
�����������	�
�����

�������������������� ��������� ��� �"!#��$%��!&����'�(
�)( �+* ,-( �+*/.0!1�3254

6 798;:=<
>@?

���-A;BDC-EGFHEJILKNMJODC�O�PLEJK�Q�O&O�RTSVU�Q�WYX0F[Z/O�\^]_F
`

(x− a)2 + (y − b)2 = r2,

Q�MJa�ILK
(a, b)

]_O+C-\^ZbB�cdSVa�UeMJEJK;fVS^O�MgRHF�h�F
r
]VONZJSVO�X1ILK�ij�lkmSVOmMJKeR[O
RmS^UeQ�W1X[WJ\^I

PLK�neKe`NEGF&aoFHMGF
EJKqp-ZJS^O�\^]VKrp�h=F[C-ILU�s�X#WJ\VIjt�um`�\VZ/KvcwEgILO�EJKNS^BxC-EJF
EJILK

b = 2a+ 10.

y aeWgRHFHEJK�S^BDC-EGF
EJIzK+O�RTSVUeQ
WYX[Wg\VIjC-ILU�sNtTum`�ZbO
\^]{FHseI

(x− a)2 + (y − 2a− 10)2 = r2.

| OmMJ\^]_FoC-IdFxpV}
s~C-\VZ/B�cwS^aeUeMgEJK�ZJWJEgRT]VBDC
A
I
B
O
]_S^a�umX[Wvp^K~\VILU~WJRJc�F
M�S^BDC-EGF
i

{
(−4− a)2 + (−2a− 10)2 = r2,

(6− a)2 + (−2a− 10)2 = r2.

� MJKqp^X[WvpV}
s�]VK�S^BDC-EGF
EJILF&\�]_S^O�EGF
X1IjO
]VSVa�umX[Wxp^K�\^ILU

(−4− a)2 − (6− a)2 = 0⇒ a = 1,

I�MGF
PzKrp�p^WJn+ZJSVO
\^]_O1X1O�neEGF[C�umPLIzsea%u�`

b = 12, r = 13.

A;BDC-EGFHEJILKN\Va�WJRvF
EJK�Q�O0O
RmS^UeQ�W�X0F#C-ILUesNZ/O�\^]_F
`

(x− 1)2 + (y − 12)2 = 132.

���;��F
s�ILKeS^a+]_Krp���O�SVX�u�R�C�FHMJS_FH]VODC9Kqp-]_O

M =

(
7 3

√
3

3
√

3 13

)
.

�



� F5Z/Omseao}v]_RTW[]_S^aeKetJF�aeEGF
PzKe��`9]_SVF
EJ\^��O
SVX0F
srp^U�MJIdFHQ�O�EGF
PzILa�WvpV}
so}��NC�]qumX�seKePzW
]_S^aeKetJF&C�umaeEJF
sea%u�`�C�FHS^]_O
fVseI IjC�KeR�]_O
S^u�C�c�FH\VEJK

det

[
7− λ 3

√
3

3
√

3 13− λ

]
= λ2 − 20λ+ 64 = (λ− 4)(λ− 16).

λ1 = 4,

[
3 3

√
3

3
√

3 9

] [
x
y

]
=

[
0
0

]
, v1 =

(√
3

2
,−1

2

)
,

λ2 = 16,

[
−9 3

√
3

3
√

3 −3

] [
x
y

]
=

[
0
0

]
, v2 =

(
1

2
,

√
3

2

)
.

� | SVO
\^]_K1O�tJPzILs�aeKeEgIdF�ZJS^OxC9F
MJae}
seK0MJO�C�u�a�EGF
s�aeKeEgIdF�WJEgO�SVX1ODC�F
E�ums{��C�KeR�]VOH�
SVBDC�C�c�F
\^E�u�s{��a�O�\^]_Fmcdu0ZbO
X0IzEJILU%]_K
�	�#��EJF
PLK�aeILO
EJK;C�KeR�]VO�S^u1C�c�F
\^EJK�MJK%�GEJIzWvpV}
]_SVF
EJ\^��O
SVX0F
srp^U+MJILF
Q�O�EJF
PLIzaeWvpV}
se}

[
x
y

]
=

[ √
3

2
1
2

−1
2

√
3

2

] [
x′

y′

]
.

