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3547658(6:9 ;5<	=�>*?A@B=DC	EF?GC.H�IKJFL�?NM�L�<.?)OF?A@QPRM�L	<%=�C	HSC	EF?GC.TK@UIKV	W�EFMX>Y<�ZFJ[>�M�IKT]\KCB^`_ �
4aC	IbPR<c=DCBOd<�=�ESC	eXTK?NfX=�<	Zd<�g%C:Ih<�=�>*?G@	=DC	E�?AC	g.? �

i j�k5lnm	oqp

r�� ;5<	=�>�C	WDC	EFC5^�CtsvuQC�g%<	W�MwZ�xteyIh<�=�Z�?GM�W�ESC�=zOd<{>|<}HFJX=�C	^`_F<{>~CBEF?AC��]JFEFuB^�\h?�O,<}H}�
^DCtsAu	<{>|M�\2=DC	IhV{>*EF<UHF�GC

x → 0
\KC	u�?

x → ∞ � H��ACBPKM�L�<�PRIh=�M�ZSCUIK<	=�HF=�?GM��N?Ge�\K@ESCcH�>*?GM(^�Ctsvu�?
∫ ∞

0
x−peqxdx =

∫ 1

0
x−peqxdx +

∫ ∞

1
x−peqxdx = I1 + I2.

� C��[��ZF?GM�W�EF<	�KeX^DCtsAu�?
I1 =

∫ 1

0
x−peqxdx

�
�2�AC

p ≤ 0
�]J�EFu	^�\KC�Od<tHF^�CtsvuB<�>�C�\hM�ThP�>�OFIh=�M�H�=�?ACB�GM.^DCtsAu	<{>~CBEF?AC[^�?A@��

L}s]C�?w<�L	IRC	EF?N^�=�<�ESC � >*?Nf�^c^DCtsAuQC�\hM�ThP�=�ZF?NM�W�ESC � �2�AC p ∈ (0, 1)
g%<�W�ESC

<�TK=�C	^�<{>�C	e
0 < x−peqx ≤ x−pe|q|x ≤ x−pe|q|,

∫ 1

0
x−pe|q|dx = e|q|

x−p+1

−p+ 1

∣∣∣∣∣

1

0

= e|q|
1

1− p <∞,
C%=�CBPRM�g�^DCtsAuBC�\hM�TbP2>�P�xtgqOFIK=�M�HF=�?AC	�NM�=�ZF?GM�W�ESC � ���AC

p ≥ 1
=DCB^`_F<}H�=�?

<�TK=�C	^�<{>�C	EF?NM
x−peqx ≥ x−pe−|q|x ≥ x−pe−|q|,

∫ 1

0
x−pe−|q|dx = e−|q|

∫ 1

0
x−pdx =∞,

^DCtsAuQC2\hM�ThP5IK<	=�ZF?NM�W�EFC �
� Zn�[��ZF?GM�W�EF<	�KeX^DCtsAu�?

I2 =
∫ ∞

1
x−peqxdx

�
�2�AC

q > 0
�]J�EFu	^�\KC�Od<tHF^DC�svu	<{>�C7EF?GM�HF@	W�x�HF< � HF�GC

x → ∞ � >*?Nf�^^DCtsAuQC2\hM�ThP5IK<	=�ZF?NM�W�EFC � �2�AC��}� �
∫ ∞

1
x−pdx
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;�xtTKJFE�M�u r 9|��C	HSCBEF?GM r � =�ZF?NV�I�OSC	IKC	g.M�PRIhV{> � HF�AC�u�PRV	Ihxt^`_�^�CtsvuQC�\hM�TbP�=�ZF?GM�W�ESC �

\hM�TbP:=�ZF?GM�W�ESC�HF�AC
p > 1

C�IK<�=�ZF?GM�W�ESC�HF�AC
p ≤ 1

� �2�AC
q < 0

g.<�W�ESC
<�TK=�C	^�<{>�C	e

0 < x−peqx < e
q
2
x,

OFIK=�x�^�=�x}g!Th=DC	^�<{>~C	E�?GMcPR<�\hM�ThP�HF<�Z�IKM2\hM�H�xtEF?NM%H��AC�HF<�TbP`CBPKM�^�=�EF?GMcHFJt�
W�xt^`_

x
� HF�GC7PRC	u�?G^`_ � HF�AC7u�PRV	Ihxt^`_ x−pe q2x < 1 � PRC	u�? x ?GTbPREF?NM�\hM � Z,<>�xtIRC	W�M�EF?NMXPK<cHS@	W�x�H�< � HF�GC

x→∞ � �

∫ ∞

1
e
q
2
x =

2

q
e
q
2
x
∣∣∣
∞
1

= −2

q
e
q
2 <∞.

