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In this article, we present a straightforward procedure based on the cumulant expansion for
computing the contribution of exciton–phonon coupling to the exciton line-shape function and thus
absorption in bulk and quantum well semiconductors. Using the functional integral technique we
derive the effective equation of motion for the two-particle Green’s function in the presence of
interaction with phonons. We show that our many body formulation in the limit of linear coupling
of carriers with polar longitudinal optical phonons in bulk semiconductors is equivalent to the model
exciton–phonon Hamiltonian approach. Our calculations for the hydrogenic model of excitons in
three- and two-dimensional systems reproduce not only the correct polaron induced shift
~renormalization! of the exciton energy but also the observed asymmetric spectral line shape and
exponential Urbach absorption tail below the fundamental absorption edge. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1376670#
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I. INTRODUCTION

To correctly predict the optical properties of semico
ductors, particularly in modern semiconductor electronic a
optoelectronic devices, accurate models of the excito
spectrum in bulk and quantum well systems are often
quired. Of particular interest is the below-band-edge abso
tion coefficient which generally displays an exponential d
pendence on photon energy known as the Urba
Martienssen~UM! rule.

The primary difficulty that arises in describing the exc
ton spectral broadening and the UM rule theoretically is t
these result from the interaction of excitons with rando
electric fields induced by, e.g., phonon oscillations.1 Unless
such processes are modeled to infinite order in perturba
theory, large errors may result. Initially a linked cluster e
pansion was therefore employed to generate an expres
for the exponential absorption edge in terms of the sin
particle valence and the conduction band densities
states.2,3 This approach was later extended by including e
citonic effects.4

Using the same technique Liebleret al.5 performed
model calculations in which Wannier excitons were trea
as well defined particles~bosons! with internal degrees o
freedom. Their analysis incorporated the effects of inela
scattering of excitons by phonons.

An approximate, second order cumulant expansion w
as well, found to approximate the UM absorption edge e
in strongly coupled systems.6 The phonon contribution to
exciton line broadening in the presence of transitions to b
excited and scattered excitonic states was also calculate
several authors for both bulk and quantum w
semiconductors.7–10
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In this article we calculate the electron-hole pair spec
density function and the near band-edge absorption in b
and quantum well semiconductors through an exponen
resummation of the perturbation series associated with
equation of motion for the two particle Green’s function. T
phonon field is described through a functional integral of
free e-h pair propagator with respect to potential fluctuatio
induced by lattice vibrations. While interacting with the flu
tuating field the exciton may undergo transitions to exci
or ionized states. In both two and three dimensions, to s
over all these states we employ a hydrogen-like model
the exciton wave functions. We show that in this limit o
two-particle Green’s function approach applied to bulk sem
conductors is completely equivalent to the model excito
phonon Hamiltonian approximation employed in Ref. 5. T
resulting spectral density function exhibits both the expec
linewidth and the correct low energy behavior~UM edge!.
The polaron shift of the exciton energy further agrees w
with the predictions of the lowest order perturbation theo
expressed in terms of the exciton self-energy. Finally
provide compact formulas which can be used for calculat
excitonic spectral line-shape functions and compare our
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band;ack1
and avk2

are annihilation operators for electron
with momentumk1 in the conduction band and momentu
k2 in the valence band, respectively. The commutators
tween the two operators are greatly simplified if the fr
carrier population is neglected so that

@Xk18k28 ,Xk1k2

† #5dk18k1
avk28

† avk2
2dk28k2

ack1

† ack18

.dk18k1
dk28k2

, ~1!

where we have replaced the operators on the right-hand
of the expressions by their respective expected values.

Our primary objective is to evaluate the interband a
sorption coefficient, which is proportional to the imagina
part of the Fourier transform of the retarded Green’s fu
tion. If the time dependence of the operators is governed
the Heisenberg representation, we have

iGk1k2k18k28
R

~ t !5Q~ t !^@Xk1k2
~ t !,Xk18k28

†
~0!#&, ~2!

in which the above expression is implicitly averaged over
grand canonical ensemble. The approximate commutation
lations, Eq.~1!, yield the initial conditioniGk1k2k18k28

R (t50)

5dk18k1
dk28k2

.
The exciton generation resulting from absorption of ph

tons with a polarizations is described by matrix elements o
the momentum operatorp̂s between the initial valence ban
stateuvk2& and the final conduction band stateuck1&, namely,

Ps,k1k2
5^ck1u p̂suvk2&dk1k2

. ~3!

