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7 Master equation

We will now, based on the Chapmann-Kolmogorov-Smoluchowski equation, write down
an equation for the evolution of the transition probabilities T (y2|y1). The transition
probability for 7 = 0 and continuous variables is Ty(y2|y1) = d(y2 — y1). Based on that, for
small 7 we write the following expansion

Tr(y2ly1) = (1 = mao(y1)) 8(y2 — y1) +7W (y2ly1) + O(7). (7.1)

The coefficients ag(y1) and W (yz|y1) are not independent. From the normalization (or
completeness) relation we find

ao(y1) = /dy2 W (yaly1)- (7.2)

Comparing with (7.1) this has a simple interpretation. The probability of staying in state
y1, expressed through 1 — ag(y1) is decreased by the transition rates to all other states.
The quantity W (yz|y1) is interpreted as a transition amplitude from y; to yo in the unit
time.

We can use now the Chapmann-Kolmogorov-Smoluchowski equation

Trir (y3lyr) = /dy2 Tor(y3ly2) Tr (yoly1), (7.3)

and substitute for T,/ (y3|y2) the expansion from eq. (7.1). After reorganizing the terms we
find

Tryr (y3lyr) — Tr (yslyr) = T'/dm (W (ysly2)Tr (yalyr) — Wyalys)Tr(yslyr)],  (7-4)

where we used (7.2) to eliminate a;(y3). We divide now this expression by 7" and take the
limit of 7/ — 0 to find

T (y3|y1)

o) [ g (9 (gl T aalon) — W (sl Tl ) (75)

It is customary to rewrite this equation using P(y,t) for T-(y2|y1). However one has to
keep in mind that P(y,t) is a probability of transition to state y at time ¢, and not the

~ 31—



probability distribution at time ¢. The latter is P(y,t) x Py(y) where Py(y) is the initial
probability distribution at time ¢ = 0. With the new notation,

OP(y,t
(‘gt) - /dy/ (Wl T 1) = W(y'ly) P(y.1)] - (7.6)
This is the master equation. Here it is written for continuous space of states. In the discrete

case
pn(t)
ot

- Z [Wnn’pn’ (t> - Wn'np”(t)] : (77)

TL/
Regardless of the form, the master equation can be interpreted as a gain-loss equation.
Namely, the change to p,(t) is due to a balance of the processes which increase it and
processes that decrease it.

7.1 Discrete master equation and matrix W

For the study of properties of the master equation it is convenient to introduce the following

matrix
W, = W, for n # n/, (7.8)
Won == W, (7.9)
n'#n
Another way is
W = W = S 3 Warn. (7.10)
n//

The master equation then becomes
Pn(t) = Wonpw(t), (7.11)
n/

which in the matrix equation reads

p(t) = Wp(t), (7.12)
where p(t) = (p1(t),...,pa(t)). We can formally solve this equation by writing

p(t) = ™V p(0). (7.13)

Example We consider a two-state process. The matrix W has dimensions 2 x 2 and is
characterized by two real numbers a,b > 0 such that

—a b
W = ( " —b) ) (7.14)

To use the formal solution (7.13) we use the Taylor expansion of the exponential function.
It will involve powers of W which we first analyze. Taking the square, we get

W? = —(a+b)W, (7.15)
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which results in a simple structure W* = (—1)*=1(a 4 b)*"*W. We then have

w W) kb))
V=3 o =1+) o W=l4-— W (7.16)
k=0 k=1
The solution to the master equation is then
D=1+ po 7.17
p(t)=(1+ Tarb p(0), (7.17)

and is explicit for a given choice of the initial state p(0) and transition rates a,b. Let us
analyze its large time limit. We find

- (1 ooy (o= (0). o

where p(0) = (c1,c2). Because p(0) is a vector of probabilities, ¢; + c2 = 1. This shows

. 1 (b
tlggp(t) Ca+b (a) ’ (7.19)

independently of the initial conditions.