;5<	=�>�C	WDC	EFC:^DCtsAuQC�\hM�TbP�=�ZF?GM�W�ESC�P�x}�Nu	<�L�H�xc=�Z�?GM�W�EFM2TK@:^DC�svu�?
I1
?
I2
�z� @B^�=D@B^

<	PRIh=�xtg%C	EFMU>�<�ZFJ�OFJ�EFu�P`C	^`_�>�C	IKJFE�ut?|>*?GHSC	e � W�M�^�CtsvuQC.\hM�TbP�=�Z�?GM�W�ESC�HF�GC
q < 0

?
p < 1

�|  Z�TK=DCBI*PKM�E[=DC	=�ESC	^�=�<�EF<.ESC�IhxtThJFEFu�J r��

∫ ∞

0
x2e−2xdx =

∣∣∣∣∣
u(x) = x2 u′(x) = 2x
v′(x) = e−2x v(x) = −1

2
e−2x

∣∣∣∣∣ =

= −1

2
x2e−2x

∣∣∣∣
∞

0
+
∫ ∞

0
xe−2xdx =

∫ ∞

0
xe−2xdx =

=

∣∣∣∣∣
u(x) = x u′(x) = 1
v′(x) = e−2x v(x) = −1

2
e−2x

∣∣∣∣∣ = −1

2
xe−2x

∣∣∣∣
∞

0
+

1

2

∫ ∞

0
e−2xdx =

= −1

4
e−2x

∣∣∣∣
∞

0
=

1

4



�}�*¡ ?NM�^`_
v1 = (1, 2), v2 = (1,−3).

4¢M�u�PR<�Ibx�PRM�ThOdM�svEF?GC�\K@(IKV{>*ESC	EF?NM�<}H�Od<{>*?GM�HFEF?N<(OF?GM�Ih>*TK=�M�\w?FHFIKJ�L�?GM�\£=�C	HSC	E�M�\
OFIK<	ThPRM�\ �z¤ @BPzOd<	g%?Nf�HF=�x�OFIh<�ThP�xtg.?B\hM�ThPy>*?Gf�^*IKV{>*E�xcuB@QPR<{>*?SOd<	g%?Nf�HF=�x:P�xtg%?
>�M�u�PR<�IKC	g%?

cosα =
v1 · v2

‖v1‖ ‖v2‖
.

v1 · v2 = 1 · 1 + 2 · (−3) = −5, ‖v1‖ =
√

1 + 4 =
√

5, ‖v2‖ =
√

10,

cosα =
−5√
5
√

10
= − 1√

2
,

α1 =
3

4
π, α2 =

5

4
π.

¥�C	^�?GM�Ih=X<�ZFIK<BPRJ�<c=DC	HSCBE�x�uQ@BP
α
g%C�Od<	ThP`CBe

O =

(
cosα − sinα
sinα cosα

)
,

>*?Gf�^�=�ESC	�NM�=�?N<�E�xtg�uQ@BPR<�g�<}H�Od<{>*?ACBHSC�\K@�<�ZFIh<	P�x

O1 =

( − 1√
2
− 1√

2
1√
2
− 1√

2

)
, O2 =

( − 1√
2

1√
2

− 1√
2
− 1√

2

)
.

¦�C	u§svCBP�>�<.O,<��G?N^�=�xte

O1v1 =
1√
2

(
−3
−1

)
, O2v1 =

1√
2

(
1
−3

)
.

¦	M�H�xtEF?NM�gUCB^�?GM�IK= O2
HFC�\hM�>¨H�=�?AC�s]C	EF?NJ¢ESC�>|M�u�PR<	I

v1
>�xtEF?Gu�OFIK<	Od<�Ih^�\h<B�

ESC	�NE�x�HF<
v2 �

>*?Nf�^(PR<�PKM�E[<�ZFIKVBP©\hM�ThP5Ih<�=�>*?G@	=DC	E�?GM�g �
¥�C	^�?GM�Ih=X<�ZFIK<BPRJ�9 ( − 1√

2
1√
2

− 1√
2
− 1√

2

)
� uQ@BP*<�Z�IK<	PKJ�9 5

4
π
�

35>�C	L�C�9a4 P�xtg =DCBHSC	EF?NJªIKV{>*EF?GM7H�<�ZFIhxtg >�xtEF?Nu�?GM�g Z�xnsA<�Z�x
α = π

4

?
<}H�Od<{>*?GM�HFEF?GC«g%C	^�?NM�Ih=[<	ZFIK<	PKJ � ¦	M�ThPUPRC	u�O,<�EF?GM�>~CBW§<�Z�IKV	P.OFIh<�ThPKM�\%<«uB@QP
OdVtsvO,MQsvE�x �

π
��EF?NM�=�g%?NM�EF?GC*\hM�\ �

¬��*¡ ?NM�^`_
y = 2x2 � 4V{>|^�=DCBT

f(y) = ln (1− y),

f ′(y) = − 1

1− y .



¤ <�Ih=�xtThPRC�\K@	^5=�M*>*=�<�IhJ%EFC�ThJFg%f*Th=�M�IhM�L�JUL�M�<�g.M�PKIhxt^�=�EFM�L	<�g.<�W�EFCXIh<�=�O�?GTRCBe

f ′(y) = −
∞∑

n=0

yn =
∞∑

n=0

−yn.

® Ctsvu�JQ\K@B^X>�xtIKC	=�O,<�>�xtIRC	=�?GM

f(y) =
∞∑

n=0

− 1

n + 1
yn+1 + C =

∞∑

n=1

−y
n

n
+ C.