Introducing the notation

^PsuPs8 &5(
k1k2

Ps,k1k2
* Ps,k1k2

8 ~4!

for the scalar product of vectors in two-particle spa
through the summation over the index pairk1k2 , and denot-
ing the Fourier transform ofGR(t), the refractive index of
the semiconductor and the speed of light in vacuum resp
tively by ĜR(v) nr , andc, we obtain the following compac
expression for the absorption coefficienta as a function of
photon frequencyv in atomic units:

a~v!52
4p

cnrv
ImF E

2`

1`

^PsuGR~ t !uPs&ei (v1 ih)tdtG
5

4p2

cnrv
S 2

1

p D Im^PsuĜR~v!uPs&. ~5!

The absorption coefficient is directly proportional to t
spectral density function for the initial electron-hole pa
state, represented by the vectoruPs&. SinceGR is an equi-
librium thermodynamic average at a finite temperatureT we
first evaluate this Green’s function using the Matsubara te
nique on the imaginary time intervalt52 i t, 0<t,b,
whereb51/kBT andkB is the Boltzmann constant, and the
analytically continue the result to the realt in the standard
manner. For simplicity we measure single-particle energ
with respect to the Fermi level so that the term (2mN̂), in
which m andN̂ are the chemical potential and electron nu
e-
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ber operator, respectively, is absorbed into the Hamilton
Denoting the chronological product operator with respec
t by T, the Matsubara counterpart of the Green’s function
Eq. ~2! is then

2Gk1k2k18k28
~t!5^T Xk1k2

† ~2 i t!Xk18k28
†

~0!&. ~6!

To further simplify the analytic problem, we now pa
tially separate electronic and ionic degrees of freedom
introducing coherent ionic coordinates in analogy with t
adiabatic approximation. We accordingly expand the field
ion displacements in a normal coordinate basis set co
sponding to the phonon modes. Representing the annihila
and creation operators of phonons with given momentumq
by b̂q andb̂q

† , we define the corresponding coherent states
eigenvectors ofb̂q with complex eigenvaluesbq :11

b̂qubq&5bqubq&, ~7!

subject to the normalization condition

^bqubq8&5ebq* bq8 ~8!

in which we have suppressed the phonon branch index.
Assume next that the Hamiltonian of the system can

divided according toH5H ion1Hel1Hel-ion into three sepa-
rate terms describing the ions, the valence electrons and
interaction between these two subsystems. Denoting op
tors in the Schro¨dinger representation with a tilde, the ave
age over the ionic degrees of freedom can then be expre
in terms of the coherent amplitudes through the functio
integral

2Gk1k2k18k28
~t!5

1

ZE D@bq* bq#e
2S0[bq* bq]

3trelHTe2*0
bdt8(Hel1Hel-ion)X̃k1k2

~t!

3X̃k18k28
†

~0!J , ~9!

where

S0@bq* bq#5E
0

b

dt8F(
q

bq* ~t8!]t8bq~t8!1H ionG , ~10!

Z is the grand partition function of the full system and tel

represents a trace operation with respect to the electr
coordinates.

Next, we impose the periodic boundary conditio
bq(b)5bq(0) and introduce the following effective excito
Green’s function that depends parametrically on the am
tudesbq1

(t),bq2
(t), . . . ,

2gk1k2k18k28
~t;bq1

, . . . ,!

5
1

Zel
trelHTe2*0

bdt8(Hel1Hel-ion)X̃k1k2
~t!X̃k18k28

†
~0!J . ~11!

The electron partition function is

Zel5trel$Te2*0
bdt8(Hel1Hel-ion)%. ~12!
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The Green’s function defined in Eq.~6! is obtained by
averaginggk1k2k18k28

(t;bq1
, . . . ,) with respect to fluctuations

of the ionic subsystem as follows:

Gk1k2k18k28
~t!5^gk1k2k18k28

~t;bq1
, . . . ,!&ph

5
1

Z8
E D@bq* bq#e

2Sph[bq* bq]

3gk1k2k18k28
~t;bq1

, . . . ,!. ~13!

The thermal average above is taken with respect to the
tition function Z85Z/trel@e2bHel#. The effective action for
the phonons is given bySph5S01S8 in which the second
part represents the valence band electrons’ contributio
the ionic potential for a given value ofbq , i.e.,

S852 lnS trel@Te2*0
bdt8(Hel1Hel-ion)#

trel@e2bHel#
D . ~14!

In the limit of zero temperature, if the time dependen
of bq is neglected, Eq.~14! yields the standard adiabat
expression for the ionic potential in terms of the deviation
the ground state energy of the electron subsystem induce
the static displacement of ions from their equilibrium po
tions. In the harmonic approximation the effectiveSph can be
transformed to a form analogous to Eq.~10! except that the
ionic HamiltonianH ion is replaced by a phonon Hamiltonian

Hph5(
q

\vq~bq* bq1
1
2! ~15!

with renormalized phonon frequenciesvq . In this case, Eq.
~13! effectively represents a Gaussian average of the
exciton propagator with respect to the fluctuating, tim
dependent potential of the ionic lattice.

