Fine structure of helium and light helium-like ions
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Abstract: Calculational results are presented for the fine-streciplitting of the2? P state of helium and helium-like
ions with the nuclear chargg up to 10. Theoretical predictions are in agreement with #test experimental results for
the helium fine-structure intervals as well as with the mdghe experimental data available for light helium-like $on
Comparing the theoretical value of th8 P, — 23 P; interval in helium with the experimental result [T. Zelesiy et al.
Phys. Rev. Lett95, 203001 (2005)], we determine the value of the fine-strectanstanty with an accuracy of 31 parts
per billion.

1. Introduction data available for light helium-like ions. Comparison ofrou
theoretical prediction for the3 P, — 23 P; interval in helium
é@ccurate to 57 ppb) with the experimental value [7] (acura

24 ppb) determines the value of the fine structure consatant
with an accuracy of 31 ppb.

The calculation of thena” correction for the fine-structure
splitting of light helium-like atoms was reported in our eat
Letter [21]. In this paper, we present an extended desoripti
of thema” correction and a detailed term-by-term comparison
of our results with independent calculations by Drake [DF] f
helium and by Zhanet al. [12] for helium-like ions.

The fine structure splitting of th2? P state in helium plays
a special role in atomic spectroscopy because it can be us
for an accurate determination of the fine structure constant
This fact was first pointed out by Schwartz in 1964 [1]. The
attractive features of the fine structure splitting in helias
compared to other atomic transitions are, first, the lorey lif
time of the metastablz?® P; levels (roughly two orders of mag-
nitude larger than that of th2p state in hydrogen) and, sec-
ond, the relative simplicity of the theory of the fine struetu
Schwartz’s suggestion stimulated a sequence of calcakatio
[2, 3, 4, 5], which resulted in a theoretical description o t
helium fine structure complete up to orden® (or o* Ry) 2. The spin-dependent ma’ correction
and a value o accurate to 0.9 ppm [6]. ; ) ] o

The present experimental precision for the fine-structure i Thema' correction to the fine-structure splitting of a two-
tervals in helium is sufficient for a determinatione@fwvith an ~ €lectron atom can be conveniently separated into four parts
accuracy of 14 ppb [7, 8]. In order to match this level of ac-
curacy in theoretical description of the fine structure,dbe- 57 = 1,076 = a7 {51(7) + géﬁt +&0 + 52”] .
plete calculation of the next-ordef;a” contribution and an o8 ”
estimation of the higher-order effects is needed. The wark t _ . . .
wards this end started in 1990s and extended over two decad&g® first term in the brackets above combines all terms with
[9,10,11, 12, 13, 14, 15, 16, 17, 18]. In 20086, the first congple 1 £ andina [10, 11,12, 14, 19],
evaluation of thena” correction to the helium fine structure 97
was reported [19]. However, the numerical results presientegl(og =In[(Za)™? [<— ipy X 6%(r1) pr - 51>
there disagreed with the experimental values by more than 10 3
standard deviations. < 1

~(,-V) (G2 6)53(r)> - <giﬁ1 x 0%(r) py .51>

In our recent investigations [20, 21], we recalculated &ll e 4
fects up to ordefna” to the fine structure of helium and per-
formed calculations for helium-like ions with nuclear ayes +% <H§4); [63(r1) + 63 (r2)] >} , 2]
Z up to 10. The calculations were extensively checked by 3 & (Eo — Ho)'

studying the hydrogenicq — oo) limit of individual correc- .. o o
tions and by comparing them with the results known from theVherer = 71—, Hy andE, are the Schrodinger Hamiltonian
hydrogen theory. We found several problems in previous-studand its eigenvalue, aan(:) is the spin-dependent part of the
ies. As a result, the present theoretical predictions aagise-  Breit-Pauli Hamiltonian,

ment with the latest experimental data for both fine-stmectu

intervals in helium, as well as with the most of experimentaIHf(:) _ ﬁ {(52 + 251) X iy — (51 + 252) P 171}
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[19, 20]. (The previous derivation of this correction by Alga function f,
[10, 11] turned out to be not entirely consistent.) The resul