¯ P`C�s]@
C
g%<	W�ESC:>�xt=�EFC	^�=�x}e:IK<�=�>~C	W�C�\K@	^XOFIh=�xtOSC	HFM�u

y = 0

0 = ln (1− y) =
∞∑

n=1

−y
n

n
+ C =

∞∑

n=1

−0n

n
+ C = C.

4�xtTh=Qsv<.>*?Gf�^

f(y) =
∞∑

n=1

−y
n

n
,

Od<tHFTbP`CD>*?AC�\K@B^
y = 2x2 <	PRIh=�xtg�JQ\hMXTh?Gf�>�xtEF?Gu

f(x) =
∞∑

n=1

−(2x2)
n

n
=
∞∑

n=1

−2nx2n

n
.

°wIK<�g.?GM�±[=�ZF?GM�W�EF<	�K^�?²9

1

R
= lim

n→∞
2n

√
2n

n
= lim

n→∞

√
2√
n
√
n

=
√

2,

R =
1√
2
.

��ZF?GM�W�EF<	�KeXESCcZFIK=�M�L�C	^`_[OFIh=�M�H�=�?AC�svJ[=�ZF?NM�W�E�<��K^�?³9

x =
1√
2

:
∞∑

n=1

−
2n
(

1√
2

)2n

n
=
∞∑

n=1

− 1

n
=∞,

x = − 1√
2

:
∞∑

n=1

−
2n
(
− 1√

2

)2n

n
=
∞∑

n=1

− 1

n
=∞.

��ESC	�NM�=�?N<�E�x�Th=�M�IhM�L%Od<	PKf�L�<{>�x�\hM�ThP*>*?Gf�^X=�ZF?NM�W�E�x�H��AC
x ∈

(
− 1√

2
, 1√

2

) �



´ �*¡ CcOd<t^�=�@BPRu�J�PRIh=�M�ZFC.=�ESC	�GM�µ�e�>�C	IhPK<��K^�?)?�>�M�u�PK<�Ihx�>�svC	TKE�M

det

(
7− λ −6

3 −2− λ

)
= λ2 − 5λ+ 4 = (λ− 1)(λ− 4)

λ1 = 1 v1 = (1, 1),

λ2 = 4 v2 = (2, 1)
� IKC	^`_�JFEFu�?¶OFIK<{>�C	HF=�@	^�M�HF<�>�xt=�ESCB^�=�M�EF?AC�>|M�u�PR<�IhV{>·>�s]CBTKE�xt^`_�O,<�g%?NEF?Gf�PR<�� �
��ESC	�NM�=�?N<�EFM�>|M�u�PR<�Ibx¸HFM�¹SE�?GJQ\K@«EF<{>~@«ZSC	=�f � ¥�C	^�?GM�Ih=

A
>�PRM�\.ZSC	=�?GM�g%C

Od<	ThP`CBe

Ã2 =

(
1 0
0 4

)
.

°w?GM�Ib>*?AC	TbPRM�u�=(PRM�\~g%C	^�?NM�IK=�x � \hM�HFM�E�=X^�=�PRM�IhM�^`_§g%<�W��G?º>�x}^`_S�|PR<

Ã =

(
1 0
0 2

)
.

»|x�=DCBOF?GTKC	e�>�x}E�?Gu�>�ZSCB=�?GMcTbP`C	EFHFC	IKHF<{>|M�\XPKIK=�M�ZSC[TKu	<	IK=�xtTbP`C	e%=%g%C	^�?NM�Ih=�x
OFIK=�M�\h�h^�?AC � =�ZFJFHF<{>�C	EFM�\5=�MX=�EFC	�GM�=�?G<	E�xt^`_[>�M�u�PK<�IKV{>�>�svC	TKE�xt^`_n�

B =

(
1 2
1 1

)
, B−1 =

(
−1 2

1 −1

)

� O,<�g.?GEF?Nf�PR<�>�xt�G?N^�=�C	EF?GMXg%C	^�?NM�Ih=�x�<tH�>*IK<	PKEFM�\�¼�>�P�xtgqOFIK=�x}OFC	HFu�J
B−1 6=

BT � Z,< B EF?GMy\hM�ThP5_FM�IKg.?NPR<{>*ThuBC�� � 4«xtEF?Gu%u	<�±F^�<{>�x�<	PRIh=�xtg�JQ\hM�Th?Gf(=�C	g.?GM��
EF?AC{\K@	^(ZSC	=�f�g%C	^�?GM�Ih=�x

Ã
9

A = BÃB−1,

A =

(
3 −2
1 0

)
.


}� °½<{>*?GM�IK=�^`_FEF?ACcESCcu�PRV�IK@cO,<}sA<�W�<�E�<.u�JF�NfXHSC	ESC�\hM�TbP5IKV{>*ESC	EF?NM�g

z2 = H2 + x2 + y2.

