2 − ω2)
+

−1 + 3ω + 2ω2

2 (k2 − ω2)

]
ln(−k2 − 2ω)

+

[
2 +

18

k2 + 2ω
+

16

(k2 − 4) (k2 + 2ω)
+

2ω2

k2 − ω2

]
arcsin

(
k

2

) √
4

k2
− 1 + (ω → −ω)

}
, (73)

t2se(−k2, ω) =
α

2π

{
− 1 + ω

ω (1 + k2 + 2ω)
+ J

[
k2

ω
+

8 + 15ω + 6ω2

2ω
+

3ω (2 + 5ω + 2ω2)

2 (k2 − ω2)

]
+

[
4 + 3ω

ω
− 1 + ω

ω (1 + k2 + 2ω)2
− (1 + ω) (2 + ω + 2ω2)

2ω (1 + k2 + 2ω) (k2 − ω2)
+

2− ω + 9ω2 + 6ω3

2ω (k2 − ω2)

]
ln(−k2 − 2ω)

+

[
−6 +

2

k2 + 2ω
− 6ω2

k2 − ω2

]
arcsin

(
k

2

) √
4

k2
− 1 + (ω → −ω)

}
, (74)

and J is a master integral defined in Appendix A. The nuclear factors T1 and T2 are defined in Eqs. (42,43). After performing a
Wick rotation, we average over the three-dimensional sphere. The low k asymptotic behavior of the integrand

A[t1se T1] ≈
16 ae (1 + κ)

M +m

1

k3
(75)

is subtracted out, because it corresponds to the already included lower order term, thus

E(6)
se = ϕ2(0) (4π Z α)2

I⃗ · s⃗
3

∫
d4k

(2π)4
A

[
2

k2
t1se T1 +

k20
k4

(t1se + t2se) (T1 + T2)−
32 ae (1 + κ)

M +m

1

k5

]
=E

(6)
se,point + E

(6)
se,fns + E(6)

se,rec. (76)

The nonrecoil contribution for a point-like nucleus is

E
(6)
se,point = − ϕ2(0) (4π Z α)2

8 (1 + κ)

3M
I⃗ · s⃗

∫
d4k

(2π)4
1

k3

[
t1se(k

2, 0) +
4 ae
k2

]
, (77)

where

t1se(k
2, 0) =

α

2π

{
8

k2
+

(
16

k2
− 1

)
J(k2, 0) + 4

(
1− 5

k2
− 28

k4

)
arcsinh

(
k
2

)√
1 + 4

k2

−
(
2− 16

k2
+

1

k2 − 1

)
ln(k2)

}
. (78)

Numerical integration yields δse,point = −136.16 ppm, in
agreement with the known [18] analytic result δse,point =

Zα2 (ln 2 − 13
4 ), which is included in δ(2) in Eq. (91).
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The nonrecoil finite nuclear size contribution, using t1se =
5/k2 α/π + o(k−4) is

E
(6)
se,fns = − ϕ2(0) (4π Z α)2

2 I⃗ · s⃗
3M

∫
d4k

(2π)4

×
4
(
GE GM − (1 + κ)

)
k3

t1se(k
2, 0) (79)

= − 2Z αmrZ EF
α

π

[
− 5

4
+O

(m2

Λ2

)]
, (80)

in agreement with Ref. [21].
Using Eq. (79), we obtain for muonic hydrogen

δse,fns(µH) = 16.18 ppm, (81)

which significantly differs from the result obtained by omit-
ting theO(m2/Λ2) terms δse,fns = 23.92 ppm. For hydrogen,
we obtain

δse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/Λ2) terms δse,fns = 0.116 ppm.

The nuclear recoil contribution is

E(6)
se,rec = ϕ2(0) (4π Z α)2

I⃗ · s⃗
3

∫
d4k

(2π)4
1

k4

×
[
2 k2 t1se T1 + k20 (t1se + t2se) (T1 + T2)

+
8 k

M
t1se(k

2, 0)GE(k
2)GM (k2) +

32 ae (1 + κ)m

kM (M +m)

]
.