1 1
Sr— =i = —
ETh = (Ho + Hu + H\ ) - [4] /d r ) Jﬂ%/d ’ |:7’3 O(r —¢)
The HamiltonianH; is induced by the two-photon exchange +4md%(r) (v +In 6)] f(),  [6]
between the electrons, the electron self-energy and theumac
polarization. It is given by [19] and
91 . oL 1 B ¥
Ho =2 5510 x 0°(r1) pi - 61 /d3rr—7(rlr3—?7‘2)f(7)5
1,0 = ,o <. 83 ij
—3 (@ V) (@ V)o(r) [30““4 lim [ d*r F? <ri7~j%r2)o(re)
€— T
23 .
. = 3 = = e 4 o 5
T3P X )P [10 an} + 15 0°0) (7 +1ne) (alai - ?azﬂ (),
15 1 R 3 . 1,
—ﬂﬁ(ayf')(agi')—ﬂzplxr—3p1~01. [5] [7]

where~ is the Euler constant.

The effective HamiltonianHy represents the anomalous
magnetic moment (amm) correction to the Douglas-Kirall®
operators and is given by [19]

Here, the terms wittn Z compensate the logarithmic depen-
dence implicitly present in expectation values of singolaer-
atorsl /r3 and1/r°, so that matrix elements @f, do not have
any logarithms in theit /Z expansion. The singular operators
are defined though their integrals with the arbitrary smooth

I ZQle"" 3ZF1XF4(4_,)+3Z77_,F1_,+1 o 3 ,
=——pi—3 01— — = X — 01 (T — — 0150 T o 70170
" i r3 Oy r3 o3 ! 2 4 73 lri’ 2T P21 s ! ?
1 57 o o 1 57 o Z T o o ? o (= - -
VRSBl S R SR Rl R R 5 2°01 = 5P g P2l X P 01+ 7 x (7 p2)p1- 01
3 e (Fx B G 1 21214q4q 3t 5T L
*ﬁT (7 x p1 Ul)p2'02*8 5 D1 02p2 U1+16 1,57 o1re 02 = Py oy 01P1 02
ioo I 3oL 1 r
Pl T 02 P2 01+ (72 51) (P2 Go) = 3 71T 0aT-P2| = ;710171 X 5 -
1 - -
+§p1 p1-02 — +3D1 rg 0z [8]

The Hamiltoniaanf) is thema™ amm correction to the elements of the form [19]

Breit-Pauli Hamiltonian,
) (4) 1 (5)
gsec =2 <Hfs (EO _ HO)/Hnlog>

H N
o8 (71 7) T BB s collgw gl 1 e [10]
7 7—,'1 7 oL fs nfs (EO _ HO)I fs ’
+2— —3><p1 a1+ 3><p2'02 c3
LT T3
1 (&40 G1-Tdy- T whereHl(110 is the effective Hamiltonian responsible for the
+5= -3 (crca+c3),  [9] s
21 73 rd nonlogarithmiena® correction to the energy,
5 7 387
where ¢; = 1/2, ¢ = —0.328478965 and ¢z —  Ho), = — et [0°r) + 8% [11]

1.181241456 are the expansion coefficients of the free-

electron amm in powers @ty /7). @ o _ ) )
H ! is the spin-independent part of the Breit-Pauli Hamilto-

The third part of€(") is given by the second-order matrix nian (with the termx 63 (r) omitted since it does not contribute
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in our case), andH”) is thema® amm correction toH ",
HY = L htrd)+ 55 [50) +8°0) Y = L+ ) x (- )
*%pi <5;+T;§]>p§7 (12] +§ (f—% xﬁl-ﬁl—i—% ><_'2-6’2>
- (51}3&2 3BT 'F> . [13]

The fourth part of€(") is the contribution induced by the
emission and reabsorption of virtual photons of low eneltgy.

is denoted agg) and interpreted as the relativistic correction
to the Bethe logarithm. The expression ﬁﬁ) reads [15]

2(Hy —EO)]

2 o
527)375<(p1 + pa) '(HOEO)IH[ 72

(P1 +I72)>

A Zl 75 g1 + o 2(H()7E0) 1 75
+ 37r<<r§’+r§) 2 . A r:f+r:23 ’

[14]

whered (. ..) denotes the first-order perturbation of the matrixinterval, it is mainly due to the mass polarization part @ise

element...) by H" implying perturbations of the reference- cussion in Ref. [20]).