� �x�

� aeU�fV`&PLIzEJILODC9F&��O�S^X#u�R�C�F
MgS_FH]VOxC�Krp�aeX1ILK�EJIdF&\VIzU[Z/O�M�C-ZbcduTC�KeX�]VKrp;]_SVF
EJ\r�
��O�SVX0F
sqp^IjEGF
\�]_UeZgWvpV}
seO

−
(
32− 12

√
3
)
x−

(
32
√

3 + 12
)
y =

= −
(
32− 12

√
3
)(√3

2
x′ +

1

2
y′
)
−
(
32
√

3 + 12
)(
−1

2
x′ +

√
3

2
y′
)

=

= 24x′ − 64y′.
� F
MGFHEGF[��O�SVX0F�RTC9F
MJSVFH]_ODC9F1X0F[C�EJODC�ums{�YC-\^ZbBmcwSVa�UeMJE�ums{��Z/O�\^]_F
`

4(x′)2
+ 16(y′)2

+ 24x′ − 64y′ + 84 = 0,
� ���

4
[
(x′)

2
+ 6x′

]
+ 16

[
(y′)

2 − 4y′
]

+ 84 = 0,

4
[
(x′ + 3)

2 − 9
]

+ 16
[
(y′ − 2)

2 − 4
]

+ 84 = 0,

4(x′ + 3)
2

+ 16(y′ − 2)
2 − 36− 64 + 84 = 0,

4(x′ + 3)
2

+ 16(y′ − 2)
2

= 16.
�YO�n�EGF&C-ZgSVODC�FHMJaeIz`�EJODC�K�a�X0IzKeEJEgK

x′′ = x′ + 3,
y′′ = y′ − 2,

�¡  �
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C�R�]_B
S^ums{��tGFHMGF
EGF[��O�S^X¢F[ZJS^a�uop^X[Wvp^K�Z/O�\^]_F
`

4(x′′)
2

+ 16(y′′)
2

= 16,

(x′′)2

22
+

(y′′)2

12
= 1.

�¤£ �
¥ ILMGFH`
h�n�K�p^K�\^]�]_O¦KePLIzZJ\_F§O¦ZbBmcwO�\^IdF
s{�¨MbcwWgQ�O�fVs�I���I���� � F�S^um\VWgEJRTW©�
ZJSVa�KeMJ\�]{FoC-ILO
EJO�KePzILZJ\^U0aeF
MGF
EG}�SVBDC-EGF
EgILKeX ��£ �%���jF
X1IdF
EGF�a�X0IzKeEJE�ums{� �¡  �
]_O�]_SVF
EJ\^PdF
sqpVFY�GQ�WJS�uªO�C�KeR�]_O�S

(−3, 1)
�ª«+SVa%uTC�}�Z/O¬]VKrp#O�Z/KeSVF
srp^I�ZgSVaeK�M��

\^]_FDC-IzO�EJOYEGFYS�u�\^WJEJRTW¦�����jFHX0ILF
EGF�aeX1ILK�EJE�ums{� � �x��]_O�O�tJS^B
]o���FHR®c�FH]qC�O
\VZJSVFoC-MJaeIz`

[ √
3

2
1
2

−1
2

√
3

2

]
=

[
cos π

6
sin π

6

− sin π
6

cos π
6

]
,

sea%u�PzI9X0F
seIzKeS^a1]_F�C�umR
O�ETWvp^K�O�tgSVB
]�aeQ�OmMJEJIzK¢a0SVWJs{�JK�X)C-\^RHFHaeBDC9K�R®a�KeQ�F
SVF
O�Rv}H] π

6

�°¯±IzQ�WJS^UNpVF
Rv}�O
]VSVa%u�X#Wvp^K�\VIzU�ZbOY]_Krp[O�Z/KeSVF
srp^I�ZJSVa�KeMJ\�]{FoC-ILO�EgO�EGF
S^um\VWgEJRTW   �

  � � F�� ∫ dx√
x + 3
√
x

=

∣∣∣∣∣
x = t6

dx = 6t5dt

∣∣∣∣∣ =
∫

6t5dt

t3 + t2
= 6

∫
t3dt

t+ 1
=

=

∣∣∣∣∣∣∣

s = t + 1
t = s− 1
ds = dt

∣∣∣∣∣∣∣
= 6

∫
(s− 1)3

s
ds = 6

∫
s3 − 3s2 + 3s− 1

s
ds =

= 6
∫ (

s2 − 3s+ 3− 1

s

)
ds = 6

(
1

3
s3 − 3

1

2
s2 + 3s− ln |s|

)
+ C =

= 2s3 − 9s2 + 18s− 6 ln |s|+ C =

= 2(t + 1)3 − 9(t + 1)2 + 18(t+ 1)− 6 ln |t + 1|+ C =

= 2t3 − 3t2 + 6t+ 11− 6 ln |t+ 1|+ C =

= 2
√
x− 3 3

√
x + 6 6

√
x− 6 ln

(
6
√
x + 1

)
+ C̃,

� t=� ∫
sin3 xdx =

∫
sin2 x sin xdx =

∫ (
1− cos2 x

)
sin xdx =

=

∣∣∣∣∣
t = cos x

dt = − sin xdx

∣∣∣∣∣ = −
∫ (

1− t2
)
dt = −

(
t− 1

3
t3
)