¾©CBuBC�O,<{>*?GM�IK=�^`_�EF?AC2g%C2g.?GEF?Ng�JFg�H��AC
x = y = 0 � >*?Nf�^�Th=�JFuQC	EFCXu�JF�GC2g�JFTh?g%?NM�e(�hIK<tHFM�u�EFC.OFIh<�ThPKM�\

x = y = 0
� ¦	M�\*IhV�>*EFC	EF?GM(g%C�>*?Gf�^(Od<�TbP`C	e

x2 + y2 + (z − h)2 = R2,

L�HF=�?GM
h
\hM�ThP�>�x}Th<�u	<	�K^�?G@�ESC�\KCBut?NM�\�=�ESC�\hHFJ�\hM�TK?Nf%�hIK<tHFM�u�u�JF�G? � °zIh=�M�^�?Gf�^�?NM

<�ZFJ�¹SL�JFI½\hM�ThP5IK<	=�>*?A@B=DC	EF?NM�g�JFuFs]C	HFJ[IKV{>*ESCB±
{

x2 + y2 − z2 +H2 = 0

x2 + y2 + (z − h)2 −R2 = 0
.



  HFM�\hg�J�\K@	^(PRM(IKV{>*ESCBEF?AC�ThPKIK<�EFC	g%?�<	PRIh=�xtg�JQ\hMXTK?Nf

−z2 +H2 − (z − h)2 +R2 = 0,

−z2 +H2 − z2 + 2zh− h2 +R2 = 0,

2z2 − 2hz −H2 − R2 + h2 = 0.
¦�C	u�>*?GHFC	e|EFC�IhxtThJFEFu�J�=DC	g.?GM�TK=�^�=�<	E�xtg¿>aPKIKM��h^�?t=DC	HFC	± � >ÀEFC�\hEF?GW�TK=�M�\Ág.<�W���G?º>�M�\5Od<	=�xt^�\h?½�G?GE�?AC�ThP�xtu�J7Th�]M�Ihx§=:O,<�>*?NM�Ih=�^`_FEF?G@X\hM�TbP(<�u�IKf�L�?GM�g��GM�WD@	^�x}gÂ>
Ods]CBTK=�^�=�xtµ�E�?GM

z = const
�£  =�ESC	^�=�C�PR< � W�M|=�ESC	�GM�=�?N<�EFMyIKV{>*ESC	EF?NMzgUC*HF�AC*TK=�J}�uQC	EFM�L	<

h
P�xt�Gu	<�\hM�H�EF<cIK<�=�>*?A@	=�C	EF?GM � ��CBPKM�g¨Ih<�=�>*?G@	=DCBEF?GM�g.<�W�ESC�=�ESCB�GM�µ�eX=

>~CBIKJFEFu�J
∆ = 0,

4h2 − 8
(
−H2 − R2 + h2

)
= 0,

−4h2 + 8H2 + 8R2 = 0,

2H2 + 2R2 = h2,

h =
√

2H2 + 2R2.
4�xtTh<�u	<��he

h
PK<7<}HF�NM�L}sA<��Ke%�KIh<}HFuQC�u�JF�N?�<tH�Od<t^�=�@BPRu�J�JFuFs]CBHFJ�>*TKO,V}svIh=�f�Ht�

E�x}^`_ � °½<{>*?NM�IK=�^`_FEF?GC
z =

√
H2 + x2 + y2

g%C§HF�GC
x = y = 0

>�xtTK<�uB<��Ke
z = H � >*?Nf�^XTK=�JFuQC	ESCc<}HF�NM�L}sA<��Ke�PK<

d = h−H =
√

2H2 + 2R2 −H.
�2�AC

R = 2H
<BPRIK=�xtg�JQ\hMXTK?Nf�>�x}E�?Gu

d =
(√

10− 1
)
H.

i j|k�lnmBoÄÃ

r�� ;5<	=�>�C	WDC	EFC5^�CtsvuQC�g%<	W�MwZ�xteyIh<�=�Z�?GM�W�ESC�=zOd<{>|<}HFJX=�C	^`_F<{>~CBEF?AC��]JFEFuB^�\h?�O,<}H}�
^DCtsAu	<{>|M�\2=DC	IhV{>*EF<UHF�GC

x → 0
\KC	u�?

x → ∞ � H��ACBPKM�L�<�PRIh=�M�ZSCUIK<	=�HF=�?GM��N?Ge�\K@ESCcH�>*?GM(^�Ctsvu�?
∫ ∞

0
xpe−qxdx =

∫ 1

0
xpe−qxdx +

∫ ∞

1
xpe−qxdx = I1 + I2.