Hamiltonian. helium are much larger than those in the previous studies

[16, 17]. The previous estimates amounted to significaptg |
than 1 kHz for both intervals and were based on some logarith-
3. Results: helium mic contributions to ordemna® that were identified by analogy
o o ] with the hydrogen fine structure. We now believe that the dom-
The summary of individual contributions to the fine- jnantma® contribution might be of the relativistic origin. Our
structure intervals of helium is given in Table 1. N!Jmerlcal estimates of-1.7 kHz for both intervals were obtained by mul-
results are presented for the langge and the small, inter- tiplying thema® contribution for the sum ofo; + 12 by the
vals, defined by factor of (Za)2.
_ 3 3 Our result for they; interval of helium agrees well with the
vor = [E(2°P) = BE(2°R1)] /h, [15] experimental values [7, 23, 24]. For thg interval, our theory
vie = [E(2°P) — E(2°Py)] /h. [16] s by about2c away from the values obtained in Refs. [7, 25]
) ] but in agreement with the latest measurement by Hessels and
We note that the style of breaking the total result into sefear coworkers [8]. Assuming the validity of the theory, we com-
entries used in Table 1 differs from that used in the summargine the theoretical prediction for the; interval in helium
tables of the previous papers by KePal. [19, 20]. Particulary,  wjth the experimental result [7] and obtain the followindue
Table Il of Ref. [20] contained contributions of higher orsle
whereas in the present work, the entries in Table 1 contdjn on o~ ' (He) = 137.036 001 1 (39)heo (16)exp » [17]
the contributions of the order spe.cmed. . which is accurate to 31 ppb and agrees with the more precise
A term-by-term comparison with the independent calcula—results of Refs. [26, 27, 28]
tion by Drake [17] is made whenever possible. We observe B
good agreement between the two calculations for the lower-
order terms, namely, for thea?, ma®, andma® corrections. 4. Results: helium-like ions
However, for the recoil correction to ordesa®, our results _ o .
differ from Drake’s ones by about 0.5 kHz for both intervals. = Table 2 gives the summary of individual contributions to the
The reason for this disagreement seems to be differentéor tHine-structure intervals of helium-like atoms with the resul
large and the small intervals. For the large interval, thé-de Ccharge numbe¥ up to 10. We choose to present results for the

ation is due to the recoil operator part, whereas for the lsmaintérvalsvo, andwgy = vo1 + v12, and not forvg, andviy, as
is customary. The reason to considgs is that this interval is
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Table 1. Summary of individual contributions to the fine-structungervals in helium, in kHz. The parameters [22] are’ =
137.035 999 679(94), cRoo = 3289841960 361(22) kHz, andm/M = 1.370933 555 70 x 10~*. The values by Drake are taken from
Table 3 of Ref. [17]. The label+m /M) indicates that the corresponding entry comprises both dmerecoil and recoil contributions of

the specified order im.

Term o1 V12 Ref.

ma*(+m/M) 29563 765.45 2320241.43
29 563 765.23° 2320 241.42° [17]

ma®(+m/M) 54704.04 —22544.00
54704.04 —22545.01 [17]

ma’ —1607.52(2) —6506.43
—1607.61(4) —6506.45(7) [17]

maSm/M —9.96 9.15
—10.37(5) 9.80(11) [17]

ma” log(Za) 81.43 —5.87
81.42° —5.87° [17]

ma’, nlog 18.86 —14.38

ma® +1.7 +1.7

Total theory
Experiment

29616952.29 £ 1.7
29616 951.66(70)°

29616 952.7(10)%
29616 950.9(9)°

2291178.91 £ 1.7
2291177.53(35)f
2291175.59(51)°
2291 175.9(10)¢

@ the original result was scaled to the present value.of
b the original result was altered by the substitutiofy) — In(Z«) in the terms proportional tm(«), in order to comply with
the present result for the logarithmiea” contribution.

