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Gas dynamic

ut + uux +
1

ρ
Px = 0

ρt + (ρu)x = 0

st + usx = 0

where u => veliocity ρ => density,
s =>entropy , P(ρ, s) => pressure.

Examples

1.) Polytropic gas

P = ργ , γ 6= 0, 1

2.) Chaplygin gas

P =
−1

ρ
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3.) Invisible Nondissipative Dark Matter of Universe
Gurevich - Zybin (1988)

P = −
1

2
(∂−1ν)2

ut = −uux + ∂−1ν

νt = −(uν)x

When ν = wx then

ut = −uux + w

wt = −uwx
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Riemann Equation

ut = −uux

Dtu = (
∂

∂t
+ u

∂

∂x
)u = 0

Generalized Riemann Equation

DN

t
= 0, N = 1, 2, 3, . . .

For N = 2 we have Gurevich - Zybin equation because

D2u = D(v = Du) = 0

v = Du ⇒ ut = v − uux

Dv = 0 ⇒ vt = −uvx

while for N = 4
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For N = 4 we have

ut = v − uux

vt = w − uvx

wt = zx − uwx

zt = −uzx

N = 2 ⇒ w = 0, z = 0
N = 3 ⇒ z = 0

What we can say on the integrability of these models?

The Hamiltonian structure for N = 2 have been investigated by A.
Das, J. Brunelli (2004) and M. Pavlov (2004)
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Hamiltonian structure, zero-curvature condition for N = 2

(

u

v

)

t

= P1δH3 = P2δH2 = P3δH1

where δH = ( δH
δu

, δH
δv

)t

P1 =

(

0 −∂

−∂ 0

)

P2 =

(

∂−1 −ux

ux −∂v − v∂

)

P3 = P2P
−1
1 P2 = RP2

H1 =
∫

dxv , H2 =
∫

dxuv , H3 = 1
2

∫

dx [u2v +(∂−1v)2]
from which follows

δH3 = P−1
1 P2δH2 = RTδH2 = (RT )2δH1

RT is recursion operator
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Recursion operator

δHn+1 = (RT )nδH1 n = 1, 2, . . .

For example
H4 =

∫

dx[1
6
u3v − uv (∂−1v) − 1

2
u(∂−1)2]

For n < 1 we obtain the so called inverse hierarchy

(

u

v

)

t

= P1δH1 = P2δH0 = 0

H0 = 2
∫

dx(v − 1
2
u2

x
)

1
2

is the Casimir function for P2 and H1 is the Casimir for P1

δH0 = P−1
2 P1δH1 = R−1δH1

δH
−n = R−nδH1, n = 0, 1, 2, . . .
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H
−2 = −

∫

dxuxx(v − 1
2
u2

x
)

1
2

It is not the end of story because

Ĥ =
∫

dx[uxxvxx − uxxxvx]
1
6

Ĝ =
∫

[ux(uxxv − uxvx) + vxv ]
1
4

are conserved quantities which are not connected with the
recursion operator.

Theorem
If ht = kuxh + uhx

where k is an arbitray number then

H =
∫

dx h
1
k

is a conserved quantity
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Theorem: If

hj ,t = λ(uhj)x , ∀j

where λ is an arbitray constant then

Hi ,j =
∑

n∈Z+

∫

dxh2n

i h1−2n

j
is a conserved quantity.

Method: Dimensional analysis and Computer Algebra
[u] = 2, [v ] = 5, [∂x ] = 1, [∂t ] = 3, [ux ] = 3, . . .

Anstatz:

hn = Polynomial(u, v , ux , vx , ..)
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Zero - Curvature Condition

(

Ψ1

Ψ2

)

x

=

(

−λux −vx

2λ2 λux

)(

Ψ1

Ψ2

)

(

Ψ1

Ψ2

)

t

=

(

−u∂x 0
−λ −u∂x

)(

Ψ1

Ψ2

)

Ψx ,t = Ψt,x => ut = v − uux vt = −uvx

Let Φ = Ψ2

Φxx = (λuxx + 2λ2(u2
x
− v))Φ

Φt = −(u +
1

2λ
)Φx + uxΦ
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It very well known spectral problem

Φxx = (λ2η2 + λuxx)Φ

Φt = a(η, u, λ)Φx −
1

2
axΦ

Two-component Harry-Dym equation (Fordy, Antonowicz)

a =
2λ

η
, s = uxx

ηt = ∂x(
s

η2
), st = ∂3(

1

η
)