By differentiating Eq.~11! with respect tot and decou-
pling the higher order correlation functions through t
Hartree–Fock approximation we thus arrive at the lineari
equation of motion:

2]tgk1k2k18k28
~t;bq1

, . . . ,!

5d~t!dk18k1
dk28k2

1 (
k19k29

hk1k2k19k29
X

~t;bq1
, . . . ,!

3gk19k29k18k28
~t;bq1

, . . . ,!. ~16!

Here we can identifyhk1k2k19k29
X

(t;bq1
, . . . ,) as theexciton

Hamiltonian matrix element in the Bloch wave-function re
resentationuck1& for the conduction band anduvk2& for the
valence band. For a simple two-band model,

hk1k2k19k29
X

~t;bq1
, . . . ,!5~ec~k1!2ev~k2!!dk1k19

dk2k29

1Uk1k2k19k29
1hk1k19

el-phdk2k29
1hk2k29

h-phdk1k19
.

~17!

Denoting the energy gap and the conduction and vale
band effective masses byEg , mc andmv , respectively, we
next adopt the parabolic approximation in which the cond
r-
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tion and valence band energies relative to the Fermi levem
are ec(k1)5 @(\2k1

2)/2mc# 2m and ev(k2)52 (\2k2
2/2mv)

2Eg2m. We further introduced a screened Coulomb pote
tial of the electron-hole pair interaction according to

Uk1k2k19k29
52(

q

4pe2

«`q2
dk1k191qdk2k291q , ~18!

where«` is the high frequency dielectric constant.
The exciton–phonon interaction is described by the l

two terms in the Hamiltonian in Eq.~17!. In the linear ap-
proximation with respect to phonon amplitudes we have

hk1k19
el-ph5(

q
dk1k191q~Vqbq1~VÀqbÀq!* !, ~19a!

hk2k29
h-ph52(

q
dk2k292q~Vqbq1~VÀqbÀq!* !. ~19b!

For polar longitudinal optical~LO!–phonon coupling we em
ploy the Fröhlich potential,

Vq52 i F2pe2\v0S 1

«`
2

1

«0
D G1/21

q
52 i

g0

q
. ~20!

In Eq. ~20! v0 and«0 denote the LO phonon frequency an
the static dielectric constant.

Note that the approximation of an empty conducti
band and full valence band eliminates the low frequency
sponse of the electron gas. Therefore, both the strong scr
ing of the Coulomb potential and the shake-up effect of
Fermi sea can be neglected. Thus the problem has bee
duced to solving the equation of motion, Eq.~16!, for a com-
posite particle consisting of an electron and a hole in a tim
dependent potential. In this representation, stand
perturbation theory can be applied if we separatehX as h0

X

1hX-ph, whereh0
X is the sum of the first two terms in Eq

~17! and thus represents a free exciton of the unpertur
lattice while hX-ph yields exciton–phonon coupling. Sinc
the center of mass and relative motion of the electron
hole can be separated in the parabolic approximation, we
represent free exciton states with total momentumK and
relative motion statel as a product ofuK,l&5uK&ul&. This
yields

h0
XuK,l&5El~K!uK,l&, ~21!

in which El(K)5Eg1el1\2K2/2M is a sum of the interna
energy of the exciton and the kinetic energy of its center
mass andM5mc1mv .

We next observe that, as a result of the approxim
commutation relations in Eq.~1! in combination with the
periodic boundary conditions for phonon amplitudesbq , the
Green’s functionsg(t;bq1

, . . . ,) in Eq.~11! andG(t) in Eq.
~6! are all periodic with respect tot→t1b. The standard
Matsubara technique can therefore be employed to gener
perturbation series in the complex frequency domain with
second quantizing the exciton field. In particular, the Dys
equation for the Fourier transformed propagatorG in the rep-
resentation of Eq.~21! is
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Gll8~K,ivn!5G l
0~K,ivn!dll8

1(
l9

G l
0~K,ivn!Sll9~K,ivn!Gl9l8~K,ivn!.

~22!

The above expression contains the free exciton propag
G l

0(K,ivn)5 1/@ivn2El(K)# evaluated at the discrete fre
quenciesvn52pn/b with integern. While the exciton self-
energySll9(K,ivn) is not generally diagonal with respect
the basis setul&, here we will neglect its off-diagonal ele
ments in accordance with the assumed weak exciton–pho
coupling. Analytically continuing the Matsubara functions
real frequencies and applying the inverse Fourier transfo
we derive the following equation of motion for the diagon
element of the real time, retarded Green’s function:

i ] tGl
R~K,t !5d~ t !1El~K!Gl

R~K,t !