(83)

This integral is evaluated numerically, yielding the following
results

δse,rec(µH) = 16.48 ppm , (84)

δse,rec(H) = 0.104 ppm , (85)

where Λ has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is

E(7)
µvp,evp = EF

2Z αmµ

π2
6

∫
d3k

k4
ω̄
(
− k2

m2
e

)
ω̄
(
− k2

m2
µ

)
,

(86)

from which we obtain

δ(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect

FNS for consistency, as all α3 corrections are calculated for
a point nucleus, and estimate the unknown δ(3)fns = ±2 ppm,
while δ(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by

E
(7)
se,evp1 = − ϕ2(0) (4π Z α)2

2 (1 + κ) I⃗ · s⃗
3M

×
∫

d3k

(2π)3
1

k2

(
t1se(k

2, 0) +
4 aµ
k2

)
(−2) ω̄

(
− k2

m2
e

)
.

(88)

After numerical integration, we obtain

δ
(3)
se,evp1 (µH) = −1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

VIII. SUMMARY OF HYPERFINE SPLITTING IN
MUONIC HYDROGEN

The ground state hyperfine splitting of µH is conveniently
represented as

Ehfs = EF (1 + δ) , (90)

where the dimensionless δ is the sum of various contributions
listed in Table I. Let us now explain the meaning of all δ con-
tributions. δ(1)evp in Eq. (15) and δ(2)evp in Eq. (18) are one- and
two-loop EVP corrections to the contact Fermi (spin-spin) in-
teraction. δ(2) and δ(3) are QED corrections, which are ex-
actly the same as in the electronic case [18],

δ(2) =
3

2
(Z α)2 + α (Z α)

(
ln(2)− 5

2

)
, (91)

δ(3) =
α (Z α)2

π

[
− 8

3
ln(Z α)

(
ln(Z α)− ln(4) +

281

480

)
+ 17.122 338 751 3− 8

15
ln(2) +

34

225

]
+
α2 (Z α)

π
0.770 99(2) . (92)

δ
(3)
rel,evp in Eq. (33) is the relativistic correction to the one-

loop EVP. δ(3)µvp,evp in Eq. (87) is the combined µVP and EVP
correction. δ(3)se,evp1 in Eq. (89) is the combined SE and EVP

correction to the Coulomb interaction. δ
(3)
se,evp2 is the EVP

correction on the SE photon. It was calculated by Krachkov
and Lee in Ref. [24] with the result

δ
(3)
se,evp2 =

α2 (Z α)

π

[(
−13

6
+

2

3
ln 2

)
ln
mµ

me

+
379

72
− 14

9
ln 2− π2

18
+

1

3
ln2 2
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TABLE I. Contributions to HFS in µH, constants from Ref. [22],
gp = 5.585 694 6893(16), νF = 44 114 600.4(2.0) MHz, EF =
0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [22]
(1 + aµ) δ

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) δ
(2)
evp 0.000 061 32 Eq. (18)

δ(2) −0.000 016 34 Eq. (91), Ref.[18]
δ(3) −0.000 007 10 Eq. (92), Ref.[18, 23]
δ
(3)
rel,evp 0.000 001 15 Eq. (33)
δ
(3)
µvp,evp 0.000 001 17 Eq. (87)
δ
(3)
se,evp1 −0.000 001 70 Eq. (89)
δ
(3)
se,evp2 −0.000 000 70 Eq. (93), Ref.[24]
δ
(1)
fns −0.008 237(21) Eqs. (94,95), Ref.[25]
δ
(1)
rec 0.001 672(3) Eq. (96), Ref.[20]
δ
(1)
pol 0.000 200 6(52 4) Eq. (97), Ref.[26]
α
π
c1 δ

(1)
fns −0.000 033 12 Eq. (98)

α
π
c1 δ

(1)
rec 0.000 006 72 Eq. (98)