¢ Ref. [7].4 Ref. [23].¢ Ref. [24].f Ref. [8].9 Ref. [25].
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Table 2. Individual contributions to the fine-structure intervalshelium-like atoms, in MHZZ*. The label(+m/M) indicates that

the corresponding entry comprises both the non-recoil acdilr contributions of the specified order in For Z = 3, 7, and 10, a
term-by-term comparison is made with the previous calamaby Zhanget. al. [12]. The results of Ref. [12] for the leading.a*
correction were scaled to the present valuexofThe deviation for thena” (log) contribution is due to the difference in the expressions
for this term.

Z  mat(+m/M)  ma®(+m/M) ma® ma®m/M  ma’(log) ma’(nlog) Total Ref.

Vo1

2 1847.735 34 3.41900 —0.10047 —0.000 62 0.005 09 0.00118 1851.059 52 (11)

3 1917.793 96 3.24978 1.23026 —0.00243 —0.01076 0.01801 1922.278 81 (59)
1917.793 97 3.24978 1.23025 —0.01027 1922.26 (2) [12]

4 1346.965 34 1.943 84 4.566 98 —0.00670 —0.02843 0.046 48 1353.4875 (39)

5 765.885 57 0.68551 10.374 47 —0.01417 —0.04139 0.086 28 776.976 (14)

6 270.38772 —0.36757 19.266 47 —0.02789  —0.048 86 0.139 52 289.349 (37)

7 —139.085 57 —1.22955 31.90879 —0.04530 —0.05110 0.20903 —108.294 (83)
—139.085 58 —1.22955 31.908 82 —0.046 33 —108.5(3) [12]

8 —477.534 46 —1.93791 48.988 80 —0.06879  —0.04855 0.297 85 —430.30 (17)

9 —759.770 39 —2.526 32 71.20390 —0.09396 —0.04163 0.409 16 —690.82 (31)

10 —997.723 26 —3.021 03 99.25705 —0.13744 —-0.03076 0.546 19 —901.11 (53)
—997.723 25 —3.02103 99.25705 —0.02129 —901.5 [12]

Vo2

2 1992.750 43 2.009 94 —0.50712 —0.000 05 0.004 72 0.000 28 1994.258 20 (11)

3 1150.274 90 —0.942 85 —0.864 60 —0.00005 —0.02216 0.01483 1148.460 07 (41)
1150.27491 —0.942 85 —0.864 60 —0.02348 1148.44 (2) [12]

4 —384.659 15 —4.448 24 —1.38963 —0.00006  —0.04539 0.032 04 —390.5104 (12)

5 —1739.328 53 —7.320 66 —2.39383 —0.00004 —0.054 46 0.046 61 —1749.0509 (32)

6 —2838.550 28 —9.580 33 —3.994 54 0.00001  —0.04868 0.056 88 —2852.1169 (77)

7 —3724.42192 —11.37060 —6.245 32 0.00008  —0.02903 0.06215 —3742.005 (16)

—3724.42193 —11.37060 —6.263 64 —0.04190 —3742.1 (3) [12]

8 —4445.63274 —12.81245 —9.17416 0.000 17 0.003 27 0.06207 —4467.554 (31)

9 —5041.00923 —13.993 89 —12.79723 0.000 25 0.047 05 0.056 47 —5067.697 (55)

10 —5539.33827 —14.97737 —17.124 41 0.000 38 0.101 27 0.045 23 —5571.293 (91)

—5539.33827 —14.977 38 —17.14516 0.07567 —5571.4 [12]
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free from effects of th@3 P, — 2! P, mixing, which strongly
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unfortunate that there are no experimental results withpaem

affect thevy; andv,, intervals. As a result of the absence of rable accuracy available for thg. interval. Sincevys is not

the mixing effects, all corrections i@, starting with the order

affected by the triplet-singlet mixing effects, accuratpexi-

of maS demonstrate a weakef dependence as compared to mental results for this interval in light helium-like ionsowld
those tavy; andry,. The most drastic difference occurs for the yield an improved estimate for the uncalculated higheeord

am? /M correction: forZ = 10, this correction for is by
3 orders of magnitude smaller than that fgx.

