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One of the problems will be collected and marked.

Problem 1 For three vectors a, b, c, the volume product a · (b × c) has the intepretation of the
volume of a parallelpiped spanned by the three vectors. We can write it as a determinant

a · (b× c) = det

 a1 a2 a3
b1 b2 b3
c1 c2 c3

 .
We can also write it as [a · (b× c)]i = εijkaibjck Take now two matrices

M =

 a1 a2 a3
b1 b2 b3
c1 c2 c3

 and N =

 x1 x2 x3
y1 y2 y3
z1 z2 z3


composed of elements of vectors a, b, c, x, y, z and calculate det(M ·NT ). The relationship holds
for any vectors, so choose now the following basis vectors

a = ei, b = ej , c = ek, x = el, y = em, z = en,

and the index representation to prove the following formula

εijkεlmn = δilδjmδkn + δimδjnδkl + δinδjlδkm − δinδjmδkl − δimδjlδkn − δilδkmδjn,

and show that it follows from the formula above that

εijkεlmk = δilδjm − δimδjl

and that εijkεijk = 6.

Problem 2 Prove the following identites for a scalar field φ, vector fields a, v, u and tensor field T
(a) ∇ · (φa) = φ∇ · a+ a · ∇φ,
(b) ∇× (∇× a) = ∇(∇ · a)−∇2a,
(c) ∇ · (v × u) = u · (∇× v)− v · (∇× u).

(d) Div (φT ) = T · (∇φ) + φDivT , where the divergence is defined as (DivT )i = ∂Tij
∂xj

.

Problem 3 For a given tensor T =

 1 2 3
4 5 6
7 8 9

 .
(a) Find the symmetric part T S and the antisymmetric part TA of T .
(b) Find the dual (axial) vector of the antisymmetric part.
(c) Show that for any vector v and any tensor R, we have

v ·R · v = v ·RS · v and v ·RA · v = 0

(*) Problem 4 Show that for a volume V enclosed by a surface S with a normal vector n, the
following identity holds∫

V
[(∇× a)× b+ (∇× b)× a+ a(∇ · b) + b(∇ · a))] dV =

∫
S

[n · (ab+ ba)− (a · b)n] dS
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