δ
(2)
evp,fns −0.000 149 81 Eq. (65)
δ
(2)
evp,rec 0.000 025 24 Eq. (66)
δ
(2)
µvp,fns −0.000 025 10 Eq. (70)
δ
(2)
µvp,rec −0.000 001 18 Eq. (71)
δ
(2)
se,fns 0.000 016 18 Eq. (81)
δ
(2)
se,rec 0.000 016 48 Eq. (84)
δ
(2)
rel,fns −0.000 050 85 Eq. (103), Ref.[27]
δ
(2)
rel,rec 0.000 118 86 Eq. (104), Ref.[4]
δ
(2)
rel,rec2 0.000 000(12) (Z α)2 (m/M)2

δ
(2)
rel,rec,fns 0.000 000(12) (Z α)2 m2/M rZ

δ
(2)
hvp 0.000 011 80(8) Eq. (105), Ref.[28]
δ
(3)
fns 0.000 000(2) α3 mrZ
δweak 0.000 011 99 Eq. (106), Ref.[30]

δ 0.000 869 (60) total value
mµ

me
[δexp(H)− δ(H)] 0.000 133 Sec. IX

δcorr 0.001 002 (30) corrected total value

− 72

25
Γ

(
3

4

)2

Γ

(
5

4

)−2√
me

mµ
+O

(
me

mµ

)]
= − 0.70 ppm . (93)

δ
(1)
fns is the finite nuclear size correction related to the Zemach

radius

δ
(1)
fns = − 2Z αmrZ , (94)
rZ = 1.054(3), (95)

where the numerical value is taken from Ref. [25]. δ(1)rec is the
leading nuclear recoil correction

δ(1)rec = 837.6+2.8
−1.0 ppm + 2Z αmrZ

m

m+M
, (96)

where the numerical value is from Ref. [20]. Because rZ is
scaled here by the muon mass rather than the reduced mass,

our recoil correction includes an additional term. δ(1)pol is the
leading nuclear polarizability correction taken from Ref. [26],

δ
(1)
pol = 200.6(52.4) ppm . (97)

It is convenient to separately consider EVP corrections to the
square of the wave function at the origin ϕ2(0)

ϕ2(0)evp = ϕ2(0)

(
1 +

α

π
c1 +

α2

π2
c2

)
, (98)

c1 = 1.73115 , (99)
c2 = 7.2558 , (100)

where c1, c2 are one- and two-loop EVP correction respec-
tively, see Ref. [29]. Consequently, δ(1)fns and δ(1)rec receive cor-
rections due to ϕ2(0)evp, along with additional EVP correc-
tions to the hard two-photon exchange, denoted by δ(2)evp,fns in

Eq. (65) and δ(2)evp,rec in Eq. (66), respectively. δ(2)µvp,fns is the

µVP combined with FNS, see Eq. (70). δ(2)µvp,rec is the µVP
combined with REC, see Eq. (71). δ(2)se,fns is the µSE com-

bined with FNS, see Eq. (81). δ(2)se,rec is the µSE combined
with REC, see Eq. (84). δ(2)rel,fns is the nonrecoil relativistic
correction with FNS, given by [27]

δ
(2)
rel,fns =

4

3
(mrpZα)

2

[
γ − 1 + ln(2mrpp Zα) +

1

4

r2m
r2p

]
.

(101)

For the dipole parametrization of the nuclear form factors

rm = rp , rpp/rp = 5.274 565 . . . , (102)

where rp = 0.840 60 (39) fm is the proton charge radius;
therefore,

δ
(2)
rel,fns(µH) =− 50.85 ppm (103)

δ
(2)
rel,rec is the relativistic recoil correction [4]

δ
(2)
rel,rec =

m

M

(Zα)2

1 + κ

[
65

18
+

13

18
κ+

31

36
κ2 (104)

−
(
8 + 2κ− 1

4
κ2
)
ln 2−

(
2 + 2κ+

7

4
κ2
)
ln(Zα)

]
.