1E
0

t

dt8Sl
R~K,t2t8!Gl

R~K,t8!. ~23!

After obtaining the real-time retarded self-energy functi
Sl

R(K,t) from its Matsubara counterpart, we find the soluti
to Eq. ~23! in terms of the time ordered exponential,12

iGl
R~K,t !5Q~ t !e2 i tEl(K)

3T expS 2 i E
0

t

dt1E
0

t1
dt2 S̃l

R~K,t12t2! D , ~24!

with S̃l
R(K,t)5eitEl(K)Sl

R(K,t). A cumulant expansion13

with respect to powers ofS̃, and thus to the exciton–phono
coupling strength, is subsequently applied to this general
exponential. Since our calculations assume weak pho
coupling, we restrict our analysis to the lowest order cum
lant applied to the lowest order self-energy correction,S̃ (2),
that is quadratic in the exciton–phonon interaction potent
The resulting approximation to the Green’s function is

iGl
R~K,t !5Q~ t !e2 i tEl(K)eSl(K,t), ~25!

where the complex phase

Sl~K,t !52 i E
0

t

dt1E
0

t1
dt2S̃l

(2)~K,t12t2! ~26!

differs for each excitonic stateuK,l&.

III. SPECTRAL DENSITY

Consider next the spectral density function result
from the cumulant expansion. The exponential factoreSl(K,t)

is responsible for both energy renormalization and depha
of the associated excitonic level. To evaluate this quan
we perform the time integrals in Eq.~26! after inserting the
spectral representation of the retarded self-energy. T
yields

Sl~K,t !5E
2`

`

dvBl~K,v!S e2 ivt1 ivt21

v2 D , ~27!

in which B denotes the spectral density of the self-energ
tor

on

,
l

d
on
-

l.

g
,

is

Bl~K,v!52
1

p
Im Sl

(2)~K,v1El~K!!. ~28!

The phase function may equivalently be written

Sl~K,t !52 i tSl
(2)~K,El~K!!1]vSl

(2)~K,v!uv5El(K)

1E
2`

`

dvBl~K,v!
e2 i (v2 ih)t

~v2 ih!2
, ~29!

with h→01. The first two terms in Eq.~29! dominate ast
→`, yielding the second-order perturbation theory expr
sions DEl(K)5ReSl

(2)@K,El(K)# and Gl(K)
52ImSl

(2)@K,El(K)# for energy renormalization and th
damping constant. Note as well that the second term in
~29! is responsible for renormalization of the amplitude a
for asymmetric corrections to the main spectral line while
last term yields an incoherent, broad-band spectral contr
tion to the spectra that includes the phonon satellites of
dominant line.

We consider next direct band-to-band absorption tran
tions which only involve excitons withK50. Applying Eqs.
~5! and ~25! yields

a~v!5
4p2

cnrv
(
l

u^Psu0,l&u2Al~v2El~0!!, ~30!

in whichAl(v)5 1/2p *2`
` eSl(0,t)1 ivtdt is the spectral den-

sity function for the exciton in the stateu0,l&. Due to the
specific form ofSl(0,t) in Eq. ~27!, as long asBl(v) is
non-negative and sufficiently regular the resulting spec
density function belongs to so-called infinitely divisible di
tributions of probability theory.14 It is therefore positive defi-
nite and normalized to unity. In the unperturbed limit th
Sl(0,t)50, we findAl(v)5d(v) and therefore recover th
Fermi golden rule.

IV. SELF-ENERGY FUNCTION

We now present analytic expressions for the imagin
part of self-energy in the hydrogenic approximation. In t
lowest order of the perturbation theory, the Matsubara te
nique yields the exciton self-energy function

Sl
~2!~K,ivn!52

1

b (
m

(
q

(
l8

uWl,l8~q!u2

3D~q,ivm!G l8
0

~K2q,ivn2m!. ~31!

Here the free phonon propagator equalsD(q,ivm)
5 2v0 /@( ivm)22v0

2# while the exciton–phonon coupling
matrix element is

Wl,l8~q!5^lue2 iq"rmh /M2eiq"rme /Mul8&Vq , ~32!

where r5re2rh denotes the electron–hole relative positi
vector. The summation over intermediate excitonic statesl8
can be evaluated analytically for a quasihydrogenic mode
both three5,9 and two7 dimensions.

A. Three-dimensional excitons

In three dimensions~3D!, the phonon–exciton coupling
Vq is given by the Fro¨hlich potential Eq.~20! while the ul&
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are quasihydrogenic states. Since the excitonic energy le
are degenerate we introduce a pair of subscriptsl5(n,n) in
which n and n denote an energy level and the degener
states belonging to the level, respectively. As a result of
spherical symmetry of each energy shell, the imaginary p
of the self-energy, Eq.~31! can then be recast as

ImSl
~2!~0,v!52

g0
2

2p (
n8

E
0

`

dqM n8~l,q!