+ C =

= −t+
1

3
t3 + C = − cos x +

1

3
cos3 x+ C,

 



-5 -4 -3 -2 -1 1 2
x’’

-1

1

2

3

4

5
y’’

A-um\^WJEJKeR¬��²��jFHMGF
EJIzKN��hJC�KeSV\wpVF1³��=«+SVa�uTC9F1aeF
MGF
EJF1S^BxC-EJF
EJILK�X �¤£ �%�

-5 -4 -3 -2 -1 1 2
x’

-1

1

2

3

4

5
y’

A-um\^WJEJKeRY��²��jFHMGF
EJIzKN��hJC�KeSV\wpVF1³��=«+SVa�uTC9F1aeF
MGF
EJF1S^BxC-EJF
EJILK�X � �
�%�

� sD�
x3 + x2 + x = x

(
x2 + x + 1

)
.¯GWJEJR
sqp^U+C�u�X1ILK�SVEG}�EGFHPLKen%u�SVO
avcwO
n�um`NEGF1W/c�F
X1RTIjZJSVO
\^]_K

1

x(x2 + x+ 1)
=
A

x
+

Bx + C

x2 + x + 1
=

(A+B)x2 + (A+ C)x + A

x(x2 + x+ 1)
.

A;BDC-EJO
fV`¦ZbODC�umne\^aoF´aeF
s{�JOmMJaeI � pVF
R�cwFH]qC9O�C�umPLIzsea�um`o�¬MJPLF
A = 1,

£



-5 -4 -3 -2 -1 1 2
x

-1

1

2

3

4

5
y

A-um\VWgEJKeR   ²��jFHMGF
EJIzK��mh9C9K�SV\wpVF®³#��A�u�\^WJEJK�R¦��O�S^X#u�R�C�FHMJS_FH]VODC9Kqp0ZbOmMGF
EJKqp&C
aoF
MGFHEJILWj�

-3 -2 -1 1 2 3
x

-2

2

4

6

8

y

A�u�\^WJEJK�R £ ²��jF
MGF
EJIzK £ hgC�KeS^\�pVF1³#�=¯±IzQ�WJS_F�hgR�]_B�S^Krp�ZbO
PLK+EGF
PzKen%u�C�umaeEGF
s�a�um`
�

B = C = −1
�
∫

dx

x3 + x2 + x
=
∫

dx

x
−
∫

x + 1

x2 + x+ 1
dx,

F
PLK
∫

dx

x
= ln |x|,

∫
x+ 1

x2 + x + 1
dx =

1

2

∫ (
2x+ 1

x2 + 2x+ 1
+

1

x2 + x+ 1

)
dx =

�



=
1

2
ln |x2 + x+ 1|+ 1

2

∫ 1
(
x + 1

2

)2
+ 3

4

dx =

=
1

2
ln |x2 + x + 1|+ 1

2
· 4

3

∫
1

[√
4
3

(
x + 1

2

)]2
+ 1

dx =

=

∣∣∣∣∣∣∣∣∣

y =
√

4
3

(
x+ 1

2

)

dy =
√

4
3
dx

dx =
√

3
4
dy

∣∣∣∣∣∣∣∣∣
=

1

2
ln |x2 + x + 1|+ 2

3

√
3

4

∫ dy

y2 + 1
=

=
1

2
ln |x2 + x + 1|+ 1√

3
arctg y =

=
1

2
ln |x2 + x+ 1|+ 1√

3
arctg



√

4

3

(
x+

1

2

)
,

F[C-ILUes

∫ dx

x3 + x2 + x
= ln |x| − 1

2
ln |x2 + x+ 1| −

− 1√
3

arctg

(
2√
3

(
x+

1

2

))
+ C.