From the structure of the matrix W we can infer that there always exists a stationary
state. The matrix W can be defined by two properties

W, <0, forn#n/, (7.20)
> Wi =0. (7.21)

The second property implies that the vector ¢» = (1,1,...) is a left-eigenvector with 0
eigenvalue. If a matrix has a left eigenvectors it implies that there exists a right eigenvector
of the same eigenvalue.! This eigenvector, denoted ¢ represents a stationary state.

This observation can be further refined by considering matrices W of certain internal
structure. We will analyze two cases.

e reducible: Matrix W is of the following form

A0
W = (0 B) : (7.22)

with matrices A and B both square matrices and obeying properties (7.20). In this
case W has two linearly independent eigenvectors with 0 eigenvalue

pa) 013 _
w(y)oo w(?)or -

1One way of seeing this is that the characteristic polynomials of A and AT are the same.
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e partially reducible: Matrix W is of the following form

A D
W = (0 B) . (7.24)

In this case the eigenvector with zero eigenvalue is ¢ = . There is a flow of

Pa
0
probability from b states to a states. The master equation for a b state reads

Py = Z By pw (1), (7.25)
b/

summing over b states gives
Zpb = Z <Z Bbb,> Py (t). (7.26)
b % b

However ), Byy = — (3_, Dary) < 0 because Dy > 0. Therefore the total probabil-
ity of being in any state b decays in time.

7.2 Macroscopic equations

The Master equation is an equation for the probability. Instead we can write an equation
for certain observable. For example, for the expectation value of the state y, namely

y(t) = (V) = / yP(y, t)dy. (7.27)

From the master equation we find

y(t) = /y(wdy = /(y —y" YW (yly") P(y,t)dy dy'. (7.28)

To understand the relating structure we define the jump moments

0 () = [ =9 W)y (7.29)
then o)
Wt = (a1(y))t- (7.30)
In a similar fashion we can derive an equation for the second moment
o(Y?
<8t  _ (a2(Y))r +2(Yar(Y))s, (7.31)
or for the variance
0o (t)
= (@) + (= (D)a () (732)

These equations depend not only on the first two moments of Y but also on higher moments.
In fact, so far we have not done approximation and the equations depend on all the details
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of the dynamic. We can now perform a sort of mean-field approximation, where we assume
that fluctuations of Y around its mean value (Y); are small. We then have

(av(Y))e = av((Y)e) + (au (Y )¢ — an ((Y):)
assumed small

= a,((Y)) + (Y = (V))a, ((Y)e) + O((Y = (Y)1)?)... (7.33)

Upon this assumption we find the following closed set of equations for the first two moments

WO _ as(w(®) + 30°W)a ), (7.34)
302@) 2 /
) — aaly(0) + 207 (1) (3(0)). (7.35)

Based on this equations we can inspect the validity of the approximation. To this end we
estimate the value of o%(t). We have, from the definition, that as(y) > 0 and we also expect
that a} (y) < 0 cause otherwise the fluctuations would increase exponentially in time. Then
for % = as/2|a}| the fluctuations are stationary. We use this as an estimation for o2. In
the equations for the average, the fluctuating term is small when

o2
?a'{ < |ay), (7.36)
or using the estimation for o2,
aa” | (7.37)
daya

The jump moments can be computed according to eq. (7.29) from the knowledge of the
transition rates W (y'|y) and the condition can be checked without the need of solving the
master equation.

7.3 One-step processes

We now consider an important class of master equations in which the transition rates
connect only the neighbouring states. These are called one-step processes. In that case,
the master equation can be written as

Pn = Tn+1Pn+1 + In—1Pn—1 — (T + gn)Pn- (7.38)
We further divide the one-step processes into three classes:
e of infinite range, —oo < n < 00,
e of semi-infinite range, n =0,1,3,...,
e of finite range, n =0,1,..., N.

In the case of semi-finite or finite ranges the equations at the border take a special form.
For example
Po = T1P1 — goPo- (7.39)
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This can be incorporated into the general form (7.38) by setting rp = 0 and g_; = 0.
Similarly, for the upper boundary in the case of finite range we set ry11 = 0 and gy = 0.