3FN~v0!dS v1v02en82
\2q2

2M
2EgD

1~11N~v0!!dS v2v02en8

2
\2q2

2M
2EgD G . ~33!

The spherically averaged squared matrix elementMn(l,q)
is then written

M n8~l,q!5(
n8

u^lue2 iq"rmh /M2eiq"rme /Mun8n8&u2, ~34!

andN(v0) denotes the Bose–Einstein occupation factor
LO phonons. For long-wavelength phonons the two ex
nentials inM n8(l,q) may cancel as a result of the diffe
ence in sign between the coupling of polar LO phonons
electrons and holes. This quantum interference is o
present, however, if the motion of the two particles is cor
lated, like in a bound excitonic state.

The self-energy for thel51s ground state incorporate
transitions to all bound or scattered excited statesl8. Ac-
cordingly, the imaginary part of the self-energy is rep
sented as a sum of contributions from the two processes
that the contribution from the transitions to discrete sta
(1s

DIS is

ImS1s
DIS~0,v!52

Mg0
2

2p\2

3 (
n51

` F 1

q1
N~v0!Q~v1v02en

3D2Eg!

3Tn
3D~q1!1

1

q2
~11N~v0!!

3Q~v2v02en
3D2Eg!Tn

3D~q2!G , ~35!

in which q65(1/\)A2M (v6v02en
3D2Eg) while

en
3D52Ry* /n2 is the exciton energy in terms of the effe

tive Rydberg Ry* . The structure of the scattered state co
tribution denoted by(1s

CON is similar but with the sum ove
discrete states replaced by the following integral over
continuous spectrum,
els

e
e
rt

r
-

o
ly
-

-
ch
s

-

e

ImS1s
CON~0,v!52

Mg0
2

2p\2

3E
0

`

dpF 1

q1
N~v0!Q~v1v02ep

3D2Eg!

3C3D~p,q1!1
1

q2
~11N~v0!!

3Q~v2v02ep
3D2Eg!C3D~p,q2!G , ~36!

where ep
3D5\2p2/2m is the final scattered stat

energy, m5(mc
211mv

21)21 is the reduced mass

q65(1/\)A2M (v6v02ep
3D2Eg), and the functions

Tn
3D(q) andC3D(p,q) in Eqs.~35! and ~36! are fully evalu-

ated in Appendix A. Observe that the upper limits on t
summations and integrations are determined by the th
functions for both bound and scattered excited states.

B. Quantum well excitons

To model the spectral properties of excitons in quant
wells, we assume that the confinement length of electr
and holes in the quantum well can be neglected in comp
son to other characteristic length scales as, e.g., the pho
wavelength. Accordingly, we investigate a strictly tw
dimensional model and further incorporate only a single c
duction and valence subband. With these simplifications,
resulting formulas for the imaginary part of the exciton se
energy have the same structure as in Eqs.~35! and ~36! ex-
cept that the coupling constantg0 is multiplied by a factor of
Ap/2 while the bound exciton energies areen

2D

52Ry* /(1/21n)2, n50,1, . . . . The functions Tn
3D(q)

and C3D(p,q) are accordingly replaced by their two
dimensional~2D! counterpartsTn

2D(q) andC2D(p,q) which
are evaluated in Appendix B.

V. NUMERICAL RESULTS

A. Three-dimensional excitons

To illustrate our theoretical considerations, we first co
sider three-dimensional excitons in GaAs atT5300 K. In
Fig. 1 we plot the individual contributions toB1s(0,v) asso-
ciated with Eqs.~35! and~36!. Calculations were performed
for mc50.067m0 , mv50.5m0 , \v0535.4 meV,«`510.9
and «0513.2. The contribution from elastic process
~dashed line! which leave the internal state of the excito
unchanged closely reproduces the main features of the
result~solid line!. For comparison we have also plotted wi
a dotted line the contribution from transitions to bou
states. In all three curves, phonon absorption and pho
emission generate sharp features in the curves at freque
of v52v0 andv0 , respectively. Clearly, while the curve
are qualitatively similar, the effective damping constantG1s

5pB1s(0,0) depends critically on the exciton ionization pr
cesses in GaAs.