Two - component Hunter - Saxton equation

a =
1

2λ
− u,

ηt + ∂x(ηu) = 0

uxt + uuxx +
1

2
u2

x
=

1

2
η2
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For N = 3 new problems

ut = v − uux , vt = z − uvx , zt = −uzx

Conserved quantities (polynomial , nonpolynomial)

Hn =

∫

dx zn(vux −vx −
n + 2

n + 1
z), G =

∫

dx (z2ux −2zvvx)

H =

∫

dx (vxxux − vxuxx − zxx)
1
3

H =

∫

dx (−2uxxxuxzx + uxxxv
2
x + 6u2

xxzx −

6uxxuxzxx − 3uxxvxxvx + 2u2
xzxxx − uxvxxxvx +

3uxv
2
xx + 3vxxxzx − 3vxzxxx)

1
5
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Zero - curvature condition





Ψ1

Ψ2

Ψ3





x

=





λux −vx zx

3λ2 −2λux λvx

6λ2r −3λ λux









Ψ1

Ψ2

Ψ3









Ψ1

Ψ2

Ψ3





t

=





−u∂x 0 0
λ −u∂x 0
0 1 −u∂x









Ψ1

Ψ2

Ψ3





rt + (uv )x = 1, r = r1 + r0

r0,t + (ur0)x = 0

r0 = zxv − zvx , r0 = 2zzx , r0 = (
1

2
v 2 − uz)x
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The method of solution
1.) Eliminate 1

∂

∂t
(
vnx

znx

) = 1 + ..., n = 0, 1, 2, . . .

2.) Dimensional analysis
[u] = 2, [v ] = 5, [z ] = 8, [∂x ] = 1, [∂t ] = 3

[
v

z
] = [

vz

z2
] =

[13]

[16]
=> [r ] =

[13]

[16]
≈

58

161

then our equation reduces to 11 722 nonlinear algebriac
equations only and it is impossible to use the CA and
Groebner basis to solve it.
The simpler ansatz where [16] is without derivatives give us

r1 =
−uxu + 3v

3z
+

−2uxv
2 + 2vxuv − zxu

2

6z2
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The next ansatz r = [9]
[[12]]

where [[12]] denotes that only first

derivatives can occurs produce

r1 =
2vx − u2

x

2zx

, r1 =
2u3

x
− 6uxvx + 9zx

2uxzx − v 2
x

Hamiltonian structure




u

v

v





t

=





∂−1 ux∂
−1 0

∂−1ux vx∂
−1 + ∂−1 ∂−1zx

0 zx∂
−1 0



 δH

where H =
∫

dx (uxv − z)
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N=4

ut = v − uux , vt = w − uvx

wt = z − uwx , zt = −uzx

We have a lot of conserved quantities

H =

∫

dx (vwx − uzx), H =

∫

dx (w 2 − 2vz)

H =

∫

dx (w 2
x
− 2vxzx)

1
2

H =

∫

dx (uxxzx − uxzxx + vxwxx − vxxwx)
1
3

We have only zero - curvature condition
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Ψ1

Ψ2

Ψ3

Ψ4









x

=









−λ3ux λ2vx −λwx zx

−4λ4 3λ3ux −2λ2vx λwx

−10λ5r1 6λ4 −3λ3ux λ2vx

−20λ6r2 10λ5r1 −4λ4 λ3ux

















Ψ1

Ψ2

Ψ3

Ψ4

















Ψ1

Ψ2

Ψ3

Ψ4









t

=









−u∂x 0 0 0
λ −u∂x 0 0
0 λ −u∂x 0
0 0 λ −u∂x

















Ψ1

Ψ2

Ψ3

Ψ4









where

r1,t = −(r1u)x + 1, r2,t = −(r2u)x + r1
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Solutions r1, r2

1.

r1 =
1

10z
(−4uxv + vxu + 10w) +

1

10z2
(−3uxw

2 + 3vxvw − wxuw − wxv
2 + zxuv )

r2 =
1

5z
(2v − uxu) +

1

20z
(6vxuv − 12uxvw +

6vxv
2 − 8wxuv + 5zxu

2 + 6w 2)

2.

r1 =
1

5zx

(5wx − uxvx) +
1

5zx

(v 2
x
wx − uxwx)

r2 =
1

5zx

(9vx − 5u2
x
) +

1

15zx

(v 3
x
− 6w 2

x
)