£ � � F§S^um\^WJEJRTW £ EGFHS^um\VODC9F
EGF�p^Ke\^]��GQ
WJS_FªR�]_B
SVKrp�Z/O�PLKµEJF
PLK�n�u¶C�uma�EGF
sea%um`
�
| WJEJR�]qu�ZJSVa�KeseIzUes�IdF�ZGF
SVF
tbO
PLI�aNZJS^O�\^]_}�X0O�n�EGF[C�umPLILs�a�um`NaNWJRJc�F
MJW�SVBDC-EGFHi

{
y − x2 − 2x = 0
2x− y + 4 = 0

⇒
{
y = x2 + 2x
y = 2x+ 4

⇒ x2 + 2x = 2x+ 4⇒

⇒ x2 = 4⇒ x ∈ {−2, 2} .
y aeWgRHFHEJK�Z/O�PzK5C�umS_F
neF0\VIzU�C-ILU�s�seFmcwRv}

∫ 2

−2

[
(2x+ 4)−

(
x2 + 2x

)]
dx =

∫ 2

−2

(
4− x2

)
dx =

(
4x− 1

3
x3
)∣∣∣∣

2

−2
=

= 4 · 4 +
1

3
(8 + 8) =

32

3
.

���;�jF
MGF
EgILK±]VO;a�O�\^]_F
EJIzK�S^O�a�C-IL}
aoFHEJK·CªtJIzKeQ�WgEJODC�u�X¸WJRJc�F
MJa�ILK·C-\^ZbB�cdSVa�UeMJE�ums{�j�

I =
∫
r2dm =

∫
r2ρ(r)dS

¹



¥ WJRJcwF
MJaeIzKNtJILK�Q�WJEJODC�umXKePzKeX1KeE�]-Z/OxC-IzKeS^aes{�JEJI

dS = rdφdr,
C-ILU�s

I =
∫ 2π

0
dφ
∫ b

a
drr3ρ(r) = 2π

∫ b

a

dr√
r2 + 1

.

º O&O�tJPzILsea�KeEJILF#]_Kqp�seFmcwRTIjEGFHPLKen%u�a�Q�O�MgEJILK+a�K�C-\VRvF
aeBDC-Rv}1C�umRHO�SVa%u�\�]{F
`�Z/O�M��
\^]_FDC-IzKeEJIzK�»¼WgPLKeSVFg�

I = 2π
∫ b

a

dr√
r2 + 1

=

∣∣∣∣∣∣∣∣∣∣∣

x = r +
√
r2 + 1

dx = r+
√
r2+1√
r2+1

dr

dx = x√
r2+1

dr
dx
x

= dr√
r2+1

∣∣∣∣∣∣∣∣∣∣∣

= 2π
∫ b+

√
b2+1

a+
√
a2+1

dx

x
=

= 2π (ln |x|)|b+
√
b2+1

a+
√
a2+1

= 2π ln
b +
√
b2 + 1

a +
√
a2 + 1

.

6 7�8~:=<H>¾½
���-A;BDC-EGFHEJILKNMJODC�O�PLEJK�Q�O&O�RTSVU�Q�WYX0F[Z/O�\^]_F
`

(x− a)2 + (y − b)2 = r2,
Q�MJa�ILK

(a, b)
]_O+C-\^ZbB�cdSVa�UeMJEJK;fVS^O�MgRHF�h�F

r
]VONZJSVO�X1ILK�ij�lkmSVOmMJKeR[O
RmS^UeQ�W1X[WJ\^I

PLK�neKe`NEGF&aoFHMGF
EJKqp-ZJS^O�\^]VKrp�h=F[C-ILU�s�X#WJ\VIjt�um`�\VZ/KvcwEgILO�EJKNS^BxC-EJF
EJILK

b = −2a + 10.
y aeWgRHFHEJK�S^BDC-EGF
EJIzK+O�RTSVUeQ
WYX[Wg\VIjC-ILU�sNtTum`�ZbO
\^]{FHseI

(x− a)2 + (y + 2a− 10)2 = r2.
| OmMJ\^]_FoC-IdFxpV}
s~C-\VZ/B�cwS^aeUeMgEJK�ZJWJEgRT]VBDC

A
I
B
O
]_S^a�umX[Wvp^K~\VILU~WJRJc�F
M�S^BDC-EGF
i

{
(4− a)2 + (2a− 10)2 = r2,

(−6− a)2 + (2a− 10)2 = r2.
� MJKqp^X[WvpV}
s�]VK�S^BDC-EGF
EJILF&\�]_S^O�EGF
X1IjO
]VSVa�umX[Wxp^K�\^ILU

(4− a)2 − (−6− a)2 = 0⇒ a = −1,
I�MGF
PzKrp�p^WJn+ZJSVO
\^]_O1X1O�neEGF[C�umPLIzsea%u�`

b = 12, r = 13.
A;BDC-EGFHEJILKN\Va�WJRvF
EJK�Q�O0O
RmS^UeQ�W�X0F#C-ILUesNZ/O�\^]_F
`

(x+ 1)2 + (y − 12)2 = 132.