Next, in Fig. 2 we display the spectral densityA1s(v)
for the same material parameters as the solid line in Fig
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The result obtained if the cross terms in the squared ma
element in Eq.~34! are neglected are shown as the dash
line in Fig. 2. This spectral density displays characteris
asymmetry with larger phonon side-band amplitudes on
higher energy side of the central absorption line. Interfere
effects lead to a near cancellation of the low-energy si
bands, producing exponential decay of the spectral den
with energy. To compare with experiment, we paramete
the decay rate through the Urbach–Martienssen formula
the below-edge absorption coefficient,

aUM~v!5ag expS v2EG

E0
D , ~37!

in which EG.Eg is the extrapolated optical energy gap,E0

is the characteristic slope parameter andag is a proportion-
ality constant. We then compare our theoretical values
the UM parameterE0 of InP and GaAs as a function o
temperature with the recent experimental data of Ref. 15
Fig. 3. In order to partially incorporate the influence of te
perature on material parameters we have modeled the s
dielectric constants through the linear extrapolation formu
«0(T)512.7310.0015T for GaAs ~Ref. 16! and «0(T)
511.7610.0027T for InP.17 While the agreement for both

FIG. 1. Spectral densityB1s(0,v) for GaAs atT5300 K for elastic transi-
tions ~dashed line!, transitions to bound states~dotted line! and all transi-
tions ~solid line!.

FIG. 2. Logarithmic plot of the full spectral density functionAl(v) for a 1s
exciton in GaAs atT5300 K ~solid line! and with interference neglecte
~dashed line!.
ix
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s

materials is excellent near room temperature, theoretical
ues ofE0 are slightly below the experimental data at high
temperatures, presumably as a result of our having negle
the temperature dependence of other material parame
such as effective masses and phonon frequencies.

B. Quantum well excitons

Theoretical models of two-dimensional excitons grea
overestimate the excitonic binding energy and conseque
underestimate the ground state wave function radius w
applied to realistic finite-width quantum wells. Moreover
two-band parabolic band-structure approximation fails
quantum wells in zinc blende semiconductors as a resul
the strong light to heavy hole subband coupling. For b
these reasons, in our quantum well calculations the redu
electron-hole pair massm is scaled to reproduce the actu
binding energy of the exciton in the finite-width quantu
well. At the same time, the total excitonic mass,M, is set to
its bulk value, which is approximately valid for large exc
tonic momenta.

Subject to the above scaling, we first display in Fig.
the frequency dependence ofB 2D at room temperature for a
100 Å wide GaAs quantum well with GaAlAs barriers th

FIG. 3. Temperature dependence of the Urbach–Martienssen parametE0

for InP @theory ~dashed line! and experiment~triangles!# and GaAs@theory
~solid line! and experiment~squares!#. The experimental values are take
from Ref. 15.

FIG. 4. Same as in Fig. 1 but for a 100 Å wide GaAs/GaAlAs quantum w
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are lattice matched to the GaAs substrate. The calculat
are performed assuming a 8.8 meV exciton binding ene
as derived from our multisubband exciton model that
cludes bothk"p and Coulomb intersubband mixing.18 Note
the clear similarity to our previous three-dimensional resu
Again, the resulting two-dimensional spectral density d
plays an exponential low-energy tail characterized by a sl
coefficient which for the parameters given isE056.7 meV.
Experimentally,E0 is found to depend only weakly on th
well thickness. Thus for GaAs/GaAlAs multiple quantu
systems,E0 varies from 7.3 to 7.9 meV for well thicknesse
between 5.4 and 19.3 nm, in excellent agreement with
two-dimensional model.19

VI. SUMMARY

We have presented a theoretical model of the interac
of excitons with LO phonons that correctly reproduces
spectral line shape in both bulk and quantum well semic
ductor samples. Our model is derived from the gene
manybody electron–phonon Hamiltonian and provides ju
fication for the commonly adopted approach in which ex
tons are treated as well defined particles linearly couple
lattice vibrations.5,7,9We have additionally calculated the e
citonic self-energy by summing exactly over all final excit
states. Exponentially re-summing the perturbation series
reproduces the lowest-order perturbation theory results
the polaron shift of the exciton energy and linewidth in t
weak coupling limit. At the same time, the measured slope
the exponential, Urbach–Martienssen decay of the spe
density below the absorption edge is recovered in both b
and quantum well semiconductors. Our analysis of
imaginary part of the excitonic self-energy in three and t
dimensions additionally indicates that, while the width of t
spectral line is strongly affected by scattering processes
lead to exciton ionization, the UM parameter is principa
influenced by elastic 1s to 1s transitions.
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APPENDIX A

We now evaluate below the summations over degene
three-dimensional hydrogenic states that are required
ns
y
-

.
-
e

e

n
e
-
l

i-
-
to

en
or

f
ral
lk
e

at

n
d
t-

te
to

evaluate the imaginary part of the excitonic self-ener
Consider the Schro¨dinger equation for excitons in the effec
tive mass approximation, which we approximate as

S 2
\2

2m
D2

e2

«`r
2EDC~r!50, ~A1!

with bound states energies given byen
3D52Ry* /n2, n

51,2, . . . , in terms of the effective Rydberg Ry*
5me4/2\2«`

2 .
We express the solutions to Eq.~A1! in parabolic

coordinates20 x5Ajh cosf, y5Ajh sinf and z5 1
2(j2h)

with 0<j,h,` and 0<f,2p. Only wave functions with
full rotational symmetry with respect to thez axis contribute
to the matrix element in Eq.~34! if the initial state is spheri-
cally symmetric and the vectorq is parallel to thez axis. The
symmetric wave functions are then

Cnn1
~j,h,f!5

e2pn(j1h)/2

~aB* !3/2Apn2
F~2n1 ,1,pnj!F~2n2 ,1,pnh!