� C��[��ZF?GM�W�EF<	�KeX^DCtsAu�?
I1 =

∫ 1

0
xpe−qxdx

�
�2�AC

p ≥ 0
�]JFEFu	^�\KC:O,<}HF^�CtsvuB<{>~C~\hM�ThP|>ªOFIh=�M�H�=�?ACB�GM*^DCtsAu	<{>�C	EF?AC�^�?G@tL}svC

?*<�L�IRCBEF?G^�=�<�ESC � >*?Gf�^�^DC�svuQC�\hM�ThP�=�ZF?GM�W�ESC � ���AC p ∈ (−1, 0)
g%<	W�ESC

<�TK=�C	^�<{>�C	e
0 < xpe−qx ≤ xpe|q|x ≤ xpe|q|,



∫ 1

0
xpe|q|dx = e|q|

xp+1

p+ 1

∣∣∣∣∣

1

0

= e|q|
1

p+ 1
<∞,

C�=DCBPKM�gÅ^�CtsvuQCy\hM�ThPz>0P�xtgÅO�IK=�M�HF=�?GC	�GM�=�ZF?NM�W�EFC � �2�GC
p ≤ −1

=DCB^`_F<}H�=�?
<�TK=�C	^�<{>�C	EF?NM

xpeqx ≥ xpe−|q|x ≥ xpe−|q|,
∫ 1

0
xpe−|q|dx = e−|q|

∫ 1

0
xpdx =∞,

^DCtsAuQC2\hM�ThP5IK<	=�ZF?NM�W�EFC �
� Zn�[��ZF?GM�W�EF<	�KeX^DCtsAu�?

I2 =
∫ ∞

1
xpe−qxdx

�
�2�AC

q < 0
�]J�EFu	^�\KC�Od<tHF^DC�svu	<{>�C7EF?GM�HF@	W�x�HF< � HF�GC

x → ∞ � >*?Nf�^^DCtsAuQC2\hM�ThP5IK<	=�ZF?NM�W�EFC � �2�AC��}� �
∫ ∞

1
xpdx

\hM�TbP~=�Z�?GM�W�ESC:HF�GC
p < −1

C�IK<�=�ZF?GM�W�ESC:H��AC
p ≥ −1

� ���AC
q > 0

g.<�W�ESC
<�TK=�C	^�<{>�C	e

0 < xpe−qx < e−
q
2
x,

OFIK=�x�^�=�x}g!Th=DC	^�<{>~C	E�?GMcPR<�\hM�ThP�HF<�Z�IKM2\hM�H�xtEF?NM%H��AC�HF<�TbP`CBPKM�^�=�EF?GMcHFJt�
W�xt^`_

x
� HF�GC7PRC	u�?G^`_ � HF�AC7u�PRV	Ihxt^`_ xpe− q2x < 1 � PRC	u�? x ?GTbPREF?NM�\hM � Z,<>�xtIRC	W�M�EF?NMXPK<cHS@	W�x�H�< � HF�GC

x→∞ � �

∫ ∞

1
e−

q
2
x = −2

q
e−

q
2
x
∣∣∣
∞
1

=
2

q
e
q
2 <∞.

;5<	=�>�C	WDC	EFC:^DCtsAuQC�\hM�TbP�=�ZF?GM�W�ESC�P�x}�Nu	<�L�H�xc=�Z�?GM�W�EFM2TK@:^DC�svu�?
I1

?
I2
�z� @B^�=D@B^

<	PRIh=�xtg%C	EFMU>�<�ZFJ�OFJ�EFu�P`C	^`_�>�C	IKJFE�ut?|>*?GHSC	e � W�M�^�CtsvuQC.\hM�TbP�=�Z�?GM�W�ESC�HF�GC
q > 0

?
p > −1

�|  ZFTh=DC	I�PRM�E§=�C	=�EFC	^�=�<�EF<.ESC.IbxtTKJFEFu�J �}�

∫ ∞

0
x2e−3xdx =

∣∣∣∣∣
u(x) = x2 u′(x) = 2x
v′(x) = e−3x v(x) = −1

3
e−3x

∣∣∣∣∣ =

= −1

3
x2e−3x

∣∣∣∣
∞

0
+
∫ ∞

0

2

3
xe−3xdx =

2

3

∫ ∞

0
xe−3xdx =

=

∣∣∣∣∣
u(x) = x u′(x) = 1
v′(x) = e−3x v(x) = −1

3
e−3x

∣∣∣∣∣ = −1

3
· 2

3
xe−3x

∣∣∣∣
∞

0
+

1

3
·2
3

∫ ∞

0
e−3xdx =

= − 2

27
e−3x

∣∣∣∣
∞

0
=

2

27
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p

-3

-2

-1

1

2

3

q

;�xtTKJFE�M�u � 9|��C	HSCBEF?GM r � =�ZF?NV�I�OSC	IKC	g.M�PRIhV{> � HF�AC�u�PRV	Ihxt^`_�^�CtsvuQC�\hM�TbP�=�ZF?GM�W�ESC �

�}�*¡ ?NM�^`_
v1 = (1, 3)

Zdf�HF=�?NM[O,M�>*E�xtg JFThPRC	�G<	E�xtgÆ>|M�u�PK<�IKM�gÇ>*TKuQC	=�J�\K@	^�xtg
OFJFEFu�PXESC�OFIh<�ThPKM�\

y = 3x
��¡ ?GM�^`_

v2 = (x̃, ỹ)
Zdf�HF=�?NM�>�M�u�PR<�IhM�gÄ�NM�WD@B^�xtg

ESCXOFIK<�TbPRM�\
y = −2x

ESCXu�PRV�Ibx�OFIK=�M�^`_F<tHF=�?n>|M�u�PK<�I
v1

>È>�xtEF?Nu�J%Th=�JFuQC	EFM�L�<
<�ZFIh<	PRJ � °Á<�EF?GM�>~CBW�>|M�u�PK<�I

v2

�GM�W�xªESC�OFIh<�ThPKM�\
y = −2x

g.?Gf�HF=�x�\hM�L�<
>*TKO,V}svIh=�f�HFE�x}g.?)=DC	^`_�<}HF=�?)=�>*?A@B=�M�u

ỹ = −2x̃.