¿



���;��F
s�ILKeS^a+]_Krp���O�SVX�u�R�C�FHMJS_FH]VODC9Kqp-]_O

M =

(
10 −8
−8 10

)
.

� F5Z/Omseao}v]_RTW[]_S^aeKetJF�aeEGF
PzKe��`9]_SVF
EJ\^��O
SVX0F
srp^U�MJIdFHQ�O�EGF
PzILa�WvpV}
so}��NC�]qumX�seKePzW
]_S^aeKetJF&C�umaeEJF
sea%u�`�C�FHS^]_O
fVseI IjC�KeR�]_O
S^u�C�c�FH\VEJK

det

[
10− λ −8
−8 10− λ

]
= λ2 − 20λ+ 36 = (λ− 2)(λ− 18).

λ1 = 2,

[
8 −8
−8 8

] [
x
y

]
=

[
0
0

]
, v1 =

(√
2

2
,

√
2

2

)
,

λ2 = 18,

[
−8 −8
−8 −8

] [
x
y

]
=

[
0
0

]
, v2 =

(
−
√

2

2
,

√
2

2

)
.

� | SVO
\^]_K1O�tJPzILs�aeKeEgIdF�ZJS^OxC9F
MJae}
seK0MJO�C�u�a�EGF
s�aeKeEgIdF�WJEgO�SVX1ODC�F
E�ums{��C�KeR�]VOH�
SVBDC�C�c�F
\^E�u�s{��a�O�\^]_Fmcdu0ZbO
X0IzEJILU%]_K
�	�#��EJF
PLK�aeILO
EJK;C�KeR�]VO�S^u1C�c�F
\^EJK�MJK%�GEJIzWvpV}
]_SVF
EJ\^��O
SVX0F
srp^U+MJILF
Q�O�EJF
PLIzaeWvpV}
se}

[
x
y

]
=

[ √
2

2
−
√

2
2√

2
2

√
2

2

] [
x′

y′

]
.

� ���

� aeU�fV`&PLIzEJILODC9F&��O�S^X#u�R�C�F
MgS_FH]VOxC�Krp�aeX1ILK�EJIdF&\VIzU[Z/O�M�C-ZbcduTC�KeX�]VKrp;]_SVF
EJ\r�
��O�SVX0F
sqp^IjEGF
\�]_UeZgWvpV}
seO

22
√

2x− 14
√

2y =

= 22
√

2

(√
2

2
x′ −

√
2

2
y′
)
− 14
√

2

(√
2

2
x′ +

√
2

2
y′
)

=

= 8x′ + 36y′.
� F
MGFHEGF[��O�SVX0F�RTC9F
MJSVFH]_ODC9F1X0F[C�EJODC�ums{�YC-\^ZbBmcwSVa�UeMJE�ums{��Z/O�\^]_F
`

2(x′)2
+ 18(y′)2

+ 8x′ − 36y′ + 8 = 0,
� ¹��

2
[
(x′)

2
+ 4x′

]
+ 18

[
(y′)

2 − 2y′
]

+ 8 = 0,

2
[
(x′ + 2)

2 − 4
]

+ 18
[
(y′ − 1)

2 − 1
]

+ 8 = 0,

2(x′ + 2)
2

+ 18(y′ − 1)
2 − 8− 18 + 8 = 0,

2(x′ + 2)
2

+ 18(y′ − 1)
2

= 18.

À



�YO�n�EGF&C-ZgSVODC�FHMJaeIz`�EJODC�K�a�X0IzKeEJEgK

x′′ = x′ + 2,
y′′ = y′ − 1,

� ¿ �

C�R�]_B
S^ums{��tGFHMGF
EGF[��O�S^X¢F[ZJS^a�uop^X[Wvp^K�Z/O�\^]_F
`

2(x′′)
2

+ 18(y′′)
2

= 18,

(x′′)2

32
+

(y′′)2

12
= 1.

� À��
¥ ILMGFH`
h�n�K�p^K�\^]�]_O¦KePLIzZJ\_F§O¦ZbBmcwO�\^IdF
s{�¨MbcwWgQ�O�fVs�I   I���� � F�S^um\VWgEJRTWÁ�
ZJSVa�KeMJ\�]{FoC-ILO
EJO�KePzILZJ\^U0aeF
MGF
EG}�SVBDC-EGF
EgILKeX � À��%���jF
X1IdF
EGF�a�X0IzKeEJE�ums{� � ¿ �
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