~A2!

in terms of the confluent hypergeometric functionF(a,b,z).
In the above expression,n150,1, . . . ,n21 and n25n21
2n1 , pn5(1/\)A2muen

3Du and the Bohr radius aB*
5\2«`/me2. The unbound states with positive energi
ep

3D5\2p2/2m normalized to the Dirac delta function wit
respect top ands1 are instead given by

Cps1
~j,h,f!5Nps1

eip(j1h)/2FS 1

2
1

s1

ipaB*
,1,2 ipj D

3FS 1

2
1

s2

ipaB*
,1,2 iph D . ~A3!

In this expressions1 ands2512s1 are real constants an
the normalization factor is

Nps1
5

e~p/2paB* !ApaB*

~2p!3/2aB*
UGS 1

2
2

s1

ipaB*
D GS 1

2
2

s2

ipaB*
D U ,
~A4!

whereG(z) denotes the gamma function.
To calculate the matrix elements corresponding to

transitions from the ground state to bound states we in
duce the function
Tn
3D~q!5 (

n150

n21

u^C10ue2 iqz ~mh /M !2eiqz ~me /M !uCnn1
&u2

5
256

n3 F S1
2

~g1
2g1

1!6 S g1
2

g1
1D 2nS S1

21
n221

3n2 D 1
S2

2

~g2
2g2

1!6 S g2
2

g2
1D 2nS S2

21
n221

3n2 D 2
2S1S2

~g1
2g1

1g2
2g2

1!3 S g1
2g2

2

g1
1g2

1D n
sin~zn!

n sinz

3S S1S21~S12S2!S cot~zn!2
1

n
cotz D2S cot~zn!2

1

n
cotz D 2

2
1

n2 sin2 z
1

1

sin2~zn!
D G . ~A5!
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Here

S152 ~mh /M ! qaB* , S25~me /M ! qaB* ,

gi
65AS 16

1

nD 2

1Si
2, ~A6!

and
wo
ar
A

re
z5arcsin
S1

g1
1 2arcsin

S1

g1
2 2arcsin

S2

g2
1 1arcsin

S2

g2
2 . ~A7!

Observe that interference processes contribute solely to
last term in square brackets in Eq.~A5!.

For the ground to ionized state transitions,
C3D~p,q!5E
2`

`

ds1u^C10ue2 iqz ~mh /M !2eiqz ~me /M !uCps1
&u2

5
64e~p/w!aB* w2

sinh~p/w! FS1
2e22f1 /w

w~ f 1
2 f 1

1!6 S S1
21

w211

3 D1
S2

2e22f2 /w

w~ f 2
2 f 2

1!6 S S2
21

w211

3 D2
2S1S2e2(f11f2)/w sin~l/2w!

~ f 1
2 f 1

1 f 2
2 f 2

1!3 sinh~l/2!

3S S1S21~S12S2!S cotS l

2wD2w cotS l

2D D2S cotS l

2wD2w cotS l

2D D 2

2
w2

sinh2~l/2!
1

1

sin2~l/2w!
D G , ~A8!
the
with w5paB* ,

f i
65A~w6Si !

211, ~A9!

l52 ln
f 1

2 f 2
1

f 1
1 f 2

2 , ~A10!

and

f i5arctan~w2Si !1arctan~w1Si !. ~A11!

The last term in the square bracket of Eq.~A8! again corre-
sponds to the interference term~cross product! in the squared
matrix element.

APPENDIX B

We now evaluate the sums over degenerate t
dimensional hydrogenic states that occur in the imagin
part of the self-energy. We again, as we did in Appendix
introduce the parabolic coordinatesx5sgnjAujuh, y
5 1

2(uju2h) with 0<h,` and2`<j,` and further cal-
culate the sum in Eq.~34! for the fully symmetric ground
statel with the vectorq taken parallel to they axis. The
contribution from final states with wave functions that a
odd under the transformationx→2x are thus eliminated.7

The bound state energies are now given byen
2D

52Ry* /( 1
21n)2 with n50,1,2, . . . , while the even bound

state wave functions are

Fnn1
~j,h!5Nnn1

e2pn
2D(uju1h)/2F~2n1 , 1

2 ,pn
2Duju!