The uncertainty of the theoretical values specified in T2ble
is solely due to uncalculated higher-order effects. Itévest

effects in helium, thus increasing accuracy of determameaif
« from the helium fine structure.

Comparing theoretical and experimental results for the fine
structure of helium-like ions, one should keep in mind that

tion for helium was already discussed. For helium-like jonsthe present calculation is carried out for a spinless nuscleu

we obtain the uncertainty by multiplying thea® contribution
for the corresponding interval by the factor(@«)?. So, our
error estimates are typically by a factorigfZ smaller for the
Voo interval than for thes, (or, equivalentlyy;s) interval.

whereas the experimental results listed in Table 3 were per-
formed for non-zero nuclear spin isotopes. For a nucleus wit
spin, the hyperfine splitting can usually be evaluated sepa-
rately and employed for an experimental determination ef th

ForZ = 3,7, and 10, Table 2 presents a term-by-term com{ine structure. This procedure, however, ignores the mikiag

parison with the previous calculation by Zhagigal. [12]. We
observe excellent agreement for the* andma?® corrections.

tween the hyperfine and the fine splittings. So, more accurate
calculations should account for both effects simultangous

For thema® correction, the agreement is excellent in all cases In summary, the theory of the fine structure of helium and
except for thevy, interval andZ = 7 and 10, where a small light helium-like ions is now complete up to ordersx” and

deviation is present. The results of the two calculatiomsHe

aSm? /M. Theoretical predictions agree with the latest exper-

ma’ (log) correction are different, but this is explained by the imental results for helium, as well as with most of the exper-
difference in the expressions for this term. If we use theesamimental data for light helium-like ions. A combination ofeth
expression as in Ref. [12], excellent agreement is founihaga theoretical and experimental results for &#é%, — 23 P, inter-

In Fig. 1 we plot our numerical results for thea” correc-
tion as a function of the nuclear charge numbigrtogether
with the fit of thel/Z expansion and with the asymptotical
high-Z limit of this correction. The form of thé /Z expan-

val in helium yields an independent determination of the fine
structure constant accurate to 31 ppb.
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thevy, interval, the leading term scales A% and is calculated
for hydrogen in Ref. [29]. For the;s interval, there are addi-

tional Z7 and Z® contributions due to the triplet-singlet mix- References

ing, which are obtained by expanding the following expressi
inl/Z,

2
(@' Py HL |28 P)
Eo(23P)) — Ep(2LPy)
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£Tnlog) (1) /27 = 0.004045 — 0.015524/Z + O(1/22),
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Table 3. Comparison of theoretical and experimental results forfime-structure intervals of helium-like ions. Units are Mtz Li™
and cnt* for other atoms.

Z Present theory Experiment Ref.
Vo1

3 155 704.584(48) 155 704.27(66) [32]
4 11.557 756(33) 11.558 6(5) [33]
5 16.198 21(29) 16.203(18) [34]
7 —8.6731(67) —8.6707(7) [30]
8 —58.791 (23) —59.2(1.1) [35]
10 —300.58(18) —300.7(2.2) [35]
Vi2

9 —957.886(79) —957.8730(12) [31]
Vo2

3 93025.266(34) 93025.86(61) [32]
4 —3.334663(10) —3.3364(5) [33]
5 —36.463 787(66) —36.457(16) [34]
8 —610.392 3(42) —611.3(7) [35]
10  —1858.383(30) —1858.3(1.5) [35]
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