δ
(2)
rel,rec2 is the relativistic second-order recoil correction ∼
(m/M)2 for which we provide only an estimate. δ(2)rel,rec,fns
is the relativistic recoil finite nuclear size correction and is
also estimated only. δhvp represents the hadronic VP, and we
adopt the result from Ref. [28]

δhvp = 11.80(8) ppm . (105)

δ
(3)
fns is FNS correction at the order α3, for which we provide

estimation only. Finally, δweak is the nonrecoil weak interac-
tion correction for a point nucleus [30]

δweak(µH) =
mµ

me
58 · 10−9 . (106)
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IX. µH VS H

One can use HFS measurement in H to extract δ(1)nuc(H) =

δ
(1)
fns(H)+ δ

(1)
rec(H)+ δ

(1)
pol(H) and use it to improve theoretical

predictions for µH. This is possible, because all other contri-
butions to the HFS in H are well known. Therefore, let us
consider the proton structure corrections to the scaled differ-
ence between µH and H

∆ = δ(µH)− mµ

me
δ(H) . (107)

One can expect that the nuclear structure contributions, as well
as their associated uncertainties, cancel out to a high degree in
this difference. The nuclear part is

∆nuc = δ(1)nuc(µH)− mµ

me
δ(1)nuc(H)

= ∆fns +∆rec +∆pol . (108)

The FNS contribution ∆fns vanishes exactly; so does the re-
lated uncertainty. The recoil contribution ∆rec

∆rec = δ(1)rec(µH)− mµ

me
δ(1)rec(H)

= 0.000 578(1), (109)

is decreased by a factor of 3 compared to δ(1)rec(µH). Thus,
we assume that its uncertainty is also decreased by this factor,
rendering it negligible. The proton polarizability contribution

∆pol = δ
(1)
pol(µH)− mµ

me
δ
(1)
pol(H)

= − 0.000 025(25), (110)

is decreased by a factor of 8 compared to δ(1)pol(µH), and we
estimate its uncertainty to be as large as the entire value of
∆pol. It is therefore less than half the size of the uncertainty
in δpol(µH). We believe that this can be further improved with
a more detailed analysis.

Let us now consider the theoretical result for δ(µH) and
replace it with

δcorr(µH) = δ(µH) +
mµ

me
[δexp(H)− δ(H)]

= ∆+
mµ

me
δexp(H)

= 0.001 002(30) , (111)

where the correction without uncertainty is [4]

mµ

me
[δexp(H)− δtheo(H)] = 0.000 133 . (112)

The uncertainty of δcorr(µH) is obtained from the uncertainty
of ∆, which originates from the 25 ppm of ∆pol, the 1 ppm
of ∆rec, and all other uncertainties listed in Table I. The cor-
rected theoretical predictions for µH is therefore

Ehfs(µH) = EF (1 + δcorr) = 0.182 626(5) eV. (113)

It is interesting to note that this value is close to the one ob-
tained from the nonrelativistic formula in Eq. (4) with the
muon magnetic moment anomaly

EF (1 + aµ) = 0.182 656 eV, (114)

indicating a tendency for higher-order corrections to cancel
out.

In comparison to the previous work on this topic by Faus-
tov and Martynenko in Ref. [31], we observe an agree-
ment only for the one-loop EVP correction. Moreover, it
was difficult to perform further comparison term by term, due
to inconsistent classification of their corrections, but when-
ever we were able to compare, we observed a disagreement.
In contrast, our result is in good agreement with the value
Ehfs(µH) = 0.182 636(8) eV, presented by Antognini et al.
in Ref. [32], but we were also not able to perform comparison
term by term, due to lack of detailed results in that work.