HFIKJ�L�?GMzIKV{>*ESCBEF?GMzJF=�x}Thu�JQ\hM�Th?Gfz=w>~C	IhJFEFu�J:=�C	^`_F<{>�x�>~CBEF?AC2E�<�IKg:x2>�M�u�PK<�IKV{>
OFIK=�M�=�<�ZFIhV	P

‖v1‖ = ‖v2‖ ⇒ x̃2 + ỹ2 = 10.
��>�C�=�ESC	�NM�=�?G<�EFM|IKV{>*ESC	E�?AC�O,<�=�>~C	�GC�\K@�>�xt=�EFC	^�=�x}e~>|M�u�PK<�I

v2
� ¯ =�^�=�M�L�V}sA<�>|M

IRC	^`_�JFE�ut?)O,<�g.?GEF?Nf�PR< �

v1
2 =

(
−
√

2, 2
√

2
)
, v2

2 =
(√

2,−2
√

2
)
.

¥�C	^�?GM�Ih=X<�ZFIK<BPRJ�<cuB@QP
α
g%C�O,<�ThPRC	e

O =

(
cosα − sinα
sinα cosα

)
.

¯ =�J�uBCBESC�g%C	^�?NM�IK=c<�Z�IK<	PKJ � O,<}H«HF=�?ACtsvC	EF?GM�gÄu�PRV�IhM�\�>|M�u�PR<	I
v1
OFIK=�M�^`_F<tHF=�?

ESC�>�M�u�PK<�I
v1

2

ThOdM�svEF?GCcIhV{>*ESC	EF?NM

O1v1 = v1
2,



(
cosα1 − sinα1

sinα1 cosα1

)(
1
3

)
=

(
−
√

2

2
√

2

)
.

¾½M�E�JFuFsvC	H�IKV{>*ESC	±§�G?GE�?G<{>�xt^`_�g%<�W�ESCUs]CBP�>|<.IK<�=�>*?A@	=�C	e

sinα1 =
1√
2
, cosα1 =

1√
2
⇒ α1 =

π

4
.

62ESCB�G<�L�?N^�=�E�x�IRC	^`_�JFEFM�ucg%<�W�ESC(Od<{>�PKV�IK=�x}e5HF�GC(>|M�u�PK<�IRC
v2

2

�z  PRIK=�xtg�JQ\hM*TK?Nf

sinα2 = − 1√
2
, cosα2 = − 1√

2
⇒ α2 =

π

4
+ π.

® _F<te�<�Z�J§>�xtEF?GuB<�g�<tHFOd<{>*?GC	HSC�\K@c?GEFE�M�<	ZFIK<	P�x�PK<.PRC	u�ESC.OFIRCD>*HFf�\hM�TbP�PK<
PR<cTRCBg%<�Ih<�=�>*?G@	=DC	E�?GM � 4 HFIhJFL�?Gg�OFIK=�xtOSC	HFu�J � O,<c>�xtuB<�ESC	EF?NJ§<	ZFIK<	PKJ�< π

4HF<tHSCBPRuB<{>�<%HF<�u	<	ESC	EF<.<�ZFIhV	P*<
π
�|  Z�IKV	P*OFIh<�ThPKM�\�<.uQ@BP

π
EF?NM(=�g.?GM�E�?AC5\hM�\ �

�2�ACQPRM�L	<.g.<�W�ESC�OFIK=�x{\K@Be
α1

\KC	u	<.uQ@BP*<�ZFIh<	PRJ �y  PKIK=�xtg%C	E�x�>�xtEF?Gu%PR<

O =

( 1√
2
− 1√

2
1√
2

1√
2

)
, α =

π

4
.

¬��*¡ ?NM�^`_
y = 3x2 � 4V{>|^�=DCBT

f(y) = ln (1 + y),

f ′(y) =
1

1 + y
.

¤ <�Ih=�xtThPRC�\K@	^5=�M*>*=�<�IhJ%EFC�ThJFg%f*Th=�M�IhM�L�JUL�M�<�g.M�PKIhxt^�=�EFM�L	<�g.<�W�EFCXIh<�=�O�?GTRCBe

f ′(y) =
∞∑

n=0

(−y)n =
∞∑

n=0

(−1)nyn.

® Ctsvu�JQ\K@B^X>�xtIKC	=�O,<�>�xtIRC	=�?GM

f(y) =
∞∑

n=0

(−1)n

n+ 1
yn+1 + C =

∞∑

n=1

(−1)n−1y
n

n
+ C.