For the one-step processes we can find a general form of the stationary step. To this
end we introduce the following notation

Ef(n) = f(n+1). (7.40)
With the help of the operator E the master equation becomes
P = (B = D)rapp + (E7" = 1)gnpn- (7.41)

Example: We can observe the following identity

N-1 N
> 9(mEf(n) = f(n)E " g(n), (7.42)
n=0 n=1

which is similar to integration by parts. With this identity it is simple to derive an equation
for the average (n),

(n)e =" pnlt)n. (7.43)

We have

O o= n(B ~ Drupe+ 3 (B~ Vg,

n n
= rpn(E = Dn+ Y gopa(E - 1)n
n n

= —(rn) + (gn) (7.44)

where the averages on the right hand have a meaning of an average transition amplitude
to the left and to the right correspondingly.
The stationary state p; = 0 obeys then the following equation
0= (B~ Drap}, + (B = Dgapj, = (B = 1) [rup}, — B g0} - (7.45)
For this to be true for every n we need

TnDy — E_lgnpr = —J, (7.46)

where J is a constant and has an interpretation of the probability current. For finite or
semi-finite range the boundary equation reads

ropS — 9—1;03_1 =0, (747)
which means that in these cases the stationary state does not support any probability
current. Therefore

TnPp = Gn—1Pn_1, (7.48)

which is solved by
pe = In—19n—2 9190p8‘ (7.49)

nTn—1--"T271

This formula works for finite and semi-finite ranges.
For infinite systems it is possible for J # 0 in the stationary state.
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7.4 The detailed balance relation

For the proof of the detailed balance relation see van Kampen Chapter 5.6.

7.5 Applications of the master equation

We discuss now applications of master equations to model natural phenomena by consider-
ing few illustrative examples. Our aim here is to formulate the problem rather than solve
it.

e Radioactive decay: The dynamic process here is a decay of a radioactive atom. We
can write schematically
X 2y, (7.50)

where X is an radioactive atom, Y is a product of radioactive decay and w is the
transition rate. For an ensemble of atoms, we denote p(n,t) the probability that
n of them, at time ¢ are still radioactive (have not yet decayed). Then the master
equation is

Op(n,t) = (n+ Dwp(n + 1,t) — nwp(n, t). (7.51)

e Birth and death process: This is a simple process in which particles are created from
a reservoir and can also disappear. Schematically:

AZS X 20 (7.52)

We can assume that the reservoir is infinite and the rate of birth is independent of
the number of particles created. The master equation for probability p(n,t) of the
number n particles at time ¢ is then

Op(n,t) =wa(p(n —1,t) — p(n,t)) + w((n + 1)p(n + 1,t) — np(n, t)). (7.53)

Note that the transition rate for the death process depends on the number of particles
present, indeed the larger number of particles the larger chances that one of them
disappear. Instead, the transition rate for the birth process, as assumed above, does
not depend on the number of particles.

e Chemical reactions: We take a simple model of a chemical reaction in which particles
X and Y can form a bound state XY . The molecule can then break up to and yield
back particles X and Y. The scheme is

X+Y = XY (7.54)

To simplify the description we assume that initially the numbers of particles X and
Y are the same and equal N and there are no bound states. Because it takes both
particles to create the bound state, their number always remain equal. The probabil-
ity that there are n particles X or Y at time ¢ we denote p(n,t). Let us denote w the
rate at which particles X and Y form a molecule. For this process to happen they
have to be next to each other. If we denote by V the volume of the container, the
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probability that two particles are next to each other is n/V. Therefore, the transition
rate for forming the bound state is wn?/V. The reverse reaction is a single particle
process and therefore the transition rate is simple (N — n)w’. The master equation
is then

Op(n,t) =w/V ((n + 1)2p(n +1,t) — an(n, t))
+w (N —=n+1)p(n—1,t) — (N —n)p(n,t)). (7.55)

— 38 —