X. CONCLUSIONS

We have accounted for all QED and recoil corrections
larger than 1 ppm to the ground state HFS of µH, and ob-
tained numerical values or estimates, as summarized in Ta-
ble I. Our result for Ehfs(µH) in Eq. (113) corresponding
to λ = 6.788 97(19) µm might serve as a starting point to
search for this hyperfine transition, which so far has not been
observed. The most important outcome, however, was the
identification of corrections that still need to be calculated
or improved in order to reach 1 ppm accuracy. The first of
these is the proton structure correction, and more precisely the
weighted difference ∆nuc in Eq. (108), which can be obtained
much more accurately than δ(1)nuc itself. The second important
contribution left for future work is the (Z α)2 correction, eval-
uated without expansion in the mass ratio and including the
finite nuclear size. At present, we know the point nucleus val-
ues in the nonrecoil limit Eq. (91), the leading recoil correc-
tion Eq. (104), and the FNS in the nonrecoil limit Eq. (103).
The omitted terms constitute the largest uncertainty besides
∆nuc. Their calculation is certainly feasible, but most impor-
tantly, the contents of Table I with various corrections should
be independently verified.

Our current theoretical predictions with incorporation of H
HFS are presented in Eq. (113). It is clear that the HFS mea-
surement in µH with 1 ppm accuracy will stand as a highly
significant test of fundamental interactions when combined
with H HFS, or alternatively will serve for the accurate de-
termination of the proton Zemach radius.
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Appendix A: Lepton self-energy integrals

The lepton factors t1se and t2se can be expressed in terms
of scalar integrals in the form

f(n,m, l) =

∫
dDk

iπD/2

1

[(k − t)2]n[k2 − 1]m[(k + q)2 − 1]l
,

(A1)

where t2 = 1 and D = 4 − 2 ϵ. Using integration by parts
identities [33, 34], one can algebraically reduce all powers
n,m, and l to 0 and 1. These integrals with lowest powers
can all be performed using the Feynman parameters approach.
Neglecting O(ϵ), they are

f(n, 0, 0) = 0 , (A2)

f(0, 1, 0) =
1

ϵ
+ 1− γE , (A3)

f(0, 2, 0) =
1

ϵ
− γE , (A4)

f(0, 0, 1) =
1

ϵ
+ 1− γE , (A5)

f(0, 0, 2) =
1

ϵ
− γE , (A6)

f(1, 1, 0) =
1

ϵ
+ 2− γE , (A7)

f(1, 2, 0) =
1

2 ϵ
− γE

2
, (A8)

f(0, 1, 1) =
1

ϵ
− γE + 2− 2

√
4

q2
− 1 arcsin

(q
2

)
, (A9)

f(1, 0, 1) =
1

ϵ
− γE + 2 +

1− p2

p2
ln(1− p2), (A10)

f(0, 2, 1) = − 2

q2

(
4

q2
− 1

)−1/2

arcsin
(q
2

)
, (A11)

f(1, 2, 1) =
1

p2 − 1

[
1

2 ϵ
− γE

2
− ln(1− p2)

+ 2

(
2

q2
− 1

)(
4

q2
− 1

)−1/2

arcsin
(q
2

)]
,

(A12)

f(1, 1, 1) = − J(−q2, q0), (A13)

where γE is the Euler constant, p = t+ q, and q0 = q · t. The
master integral J is

J(−q2, q0) = −
∫

d4k

π2 i

1

k2
1

(t− k)2 − 1

1

(p− k)2 − 1

=

∫ 1

0

du
1

1− u(1− u) q2 − u(1− p2)

× ln

(
1− u(1− u)q2

u(1− p2)

)
. (A14)

The particular form at q0 = 0 of the master integral J(q2) ≡
J(q2, 0) is

J(q2) =

∫ 1

0

du
1

1− u2 q2
ln

(
1 + u(1− u)q2

u q2

)
= 1 +

5 q2

18
+

11 q4

150
−
(
1 +

q2

3
+
q4

5

)
ln(q2) + . . .

=
2

q2
+

2

9 q4
+

(
1

q2
− 5

3 q4

)
ln(q2) + . . . (A15)

The derivative of J(q2) satisfies

∂

∂q

[
qJ(q2)

]
= − 4

q2
arcsinh q

2√
1 + 4

q2

− ln q2

1− q2
. (A16)

Other properties of J can be found in the Appendix B of Ref.
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