¯ P`C�s]@
C
g%<	W�ESC:>�xt=�EFC	^�=�x}e:IK<�=�>~C	W�C�\K@	^XOFIh=�xtOSC	HFM�u

y = 0

0 = ln (1 + y) =
∞∑

n=1

(−1)n−1y
n

n
+ C =

∞∑

n=1

(−1)n−1 0n

n
+ C = C.

4�xtTh=Qsv<.>*?Gf�^

f(y) =
∞∑

n=1

(−1)n−1 y
n

n
,



Od<tHFTbP`CD>*?AC�\K@B^
y = 3x2 <	PRIh=�xtg�JQ\hMXTh?Gf�>�xtEF?Gu

f(x) =
∞∑

n=1

(−1)n−1 (3x2)
n

n
=
∞∑

n=1

(−1)n−1 3nx2n

n
.

°wIK<�g.?GM�±[=�ZF?GM�W�EF<	�K^�?²9

1

R
= lim

n→∞
2n

√
3n

n
= lim

n→∞

√
3√
n
√
n

=
√

3,

R =
1√
3
.

��ZF?GM�W�EF<	�KeXESCcZFIK=�M�L�C	^`_[OFIh=�M�H�=�?AC�svJ[=�ZF?NM�W�E�<��K^�?³9

x =
1√
3

:
∞∑

n=1

(−1)n−1
3n
(

1√
3

)2n

n
=
∞∑

n=1

(−1)n−1 1

n
<∞,

x = − 1√
3

:
∞∑

n=1

(−1)n−1
3n
(
− 1√

3

)2n

n
=
∞∑

n=1

(−1)n−1 1

n
<∞.

� ��ZF?NM�W�EF<��KeXTh=�M�IhM�L�J ∞∑

n=1

(−1)n+1 1

n

>�xtEF?GuQCc=XutIbx�PRM�Ih?GJFg�É)M�?GZFE�?NPR=�C � �

��ESC	�NM�=�?N<�E�x�Th=�M�IhM�L%Od<	PKf�L�<{>�x�\hM�ThP*>*?Gf�^X=�ZF?NM�W�E�x�H��AC
x ∈

[
− 1√

3
, 1√

3

] �
´ �*¡ CcOd<t^�=�@BPRu�J�PRIh=�M�ZFC.=�ESC	�GM�µ�e�>�C	IhPK<��K^�?)?�>�M�u�PK<�Ihx�>�svC	TKE�M

det

(
7− λ 3
−6 −2− λ

)
= λ2 − 5λ+ 4 = (λ− 1)(λ− 4)

λ1 = 1 v1 = (−1, 2),

λ2 = 4 v2 = (−1, 1)
� IKC	^`_�JFEFu�?¶OFIK<{>�C	HF=�@	^�M�HF<�>�xt=�ESCB^�=�M�EF?AC�>|M�u�PR<�IhV{>·>�s]CBTKE�xt^`_�O,<�g%?NEF?Gf�PR<�� �
��ESC	�NM�=�?N<�EFM�>|M�u�PR<�Ibx¸HFM�¹SE�?GJQ\K@«EF<{>~@«ZSC	=�f � ¥�C	^�?GM�Ih=

A
>�PRM�\.ZSC	=�?GM�g%C

Od<	ThP`CBe

Ã2 =

(
1 0
0 4

)
.

°w?GM�Ib>*?AC	TbPRM�u�=(PRM�\~g%C	^�?NM�IK=�x � \hM�HFM�E�=X^�=�PRM�IhM�^`_§g%<�W��G?º>�x}^`_S�|PR<

Ã =

(
1 0
0 2

)
.



»|x�=DCBOF?GTKC	e�>�x}E�?Gu�>�ZSCB=�?GMcTbP`C	EFHFC	IKHF<{>|M�\XPKIK=�M�ZSC[TKu	<	IK=�xtTbP`C	e%=%g%C	^�?NM�Ih=�x
OFIK=�M�\h�h^�?AC � =�ZFJFHF<{>�C	EFM�\5=�MX=�EFC	�GM�=�?G<	E�xt^`_[>�M�u�PK<�IKV{>�>�svC	TKE�xt^`_n�

B =

(
−1 −1
2 1

)
, B−1 =

(
1 1
−2 −1

)

� O,<�g.?GEF?Nf�PR<�>�xt�G?N^�=�C	EF?GMXg%C	^�?NM�Ih=�x�<tH�>*IK<	PKEFM�\�¼�>�P�xtgqOFIK=�x}OFC	HFu�J
B−1 6=

BT � Z,< B EF?GMy\hM�ThP5_FM�IKg.?NPR<{>*ThuBC�� � 4«xtEF?Gu%u	<�±F^�<{>�x�<	PRIh=�xtg�JQ\hM�Th?Gf(=�C	g.?GM��
EF?AC{\K@	^(ZSC	=�f�g%C	^�?GM�Ih=�x

Ã
9

A = BÃB−1,

A =

(
3 1
−2 0

)
.