3F~n12n, 1
2 ,pn

2Dh!, ~B1!

with n150,1, . . . ,n, n25n2n1 and pn
2D5(1/\)A2muen

2Du
and the normalization factor
-
y
,

Nnn1
5

1

aB*
S ~2n121!!! ~2n221!!!

p2n23n1!n2! ~112n!3D 1/2

. ~B2!

The even scattered states with positive energiesep
2D

5 \2p2/2m are

Fps1
~j,h!5Nps1

eip(uju1h)/2FS 1

4
1

s1

ipaB*
,
1

2
,2 ipuju D

3FS 1

4
1

s2

ipaB*
,
1

2
,2 iph D , ~B3!

where s1 and s2 are real numbers such thats11s251
while the factor

Nps1
5

e~p/2paB* !

2p2A2aB*
UGS 1

4
1

s1

ipaB*
D GS 1

4
1

s2

ipaB*
D U , ~B4!

normalizes the wave functionsFps1
(j,h) to the Dirac delta

function with respect top ands1 .
Averaging the transition matrix elements between

ground and bound states now yields
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Tn
2D~q!5 (

n150

n

u^F00ue2 iqy ~mh /M !2eiqy ~me /M !uFnn1
&u2

5
64

~2n11!3 F Q1
2

~h1
2h1

1!5 S h1
2

h1
1D (2n11)S Q1

212
n~n11!

~2n11!2D 1
Q2

2

~h2
2h2

1!5 S h2
2

h2
1D (2n11)S Q2

212
n~n11!

~2n11!2D
2

2Q1Q2

~2n11!2~h1
2h1

1h2
2h2

1!5/2S h1
2h2

2

h1
1h2

1D (n1 1/2)

~Q1Q2~2n11!2Dn~g!12~Q12Q2!~2n11!Dn8~g!24Dn9~g!!G . ~B5!
s
ck
e

in

r

nt.

hys.
HereQ152 (mh /M ) q/p0
2D andQ25(me /M ) q/p0

2D while

hi
65AS 16

1

2n11D 2

1Qi
2, ~B6!

and

g5arcsin
S1

h1
1 2arcsin

S1

h1
2 2arcsin

S2

h2
1 1arcsin

S2

h2
2 . ~B7!

The functionDn(g) can be written as the finite sum

Dn~g!5 (
n150

n S ~2n121!!! ~2n221!!!

2nn1!n2!
D cos~~n22n1!g!,

~B8!

in which n25n2n1 while similar expressions exist for it
derivatives. The last, interference, term in the square bra
of Eq. ~B5! arises from the cross product in the squar
matrix element.

For the ground to unbound state transitions we have
stead

C2D~p,q!

5E
2`

`

ds1u^F00ue2 iq ~mh /M !2eiq ~me /M !uFps1
&u2

5
32ve~p/2v !

p0
2D F Q1

2e2u1 /v

4~u1
2u1

1!5 cosh~p/2v !
S Q1

21
v211

2 D
1

Q2
2e2u2 /v

4~u2
2u2

1!5 cosh~p/2v !
S Q2

21
v211

2 D
2

2Q1Q2e2(u11u2)/2v

~2p!3~u1
2u1

1u2
2u2

1!5/2
~Q1Q2B~l,v !

14v~Q12Q2!]lB~l,v !216v2]l
2B~l,v !!G . ~B9!

Herev5p/p0
2D ,

ui
65A~v6Qi !

211, ~B10!

l52 ln
u1

2u21

u1
1u2

2 , ~B11!

and

u i5arctan~v2Qi !1arctan~v1Qi !. ~B12!
et
d

-

B(l,v) is related to the hypergeometric functionF(a,bucuz)
through21

B~l,v !5
2p3

cosh~p/2v !

3FS 1

2
1

i

2v
,
1

2
2

i

2v U1U 1

2 S 12cosh
l

2D D . ~B13!

In our numerical calculations,F is expanded in a powe
series in the rangez5 1

2(12coshl/2) corresponding to
20.62<z<0. For smaller values ofz we instead employ the
power series expansion in (12z)21 given by the reduction
formula20:

F~a,bucuz!

5
G~c!G~b2a!

G~b!G~c2a!
~12z!2aFS a,c2bU11a2bU 1

12zD
1

G~c!G~a2b!

G~a!G~c2b!
~12z!2b

3FS b,c2aU11b2aU 1

12zD . ~B14!

The derivatives ofB(l,y) are calculated according to

d

dz
F~a,bucuz!5

ab

c
F~a11,b11uc11uz!. ~B15!

The last term in the squared brackets in Eq.~B9! again re-
sults from the cross product in the squared matrix eleme
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