}�*¡ ?NM�^`_§�]J�EFu	^�\KC
f
<�OF?NTKJQ\hMXO,<{>*?GM�Ih=�^`_FE�?Gf � C��]JFEFuB^�\KC g u�JF�Gf � °Á<�ThPRC	eX�]JFEFu	^�\h?

f
\hM�ThP�HSC	EFC�>ÊPRIhM��K^�?¶=DC	HFC	EF?GC

f(x, y) =
√
H2 + x2 + y2,

IKV{>*ESC	E�?GMUu�JF�N?zESC[>�xtTK<	u	<��h^�?
h
ESC	H¢Od<t^�=�@BPRu�?GM�g!JFuFs]C	H�J¢>*TKO,V}svIh=�f�HFE�x}^`_

PR<
x2 + y2 + (z − h)2 = R2 ⇒ z = h±

√
R2 − x2 − y2,

>*?Gf�^ � =�EFC	u.Ë − Ì =�<�ThPRCts¶>�xtZFIKC	E�x � Z,<�ThP�xt^�=�ESC.H�<�Od<tHdsv<	WDC:g%C�Z�x}e(O,<}sA<�>�CTh�]M�Ihx��

g(x, y) = h−
√
R2 − x2 − y2.

��C	HSC	E�?GMcPR<§>�xtL�<tHFEF?NM�\�\hM�ThP�Ih<�=�>*?G@	=�x�>�C	eU>�>�C	�G^�<{>�x}gÍJFuFs]CBHF=�?NM%>*TKO,V}sN�
IK=�f�HFE�xt^`_

x = r sinφ, y = r cosφ,
\KC	u§svCBP�>�<c>�xt�G?N^�=�xte

f(r, φ) =
√
H2 + r2,

g(r, φ) = h−
√
R2 − r2,

>*?GHSCBe � W�M�<�ZF?GMXZFIbxSsAx�g%C�\K@.Tbxtg%M�PRIK?Nf�<	ZFIK<	PK<{>~@ � � 354�658X6�9,IhV{>*EF<{>~C	W�EFMOFIK=�M�\h�h^�?GJÎHF<ÀJFuFs]CBHFJª>~C	�N^�<{>|M�L�<�\hM�TbP[=DC	J�>�C	W�M�EF?GM�Thxtg.M�PKIK?G?�Th�]M�Ihxt^�=�EFM�\[?
Od<tsv<�W�M�EF?NM

y = 0
� ��4ÏHFC	�GTh=�M�\)^�=�f��K^�?}�]JFEFuB^�\hM

f
?
g
Zdf�HS@2Ih<�=�OSCQPRIhx�>�C	EFM¶\KC	u	<

�]JFEFuB^�\hM�\hM�HFEFM�\X=�g%?NM�EFEFM�\
r
� ¯ �]M�IRC��GM�W�x7ESC�O,<{>*?GM�Ih=�^`_FE�? � L�H�x�>ÐO,M�>*E�xtgOFJFEFuB^�?NM

r0

<	ZF?GM(�]JFEFuB^�\hM�TK@%HF<%TK?NM�ZF?NM�TbP�x}^�=�EFM � C%=�CBPRM�g�g�JFTh=D@U=�C	^`_F<tHF=�?Ne
H�>�C.IhV�>*EFC	EF?AC

f(r0) = g(r0), f ′(r0) = g′(r0),



<	PRIh=�xtg%C	EF<�>*?Gf�^�J�uSsvC	H[IKV{>*ESC	±




√
H2 + r2

0 = h−
√
R2 − r2

0,
r0√
H2+r2

0

= r0√
R2−r2

0

.

��H�IKJFL�?NM�L�<cIhV�>*EFC	EF?AC�g.<�W�EFC�>�xt�N?G^�=�xte
√
H2 + r2

0 =
√
R2 − r2

0,

H2 + r2
0 = R2 − r2

0,

r2
0 =

1

2

(
R2 −H2

)
.

°½<tHFThPRCD>*?AC�\K@	^�PRM�E�>�x}E�?Gu�HF<�OF?NM�Ib>*TK=�M�L�<�IhV�>*EFC	EF?AC � O,<�OFIh<�ThP�xt^`_�<�ZF�N?G^�=�M��EF?ACB^`_§<	PKIK=�x}g:JQ\hM(TK?Nf

h =
√

2(H2 +R2),
Z�x§<	ZF�G?N^�=�xte�TK=�JFuQC	ES@%>�xtTK<	u	<��he

d
ESC�\KC	u�?GM�\*ESC	H�H�EFM�gÂO,<�>*?NM�Ih=�^`_FEF?Á=�EFC�\��

HFJQ\hM[TK?Nf��KIK<tHFM�u�Th�]M�Ibx�PRIh=�M�ZFC«<tH0<BPRIK=�xtgUC	E�M�L�<7>�xtEF?Gu�J0<}HQ\K@Be�<}HF�NM�L}sA<��Ke
HFESCcOd<{>*?NM�IK=�^`_FEF?)<tH[O,<t^�=D@QPRu�J§J�uSsvC	HFJ�>*TKO,V}svIh=�f�HFE�x}^`_

d = h− f(0) =
√

2(H2 +R2)−H.
�2�AC

R = 3H
d =

(
2
√

5− 1
)
H.


